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On a Caginalp phase-field system with two
temperatures and memory

M. Conti, S. Gatti, A. Miranville and R. Quintanilla

Abstract. The Caginalp phase-field system has been proposed in [4] as
a simple mathematical model for phase transition phenomena. In this
paper, we are concerned with a generalization of this system based on
the Gurtin-Pipkin law with two temperatures for heat conduction with
memory, apt to describe transition phenomena in nonsimple materi-
als. The model consists of a parabolic equation governing the order pa-
rameter which is linearly coupled with a nonclassical integrodifferential
equation ruling the evolution of the thermodynamic temperature of the
material. Our aim is to construct a robust family of exponential attrac-
tors for the associated semigroup, showing the stability of the system
with respect to the collapse of the memory kernel. We also study the
spatial behavior of the solutions in a semi-infinite cylinder, when such
solutions exist.

Mathematics Subject Classification (2010). 35B41, 35K55, 35105, 80A22.
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1. Introduction
We are interested in this paper in the study of the following variant of the
Caginalp phase-field system!:
ur — Au+ f(u) = ¢ — Ag,
oo
v — Apyp — / E(s)Ap(t — s)ds = —uy,
0

subject to homogeneous Dirichlet boundary conditions

(1.1)

uloo =0, ¢laa =0

1Here and below, all physical parameters are set equal to one.
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(here, Q C R? is a bounded domain with smooth boundary 9) and with
initial data

u(0) = ug and o(—=t) = po(—t), t=>0.
The original Caginalp phase-field system reads
u — Au+ f(u) =46, (1.2)
0, — A0 = —uy. (1.3)

It has been proposed in [4] as a simple mathematical model for phase tran-
sition phenomena, such as melting-solidification phenomena (e.g. ice). The
two unknown functions u and 6 are, respectively, the order parameter and
the relative temperature (relative to the equilibrium melting temperature) of
the system occupying the volume 2, while the nonlinearity f is the deriva-
tive of a double-well potential F. System (1.2)—(1.3) has been much studied
from a mathematical point of view (see e.g. [1, 2, 3, 8, 9, 10, 24, 26, 29, 30,
31, 32, 40, 49, 56]). This system can be derived by introducing the (total
Ginzburg-Landau) free energy

_ (Lo, o Lg2
\11_/9(2|W| + ()~ uf — £6) dr.

Then, the evolution equation for the order parameter u is given by
DY

~Bo

where % denotes the variational derivative with respect to u. Next, denoting

by q the heat flux, the evolution of the enthalpy

H=u+290,

Uy =

(1.4)

is ruled out by the energy equation

Equations (1.2)-(1.3) then follow from (1.4)-(1.5), assuming the classical
Fourier law for heat conduction,

q=-Vbé. (1.6)

Now, a major drawback of the Fourier heat law is the infinite speed of prop-
agation of thermal disturbances, deemed physically unreasonable and called
paradox of heat conduction (see [11]). Thus, several alternatives to (1.6) have
been proposed in order to derive more realistic models: in particular, the Cagi-
nalp phase-field system, supplemented with either the Maxwell-Cattaneo law
or other constitutive laws for the heat flux coming from thermomechanics,
has been studied by several authors, see e.g. [13, 38, 39, 41, 42, 43, 44, 46].

Still also the type III heat conduction theory, as well as the classical
Fourier one, suffers from some theoretical drawbacks (see [28]) which are
overcome by (1.1).

A different approach to heat conduction has been proposed in the Six-
ties in [5, 6, 7], where it was observed that two temperatures are involved in
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the definition of the entropy, namely the conductive temperature 6, influenc-
ing the heat conduction contribution, and the thermodynamic temperature
i, appearing in the heat supply part. For time-independent models, these
two temperatures coincide in absence of heat supply. Nonetheless, they are
in general different in the time dependent framework, although no heat is
supplied to the system: for instance, this happens in non-simple materials. In
that case, the two temperatures are related by the (linearized) law

0 =¢— Agp.
Accordingly, equation (1.2) reads
ug — Au+ f(u) =0 =9 — Ap. (1.7)

The Caginalp phase-field system with two temperatures has been stud-
ied in [20] for the classical Fourier law, in [47] for the type III thermomechan-
ics theory (see [33]) with two temperatures recently proposed in [53] (see also
[21]), and in [48] for the theory of two-temperature-generalized thermoelas-
ticity proposed in [55] and based on the Maxwell-Cattaneo law

q+7q = -V, (1.8)

where 7 > 0 is a given relaxation parameter. In fact, our model is a general-
ization of the one studied in [55] which is obtained for the particular choice
of the exponential kernel.

In this paper, we continue the study initiated in [15] of a theory of two
temperatures with memory, where the classical Fourier law is substituted by
the Coleman-Gurtin (if @ > 0) or Gurtin-Pipkin law (if @ = 0) for the heat
flux, namely (see [12, 34])

alt) = ~a¥p(t) ~ [ KeTplt - o)ds, a€0.1),

based on the key assumption that the evolution of q is influenced by the
past history of the temperature gradient, through a suitable (nonnegative)
summable memory kernel k of total mass 1 —a which characterizes the mem-
ory properties of the material. In that case, the evolution law (1.5) for the
enthalpy

H=0+u=p—Ap+u
becomes
oult) = Bpu(®) — adplt) ~ [ KAt~ 5)ds = —ult), ¢>0. (19)
0
Collecting (1.7) and (1.9), we arrive at the following system
ut_Au+f(u) :SD_AQOv
o (1.10)
ot — Apy —alp — / kE(s)Ap(t — s)ds = —uy,
0

and, taking a = 0, we end up with (1.1).



