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1. Introduction and motivations

Markov switching vector autoregressive moving average (MS VARMA) models have been extensively used in statistics
and economics to model nonlinear multivariate time series. For information concerning the stationarity, estimation, and
consistency of such models, along with other statistical inference procedures, we refer to [2,5,8,10,11,23,29]. See also [3],
where explicit matrix expressions for the maximum likelihood (ML) estimator of the parameters in MS VAR(CH) models
have been derived, and [27] for a recent application of structural vector autoregressive models with Markov switching to
the financial crisis. Higher-order moments of MS VARMA models are provided in [4].

As stated in [23, Section 6.6.2], it is often impractical to evaluate analytically the asymptotic covariance matrix of a generic
MS VAR model. In this paper we study the Fisher information (FI) matrix of MS VARMA models and derive a closed form
expression for the asymptotic FI matrix by using appropriate techniques from matrix calculus. Invoking standard asymptotic
theory (see, e.g., [ 11, Section 21], [23, Section 6.6.2], and [24, Section C.4]), one can use the inverse of such a matrix as the
asymptotic covariance matrix of the Gaussian ML estimator of the model parameters.

Our result is more general than what is available in the literature for linear VARMA models, which was recently studied
in [1], in two respects. First, we treat the variance of the error term in a more general setting rather than considering it as a
nuisance parameter. Then, we consider the case of a non-trivial intercept in the MS VARMA model.
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Despite the increasing interest in multivariate Markov switching processes, an explicit matrix expression for the
asymptotic covariance matrix of the ML estimators of MS VARMA models has heretofore not been provided, at least so far
as we know. Asymptotic properties of the ML estimator for MS VAR models have been studied in [2,5], even for continuous-
valued switching processes, but the expression of the limiting covariance of the ML estimator has a rather complicated form;
see the proof of Lemma 1 in [2] and Theorem 3 in [5]. An algorithm was provided in [26] for computing the asymptotic FI
matrix of a VARMA process at the scalar-level. It is based on a frequency domain representation of the FI matrix, known as
Whittle’s formula. That approach has been generalized and put in matrix-level form in a series of papers due to Klein, Spreij
and Mélard who have been working on algorithms for inverting asymptotic and exact FI matrices for many years. See [16,
18,20,21] for the asymptotic and exact FI matrices of a VARMA process. These authors then extend the proposed methods to
the class of stationary vector autoregressive moving average processes with exogenous or input variables, called VARMAX
models. See [17,22] on the inversion of the exact FI matrix for VARMAX processes. The algorithm described in the latter
paper is composed of Chandrasekhar recursion equations at a vector-matrix level, and some of these recursions consist
of derivatives based on appropriate differential rules applied to a state space representation of the underlying model. For
the asymptotic properties of the ML estimator of the coefficients of VARMAX models, see [12]. Further recursive filtering
methods for computing asymptotic and exact FI matrices for a Gaussian VARMA model expressed in state space form have
been developed in [19,30]. Finally, [28] studies the FI matrix estimation in generalized linear mixed models.

Our main contributions are as follows. First, we use recursion equations at a vector-matrix level instead of writing re-
cursions for each element of the FI matrix. For this purpose, we apply matrix differential rules from [7,25], and use the
recursive filter and smoother algorithms for computing the full-sample conditioned regime probabilities as described in
[23, Section 5.2]. We also consider the underlying model in wider generality through changes in regime and non-trivial in-
tercept, and the variance of the error term is treated as an unknown parameter. Moreover, our matrix expressions improve
computational performance since they are readily programmable and greatly reduce the computational cost.

The matrix formulas we obtain are useful for statistical inference of MS VARMA models. To show their applicability, we
consider a testing hypothesis problem (e.g., Wald test) and perform the test using the asymptotic covariance matrix of the
ML estimator of the unknown parameters involved in a MS VARMA model. Also, via a numerical study we use the results to
construct asymptotic confidence intervals for the unknown parameters of a certain MS VARMA model.

The paper is organized as follows. In Section 2 we introduce the model, give some preliminaries and notations, and
formulate the main result concerning the closed form expression for the asymptotic FI matrix of an MS VARMA model.
The proof of the main theorem is given in Appendix A. Section 3 provides some examples and Section 4 illustrates the
computation of the asymptotic FI matrix via numerical simulation (the obtained expressions are given in Appendix B).
We also consider a testing hypothesis problem and the construction of asymptotic confidence intervals for the unknown
parameters of a 2-state bivariate ARMA(1, 1) model. Section 5 concludes with remarks. For the basic identities and results
on matrix calculus the reader is referred to [7,25].

