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(Received 3 August 2018; accepted 28 October 2018; published online 20 November 2018)

We implement superconducting Yttrium barium copper oxide planar resonators with two fundamental
modes for circuit quantum electrodynamics experiments. We first demonstrate good tunability in the
resonant microwave frequencies and in their interplay, as emerges from the dependence of the trans-
mission spectra on the device geometry. We then investigate the magnetic coupling of the resonant
modes with bulk samples of 2,2-diphenyl-1-picrylhydrazyl organic radical spins. The transmission
spectroscopy performed at low temperature shows that the coherent spin-photon coupling regime
with the spin ensembles can be achieved by each of the resonator modes. The analysis of the
results within the framework of the input-output formalism and by means of entropic measures
demonstrates coherent mixing of the degrees of freedom corresponding to two remote spin ensembles
and, with a suitable choice of the geometry, the approaching of a regime with spin-induced mixing of
the two photon modes. Published by AIP Publishing. https://doi.org/10.1063/1.5050869

I. INTRODUCTION

Circuit quantum electrodynamics (circuit QED) experi-
ments have recently reached the multimode strong coupling
regime, in which single qubits are simultaneously coupled
to a large number of discrete, spatially separated and non-
degenerate photonic modes of a cavity.1–5 Multiple hybridi-
zation of collective spin degrees of freedom provided by
spin ensembles with single photonic modes has also been
demonstrated.6–8 In all such kinds of experiments, a crucial
role is played by the possibility of tailoring the composition
of the coherent hybridization involving multiple microwave
photonic modes and spin ensembles, even if spatially sepa-
rated. This is one of the main requirements for the implemen-
tation of schemes for quantum information processing9,10 or in
proposing new circuit QED architectures. It also allows the
development of novel circuit QED architectures, where auxil-
iary modes11,12 or lines13,14 separate qubit state readout and
manipulation from photon storage and coherent operations.

In this work, we investigate the mode hybridization result-
ing from the coherent coupling between two spin ensembles
of concentrated 2,2-diphenyl-1-picrylhydrazyl (DPPH) organic
radical powders and the resonant modes of planar supercon-
ducting dual-mode patch resonators (DMRs)15–18 at microwave
(MW) frequencies. These devices display two fundamental
resonant modes, whose energy separation can be tuned with
the introduction of symmetry-breaking defects (i.e., tailoring
the degeneracy of the modes).15–17,19 Although DMRs find
application as filters or antennas in telecommunications, to our
knowledge, they have not been explored yet in the field of
circuit QED. Here, we focus on superconducting Yttrium
barium copper oxide (YBCO) on sapphire substrate. DMRs
with different dimensions and coupling geometries and we sim-
ulate the transmission of the system in the framework of the

input-output formalism. We derive and characterize the compo-
sition of the hybridized modes in terms of photonic and
spin components, as a function of the applied magnetic
field and in terms of entropic measures of the system. We
finally show the achievement of a high degree of multiple
coherent spin-photon mixing.

A. Cross slotted dual mode resonators (DMRs)

The DMRs under investigation are shown in Fig. 1. The
device consists of a central square patch (5� 5mm2), with two
perpendicular intersecting slots (200 μm width) of lengths
L and L0. Due to the resulting X shape, these kinds of devices
are often referred to as Cross Slotted DMRs, where the symme-
try breaking is provided by the asymmetry in the length of the
slots. The design of the device has been essentially adapted
from the ones reported in Refs. 15 and 17 to obtain funda-
mental modes at 7–8 GHz on a sapphire substrate. The
microwave signal (green arrows) is injected and collected
through two capacitive coupling gaps (100 μm), which are
fed by two on-chip microstrip transmission lines. These are
arranged in two different configurations, hereafter referred to as
parallel (a) and perpendicular (b). Due to the capacitative gaps,
the coupling between the DMR and its feed lines is driven by
the MW electric field.17 The square patch, the feed lines, and
the couplers are made of 330 nm thick high-Tc superconducting
films of Yttrium barium copper oxide (YBa2Cu3O7, YBCO for
short) on sapphire. Fabrication is performed on commercial
10� 10mm2 YBCO/sapphire films (Ceraco GmbH) which are
patterned by optical lithography and wet chemical etching in
diluted phosphoric acid, as in Ref. 20.

