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Abstract

This paper addresses the well-known dynamic berth allocation problem (DBAP), which

finds numerous applications at container terminals aiming to allocate and schedule incom-

ing container vessels into berthing positions along the quay. Due to its impact on ports

performance, having efficient DBAP formulations is of great importance, especially for de-

termining optimal schedules in quick time as well as aiding managers and developers in the

assessment of solution strategies and approximate approaches. In this work, we propose two

novel formulations a time-indexed formulation and an arc-flow one, to efficiently tackle the

DBAP. Additionally, to improve computational performance, we propose problem-based

modeling enhancements and a variable-fixing procedure that allows to discard some vari-

ables by considering their reduced costs. By means of these contributions, we improve the

models performance in those instances where the optimal solutions were already known,

and we solve to optimality for the first time other instances from the literature.

Keywords: OR in maritime industry, Dynamic berth allocation problem, Novel

formulations, Modeling enhancements

1. Introduction

The management of limited resources at maritime container terminals has a direct and

relevant impact on their productivity and competitiveness. This holds, especially, in those

cases where for geographical or monetary reasons the terminals are enforced to find different
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ways to expand their capacity. Thus, terminal managers require the use of efficient methods

and approaches to efficiently exploit resources at maritime terminals. This involves the need

for reliable and fast approaches for providing schedules within reasonable computational

times, as well as having efficient mathematical models enabling the proper evaluation of

those schedules by means of a given objective function. In this context, as indicated by

Notteboom (2006), over 90% of the delayed vessel schedules are due to port access and

terminal operations that, as pointed out by Steenken et al. (2004), directly involve the

management of berths. Hence, it becomes essential for terminal operators and related

practitioners to rely on efficient solution approaches in order to suitably manage the use of

those limited and impacting resources such as berths.

The above issue leads to the definition of the well-known berth allocation problem

(BAP), which seeks to assign and schedule incoming vessels arriving at the terminal into

berthing positions with the aim of optimizing a given objective function (e.g. minimize

vessels waiting time, maximum departure time, etc.). In this way, optimal berthing position

and time for all vessels are provided, allowing planned berthing instructions while efficiently

using the quay space. Different variants of the BAP have been proposed (see e.g. Bierwirth

and Meisel 2010, 2015). Among them, the most referenced and known one is the dynamic

berth allocation problem (DBAP, Imai et al. 2001; Cordeau et al. 2005). The DBAP aims

at allocating container vessels along the quay partitioned into berths while reducing the

sum of vessels turnaround time. In contrast to the static case (where all the vessels are

at the port at the beginning of the planning horizon), the DBAP considers that vessels

arrive along the planning horizon, i.e., the term “dynamic” means that the vessels arrive at

different times of the day, nevertheless all problem information is known in advance. Due to

the difficulty of this problem, decision support approaches are necessary to provide proper

solutions. This opens up the discussion on how and from which standpoint algorithmic

techniques can contribute to enhancing the management of berthing resources in port

environments. Based on the literature (e.g. Bierwirth and Meisel 2010; Stahlbock and Voß

2008; Lalla-Ruiz 2016) different ways for solving the DBAP can be indicated:

1. Heuristic and metaheuristic approaches. They allow decision makers to provide feasi-

ble solutions within reasonable computational times. The application of these meth-

ods is suggested in situations where fast solutions are requested such as in dynamic

environments requiring replannning or in integrative and rich solution systems where

the solution of a problem is an input for other problems.

2. Matheuristic approaches. They integrate both exact and metaheuristic techniques,
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in such a way that some of the capabilities of those methods can be jointly exploited.

The integration of exact approaches within metaheuristic or vice-versa can lead to

higher computational times than heuristic methods, but may also lead to a better

performance robustness and quality of the solutions in some applications.

3. Exact approaches. The main advantage of this type of approaches is to seek optimality

by means of bounds at the cost of requiring important computational efforts as the

size of the instance increases. Counting on well-defined and assessed mathematical

formulations, as well as exact algorithms, permits researchers and practitioners to

evaluate the performance of their heuristic and matheuristic methods, while increasing

the expertise and knowledge on the given problem and technique.

In recent years, the research community has been predominantly proposing heuristic ap-

proaches for the DBAP. That provides an incentive to study and develop exact approaches

and modeling enhancements in order to aid the evaluation of the heuristics performance.

On the other hand, assessing and determining the best formulation considering the evolu-

tion of exact solvers permits accelerating the resolution time as well as obtaining additional

insights regarding the problem itself. Therefore, in this work, we aim at proposing two dif-

ferent novel ways of modeling the DBAP, i.e., a time-indexed formulation and an arc-flow

one. As a follow up of previous studies on this problem, see Buhrkal et al. (2011), our goal is

to provide a detailed comparison between our formulations and the best one proposed in the

literature so far, in order to determine their performance and their likely complementarity

for tackling the different DBAP benchmark instances. Furthermore, this work also aims at

proposing and assessing modeling enhancements and a reduced-cost based variable-fixing

procedure. As discussed below, the results are meaningful as our new formulations enable

a relevant time reduction as well as provide optimal solutions not yet reported for several

large-size problem instances proposed in the related literature. In addition to that, in or-

der to address more congested scenarios as well as study the performance of the modeling

approaches, a new set of large-size problem instances is proposed.