4 M. Conti, S. Gatti, A. Miranville and R. Quintanilla

In the first part of the paper, we consider the family of problems (1.1)
in which the memory kernel £ is replaced by the rescaled kernel
1 /s
o= 5(2)
(s) = k(2
for every e € (0,1], namely

up — Au+ f(u) = ¢ — Ap,
or — Ay — / k-(s)Ap(t — s)ds = —uy,
0

subject to the same initial and boundary conditions.

Well-posedness and regularity results for (1.11) have been obtained in
[15]. Furthermore, the existence of the global attractor (see, e.g, [50, 54]), as
well as its upper semicontinuity with respect to €, have also been established.
The latter gives results concerning the stability of the system with respect
to the ”collapse” of the memory kernel as ¢ — 0. Indeed, k. converges in the
distributional sense to the Dirac mass of weight one at the origin; in turn,
(1.11) formally collapses as € — 0 into the ”limiting” system

01 — App — Ap = —uy.

(1.11)

(1.12)

Note however that lower semicontinuity results on the global attractor are
not known.

Our main result establishes the existence of a family of exponential at-
tractors &, for the corresponding semigroups, which is robust (i.e. both upper
and lower semicontinuous) with respect to €, see Section 5. In particular, we
prove that & is close (in the sense of the symmetric Hausdorff semidistance)
to &, the exponential attractor of (1.12). This means that the longtime dy-
namics of the two models become closer and closer as ¢ — 0, so that the
formal limit is now rigorously justified.

In the second part of the paper, we are interested in the study of the
spatial behavior of the solutions. Spatial decay estimates for partial differ-
ential equations are related to the Saint-Venant principle which is both a
mathematical and a thermomechanical aspect which has deserved much at-
tention in the last years (see [35] and the references therein). Such studies
describe how the influence of the perturbations on a part of the boundary
is damped for the points which are far away from the perturbations. Spatial
decay estimates for elliptic [22], parabolic [36, 37], hyperbolic [23] and/or
combinations of such [52] have been obtained in the last years. However, as
far as nonlinear equations are concerned, such a knowledge is limited (see
[41, 42, 43, 45, 46)).

What is usual is to consider a semi-infinite cylinder whose finite end is
perturbed and see what happens when the spatial variable goes to infinity.
However, we do not study the existence of solutions to this problem; in fact,
this does not seem to be an easy task (see, e.g., [45]). We thus assume the
existence of solutions and then only study the spatial asymptotic behavior
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in that case. More precisely, we obtain a Phragmén-Lindelof alternative, i.e.,
either a growth or a decay estimate.

2. Assumptions and Functional Setting

The nonlinearity
We assume that f € C3(R) satisfies f(0) = 0 along with the dissipation
conditions

Iitrel]%f’(u) > —00 (2.1)
and
fwu>c1F(u) —co > —c3, Yu€eR, (2.2)

for some ¢1 > 0, c2,c3 > 0, having defined F(u) = [} f(y)dy.

The memory kernel

k is a nonnegative summable function of total mass equal to 1, having the
explicit form

k(s) = /OO n(y) dy.

Here, u € L'(RT) is a nonincreasing, nonnegative, absolutely continuous
function satisfying, for some § > 0,
W (s)+ou(s) <0, Vs>0. (2.3)

Note that the exponential kernel k(s) = e~ complies with all the assump-
tions, nonetheless 1 might be unbounded at the origin. In what follows, we
set 1= [ pu(s)ds.

Remark 2.1. For the rescaled memory kernels p. defined by

pels) = =k2s) = 50(2),

condition (2.3) implies

pl(s) + gug(s) <0, Vs>0. (2.4)

We also remark that -
K
/ pe(s)ds = —. (2.5)
0 €

Functional spaces.
We denote by (H, (-,-),| - ||) the space L?*(Q2) endowed with the standard
scalar product and norm. Let —A be the Dirichlet operator with domain
D(—A) = H*(Q) N HI(Q)
and let us denote
A=-A+1L
For o € R, we introduce the scale of (compactly) nested Hilbert spaces

o

H” = D(A%)
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with inner products and norms
(w,v)g = (AFw, A%v),  |w], = [[AZw].

We omit the superscript o whenever it equals zero. The symbol (-, -) also
stands for the duality product between H? and its dual space H™?. Note
that, by the Poincaré inequality, the following equivalence holds

Xollwllf < [[Vawl* < [lwll3,

for some A\ € (0,1) which is independent of w € H*.
We also introduce the so-called memory spaces

ME = [2_ (R H"), (1, €)pas = / e (3)(n(5), €(5)) s,
and we denote by 2
Ten=—1', D(T.)={neM?:n e MZ n(0)=0},

the infinitesimal generator of the strongly continuous semigroup of right
translations on the memory space M2.