II. THEORETICAL MODEL

A. Hamiltonian for DMRs coupled to spin ensembles

We model the DMRs coupled to the two spin ensembles
as schematically reported in Fig. 2. We consider Nc ¼ 2a)E-mail: claudio.bonizzoni@unimore.it
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independent harmonic oscillators with frequencies ν0,l
(l ¼ 1, 2), corresponding to the two resonant (photon)
modes of the DMRs. Each mode can couple to Ns ¼ 2 effec-
tive spins corresponding to the localized ensembles of S = 1/2
spins. In the weak-excitation regime (where the fraction of
excited spins is much smaller than 1, i.e., when the mean
photon number nph,l is much lower with respect to the
number of effectively involved spins Neff ,χ), one can treat the
spin degrees of freedom in terms of bosonic operators,21 and
thus introduce a harmonic oscillator for each of the Ns spin
ensembles. The resulting Hamiltonian is

H ¼
XNc

l¼1

hν0,la
y
l al þ

XNs

χ¼1

hνs,χb
y
χbχ

þ
XNc

l¼1

XNs

χ¼1

hΩl,χ(a
y
l bχ þ byχal):

(1)

Here, hνs,χ ¼ gχμBB0 is the Zeeman energy of the spins that
form the χ-th spin ensemble, with gχ and B0 the Landé
g-factor and the magnetic field, respectively. bχ (byχ) is the
annihilation (creation) operator corresponding to the χ-th
spin mode. The interaction between the spin ensembles and
the cavity modes is accounted by the last term. In the fol-
lowing, we will refer to Ω1,A, Ω2,B as direct coupling rates,
since they quantify the coupling between each mode and its

corresponding ensemble, and to Ω1,B, Ω2,A as cross coupling
rates, since they describe the interaction with each mode
and the ensemble localized on the other one. The collective
spin-photon coupling rate Ωl,χ depends on the number of
effectively coupled spins Neff ,χ in the ensemble and on
the single spin coupling rate ΩSl,χ according to Refs. 20, 22,
and 23:

Ωl,χ ¼ ΩSl,χ

ffiffiffiffiffiffiffiffiffiffiffiffi
Neff ,l,χ

p
: (2)

The effective number of spins Neff ,l,χ involved in the cou-
pling with a resonant mode depends by the temperature
according to Refs. 20 and 22–24: Neff ,l,χ ¼ N0,l,χPl,χ(T),
where N0,l,χ ¼ ρVeff ,l,χ is the maximum number of spins
which can be coupled by the resonant mode and can be
considered as the zero temperature limit for Neff ,l,χ. N0,l,χ

depends by the density of the spins in the ensemble, ρ, and
by the effective volume Veff ,l,χ, i.e., the volume of the
sample which is effectively interacting with the MW reso-
nant mode. The function Pl,χ(T) (with 0 , Pl,χ(T) � 1) is
the polarization function of the ensemble and, for
DPPH, it is given by the Brillouin law with J ¼ 1=2:20

Pl,χ(T) ¼ tanh hν0,l=2kBTð Þ: Equation (1) can be re-written
in a diagonal form in terms of Nc þ Ns hybridized spin-
photon modes:7

H ¼
XNcþNs

k¼1

hμkc
y
kck, (3)

which holds for the general case of Nc photon modes and Ns

spin modes. Here, each of the k ¼ 1, . . . , Nc þ Ns hybridized
modes is characterized by its frequency μk and by its compo-
sition in terms of the bare spin (bχ) and photon (al) modes,
according to the coefficients ηck,l and ηsk,χ of the annihilation
operator ck ¼

PNc
l¼1 η

c
k,lal þ

PNs
χ¼A η

s
k,χbχ, whose square

moduli are normalized to 1. We will analyze and discuss the
square amplitudes of such coefficients (jηck,lj2 and jηsk,χj2) as a
function of the static magnetic field in Sec. IV A.

B. Entropy and spin character for hybridized modes

The degree of coherent spin-photon mixing can be quan-
tified in terms of entropic measures. In particular, the modal
entropy Sk of a kth hybridized mode can be defined as

Sk ¼ �
XNc

l¼1

jηck,lj2 ln jηck,lj2 �
XNs

χ¼A

jηsk,χj2 ln jηsk,χj2: (4)

The entropy in Eq. (4) ranges from 0, where the kth mode
coincides with a bare spin or photon mode, up to
ln(Nc þ Ns), when the full mixing between all the bare
modes is achieved (jηck,lj ¼ jηsk,χj ¼ 1=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Nc þ Ns

p
). It follows

that the entropy resulting from the mixing of only two bare
modes can have a maximum value ln(2). Modal entropies
resulting to be ln(2) , Sk � ln(3), thus, denote a coherent
mixing which involves up to three bare modes. Finally,
values of modal entropy Sk . ln(3) necessarily imply the
coherent hybridization of 4 bare modes.