The remainder of this paper is organized as follows. Section 2 reviews the related liter-

ature putting an emphasis on mathematical models. In Section 3, the DBAP is described.

Next, the currently best formulations for this problem as well as those proposed in this

work are presented in Section 4. Their computational assessment, as well as a detailed

comparison, is reported in Section 5. Finally, Section 6 presents the main conclusions of

this work and proposes possible future research directions.
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2. Related works

The dynamic berth allocation problem (DBAP) was initially proposed by Imai et al.

(2001) with the goal of scheduling and allocating vessels along a discrete quay partitioned

into berths. Due to its practical and relevant application domain, this problem has at-

tracted a considerable and increasing attention from the research community as well as

practitioners. Cordeau et al. (2005) reformulated the problem as a multi-depot vehicle

routing problem with time-windows (MDVRP-TW) and proposed a tabu search for solv-

ing it. In this way, time-window constraints related to contractual agreements between

shipping companies and container terminals could be incorporated. Their computational

experiments were conducted on scenarios from the container terminal of Gioia Tauro (Italy)

and the results indicated that the MDVRP-TW formulation was not able to solve small

and medium-sized problem instances within the time limit. Christensen and Holst (2008)

proposed a generalized set-partitioning problem formulation (GSPP) that is described in

detail in Section 4 below. Later, in the work of Buhrkal et al. (2011), all the existing for-

mulations proposed for the DBAP were extensively assessed. The authors indicated that

the GSPP formulation clearly outperforms the other formulations in terms of linear bounds

and computational time for the problem instances proposed in Cordeau et al. (2005). Nev-

ertheless, Lalla-Ruiz et al. (2012) studied the GSPP performance on new instances and

indicated that, under the computer and general purpose solver version used at that time,

the formulation required high-amounts of memory, possibly leading to memory fault prob-

lems. Lalla-Ruiz and Voß (2016b) proposed a matheuristic decomposition approach in

order to reduce the size of the problems and allowing to tackle them by means of the GSPP

formulation. Recently, Nishi et al. (2016) proposed a new dynamic programming based

matheuristic together with new instances to capture congested and larger scenarios. The

authors used the GSPP formulation that, thanks to the progress of computers’ memory

and processors as well as software, allowed to avoid memory problems.

With regards to approximate approaches, the DBAP has attracted remarkable atten-

tion. We focus here on the most recent approaches. De Oliveira et al. (2012) proposed

a clustering search with simulated annealing and Ting et al. (2014) proposed a particle

swarm optimization approach. For testing their approaches both works only used the in-

stances provided in Cordeau et al. (2005). Lalla-Ruiz et al. (2016) proposed a cooperative

decentralized search and provided a comparison with De Oliveira et al. (2012) and Ting

et al. (2014), indicating a relevant time and performance improvement. Mauri et al. (2016)

proposed an adaptive large neighborhood search and tested it on all the state-of-the-art

instances. All the mentioned metaheuristic approaches reported high-quality solutions in
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reasonable computational times. Nevertheless, although they were able to provide the op-

timal solution values for the largest instances proposed by Cordeau et al. (2005), they were

not able to evaluate the quality of their approach for the instances of Lalla-Ruiz et al.

(2012) as the optimal solutions remained unknown.

3. Problem description

In the DBAP, we are given a set N = {1, . . . , n} of vessels to be allocated within a

quay that is divided into a set M = {1, . . . ,m} of berths. Each vessel i ∈ N is available to

be served in a given time-window [ti, t
′
i], where ti and t′i represent its arrival and departure

time, respectively. Similarly, each berth k ∈ M is available to serve vessels in a restricted

period [sk, ek]. Furthermore, each vessel i has an associated handling time ρik that depends

on its assigned berth k ∈ M , and an input priority value pi. The objective function of

the DBAP is to minimize the total weighted flow time to serve incoming vessels, that is,

the time elapsed between the vessels’ arrival at the terminal and the completion of their

associated operations multiplied by their priority values. Note that once a vessel has started

to be served by a berth, its processing cannot be interrupted and restarted later on in the

same or in another berth (i.e, preemption is not allowed).

Figure 1 presents an example of a DBAP solution. In the figure, a plan for six vessels

within three berths is shown. The rectangles represent the vessels and their handling time.

Inside each rectangle, we report the service priority of each vessel (pi). The time-windows

of the vessels are represented by the lines at the bottom of the figure. In this case, for

example, vessel 1 arrives at time step 3 and should be served until time step 12. Moreover,

the time-window of each berth is limited by the non-hatched areas. The vessels’ handling

times are reported in Table 1, those times depend on the assigned berth. Namely, for

instance, if vessel 1 is assigned to berth 1, its handling time would be equal to 7, which is

shorter than the handling time of 8 units that it would have at berth 2.