Finally, we denote by
Hg — H2a’+2 x H20‘+2 x M§0+2

the hierarchy of the extended phase spaces, endowed with the natural scalar
product. Again, we omit the superscript ¢ whenever it equals zero. In par-
ticular,

Ho=H?>xH?x M? and  H!=H"xH"x ML

The reformulated problem

Asin [15], we first reformulate the problem in the history framework proposed
by Dafermos in [18]. To this aim, we introduce for ¢ > 0 and s > 0 the
integrated past history n = n'(s) of the variable ¢, formally defined as

S
n'(s) = / p(t —y)dy.
0
Accordingly, the second equation in (1.11) translates into the system
o0
App — / 1e(8)An(s) ds = —uy,
0

ne =1en + o,

in the two unknowns ¢ = ¢(t) and n = n'(s), with corresponding initial data

p(0)=wo and  7°(s) =mo(s) = /0 o(—y) dy.
We refer the readers to [16, 17] for more details on this approach.

2Here 1’ denotes the derivative of  with respect to the internal variable s.
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In summary, the model under investigation reads
up — Au+ f(u) = Ay,
Apy —/ 1e(8)An(s) ds = —uy, (2.6)
0

ne =1en + o,

for ¢ > 0, in the unknown variables (u(t), p(t),n"), supplemented with Dirich-
let boundary conditions and initial conditions at ¢t = 0

(u(0), 9(0),7°) = (uo, %0, M0)- (2.7)

Notation

Throughout the paper ¢,¢’ > 0 stand for generic constants and Q(-) for
a nonnegative increasing function allowed to vary within a same line and
only influenced by the structural data of the problem. In particular, they are
independent of €.

3. The dissipative semigroups S. ()

The initial value problem (2.6)-(2.7) has been studied in [15] for any given
initial datum (ug, o, 70) € He, where it is shown to possess a unique global
solution (u(t), p(t),n') such that

(U, ®, 77) € LOO(R+7 H€)7
and
uy € L°(RT; H) N L2(RT; HY), ¢ € L*(RT; H?).
Besides, the third component 1 of the solution fulfills the explicit rep-
resentation formula

. u(t) —u(t —s), 0<s<t,
ms) = {770(8 —t) +u(t) —ug, s>t
Accordingly, for every fixed € € [0, 1], the map
Se(t): He = Hey, 20,
acting by the formula
S () (uos pos 10) = (u(t), ¢ (t). 1)

defines a dynamical system, or semigroup on H.. In this section we recall a
number of results proved in [15] on the continuity and energy properties of
Se(t).

Theorem 3.1. Let 21,20 € H be given and set S-(t)z; = (u;(t),pi(t),nt).
Then, there exists ¢ = ¢(]|z;||n.) > 0 independent of € and of the particular
choice of z; such that

1S (t)21 — Sc(t)zall3. < ce|z1 — 22ln., WVt >0. (3.1)
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In particular, the semigroup Sc(t) is strongly continuous. Furthermore, for
every t > 0,

10cus (1) — pua (1)* + /Ot(IIVatm(S) — Voua(s)|? (3.2)
+[| A1 (s) — Adppa(s)||*)ds (3-3)
< ce||z — ZQH?HE.
Theorem 3.2. There exist w > 0 and K' > 0, independent of e, such that
1S-(0)2113,, + 10cu-(0)]* < QUllzllw.)e™" + K', vt >0,  (3.4)
and .
/0 (IV0eue ()% + | Adppe (1)[1?)dt < Q(l|=]132.), (3.5)
for every z € H. In particular, K' =0 if [ satisfies (2.2) with c3 = c3 = 0.

Remark 3.3. It is worth noticing that the above theorem prescribes in partic-
ular the exponential decay of the solutions to the linear model, corresponding
to f=0.

The main results from [15] concerning the longterm behavior of S.(¢)
are collected in the two following theorems. The first says that the semigroup
S:(t) is dissipative.

Theorem 3.4. For every ¢ € [0,1], the semigroup S:(t) possesses a bounded
absorbing set B. C H.. Namely, for any bounded set B C H., Itg = to(B)
such that

S.(t)BcC B.,  Vt>t.

Besides, B. is bounded and its size in H. is independent of €.

Indeed, this is a straightforward consequence of Theorem 3.2, since it is
enough to set

Be ={z € He : ||z]ln. < Ro},
for Ry large enough (independent of ¢).

The next result shows that S.(t) has an exponentially attracting set,
which is a bounded set of H!. This is established in the proof of [15, Theorem
5.1].

Theorem 3.5. There exists r1 > 0, wy > 0 and My > 0 such that the ball
Bl ={zeH. : |l2]l2 <71}
is an exponentially attracting set for Se(t), i.e.
disty, (S=(t)Be, Bl) < Mye™ ¢, vt >0,

for every e € [0,1].
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4. Further Dissipativity

In this section we deepen the asymptotic study of the semigroup showing the
existence of a compact family of exponentially attracting sets for S.(t), see
Theorem 4.3 below. Indeed, it is weel known since [51] that the embedding
H! C H. is not compact, due to the presence of the memory component.

The first step in this direction is proving that the semigroup is dissipa-
tive also when acting on H_.

Lemma 4.1. There exist ¥ > 0, Ry > 0, and a positive function Q1(-) such
that

1Sc(t)zllz < Qu(r)e™ + Ry, Vt >0,

whenever | z|y1 <, for every e € [0,1].

Proof. We first observe that, since [|z[[31 < r implies [|z[|3, < r, owing to
(3.4), we have

1 (u@)ll2 + [ (wE)ll2 + 17 (wE)llze < QUu)2) < Q(r), ¥t =0.