2. Main result

Consider the M-state Markov switching K-dimensional ARMA(p, q) model

p q
Ve — Z <I’St,l'ytfi =V +u — Z G)Stv]'uf*]’ (])
i=1 j=1

where y; is a random vector with values in R, vs, isa K x 1real state-dependent vector, and ®, ; and O;, j are K x K real
state-dependent matrices (®;, , 7 0 and Oy, ; # 0, where 0 denotes the null matrix).

Assumption 1. The process (s;) is an irreducible, aperiodic and ergodic Markov chain with finite space & = {1, ..., M},
stationary transition probabilities p; = Pr(s; = j|s;—1 = i) and unconditional (or steady-state) probabilities 7; = Pr(s; = i)
foralli,j e {1,...,M}.

Collect the transition probabilities p;; in an M x M matrix P, known as the transition probability matrix. To allow for the
possibility of change in variance, we assume that u; = X, €;, where X, is a K x K real state-dependent matrix and (e;) is
a stationary and ergodic sequence of K-dimensional centered and uncorrelated variables with E(ete:) = I (here I is the
K x K identity matrix).

Assumption 2. The innovation (e;) is independent of (s;), and (y;) is second-order stationary, i.e., it satisfies Theorem 2
from [8].

Since (s;, €;) is an ergodic process, the MS VARMA is also ergodic. So, for instance, the ergodic theorem could be used to
obtain the asymptotic variance of the ML estimator. Using the lag operator L, such that I'y; = y;_;, model (1) can be written
as

(I)S[ (L)yt = Vs + ®st (L)un (2)
where &, (L) = Iy — Y b, & ;L and O, (L) = Iy — Z?:l O, jU'. Let ®,,(L) and ©,(L) be the matrix lag polynomials
obtained by replacing s; by m in the definition of ®;, (L) and ©,, (L), respectively.
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Assumption 3. Given s; = m, ®,,(L) and ©®,,(L) have no common roots, and model (2) is casual and invertible, for all
me{l,...,M},ie,det ®,(z) # 0and det ®,,(z) # 0, for all z € C such that |z]| < 1 + ¢, for some € > 0.

Notice that the above model is far more general than a linear VARMA model, as recently studied in [1]. First, we allow
changes in regime and the linear model is just a particular case. Second, we treat the variance of the error term in a more
general setting rather than considering it as a nuisance parameter. Finally, we consider the case of non-trivial intercept.

Now we reparametrize model (2) by using absolutely summable sequences of matrices. Then we have

u = An(D)y: — 0, (Dvm,  ¥e = Bu(Due + @' (1) v, (3)

where Ap, (L) = @,;1 (L)®n,(L) and B, (L) = <I>;n1 (L)On (L), forallm € {1, ..., M}. The matrix functions A, (z) and By, (z)
can be determined by expanding 9;1 (2)®,,(z) and <I>,;] (2)®,(2) into power series over some open region containing the
complex unit disk and equating the matrix coefficients. We can set Ap, (L) = Z?c:o AL and B, (L) = Zf:o B.cL, where
the matrix sequences (An¢)¢ and (B,¢), are absolutely (and also square) summable in a component-by-component sense;
see, e.g., [ 14]. We also write

0, () =) Wpl (4)
=0

for an absolutely summable sequence (¥, ),. Following [11, Section 10], the matrices ¥,,, can be evaluated by requiring
Ik — Opmil' — Oppl? — -+ — Ol (I + Wi L' + Wpl? + - - ) = .

Setting the coefficient of L equal to zero produces
Ve = OmiWino—1 + OmaWinez+ -+ OpgW¥n g (5)

forall € € {1,2,...} with ¥, =0for{ < 0and ¥, = Ig.
Denote, as usual, by I'y(h) = cov(y;, y:—r) the autocovariance function of the processy = (y;) driven by (1). An explicit
computation of I'y(h) was given in [8, Section 4]. Define
T _
Ym = ((vec@p1)" - (vec @pp) ") o Om=vec Q. §
&m = ((vec On1) - (vec qu)T) , o, = (v; y; 85) ,

where @, = £, X, forallm € {1,...,M}. Then y,, is (pK?) x 1, & is (gK?) x 1,07 is K? x 1,and &, is b x 1, where
b = K+(p+q)K?.Setb,, = (&) o] )".Collect§,, intoavectord,ie.,0 = (0] ---0,) " .Letp = (P11---Ppim---DPu1--Pum) |
be the M? x 1 vector of transition probabilities. Then A = CH o7 is the parameter vector of model (1). Under quite
general regularity conditions (such as identifiability, stability and the fact that the true parameter vector does not fall
on the boundaries, which we assume here), a ML estimator X for A is consistent and asymptotically normal; see [2,5],
[23, Section 6.6.2], [24, Section C.4]. Then JT (): —A) ~ N(O, 5‘}_1 (X)), where F,()) is the asymptotic FI matrix.