As indicated above, the objective value of a DBAP solution is the total weighted service

time of the incoming container vessels. In this example, the weighted service times of the

six vessels are calculated as follows: vessel 1 = (10−3) · (1) = 7, vessel 2 = (4−1) · (3) = 9,

vessel 3 = (6 − 2) · (6) = 24, vessel 4 = (10 − 4) · (4) = 24, vessel 5 = (11 − 2) · (2) = 18,

and vessel 6 = (13− 11) · (1) = 2. Therefore, the objective function value of this solution

is: 7 + 9 + 24 + 24 + 18 + 2 = 84.
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Table 1: Example of vessels handling times and priority values

Vessel
Handling times ρik Priority

value piBerth 1 Berth 2 Berth 3

1 7 8 6 1
2 2 3 4 3
3 5 5 4 6
4 8 6 5 4
5 9 8 5 2
6 4 2 5 1

Figure 1: Example of a DBAP solution with six vessels and three berths. Hatched areas represent berth
unavailability due to input time windows

4. Mathematical formulations for the DBAP

This section includes the current most efficient mathematical model for the DBAP

according to the computational tests in Buhrkal et al. (2011), and the two novel models

proposed in this work, namely, the time-indexed formulation and the arc-flow one.
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4.1. Generalized set-partitioning problem formulation

The generalized set-partitioning problem (GSPP) formulation for the DBAP was pro-

posed by Christensen and Holst (2008). In the GSPP formulation, a column represents a

feasible assignment of a vessel to a berth at a certain time. The set of columns is denoted

by Ω. Two matrices A and B are defined, both containing |Ω| columns. Matrix A = (Aiω)

contains a row for each vessel, and Aiω = 1 if and only if column ω represents an assign-

ment of vessel i ∈ N . Each column of A contains exactly one non-zero element. Matrix

B = (Bpω) contains a row per (berth,time) position.

The rows of B are indexed by the set P = {1, 2, ..., K} with K =
∑

k∈M(ek − sk). The

entry Bpω is equal to 1, if and only if, position p ∈ P is contained in the assignment that

column ω represents. The cost cω of any column ω ∈ Ω is the service time of the respective

position assignment which are multiplied by the priority factor pi. A binary variable xω is

equal to 1 if column ω is used in the solution, and 0 otherwise. With these definitions the

GSPP formulation for the DBAP is stated as follows.

(GSPP ) min
∑
w∈Ω

cwxw (1)

subject to ∑
w∈Ω

Aiwxw = 1 i ∈ N, (2)∑
w∈Ω

Bpwxw ≤ 1 p ∈ P, (3)

xw ∈ {0, 1} w ∈ Ω. (4)

The objective function (1) minimizes the weighted flow time of the vessels. Constraints

(2) ensure that all vessels are served. Constraints (3) guarantee that at a time interval, in

a berth, at most one vessel is served. Constraints (4) define the variables domain. This

model contains O(nK) variables and O(n+K) constraints.

4.2. Time-indexed formulation

The time-indexed (TI) formulation considers the DBAP as an unrelated parallel machine

scheduling problem with release dates and deadlines to minimize the total weighted flow

time. In addition, it considers machine availability and job-machine incompatibilities.

The TI formulation is an adaptation of the one originally proposed by Sousa and Wolsey

(1992) for single machine scheduling problems. Let us define uik = min{t′i, ek} and lik =
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max{ti, sk},∀i ∈ N, k ∈M . The TI formulation is then:

(TI) min
∑
i∈N

∑
k∈M

uik−ρik∑
t=lik

pixikt(t+ ρik − ti) (5)

subject to

∑
k∈M

uik−ρik∑
t=lik

xikt = 1 i ∈ N, (6)

∑
i∈N

min{t,t′i−ρik,ek−ρik}∑
s=max{ti,sk,t+1−ρik}

xiks ≤ 1 k ∈M, t = sk, . . . , ek − 1, (7)

xikt ∈ {0, 1} i ∈ N, k ∈M, t = lik, . . . , uik − ρik (8)

where xikt is a binary variable taking value 1 if vessel i starts being served at time t by berth

k, 0 otherwise. The objective function (5) seeks the minimization of the total weighted flow

time of the vessels, where the flow time of a vessel i is defined by the difference between

its service completion time and its arrival time at the port. Constraints (6) ensure that

each vessel is served exactly once. Constraints (7) forbid overlapping among the vessels by

imposing that at most 1 vessel is served by a berth at any time. Constraints (8) define the

variables’ domain. This model contains a pseudo-polynomial number of variables O(nK)

and constraints O(n+K), a common characteristic of TI formulations.

4.3. Arc-flow formulation

Another new way of formulating the DBAP is by means of an arc-flow (AF) formulation.

AF models represent problems by using flows on a capacitated network. The main idea is

to obtain a one-unit flow from the origin to the sink node for each available resource. In our

case, the berths are the resources. For each of them, the origin and the sink node can be

seen as sk and ek, respectively, and the flow from origin to destination can be interpreted

as a sequence of vessels served by the resource k ∈ M . AF formulations have been widely

used to formulate different combinatorial optimization problems. In this sense, we address

the reader to the works of Valério de Carvalho (1999) and Delorme et al. (2016).