(4.1)
Besides, by Theorem 3.4, we find ¢y = to(r) such that
I1Sc(t)zll%. < Ro, t > to. (4.2)
In turn, by (3.5), we also get
[ IvulPas<e =, (43)
to

where here and along the proof, the generic constant ¢ > 0 might depend on
Ry but is independent on 7.

To improve our dissipativity estimates we consider a formal argument
which can be rigorously justified within a standard Galerkin scheme. The
product of system (2.6) by (A%u;, A2Ap, —A%An) in H x H x L?_(R*, H)
yields

1d
[ Au|* + §&||VAU||2 = (Ap, A%up) — (f(u), A%uy),
1d oo
S 18467 = [ ) (Bns), A% Ap)ds = (A% A, ur),
0
Loz, — 2 [T s ane)zds=— [ An(s), A2Ap)d
3 g lAnllnme: — 5 ; pe(s)|An(s)[ids = — i 1 (8)(An(s), A% Ap)ds,
where

oz = [IVol* + | Av].

Note that ||-||. is equivalent to ||-||2 in H2. Hence, denoting by M? the space
M?2 endowed with the equivalent norm

Il = / e (3)In(s)]12ds,
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the functional
1
Ey(t) = §(||VAU(15)||2 + [ Adp(®)]? + [ A7 ]34:)

satisfies the basic energy inequality
d 1 1 [
B+ S| Au* ~ */ ui(s)An(s)lZds < Q(r), (4.4)
d¢ 2 2 Jo

having estimated
1
[(F(w), A%u)] < [Af ()l Aw]| < Q) + 5| Aul|?

in light of (4.1). Next, we formally differentiate in time the first equation in
(2.6), getting
ugr — Aug + f(u)ur = Agy
which we multiply by A2u,, and we consider the product of the second equa-
tion in (2.6) by A%Agy,
1d
2dt
18P~ [ ne(s)(A%0(s), Adgi)ds = ~(Ap A%u).
0

[Aw||* + [V Au||* + (' (whue, A%u) = (Apy, A%uy),

Adding the results and owing to (2.5), we easily see that

1d 1 1 K
S 8wl + S IV Aw? + SI1AA? < S Auly, +Q)IVul?, (45)

having observed that
(f (w)ug, A%ug) < Q(r)||Vue ||| VAw |,

and
- 2 1 2 1
[ ettt Apgds < gladal+ 5 ([
Now note that, in view of (2.4), we have
6 o0
“llAne; < */0 pe(s)l|An(s)|3ds. (4.6)

As a consequence, the energy functional

O(t) = Ex(t) + 2| Au?

oo

e (5) ds) INT»

(here v > 0 is to be chosen) satisfies in particular

d 1
pri R Chy NN ANRe < QM)A + [ Vuu[).

Thus, provided that v < §/k, owing to (3.5), we deduce that
O(t) <O0)+Q(r)(1+1t) <Q(r)(1+1¢), t>0.
Now we note that by comparison in the first equation of (2.6)

[u(@)lla < flue(®)ll2 + [1F @)z + e @) - (4.7)
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Therefore, we see that
1Szl < Qr)(E+1), ¢=0.
In particular, this yields
15e()zllaz < Q(r), T €[0,t0]. (4.8)

Let us now take any t > tyg. We consider the functional
W) == [ ) Adn'(6), ()

where N’:(S) = N’E(S*)X(O,ES*](S) + ME(S)X(ES*,OO](S)7 o - R* — [Oa OO) being
defined as?

1 (8) = 1(52)X(0,5,1(8) + ()X (5. ,00] ()
and s, > 0 is fixed in order to satisfy

/S* p(s)ds > %/@.

Reasoning as in [15, Theorem 3.1], due to (4.2) for ¢ > ty, we end up with
d v 1 c [ c
=Vt —[[Ade|? < *IIAutII2—*/ pi(s)[|[An(s)|Zds+ | Anl|34., (4.9)
dt € 2 € Jo €

for some v > 0. We introduce the further functional
Ay (t) = O(t) + 021 (t) + of Au(t) ||,

for some given g € (0,1/2). Note that, by multiplying the equation for u by
A%y, thanks to (4.2), we have

1d
5 AUl + VAU = ~(Af(u), Au) + (Adp, Au) < 2| Adg|? +c.
Taking into account (4.4), (4.5) and (4.9), we are thus led to

d 1
S+ ol VAU + 3 (1 o) Au P
vo 1 o
L IRl AT IVIETEE
K
< L+ [Vuel) + (o + 32) 1 Anls

Invoking (4.6), it is apparent that, properly choosing ¢ and v, we end up with
the inequality

d 1
&A1+I/1A1+ZHA’U¢H2 SC(1+HVU2§”2), tzto,

for some v; > 0. An application of the Gronwall Lemma on [tg, ] provides,
in view of (4.3),

Ar(t) < Ag(to)e ) 1)t > ¢,

3Using p instead of  is needed when u is unbounded at the origin (see [51]).
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which, owing to (4.8) for t =t and (4.7), implies
I1S-(8)2l3: < Q(r)e 71 e, > to.
Collecting this last inequality and (4.8) the proof is completed. O

4.1. Compact exponentially attracting set

Due to the lack of compactness of the embedding H. C H., we need to
introduce a Banach space W. which is compactly embedded in the phase
space. This is done following [27, Proposition 5.4], where it is shown that

ICE = {7] € Mg, 3377 S Mgv 77(0) = 07
supa / ne()[(s)|2ds < oo} © M,

with norm

oo
Inl%. = Inl3e + €210l 3e +supz | pe(s)lln(s)]3 ds,
N € >1
= £

x

is continuously embedded in M2. Besides, its closed balls are closed in M?
and the compact embedding

K. € M2
holds. As a consequence, the product space
W. = H* x H* x K. C H.

is compactly embedded in H.. We also recall a suitable formulation of [25,
Lemma 5.2], which is crucial when working in K..