Although quantifying the degree of mixing, the modal
entropy does not give any information about the type of bare
modes involved and about the dominant character of the

FIG. 2. Pictorial representation of a DMR coupled to two spin ensembles.
The two (photon) modes #1 and #2 are characterized by their frequencies
ν0,l (l ¼ 1, 2), their external (kα,l, with α ¼ c, d the two sides of the device),
and internal (κint,l) decay rates. The external couplings are also characterized
by the phase wα,l. We take for simplicity wc,1 ¼ wc,2 ¼ wd,2 ¼ 0, while
wd,1 ¼ f assumes different values in the parallel and perpendicular geome-
tries (see the supplementary material). The two spin modes χ ¼ A, B corre-
spond to the ensembles #A and #B, respectively, and they have excitation
energies hνs,χ and HWHM linewidths γχ . Each of them can couple to each
of the resonant modes through its corresponding coupling rate Ωl,χ .

FIG. 1. Sketch of the DMRs with the parallel (a) and the perpendicular (b)
coupler configuration. Green arrows represent the path of the microwave
signal through the devices. The lengths of longer slot is L ¼ 5mm, while L0

takes the values 4, 4.4, 4.5, and 4.7 mm.
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hybridization (bright = photon or dark = spin). Thus, this is
quantified by the spin (Ps,k) or by the photon character (Pc,k),
i.e., by the sums of the probabilities corresponding to the
bare spin or photonic modes:

Ps,k ¼
XNs

χ¼A

jηsk,χj2, Pc,k ¼
XNc

l¼1

jηck,lj2 ¼ 1� Ps,k: (5)

Obviously, in the limiting cases of a purely photonic (spin)
mode, Ps,k equals 0 (1). The entropy and the spin character
calculated for the experiments of this work are discussed in
Sec. IV B.

C. Input-output formalism for DMRs

Within the framework of the input-output formalism,25

we focus on the complex scattering parameter S21(ν) which
represents, for a given probing frequency ν, the transmission
from one side of the cavity to the other one. The essential
details of the derivation are left to the supplementary material
and here we only give the final expression:

S21 ¼ κ2A11e�if þ κ1A22 � ffiffiffiffiffiffiffiffiffiffi
κ1κ2

p
(A21 þ A12e�if)

A22A11 � A21A12
: (6)

The quantity κl (l ¼ 1, 2) is the external photon decay rate
for mode #l, resulting from the coupling to external feed
capacitors and lines, i is the imaginary unit. The coefficients
Alm (l, m ¼ 1, 2) are given by

All ¼ Δc,l þ 1
2
(κl þ κl þ κint,l)þ

X
χ¼A,B

Ω2
l,χ

iΔs,χ þ γχ
,

Alm ¼ 1
2

ffiffiffiffiffiffiffiffiffiffi
κmκl

p
1þ ei(�1)lf
h i

þ
X
χ¼A,B

Ωl,χΩm,χ

iΔs,χ þ γχ
,

(7)

where Δ0,l ; ν0,l � ν and Δs,χ ; νs,χ � ν, while γχ and νs,χ
are the HWHM linewidth and the transition frequency of the
spin ensemble #χ, respectively. Finally, κint,l is the internal
decay rate of the cavity mode l, and f is the phase difference
between the external couplings. Note that, due the identical
dimensions chosen for the input and the output capacitative
coupling gaps (see Fig. 1), the external coupling with the
feed lines of each mode l can be considered as symmetric
(i.e., κc,l ¼ κd,l ¼ κl).

III. TRANSMISSION SPECTROSCOPY OF DMRs

A. Experimental set-up

The experimental set-up used is essentially the one pre-
viously described in Refs. 26 and 27 and is reported in Fig. 3
for better clarity. The DMRs are mounted inside a OFHC
copper shielding box, equipped with two SMA connectors.
These are ended with two launching antennas, which are
glued on the on-chip transmission lines by means of silver
epoxy paste. The box is mounted on a home-made low-T
probe with two MW coaxial lines, which is inserted inside a
commercial physical properties measurement system (PPMS,
2-300 K, 0-7 T) by Quantum Design. The static magnetic
field always lies on the plane of the device, parallel to the
input on-chip line. The MW signal is generated and collected

with a vector network analyzer (VNA). Additional, optional
room temperature attenuators and amplifier can be installed
on the input or on the output line, respectively, in order to
change the input power Pin. In this work, this value refers to
the power at the input on-chip transmission line of the
DMRs, which is calculated taking into account all the attenu-
ation and the losses along the MW line.