Before introducing the proposed AF formulation, let us define dkt,∀k ∈ M, t =

sk, . . . , ek − 1 as a set of dummy variables necessary to allow the presence of idle times

between the service of two consecutive vessels. Variable dkt takes value 1 if in the time

period from t to t + 1 the berth k is idle. By using the previous set of variables xikt and
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the new variables dkt, the DBAP can be formulated as follows:

(AF) min
∑
i∈N

∑
k∈M

uik−ρik∑
t=lik

pixikt(t+ ρik − ti) (9)

subject to

∑
k∈M

uik−ρik∑
t=lik

xikt = 1 i ∈ N, (10)

∑
i∈N

xikt −
∑
i∈N

xi,k,t−ρik + dkt − dk,t−1 =


1, if t = sk

−1, if t = ek

0, otherwise

k∈M,
t=sk,...,ek,

(11)

xikt ∈ {0, 1} i∈N,k∈M,
t=lik,...,uik−ρik, (12)

0 ≤ dkt ≤ 1 k∈M,
t=sk,...,ek−1. (13)

The objective function (9) and constraints (10) are equivalent to (5) and (6) in the TI

formulation, respectively, whereas constraints (11) impose the flow conservation conditions.

Like the TI formulation, the AF formulation too is characterized by a pseudo-polynomial

number of variables, O(nK) binary and O(K) continuous, and constraints O(n+K). With

the aim of illustrating this formulation, Figure 2 shows the AF solution for the example

instance of Figure 1 and Table 1.

Berth 3

141 6

x3,3,2

11

x5,3,6

2

d3,1

12

d3,11

13

d3,12

14

d3,13

Berth 2

140 4

x2,2,1

10

x4,2,4

13

x6,2,11

1

d2,0

11

d2,10

14

d2,13

Berth 1

123 10

x1,1,3

11

d1,10

12

d1,11

Figure 2: AF solution for the instance given in Figure 1 and Table 1
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4.4. Equivalence between the mathematical models

All three formulations, GSPP (1)-(4), TI (5)-(8) and AF (9)-(13), model the DBAP by

means of a pseudo-polynomial number of variables. Indeed, in all formulations, the main

decision variable indicates the assignment of a vessel to a berth at a given starting time.

It is not surprising thus that the three formulations are all equivalent to one another, i.e.,

they have the same continuous relaxation value. We skip a formal mathematical proof but

give the reader a hint of this equivalence.

Let us first address the relation between GSPP and TI. In the GSPP model, set Ω

contains all feasible assignments of a vessel to a (berth, time) position, and matrices An×|Ω|

and BK×|Ω|, with K =
∑

k∈M(ek − sk), indicate which vessel and (berth, time) positions,

respectively, are associated with each variable xω, for ω ∈ Ω. Consider again the example

of Table 1 and Figure 1. The first possible assignment is that of vessel 1 to berth 1 at time

3 (as both vessel and berth time windows start in 3). For TI, this is simply represented

by variable x113. For GSPP, this is instead represented by variable x1 and its associated

A entries satisfying A11 = 1 and Ai1 = 0 for all i 6= 1, and B entries satisfying Bp1 = 1

for p = 1, 2, . . . , 7 (corresponding to times between 3 and 9) and Bp1 = 0 for p = 8, 9

(corresponding to times 10 and 11). The only entry taking the value 1 for A, A11, indicates

in constraint (2) that if x1 is chosen, then vessel 1 has been assigned. The same result

is obtained for TI by constraints (6) when x113 takes the value 1. The entries taking the

value 1 in B indicate in constraints (3) that if x1 is chosen then berth 1 is busy until time

10. The same result is obtained for TI by (7) when x113 takes the value 1. Extending this

reasoning to all assignments, one can deduce that (2) can be directly mapped into (6), and

(3) into (7). In addition to that, the domains of the variables are identical, as imposed by

(4) and (8), so it follows that GSPP and TI are equivalent.

Concerning the relation between TI and AF, Valério de Carvalho (2002) proved that

the two formulations are equivalent when applied to the cutting stock problem. Recently, a

similar proof has been used by Kramer et al. (2018) to prove the equivalence of TI and AF

for the problem of minimizing total weighted completion time on identical parallel machines.

As the proposed TI and AF formulations for the DBAP rely on the same principles of the

ones for the cutting stock and the parallel machine scheduling problem, we address the

reader to these works for a proof of equivalence.

It follows that the three formulations are equivalent to one another. Despite this fact,

their computational performances are remarkably different. This can be explained by a

number of factors. Firstly, for GSPP the computation of the initial matrices A and B can

be very memory consuming, and even prohibitive for very large instances. Secondly, it is
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known that commercial solvers are very sensitive to model details and initial conditions

(see, e.g., Lodi and Tramontani 2013; Fischetti and Monaci 2014; Lalla-Ruiz and Voß

2016a). Changes in variables and constraints can thus deeply affect the model performance.

Lastly, additional improvement techniques, like those discussed in the next two sections,

may render even larger the difference between the performance of the models. All these

behaviors can be observed in detail in our computational evaluation in Section 5.

4.5. Modeling improvements - grouping identical berths and vessels

In this section, we introduce new model improvements by considering some problem

features like identical berth and vessels. We formalize the necessary conditions that berths

and vessels have to comply in order to be considered identical. Through their proper

identification and handling, we aim at reducing the number of variables and constraints of

a given model. In the following, we define and indicate how to extract and integrate that

information in a preprocessing step before starting to solve the DBAP.

In the DBAP, berths can be compared in terms of their features, i.e., time-windows

and processing speed for serving incoming vessels. Thus, subsets of berths operating at the

same service speed for the same vessels and sharing the same time-windows can be grouped

as identical. This is formally defined by the below definitions.