Lemma 4.2. Let ng € K.. Assume that n satisfies the Cauchy problem
{c’%n =T+ ¢,
1n° = 10,
n (0,T), for some T > 0. Then, n* € K¢ and
1'%, < 20t +2)elnolli, +clle@)li, Vi e(0,T).
The main result of this section is the following
Theorem 4.3. There exists o > 0 such that
Be ={z€W: : |lz[lw. < o}

is exponentially attracting for Sc(t), with an attraction rate independent of
€, namely

disty, (S=(t)Be, B:) < Me™™, vt >0,

for some M, 3z > 0 independent of €. Furthermore, B absorbs itself in a finite
time t, > 0 (independent of €).
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Proof. We need a number of steps.

Step I. We first note that the analogous of Lemma 4.1 holds, replacing H.
with W,, namely there exist ¥5 > 0, Ry > 0, and a positive function Qs(-)
such that

1S-(t)zlw. < Qa(r)e ™' + Ry, V>0,

whenever ||z||w, <, for every € € [0, 1].

Indeed, this is a simple application of Lemma 4.2, recalling the inclusion
[zl < llzllw..-

Step II. There is ro > 0 such that the ball of W, with radius ro attracts the
set B! found in Theorem 3.5, with an attraction rate independent of ¢.

To this aim let 2z = (ug, o,70) € Bl be given. We decompose
Se(t)z = (u(t), p(t),n") = (0,0,9") + (u(t), (1), "),
where
o =Toap, & =T.6+ (1),
¢0 = To; 50 =0.
We readily get from p’ + dp < 0 the exponential decay
[0 < Q(ro)e.
Now, observe that, from Lemma 4.1,
[S-(t)zll2r < Qu(r1), YVt >0.
Then, by comparison,
€% pma < Q(r1).
An application of Lemma 4.2, noting that here the initial datum is null, yields
1€k, < Q1) = [I(u(®), ¢(t), £)llw. < Q(ry).
Therefore, the thesis follows setting o = Q(r1).
Step III. We now choose ¢ strictly greater than ro and Re and we define
Be ={z€W: : |zlw. < o}.

Since p > rq, it is clear that B. exponentially attracts Bl at a uniform rate
with respect to . Now we prove that B, absorbs itself in a finite time. Indeed,
having in mind Step I, we choose ¢, > 0 such that

Q0)e "' + Ry <o,  Vt>t,

This implies that
IS-(t)2llw. <o, V=t

whenever ||z|lw. < o, hence
Se(t)B: C B., Vit > t,

as claimed.
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Step IV. Owing to the transitivity of the exponential attraction and to the
(uniform with respect to €) continuity of S.(¢), we infer from the fact that
B. exponentially attracts the attracting ball B! C #H! that the basin of
attraction is the absorbing set B., hence the whole phase space.

O

5. Robust exponential attractors

We report here a suitable version of the main abstract result from [16, The-
orem A.2] (see also [19]), ensuring the existence of robust exponential at-
tractors for S.(t). In order to make this statement precise, we introduce the
lifting map L. : Hg — H. defined as

u, @, 0), e >0,
Ls(uatp):{gu (P) ) =0

and the projection onto the first two components of H., namely P : H, —
H? x H? acting as P(a, b, c) = (a,b).

Theorem 5.1. Assume that

(HO) there exist R > 0 and t* > 0, both independent of €, and a family of
closed sets B. C By (R) such that

S.(t)B. C B.,  Vt>t*,

and B, is exponentially attracting in H., with an attraction rate inde-
pendent of €.

Assume furthermore that there exist A; >0, A € [0, 3), o € (0,1] and a con-
tinuous increasing function X : [0,1] — [0, 00) with X(0) = 0 (all independent
of €) such that the following conditions hold.

(H1) The map Se = S:(t*) satisfies, for every z1, 22 € Be,
Sez1 — Sezz = Le(21, 22) + Ke(21, 22),
where
1Le (21, 22) 0. < Allz1 — 22l

K (21, 22) [w. < Axllzr — 22|, -

(H2) There holds
IStz — LeS§Pz||, < AZX(e), Vz € B., Vn e N.

(H3) There holds
IS (t)z — LoSo(8)Pz]l5. < AzX(e), Vz € Be, Vt € [t7,2t].
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(H4) The map
2 Se(t)z : B. — B,

is Lipschitz continuous, with a Lipschitz constant independent of t €
[t*,2t*] and of €. Here, B, is endowed with the metric topology of H..

(H5) The map
(t,z) = Sc(t)z : [t7,2t"] x B, — B,

is Holder continuous of exponent o (with a constant that may depend
on €). Again, B, is endowed with the metric topology of H..