B. Spectra of bare DMRs

We first consider the case of bare DMRs, in which the
devices are not loaded with spin ensembles. Figure 4 shows
the transmission scattering parameter jS21j28 measured in the
parallel and perpendicular configurations, at 2 K and
Pin ¼ �13 dBm, for different values of L0. The spectra are
characterized by the presence of a microwave photon mode
#1, with frequency ν0,1 � 6:6GHz, essentially independent
on L0, and of a mode #2, whose frequency ν0,2 decreases
monotonically with L0. In this way, a wide tunability of the
frequency difference Δν ¼ ν0,2 � ν0,1 can be achieved,
ranging between 100 and 900MHz in our devices. The trans-
mission spectra obtained in the parallel configuration are
characterized by a clear dip between the two peaks which, on
the contrary, is absent in the perpendicular configuration
[Fig. 4(a)]. Input-output simulations [Eq. (6)] of the trans-
mission spectra and electromagnetic simulation of the field
distributions (see the supplementary material) show that
this difference follows from the different phase values at the
capacitive couplers in the two configurations. The field sim-
ulations also reveal that the electric and magnetic compo-
nents of the resonant modes are, respectively, perpendicular
and parallel to the plane of the device. Besides, the maxima
of the amplitude of the magnetic field are located at the
edges of each slot, and the mode with lower (higher) fre-
quency is mainly localized on the longer (shorter) slot.
Furthermore, we note that the use of YBCO makes the
mode frequency and quality factor stable with respect to
temperature and applied magnetic fields (see the supple-
mentary material), as previously observed for planar single-
mode resonators.20

FIG. 3. (a) Photo of the shielding box with a perpendicular coupled DMR
mounted inside. Green arrows show the path of the MW signal through the
box, while the red arrow shows the direction of the static magnetic field B0.
(b) Sketch of the experimental set-up used in this work. Figure (b) is repro-
duced with permission from C. Bonizzoni et al., Adv. Phys. X 3, 1435305
(2018).26 Copyright 2018 C. Bonizzoni et al., licensed under a Creative
Commons Attribution License.
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We use Eq. (6) to simulate the zero field transmission
spectra in order to estimate the main physical parameters for
the empty DMR. Here, the phase f is fixed to the value given
by the electromagnetic simulations (see the supplementary
material), while all the coupling rates are fixed at Ωl,χ ¼ 0.
We obtain the values for the internal and the external decay
rates and of the resonant frequency of each mode (Table I).

C. Coupling spin ensembles to DMRs in the
parallel geometry

We now investigate the magnetic coupling between the
photonic modes #1 and #2 of the parallel coupled DMRs and

two spin ensembles of DPPH. These are hereafter referred to
as #A and #B, and they are positioned along the slots of
length L and L0, respectively. Each of the ensembles has
dimensions of � 1:2� 1� 0:9mm3, which corresponds to
an overall number of spins N0,tot � 1018. We start by consid-
ering the DMR in the parallel configuration and with
L0 ¼ 4:4mm (Fig. 5), in the case where a single ensemble is
placed on the device and positioned to maximize its coupling
with the resonant mode. In the presence of ensemble #A, the
transmission spectral map [panel (a)] displays a level anti-
crossing around the resonant field B0,1 ¼ hν0,1=gAμB. The
transmission spectra at such a field [panel (b)] show a clear
Rabi splitting, resulting from the coherent coupling between
mode #1 and the spin ensemble. Similarly, when only
ensemble #B is placed on the resonator, a level anticrossing
is observed at the resonant field B0,B ¼ hν0,2=gBμB [panels
(c) and (d)]. Hence, the coherent coupling regime is achieved
for each of the two spin ensembles and for each of the two

TABLE I. Parameters obtained from the simulation of the transmission
spectra of the empty DMR for different lengths L0 and coupling
configurations according to Eq. (6). Here, the data refer to 2 K, zero
magnetic field and input power Pin ¼ �13 dBm.