Definition 1. Two berths k ∈ M and l ∈ M , k 6= l, are considered identical if the

following conditions are satisfied: sk = sl, ek = el, and ρik = ρil for all i ∈ N .

Definition 2. A berth type is defined by those berth features that allow creating

groups of identical berths. The set of berth types is indicated by M ′, such that M ′ ⊆ M ,

and M ′ = M when no identical berths are detected. Additionally, for each berth type

k ∈M ′, a resource amount ak is defined as the number of berths of each berth type. Note

that
∑

k∈M ′ ak = m.

Similarly, it is also expected that incoming vessels might have the same features in terms

of required service times for the same berth assignment, priorities, and time-windows, and

can be consequently considered identical. Formally:

Definition 3. Two vessels i ∈ N and j ∈ N , i 6= j, are identical if the following

conditions are satisfied: ti = tj, t
′
i = t′j, pi = pj, and ρik = ρjk∀k ∈M .

Definition 4. A vessel type is defined by those vessel features that allow to create

groups of identical vessels. The set of vessel types is indicated by N ′, such that N ′ ⊆ N ,

and N ′ = N when no identical vessels are detected. The total number of vessels of type

i ∈ N ′ is given by bi, with
∑

i∈N ′ bi = n.

Once sets M ′ and N ′ have been defined, one can easily modify the previous formulations
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to incorporate and make use of this information. Since including this reduction is similar

to all formulations, in the following we only show it in the AF formulation (9)-(13).

(AF+) min
∑
i∈N ′

∑
k∈M ′

uik−ρik∑
t=lik

pixikt(t+ ρik − ti) (14)

subject to

∑
k∈M ′

uik−ρik∑
t=lik

xikt = bi i ∈ N ′, (15)

∑
i∈N ′

xikt −
∑
i∈N ′

xi,k,t−ρik + dkt − dk,t−1 =


ak, if t = sk

−ak, if t = ek

0, otherwise

k∈M ′,
t=sk,...,ek,

(16)

xikt ∈ {0, . . . ,min{ak, bi}} i∈N ′,k∈M ′,
t=lik,...,uik−ρik, (17)

0 ≤ dkt ≤ ak
k∈M ′,

t=sk,...,ek−1. (18)

Constraints (15) now take into account that a vessel type i ∈ N ′ should be served bi times

and constraints (16) allow a berth type k ∈M ′ to serve at most ak vessels simultaneously.

In constraints (17), variables xikt are now integer and upper bounded by min{ak, bi} while

variables dkt are still continuous, but now upper bounded by ak.

4.6. Modeling improvements - reduced-cost variable-fixing algorithm

This subsection presents a reduced-cost-based variable-fixing procedure aimed at en-

hancing the starting conditions of the optimization models. Variable-fixing strategies have

been studied in Savelsbergh (1994) and approaches considering them have been applied to

well-known combinatorial optimization problems, such as multiple-choice knapsack (Gao

et al., 2017), machine scheduling (Ibaraki and Nakamura, 1994; Pessoa et al., 2010; Baptiste

et al., 2010), and vehicle routing (Baldacci et al., 2008), among others.

Our method attempts to reduce the number of variables of a mathematical model by

using information given by the optimal solution of the linear model relaxation and by a

heuristic DBAP solution. For convenience, we denote an instance of our DBAP problem as

P , its optimal solution as x∗, a feasible solution as xUB with objective value of z(xUB), and

the linear relaxation of P as LP (P ) with an optimal solution xLP and objective value of

z(xLP ). Moreover, related to xLP we denote the reduced costs corresponding to variables

xLPi as c̄i. Bearing in mind such notation, we state that a variable xi can be fixed to zero
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in the model if the following condition holds:

c̄i > z(xUB)− z(xLP )− 1. (19)

Suppose indeed there is a non-basic variable xi whose reduced cost c̄i is higher than

z(xUB) − z(xLP ) − 1. Then, if xi enters the basis with one unit, the current LP objective

value z(xLP ) will increase by c̄i, thus obtaining z(xLP ) + c̄i > z(xUB) − 1. Therefore, any

integer solution containing variable xi will have cost at least dz(xLP ) + c̄ie ≥ z(xUB). We

can thus remove xi from the model as we are only interested in solutions that could improve

the current incumbent value z(xUB). This condition is formalized as follows:

Proposition 1. A non-basic variable xi can be removed from the model if its reduced

cost c̄i satisfies inequality (19).

Algorithm 1: Variable-fixing algorithm for the DBAP

1 z(xLP )← Solve the LP relaxation
2 z(xUB)← Obtain a valid upper bound by a given method
3 for (∀xLPi ∈ xLP ) do
4 if (c̄i > z(xUB)− z(xLP )− 1) then
5 xi = 0

6 Construct reduced problem P

7 Solve P by means of a general purpose solver

Algorithm 1 describes the overall reduced-cost variable-fixing procedure. At step 1,

the linear relaxation of a given DBAP instance is solved. A feasible solution is obtained

through a heuristic procedure at step 2. The variable-fixing is applied at steps 3-5 by

considering inequality (19). After that, a reduced problem P is obtained and then solved.