Then there exists a family of compact sets & C B, called exponential attrac-
tors, such that

S:(t)E: C &, vt >0,
with the following additional properties.

o & attracts B, with an exponential rate which is uniform with respect to
e, that is,

distyy, (S:(t)Be, &) < Mye™ "™, Ve > 0,
for some k > 0.

o The fractal dimension of . is uniformly bounded with respect to €, that
18,

dimy,_[E:] < M.
e There holds
dist3y™ (€, L&) < M3[2(e)]",
for some T € (0,1].

The positive constants k, T and M; are independent of € and can be explicitly
calculated.

We now proceed with the verification of the assumptions of the theorem.

5.1. Proof of (HO)
Set
B. = B.

given by Theorem 4.3. Note that B. is closed in H.. To start with, take
t* > t, to be possibly increased so that (H1) holds true.

5.2. Proof of (H1)

For any given z1, z5 € B., we decompose the difference of the solutions as

Sc(t)zr — Sc(t)za = Lo (t)(21 — 22) + K (t) (21, 22),

Le(t)z = (v(t),x(1),€")  and  Kc(t)(21,22) = (w(t),¥(t),¢")
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solve the problems

— Av = Ay,
A= [ (o) Ag(s)ds = o o)
ft = TE€ + X,
L.(0)z = z,
and
— Awo—i; flur) = flue) = Ay,
Ay — / e ()AC(s) ds = —wy, 652)
Ct = TEC + 1/1,
KE(O)(Zh 22) = 07

where S:(t)z; = (ui(t), pi(t),nt). Note that L.(t)z is a semigroup, since it
is the solving operator of (2.6) corresponding to f = 0. Thus, in light of
Theorem 3.2 and Remark 3.3, we have the exponential decay of L.(t)z,

ILe(t) (21 — 22) 3, < ce™ ||z — 227, Yt >0, (5-3)

where, here and along this section, ¢ > 0 denotes any constant possibly
depending on the size of B.. Owing to the continuous dependence estimate
(3.1), this immediately yields

K () (21, 22) 3, < ce[lz1 — zol3,., VE>0. (5.4)
Furthermore, the following higher-order estimates hold true for K_(t)(z1, z2):

Theorem 5.2. There exists ¢ > 0, depending on the size of B., such that, for
every t > 0, we have

||K5(t)(2?17Z2)||H3><H4><LﬁE(R+;H4) < ce||z) — 2zo||n.-

Besides, setting K.(t)(z1, 22) = (w(t),¥(t), ?),
t4+1
1
Sup/ (lwe ()13 + =[IAC(s)[ 342 ) ds < celz1 — 2o,
t>0 J¢t €

Proof. Along the proof, we perform formal computations which can be rig-
orously justified within a standard Galerkin scheme. The product of system
(5.2) by (AQ‘wt, AZAp, —A3AC) in H x H x Lig (RT,H) yields

Aw? + 2 ||VA I = (A, Awe) — (f(ur) = f(uz), A%w),

2dt
thnAAan | e, a%n)as = ~(a% v, ),

180 5 [ IR = - [ (o) ac(e), A%Au)ds

Hence, defining

Ev(t) = 5 (IVAw@®)[* + A4 (©)]* + [ AC 34 ),

l\:)\r—\
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we obtain the basic inequality

d 1

1 oo
G glAwl = 5 [ elac) s < s~ wlf (59
0

having used

[(f (u1) = f(uz), A%we)| < [|AF(ur)=Af (uz) ||| Awe|| < 0||U1—U2||§+%Hﬁwtll2»

in light of Theorem 3.2. We now introduce the functional
(oo}
()= - [ i (s), Adv(t)ds,
0

where pf : RT — [0,00) is defined as in the proof of Lemma 4.1. Reasoning
as above, it is easy to check that we end up with

d v 9 1 2 C/Oo / 2 c 2
— — <= —— - . .
Gt 1AV < A= [ () IACE) 28+ ZIACKE;, (56)

for some v > 0. We introduce the further functional
Ay (t) = Br(t) + eV (t) + ol Aw(t)|?,

for some given g € (0,1/2). Note that, by multiplying the equation for w by
A%w, thanks to (5.4), we have

ld

S I AwI? + [VAw]? = —(Af () - Af(uz), Aw) + (AAY, Aw)

v
< SIAAP]? + cllur — ua3.
Taking into account (5.5) and (5.6), we are thus led to

d 1 v
S+ el VAW + 5 (1 - o)l Aw | + | AAy|?

1 oo
(e [ mEIAC)Es
C
< elfur —ual3 + ol ACI ;.

Invoking (4.6), it is apparent that we can properly choose g to get the in-
equality

d 1 c
— A+ A+ EHAth2 + g||AC||3w; < cllur —uzll3,

dt
for some 141 > 0. Since A1(0) = 0, an application of the Gronwall Lemma and
an integration in time complete the proof. O

Remark 5.3. Note that
| K:(t) (21, 22) |22 < ce®lz1 — 22,

This is readily seen by differentiating the first equation in (5.2) with respect
to time,

wyy — Awg + f(ur)ug + [f(u1) — f'(u2)]ug = Aty
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and multiplying the result by AZw;:

1d 9 9
i&HAth + [[VAw]|

= (f"(u1)Our Vu + f" (u1)0uNVug + [f" (u1) — " (u2)]0rusVus, VAw)
+ (' (1) Vug + (f (u1) — £ (u2))Vorug, VAW, + (Ah, A%w,).