Perpendicular Parallel

L0(mm) 4 4.4 4.7 4.9 4 4.4

ν0,1(GHz) 6.587 6.594 6.608 6.667 6.700 6.677

κ1(MHz) 22.0 12 18.2 16.6 31.0 14.1
κint,1(MHz) 6.5 8 4.3 4.6 1.0 4.9
ν0,2(GHz) 7.484 7.129 6.861 6.781 7.551 7.219
κ2(MHz) 13.5 11.0 10.1 8.8 43.0 11.7
κint,2(MHz) 15.0 5.0 4.4 8.5 0.6 3.0

FIG. 5. Transmission spectra for the geometry of Fig. 1(a) with
L0 ¼ 4:4mm. The DMR is loaded either with only ensemble #A (a) and (b),
only ensemble #B (c) and (d), or with both (e) and (f ). The spectra are taken
at 2 K and Pin ¼ �13 dBm. The numbered dots indicate the computed ener-
gies μk (in unit of h ) of the spin-photon mode k at the magnetic field values
reported in the legends. The dashed lines are the simulated spectra according
to Eq. (6). The sketch of the DMR on top (same color legend of Fig. 1)
shows the position of the ensembles.

FIG. 4. Transmission spectra for the empty parallel (a) and the perpendicular
(b) coupler configuration. The measures are performed at 2 K, Pin ¼ �13
dBm, zero magnetic field, and for different lengths of the shorter slot
(L0 ¼ 4, 4:4, 4:5, 4:7 mm, see legends). The dashed lines correspond to the
simulated spectra based on Eq. (6).
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modes. When both #A and #B are placed on the resonator,
the two anticrossings at B0,1 and B0,2 are still visible in the
spectral map [panel (e)], while a small peak is observed at
the intermediate field B0,3 [panel (f )], with a height which is
approximately equal to the sum of those obtained with #A
or #B alone.

In order to estimate the relevant physical parameters
from our experiments, we simulate the spectra with Eq. (6),
and we obtained the estimates given in Table II. The direct
coupling between the spin ensemble #A (#B) and the photon
mode #1 (#2) (Ω1,A, Ω2,B � 20MHz) is larger than both the
spin (γχ � 8MHz) decay rates, confirming that the coherent
coupling regime is achieved. Besides, two smaller cross
couplings (Ω1,B, Ω2,A � 2� 3MHz) need to be included in
the simulations in order to properly reproduce the experi-
mental results.

D. Coupling spin ensembles to DMRs in the
perpendicular geometry

We now consider the case of the perpendicular coupled
DMRs and we repeat the spectroscopic characterization
described in Sec. III D. In particular, the choice of a larger
value of L0 allows us to test the spatial distribution of the
modes by changing the position of ensemble #B along the
shorter slot. The coupling between #2 and #B is found to
progressively increase as the ensemble is moved from the
center to the edge of the slot (see the supplementary mate-
rial), as expected from the spatial distribution of the MW
magnetic field component (see the supplementary material).
In the following, we focus on the results obtained in the pres-
ence of both spin ensembles and with #B positioned at the
edge of the slot L0 (Fig. 6). Two avoided level crossings are
visible at the resonant fields B0,1 and B0,2, while an additional
peak is observed at the intermediate field value B0,3 (d). The
parameters extracted from the comparison between the exper-
imental and the simulated spectra (dashed lines) are reported
in Table III. The values of Ω1,A and γA are similar to those
obtained in the parallel configuration and do not change as a
function of the position of #B, which affects instead Ω2,B.
The effective number of spins estimated for the experiments
of this work, as well as additional datasets are reported in the
supplementary material. Overall, at 2 K, the direct coupling
between each of the ensembles and its corresponding reso-
nant modes involves Neff ,l,χ � 1015 spins, while for the indi-
rect ones, the effective numbers of spin are Neff ,l,χ � 1014.

Note that the condition Neff ,l,χ � nph,l, being nph,l the mean
photon number for mode l (see the supplementary material),
is always met in our experiments. Thus, our spin ensembles
are always in the low-excitation regime.21,24

IV. MODE HYBRIDIZATION IN DMRs

A. Weighs of the spin and photon components

The couplings between cavity modes and multiple spin
ensembles in principle allow for a high degree of coherent
mixing in the system modes. Hereafter, we discuss such

TABLE II. Estimated values of the main physical parameters, derived from
the simulation of the experimental spectra in the parallel configuration at 2
K and Pin ¼ �13 dBm.