This preprocessing procedure requires having tight bounds in order to have a certain impact

on the solving performance. Thus, in our current work, we use the state-of-the-art heuristic

technique by Lalla-Ruiz et al. (2016) to obtain high-quality z(xUB) values.

5. Computational results

This section presents the computational experiments carried out for assessing the per-

formance of the proposed formulations. The models were coded in C++ and solved on a

computer equipped with an Intel i5 3.20 GHz and 16 GB of RAM running under Windows

10 operating system. The models were solved with IBM CPLEX 12.8, using a single thread,

13



and a time limit of 2 hours. The method used for generating the upper bounds is the one

provided in Lalla-Ruiz et al. (2016).

5.1. Benchmark instances

In this work, we use the problem instances proposed in the literature by Cordeau et al.

(2005), Lalla-Ruiz et al. (2012) and Nishi et al. (2016). Among those proposed by Cordeau

et al. (2005), we consider the large-sized ones, which contain 60 vessels and 13 berths.

Those instances were generated by taking into account a statistical analysis of the traffic

and berth allocation data at the maritime container terminal of Gioia Tauro (Italy) and were

also studied in Cordeau et al. (2007). Moreover, we tackle the instances proposed by Lalla-

Ruiz et al. (2012) that could not be solved to optimality by the computer used to conduct

their computational experiments. This set contains 90 instances with up to 60 vessels and

7 berths. We have also used the recently proposed problem instances by Nishi et al. (2016)

that consider more congested scenarios with up to 150 vessels and 15 berths. In addition

to that, we created 20 new very large instances having up to 250 vessels and 20 berths. All

instances are available at http://github.com/elalla/DBAP/tree/master/Instances Kramer-

Lalla-Ruiz-Iori-Vo/.

5.2. Computational experiments on the instances from the literature

In this section, we report and discuss the results obtained by means of the previously

introduced formulations (see Section 4). Namely, we compare the performance of GSPP

(i,e., (1)-(4)), TI (i.e., (5)-(8)) and AF (i.e., (9)-(13)) formulations. In addition, we assess

the contributions of the improvements provided in Sections 4.5 and 4.6. Thus, in the tables,

the models incorporating the improvements presented in Subsection 4.5 are tagged with a “

+ ”, while those also considering the reduced-cost-based variable-fixing procedure presented

in Section 4.6 are indicated by a “ rc
+ ”.

Table 2 shows a summary of the size of the models in terms of average number of

variables (cols) and constraints (rows) reported in thousands. It is worth mentioning that

the results shown for the reduced-cost variable-fixing methods represent the size of the

reduced mixed integer linear programming formulation obtained after fixing the respective

variables to zero. As can be seen in the results, the improvements proposed in this work

enable relevant reductions of the model sizes. In this regard, it can be noticed that grouping

similar berths and vessels does not always lead to a model size reduction. On the contrary,

using the variable-fixing approach results in relevant reductions in all cases. For instance,

for the largest instances, the standard models have more than 600 thousands variables on

average, while this value can be reduced to nearly 200 thousands in some cases. It is also

14



worth mentioning that AF needs more variables to model the problem than GSPP and TI.

This fact is due to the use of the continuous dummy variables dik.

Table 2: Comparison of formulations’ size in terms of variables (cols) and constraints (rows), in thousands

n m #inst

Generalized set partitioning Time-indexed Arc-flow

GSPP GSPP+ GSPPrc
+ TI TI+ TIrc+ AF AF+ AFrc

+

cols rows cols rows cols rows cols rows cols rows cols rows cols rows cols rows cols rows

30 3 10 44.0 1.8 36.0 1.8 3.3 1.8 44.0 1.8 36.0 1.8 3.3 0.8 45.8 1.8 37.8 1.8 5.6 1.8
5 10 73.5 2.9 48.1 2.4 1.1 2.4 73.5 3.0 48.1 2.4 1.0 0.8 76.5 2.9 50.5 2.4 3.5 2.4

40 5 10 98.0 3.0 48.1 2.4 3.3 2.4 98.0 3.0 48.1 2.4 3.2 1.1 101.0 3.0 50.5 2.4 6.3 2.4
7 10 137.3 4.1 72.8 3.5 2.8 3.5 137.3 4.2 72.8 3.6 2.7 1.2 141.5 4.1 76.4 3.5 6.7 3.5

55 5 10 134.3 3.0 48.1 2.4 3.7 2.4 134.3 3.1 48.1 2.4 3.6 1.4 137.3 3.0 50.5 2.4 6.3 2.4
7 10 188.0 4.2 72.8 3.5 4.7 3.5 188.0 4.3 72.8 3.6 4.6 1.7 192.2 4.2 76.4 3.5 8.6 3.5

10 10 256.8 5.9 82.4 4.1 4.1 4.1 256.8 6.1 82.4 4.2 4.0 1.6 262.8 5.9 86.6 4.1 8.7 4.1
60 5 10 146.8 3.0 48.1 2.4 3.8 2.4 146.8 3.1 48.1 2.4 3.6 1.5 149.8 3.0 50.5 2.4 5.9 2.4