Then, multiplying the second equation in (5.2) by A2w;, the last term above
reads

(v %) = [ e (5)(AC(s), A%wy) ds — || A2,
0

leading to

1d
§&||Awt||2 + [[VAw[|? + [| Awy||?

= (f"(u1)Our Vu + f" (u1)0suNug + [f" (u1) — " (u2)]0yuzsVus, VAw;)
+ (f'(u1)Vug + (f (u1) — f'(u2))Vorug, VAw;)

+ /000 pe(8)(AC(s), A%w,) ds

< IV AW + el + 2 IACH:)
+ (14 [|0pun [ + [18puz[F) lur — uz]3.
Then Theorem 3.1 and the integral inequality in Theorem 5.2 allow to con-
clude that
lwe(t)ll2 < cellz1 — zoll., 20,
hence the elliptic equation —Aw = — f(uy) + f(ug) + Ay — w, € H? gives the

desired bound in H*.

Owing to (5.3), (5.4), Remark 5.3 and Lemma 4.2, it is readily seen
that, for t* large enough independent of e, L.(z1, 22) = Lo(t*)(21 — 22) and
K (21,29) = K (t%)(21, 22) satisfy (H1).

5.3. Proof of (H2) — (H4)

The sufficient conditions (H2)-(H3) with X(e) = &¢ follow directly from [15].
Indeed, Theorem 6.1 therein reads as follows:

Theorem 5.4. Let € > 0 and T > 0. For any z € H. such that ||z||lx. < R,
there holds

[PS:(t)z — So(t)P2|lm2xmz < Qr(R)Ve, Vte€[0,T], (5.7)
where Qr(+) depends on T. Besides, for any t > 0,
InEllaez < llmollaze™"* + Q(R)VE. (5.8)

In turn, (H4) is a straightforward consequence of Theorem 3.1.
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5.4. Proof of (H5)

Owing to Theorem 3.1, we accomplish our purpose by the Holder inequality
once we prove that, for any z € B., the solution S.(t)z = (u(t), o(t),n})
satisfies

[ o)1 + len)E + o)) < & (59)

Recalling that S.(¢)B. C B. for ¢ > t*, we integrate (4.4) over [t*,2t*]:
taking into account (2.4), we bound the first term in (5.9). In a similar way,
multiplying the second equation in (2.6) by A¢; and exploiting (3.4), we
obtain

> 1 c
[Agi||* = —(us, Apr) +/ pe(8)(An(s), Api(s))ds < 5|M<Pt||2 +
0

so that a further integration in time leads to the control of the second term in
(5.9). Finally, the control in the memory variable is obtained differentiating
in time the third equation in (2.6) with the usual estimates, relying on the
integral estimate on ||¢||3.

Remark 5.5. It is worth recalling that the global attractors A., whose ex-
istence follows from Theorem 4.3 (see also [15, Theorem 5.1]), are invariant
sets contained in each compact attracting set. In particular, A, C &, so that
the fractal dimension of A, is uniformly bounded with respect to . We can
note that, in [15], only the upper semicontinuity at ¢ = 0 of the family of
global attractors {A¢}e>0 has been established. Namely,

lim disty,. (A, LeAg) = 0.

In particular, there is no explicit estimate in terms of ¢ here, contrary to the
above family of exponential attractors for which we have a full continuity
result.

6. Spatial behavior of solutions

In this section, we study the spatial behavior of the solutions of system (1.11)
in the semi-infinite cylinder R = (0,00) x D, where D is a two-dimensional
bounded domain which is smooth enough to allow the use of the divergence
theorem. We supplement the equations with the following boundary condi-
tions

u=¢ =0, on (0,00)x 39D x (0,T), (6.1)
uw(0, X2, x3,t) = h(xa,x3,t), @(0,22,x3,t) = m(xe,x5,t) on {0}xDx(0,T),
(6.2)

where T' > 0 is a given final time, and null initial conditions
uly=0 = ¢lt<o =0 on R. (6.3)

As far as the nonlinear term f is concerned, we assume that there exists
a positive constant d such that

f(s)s +ds* >0, and F(s) + ds* > 0,
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where F is as above. In particular, it is clear that the function f(s) = s® — s

satisfies these conditions. Actually, any function of the form f(s) = a|s|¥s—bs,
a, k > 0, is admissible.

Our aim is to obtain an alternative of Phragmén-Lindelof type, mean-
ing that the solutions decrease (resp., grow) in a negative (resp., positive)
exponential way with respect to the spatial variable.

In view of this, we first introduce the functional

F,(z,t) = /Ot /D(Z) exp(—2ws) <u71(s)us(s) + o(s) /OOO u(T)nfl(T)dT)dads,

where D(z) = {z € R,x1 = 2z} and w is an arbitrary positive constant to be
fixed later; here

vs = Ov/0s and vy = 0v/0x.