Spin ensembles #A #B #A + #B

Ω1,A(MHz) 22+ 1 – 23+ 1

Ω1,B(MHz) – 2:1+ 0:3 3:0+ 0:5
Ω2,A(MHz) 1:9+ 0:4 0 3:0+ 0:5
Ω2,B(MHz) – 21:0+ 1:5 19:5+ 1:0
γA(MHz) 8:8+ 0:7 – 8:0+ 0:5
γB(MHz) – 8:0+ 1 10:3+ 1

FIG. 6. Transmission spectroscopy for the geometry of Fig. 1(b) with
L0 = 4.9 mm loaded with two ensembles in #A and #B positions at 10 K and
Pin ¼ �13 dBm. The shown transmission spectra are taken at the field B0,1

(b), B0,2 (c), and at the intermediate field B0,3 (d), respectively. The num-
bered dots indicate the energies of the hybridized modes k, while the dashed
lines are simulations performed with Eq. (6). The sketch of the DMR (same
symbols and color legend of Fig. 1) shows the positions of the ensembles
along the slots and the orientation of the static magnetic field B0.

TABLE III. Estimated values of the main physical parameters, derived from
the simulation of the experimental spectra in the perpendicular configuration
at 2 K and Pin ¼ �13 dBm.

Position #A + #B #A + #B
00

#A + #B
000

Ω1,A(MHz) 22:5+ 0:5 22:0+ 2:0 22:5+ 2:0

Ω1,B(MHz) 1:2+ 0:4 1:7+ 0:5 1:5+ 0:3
Ω2,A(MHz) 1:0+ 0:3 1:0+ 0:3 1:2+ 0:3
Ω2,B(MHz) 15:0+ 1:5 10:0+ 1:2 4:5+ 0:5
γA(MHz) 7:5+ 0:5 7:5+ 0:5 7:5+ 0:5
γB(MHz) 5:8+ 0:4 7:8+ 0:5 9:0+ 0:5
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mixing in terms of the composition of the hybridized modes
ck ¼

P
l¼1,2 ηk,lal þ

P
χ¼A,B ηk,χbχ that diagonalize the

system Hamiltonian. Figure 7 shows the square moduli of the
coefficients ηk,l,ηk,χ obtained as a function of the magnetic
field from the set of parameters reported in Tables II and III.
While in the case of a single spin ensemble coupled to a
single resonator mode, the hybridized modes can only
undergo a transition from photon to spin (see the supplemen-
tary material and Ref. 7), or vice versa, here further possibili-
ties show up. In particular, the mode k ¼ 2 undergoes a
spin-spin transition (from #A to #B) at the first resonant field
and one from #A to #2 around the second resonant field,
where in fact the two spin modes hybridize with the photon
mode #2 [panel (a)]. An analogous behavior is obtained for
the mode k ¼ 3 [panel (b)]. Conversely, the hybrid modes
k ¼ 1, 4 undergo a simple spin photon mode transition at the
corresponding resonant fields (see the supplementary mate-
rial). Considering now a DMR with a smaller energy differ-
ence between the two resonator modes [panel (c) and (d)],
the transitions occurring at the two anticrossings partially
overlap, and the three-mode mixing occurs at both the reso-
nant fields. Furthermore, the system approaches a condition
in which a small mixing between the two photon modes
occurs due to the presence of the spin ensembles. These
kinds of interplay involving the photon modes are also
visible in the parallel geometry [Fig. 7(a)]. In fact, the mode
k ¼ 2 displays a transition between the two spin components
(ensemble #A and #B) around B0 ¼ B0,1, where a small con-
tribution of photon mode #1 is also present. Slightly below
the resonant field B0,2, a new transition between the two spin
modes takes place, in which photon mode #2 is now giving a
small contribution. Finally, at the second resonant field, the
transition occurs between the spin component corresponding

to #B and the photon mode #2. Here, although being weakly
coupled to mode #1, ensemble #A has a non-negligible
effect. Similar considerations also hold for the hybridized
mode k ¼ 3 [Fig. 7(b)], for which the role and the interplay
of the spin and photon components as a function of the mag-
netic field is specular.