7 10 205.3 4.2 101.8 3.6 15.2 3.6 205.3 4.3 101.8 3.6 15.2 2.0 209.5 4.2 105.4 3.6 20.2 3.6
13 30 88.6 3.8 33.0 1.5 0.2 1.5 88.6 4.0 33.0 1.6 0.2 0.8 104.4 3.8 34.5 1.5 1.7 1.5

80 10 10 378.2 5.9 377.7 5.9 42.4 5.9 378.2 6.1 377.7 6.1 42.5 2.8 384.2 5.9 383.7 5.9 62.7 5.9
90 13 10 570.6 7.7 570.6 7.7 112.2 7.7 570.6 7.9 570.6 7.9 112.2 3.5 578.4 7.7 578.4 7.7 160.2 7.7

100 15 10 731.6 8.9 731.6 8.9 132.9 8.9 731.6 9.1 731.6 9.1 132.9 4.0 740.6 8.9 740.6 8.9 201.8 8.9
120 15 10 513.2 8.9 513.2 8.9 122.5 8.9 513.2 9.1 513.2 9.1 122.6 4.1 522.2 8.9 522.2 8.9 196.5 8.9
150 15 10 614.2 8.9 614.2 8.9 210.3 8.9 614.2 9.2 614.2 9.2 210.5 4.8 623.2 9.0 623.2 9.0 298.2 9.0

Sum/Avg. 170 256.3 4.9 203.8 4.2 39.0 4.2 256.3 5.1 203.8 4.3 39.0 2.0 263.4 4.9 208.0 4.2 58.6 4.2

Tables 3 and 4 depict and compare in more detail the contribution achieved by grouping

identical vessels and berths as well as by fixing variables, respectively. In these tables,

columns opt, t(s), and nd report, per group of instances, the number of problem instances

solved to proven optimality, the average execution time in seconds, and the average number

of explored nodes, respectively. In addition, columns cols and rows (only for Table 3) under

red(%) detail the reduction achieved by applying such improvements.

In Table 3, we report the results for those instances where identical vessels and berths

were identified, i.e, instances with up to 80 vessels. Concerning the performance of the

studied methods, all of them are able to solve to optimality all 130 instances with up to 80

vessels within the time limit of 2 hours. The results also indicate that grouping identical

vessels and berths leads to a significant reduction of more than 60% in the number of

rows and columns. Further, in most cases, the improved models require fewer nodes to be

explored, which entails a computational effort reduction. It is relevant to mention that,

on average, the computational times of the models without improvements are halved when

the improvements are incorporated. On the other hand, the new formulations, TI and AF,

exhibit a slightly better performance than GSPP in terms of t(s).

After reporting the benefits of reducing the models by grouping identical vessels and

berths, in Table 4 we compare the performance of the reduced-cost variable-fixing procedure

on the above studied enhanced models for all problem instances. This table shows that by
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applying this technique we can avoid creating, on average, more than 70% of the initial

variables, thus we are able to substantially reduce the formulations sizes. Despite this huge

reduction in the number of variables, the reduction in the execution times is more moderate.

Taking the AF results as an example, it can be seen that a variable reduction of 70% has

been achieved while the execution times have been reduced by 15% on average. This can

be explained by the fact that there is a time overhead for solving the linear relaxation

and identifying and fixing the variables as well as the fact that the remaining subsequent

mathematical model is still difficult to solve.

It is also shown in Table 4 that for instances with 120 and 150 vessels the application

of the reduced-cost-based variable-fixing method allows solving more problem instances to

optimality. In this regard, this table indicates that the AF with fixed variables performs

better than the other formulations being able to find optimal solutions for 166 out of 170

instances within less computational time. These results are detailed in Tables 5 and 6.

Tables 5 and 6 detail the results obtained for the large-size instances considering 120

and 150 vessels, respectively. For each mathematical formulation and instance, we report

the final lower and upper bounds, lb and ub, respectively, the percentage gap gap(%), and

the computational time t(s). Note that being all input numbers integer, in these tables lb

could be replaced by dlbe, but we opted to keep lb to better highlight the differences among

the models.

From Table 5, it can be observed that the use of the variable-fixing approach with the

GSPP model allows the solver to accelerate and find all the optimal solutions in comparison

to the case where this technique is not applied (i.e., instance 120x15-05). Concerning the

resolution times, by analyzing instance by instance we can observe that the time required

by the variable-fixing method seems to be worth in several cases. These results are even

more promising when tackling problem instances considering a traffic of 150 vessels. As

can be seen in Table 6, the additional time required to use the variable-fixing method is

worth-while in most of the cases. Furthermore, in Table 6 most of the optimal solutions

and best upper bounds were reported by using this approach.

Table 7 summarizes the previous results in this work while indicating the best perform-

ing model for each instance set. Thus, the table reports, for all nine methods and for each

group of benchmark instances from the literature, the number of proven optimally solved

instances, opt, and the average execution time, t(s). Column gap(%) reports the average

percentage gap with respect to the best lower bound obtained per each instance. For the

benchmark instances of Cordeau et al. (2005) and Lalla-Ruiz et al. (2012), all instances are

solved to optimality by all nine methods. Therefore, it can be seen that our reduced-cost-
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based variable-fixing method on top of TI and AF provides the smallest average execution

times. Concerning the large-size instances of Nishi et al. (2016), AFrc
+ solves more instances

among all methods (46 out of 50), with the smallest average execution time and with the

best quality upper bounds. In general words, our experiments indicate that AFrc
+ performed

better than all other methods. It is worth noting that the remaining 4 instances were solved

to proven optimality by Nishi et al. (2016) in large computing times. The authors proved

optimality for 9 out of 10 instances with 150 vessels by running GSPP formulation for ap-

proximately 25000 seconds on average. The only open instance left by Nishi et al. (2016),

i.e., instance 150x15-08, has been solved to proven optimality by our enhanced models in

less than two hours, so all optimal solutions are now assessed for these benchmarks. That

drove us to create the new set of very large instances that is evaluated in the next section.