There holds, owing to the boundary and initial conditions and the di-
vergence theorem,

t
F,(z4 h,t) — F,(z,t) = / / exp(—2ws)Wdzds,
0 JR(z,z+h)

where R(z,z+h) ={x € R,z <z1 < z+ h} and

W =uu ;s + uf + fu)us + (05 — Aps) (@ — Ap)

+f (e (s)dr + / " U A (r) Agp(s)dr

Therefore,

- /OO 1 () (5 ()5 (7) + A (T)An* (1)) dr + [us|*.
0
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We then obtain
F,(z+h,t) — F,(2,t)

—2wt
-2 [ ([9uP + 2R () + - A
2 (z,24h)

[T o) + A (6) A (5)s )

/ /R(z o exp( 2ws)(|us|2 -2 /OO ' () (5 (T)n5(7)
+ An® (1) An’ (T))dT) dxds
+ w/t/ i exp(f2ws)<|Vu|2 +2F(u) 4 (p — Ap)?
+ /ODO p(T) (05 (T)n(7) + An®(T)An® (T))dT) dzds

and a direct differentiation gives

OF,(z,t)  exp(—2wt)
= 5 /D(Z) (|Vu|2 +2F(u) + (p — Ap)?

0z
+ / T 01 (5) + B () (5)ds ) da

/ exp(—2ws) (|ug|
-5 / (7)) (r) + A (7) A ()7 ) dads

+ w/ /D( )exp(was) (|Vu|2 +2F (u) 4 (p — Ap)?
[T o) + B ) A () daas
0

Next, we introduce the functional

¢
Gw(z,t):// exp(—2ws)u 1u dads.
0 JD(z)

It is easy to see that

Gulz+ hot) — Gu(z, 1) = 220 [ pwka
2 R(z,z+h)

¢
+ / / exp(—2ws)(|Vul* + f(u)u — (¢ — Ap)u + wu?)dzds.
R(z,z+h)
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Furthermore

0G (2, 1) _ exp(—2wt) / \u|2da
aZ 2 D(z)

t
+ / / exp(—2ws)(|Vul* + f(u)u — (¢ — Ap)u + wu?)dads.
0 JD(z)
We finally set

t
Hw(z,t):// exp(—2ws)p 1pdads,
0 JD(z)

so that

t
M:// exp(—2ws) (|V|? + pAp)dads.
0z 0 JD(z)

Let ¢ be a positive constant to be fixed and set
Jo=F,+ oG, +2wH,,.
Noting that

B t
0Ju(2,1) = exp(—2wt) / ZldaJr/ / exp(—2ws)Yadads,
0z 2 D(2) 0 Jp(2)

¥ = \Vu|2 +2F(u) + (p — Acp)Q

T+ / () () (5) + A (s)Ant(s))dls

where

and
S = uf + o(|Vul® + f(u)u — (¢ — Ap)u)

+w(|Vul® +2F(u) + ¢ + 2|V + (Ap)® + ¢u?)

o [ I ) + At () A (r)dr

~3 | HOEOE) - A A (),
we can choose ¢ large enough to guarantee that

pu? +2F(u) > 0

and
of (Wutw(P?+(Ap)?) = d(p— Ap)utdwu’ +2wF (u) > Co(p*+(Ap)*+u?),

where Cj is a positive constant. Indeed, the first condition is clear and the

second one follows from the fact that the determinants of the leading minors
of the matrix

[

ow — 2w¢d —¢d —3

2

£ ownlke

w
0

oS-
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are positive if ¢ and w are large enough. We thus deduce the existence of a
positive constant C; such that

oo
D22 C (12 + ¢+ [Tl + (Ap)* + 2+ [Vul + [ty (s (r)dr)
0
The next step consists in obtaining an estimate on |.J,,| in terms of the
spatial derivative of J,. We note that we can find positive constants Cj, ...,
C5 such that
lu1us| < CoXa,

o [ uloms (r)dr| < Coa,
0

|pu1u < Cy¥a,
and
|2w<pg011| S 0522.
There thus exists a positive constant Cg = Cs + ... + Cs such that
aJ,
Jo| < Co—=,
[l < Co 0z
for every z and t positive.

This inequality is classical and yields a Phragmén-Lindelof alternative.
More precisely, if there exists zg > 0 such that J,, (20, ) > 0, then the solution
satisfies the estimate

Jw(z,t) > J,(20,1t) exp(Cgl(z —20)), 2> 20. (6.4)
This estimate gives information in terms of the measure defined in the cylin-
der. Indeed, it follows that

9wt ‘
M/ Eldx—i—/ / exp(—2ws)Xadads
2 R(0,2) 0 JR(0,2)

tends to infinity exponentially fast, where R(0,2) = {x € R,z; < z}. On
the contrary, when J,(z,t) < 0, for every z > 0, it follows that the solution
decays and we can obtain an estimate of the form

—Ju(z,t) < —J,(0,t) exp(—=C512), z>0.

This inequality implies that J,(z,t) tends to zero as z goes to infinity. Fur-
thermore in view of this estimate, it is clear that

E,(z,t) < E,(0,t)exp(—Cg'2), 2>0,
where
exp(—2wt)

¢
/ Eldx+// exp(—2ws)Xqdads,
2 R(z) 0 JR(2)

and R(z) = {x € R,x1 > z}. Setting finally

1 t
Eu(z,t) = 5/ Yidx —|—/ / Yodzds,
R(z) 0 JR(z)

E,(z,t) =

we can state the
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Theorem 6.1. Let (u, ) be a smooth solution of the problem defined by system
(1.11), the boundary conditions (6.1)-(6.2) and the initial conditions (6.3).
Then, either this solution satisfies the growth estimate (6.4) or it satisfies the
decay estimate

Eu(z,t) < E,(0,t) exp(2wt — Cglz), 2> 0,
where the energies &, and E,, are defined above.

It is worth noting that the argument even works in the relaxed case that
we assume that p(s) > 0 and p/(s) < 0.
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