Notably, a high degree of spin mixing is also reached
for magnetic fields in the range between the two resonant
fields of the DMRs in the parallel geometry. Conversely,
in the perpendicular geometry, the frequency difference
between modes #1 and #2 becomes comparable to the
width of the avoided level crossings. This reflects also in
the composition of the hybridized modes k ¼ 2, 3 [Figs.
7(c) and 7(d)], which still shows the specular interplay
between two spin and one photonic components. The
main difference with respect to the previous case is given
by the amount of mixing around the crossing fields. In
fact, the two consecutive transitions close to the higher
(lower) magnetic field values for k ¼ 2 (k ¼ 3) merge now
at the B0,2 (B0,1) field.

B. Modal entropy and spin character

Figure 8 gives the modal entropy [Eq. (4)] and the spin
character [Eq. (5)] calculated as a function of the magnetic
field according to the amplitudes given in Fig. 7. The pres-
ence of coherent mixing between spin and photon modes is
denoted by the peaks in the modal entropy Sk. In the parallel
coupled DMR, a doublet of peaks in the modal entropy is
visible at each of the resonant fields (B0,1, B0,2). For the
hybrid modes k ¼ 1 and k ¼ 4, the entropy is slightly above
the ln 2 value, confirming the mixing is essentially involving

FIG. 7. Weight of the spin and photon modes in the hybridized system
modes k ¼ 2 (a) and (c) and k ¼ 3 (b) and (d) calculated for the #A + #B
case, both in the parallel [(a),(b)] and in the perpendicular [(c),(d)] configura-
tions. Vertical dashed lines with labels show the positions of the resonant
fields discussed in the text.

FIG. 8. Characterization of the hybridized modes in terms of their modal
entropy Sk [(a),(b)] and the spin character Ps,k [(c),(d)] as a function of the
static magnetic field. The plotted results refer to the #A + #B sample posi-
tioning for the parallel [(a),(c)] and perpendicular [(b),(d)] configurations,
and are obtained from the same set of parameters considered in Fig. 7.
Horizontal dotted lines in (a) and (b) correspond to ln 2 and ln 3,
respectively.
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two bare components and only a small contribution from a
third one. The spin character Ps,k confirm this single ensemble-
single photon mixing, since the hybrid modes k ¼ 1, 4
undergo a transition from 1 to 0 and from 0 to 1 at their two
corresponding resonant fields (see the supplementary material).
Conversely, the hybrid modes k ¼ 2, 3 reach values of
modal entropy higher than ln 2, confirming that the mixing
involves three bare components. The spin character is
always around 1 between the two resonant fields, suggest-
ing that the hybridization is effectively mediated by the
spin ensembles.

In the perpendicular coupling case, the main differences
are visible for modes with k ¼ 2 and k ¼ 3, consistently to
what was reported in Fig. 7 (see also Fig. S.6 and S.7 of the
supplementary material). The modal entropy now shows two
sharp peaks in correspondence to the two resonant fields, and
its values are always well above ln 2. One of the two peaks
slightly goes above ln 3, corroborating the fact that the
system is approaching a condition for a four mode hybridiza-
tion. The spin characters for k ¼ 2, 3 now show and addi-
tional dip as a function of the static magnetic field and
always remain above 50% between the two resonant fields.
This again corroborates the dominant spin character of the
mode hybridization and that the photon mixing is effectively
mediated by the spins.

V. CONCLUSIONS

In conclusion, we have investigated YBCO dual mode
resonators for circuit QED. Both the resonant frequencies
and the phases of the coupling to the external field modes
can be widely tuned by means of the device geometry. The
coherent coupling between the spin ensembles is achieved
for both the cavity modes. It results in a coherent mixing
of the system modes involving two spatially separated spin
ensembles and at least one photon mode. A small—albeit
non-negligible—mixing between the two photon modes,
mediated by the spin ensembles, also emerges. The results
are corroborated also by entropy measures performed on the
system. A possible way to enhance this effect might be a
further reduction of the asymmetry between the two resonant
modes. We, finally, mention that DMR offers further addi-
tional possibilities in the perspective of tailoring the mode
hybridization thanks to the intrinsic nonlinearities resulting
from the kinetic inductance of the superconductor.29,30

SUPPLEMENTARY MATERIAL

See supplementary material for the electromagnetic sim-
ulations of the DMRs, the temperature and the magnetic field
stability of the resonant modes for empty DMRs and for the
estimations of the mean photon number and of the effective
number of spins. Additional datasets concerning the coherent
coupling of DMRs with localized spin ensembles and with
the composition of the hybridized modes are also reported.
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