5.3. Computational results on the new set of instances

With the aim of studying the performance of our approaches in larger scenarios, a

new set of problem instances is proposed. This new set was generated following the

scheme provided in Cordeau et al. (2005). We considered values of the pair (n,m) in

{(200, 15); (250, 20)}, and for each pair we generated 10 instances, obtaining a total of 20

new instances.

Table 8 presents the results for the instances with 200 vessels and 15 berths, while Table

9 does the same for the instances with 250 vessels and 20 berths. In those tables, columns

labeled as lb, ub, gap(%) and t(s) indicate, for each instance and method, the final lower

and upper bounds, the percentage gap, and the computational time, respectively. Note

that we do not report results for GSPP, GSPP+, GSPPrc
+, TI and AF. The methods based

on the GSPP formulation were not able to solve any of the new instances due to memory

limit that can be inputed to the need of storing matrices A and B. Concerning TI and

AF, we decided not to test them as they are outperformed by TI+ and AF+, as indicated

in the previous experiments reported in Tables 2 and 3.

For the instances with 200 vessels, it can be observed that the methods considering the

reduced-cost variable-fixing preprocessing tend to be, on average, faster than their versions

without such preprocessing. Among the 10 instances of this group, the approaches based on

the TI formulation were able to solve to optimality 3 problem instances, while 4 instances

were solved to optimality by the methods based on AF. Slight improvements can be noticed

in the lower bound values when the reduced-cost variable-fixing technique is applied.

With regards to the instances with 250 vessels, only 1 out of 10 could be solved to

proven optimality, i.e., instance 250x20-06 by AF+. For all other instances, the time limit
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of 2 hours was reached without proof of optimality. Analyzing these results, it can be seen

that for very large instances AF methods face difficulties in improving the given initial

upper bounds, differently from TI ones which managed to improve some of them. In terms

of best solutions, TIrc
+ is superior to the other methods because it provides 7 best solutions

while TI+, AF+ and AFrc
+ provide 5, 4 and 3, respectively. In terms of percentage gaps, all

methods were able to obtain low average gaps.

6. Conclusions

In this work, we have addressed the dynamic berth allocation problem (DBAP) from

a mathematical modeling perspective by providing and assessing two novel time-indexed

(TI) and arc-flow (AF) formulations. We have also proposed modeling enhancements aimed

at grouping similar berths and vessels, and a variable-fixing procedure based on reduced

costs. Extensive computational experiments on benchmark instances have been performed

to evaluate the investigated methods and compare them with the best model from the

literature, that is, the generalized set-partitioning problem (GSPP) formulation.

The AF formulation performs better than the TI, which in turn performs better than the

GSPP. Therefore, AF is advisable when used as a standalone model. The proposed model-

ing enhancements based on grouping similar vessels and berths improved the performance

of all models by reducing the number of variable and leading to better computational times.

The reduced-cost variable-fixing procedure leads to further improvements. In particular,

by applying this procedure to the AF model we could solve to proven optimality 166 out

of 170 benchmark instances from the literature within two hours of time limit, including

the only instance that was still open. Based on these findings, the AF formulation has

shown superiority compared to the other formulations, and thus, it is recommended to be

used in real-world environments. Taking into account the good results on the benchmark

instances, a new set containing 20 large-sized instances involving between 200 and 250 ves-

sels has been proposed. The GSPP models were not able to deal with these new instances

due to excessive memory requirements. On the contrary, models based on TI and AF did

not show memory problems and managed to optimally solve 5 instances and provide small

gaps for the other ones.

As future work, we plan to adapt these novel formulations to other maritime logistics

problems where the berth allocation is involved. In this sense, the joint consideration of

the quay crane allocation and scheduling problem with berth scheduling, such as the one

in Agra and Oliveira (2018), and continuous berth allocation problems, (see e.g. Frojan

et al. 2015), appear to be interesting future research directions.
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Appendix A. Detailed results

In this appendix, we report detailed results obtained by all the mathematical program-

ming approaches studied in the paper. Table A.10 details the results for the set of 90

instances proposed by Lalla-Ruiz et al. (2012). The results for the 30 instances proposed

by Cordeau et al. (2005) are shown in Table A.11, while Table A.12 reports the results for

the 50 benchmark instances of Nishi et al. (2016). Finally, Table A.13 contains the results

for the set of 20 new instances proposed in this work. In all tables, we report the best lower

(column lb) and upper (column ub) bounds found for each instance (considering all math-

ematical programming approaches). For each method and instance columns t(s) and nd

present the total execution time in seconds and the number of explored nodes, respectively.

The last line of each table reports average values.
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