The Gaussian conditional density of (y;) in (1) givens; = mand Y;_1 = {Yy:—1, ¥¢—2, ...} iS

1 1 o1
Nme(0) =pYelse =m, Yi_1:0) = W exp (_2u[ Q. ut) .

As proved in [23, Eq. (6.8)], the derivative of the log-likelihood function £(X) with respect to 6 for a K-dimensional time
series y, ..., yr of length T (sample size), generated by model (1), is

ILA) om0 Innm(9)
90 —;; 90 EmtlT,

where
K 1 1+
Innme () = =3 In(2w) — 51n|$‘lm| — iut Q u.

Here &n¢r = E(§m¢|Yr) are the smoothed regime probabilities and Yr = {y1, ..., yr} is the information set. Furthermore,
& = (- &ye) | is the random M x 1 vector whose mth element is equal to unity if s; = m and zero otherwise. Note
that E(§,) = E(Ern) = = (m1---7y)", where EHT = G - -SM”T)T. A fast recursive algorithm to evaluate &t was
described in [23, Section 5]. See also [11, Egs. (22.4.5), (22.4.6) and (22.4.14)]. More precisely, let », = 5,(6) denote the
M x 1 vector of the densities of y; conditional ons; and Y;_1, i.e., 5§, = (71:(0) - - - 7 (9)). The filter inference §,, = E(§|Y:)
can be computed by iterating on the following pair of recursive formulas

0 © e

> St+l|t = PTStuv
ﬂ:&ntq

Et\t =
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where the symbol ® denotes the element-by-element multiplication. The iteration is started by assuming that the initial
state vector is drawn from the stationary unconditional probability distribution of the Markov chain, i.e., §;,, = . Finally,
the full-sample smoothed regime probabilities ’Et\r can be found by iterating backward fromt = T — 1, ..., 1 by starting
from the last output &y of the filter using the formula

Et|T = {P(§t+l\T(+)§t+1\t)} © Et\tv
where the symbol (=) denotes the element-by-element division. For model (1), set
X, = (y;lll .. .ytTfp)T c RPK, Wy = (Z;Inr,tfl .. .Z;,t—q)—r c R

where z, —j = ®n(L)y—j—vnforallj e {1,...,q}andm =€ {1, ..., M}. Then we have the following result, whose proof
is given in Appendix A.

Main theorem. Under Assumptions 1-3, the partitioned form of the mth asymptotic Fisher information matrix ¥,(0.,) for
the MS VARMA model (1) has the following blocks pertaining to o, and o ,:

matm = (om0,

Falom)
where
TTm
Falom) = 7(ﬂm ® Lp). (6)
The block matrix F4(cty,) is
Fa(Vm) Fa(Vms vm) " o’
Falem) = | Fa(yy. vm) Fo(Vm) Fa(Bm, ¥) "
0 Fabms Yim) Fa(8m)
The diagonal blocks are
Favm) = 1n®,,' (DR, '0,1 (1), (7)
FaVm) = D (Ury @ W) ® Qu(E, 1), )
£,n>0
Fa@m) = Y (Um0 @ {(Ug ® Woun)Ren (€ + 1, + k) (I ® W), (9)
£n,hk=0

where Q. (£, n) = E(xt,gx?_némm) and R, (¢, n) = E(wm,t,gw;,t_némm). The cross components are

o0

FaWmr vm) = Y (¥R 0. (1) ® K tmepr), (10)
=0
\7:21(61117 )’m) - - Z (‘I’mrﬂ;]‘pmk) (29 {(Iq & ‘I’mn)E(Wm,tfran;r_eémtlT)}~ (]])
£,n,r>0

The matrix coefficients W, can be computed by the recursive expression in (5) and the smoothed regime probabilities &y, r are
derived by the smoothing algorithm described in this section.

For practical inference purposes, expectations and infinite series in the above statement can be approximated by sample
means and summations up to order N, respectively, for T (sample size) and N sufficiently large. The matrices W,,, are replaced
by their ML estimates ¥, which can be obtained from the recurrence formula in (5) by using the ML estimates ®,; of @
forallj € {1, ..., q}. Of course, we replace Sl,;l by its ML estimate. This gives a convenient plug-in approach to approximate
the block matrices above. Recall that [ 10] introduced an EM algorithm for obtaining ML estimates of parameters for discrete-
valued Markov switching processes. The simplicity of the EM algorithm permits potential application of the approach to large
vector systems. Further developments related to this algorithm have been recently proposed in [3]. Now the asymptotic
covariance matrix of the Gaussian ML estimator 6,, of 8,, is given by

=1 (7™ 0
varg(0p,) = = (" T )
a( m) T ( OT \'Fa(dm)i]
Let us consider a constraint of the form Rf,, = r, with rank (R) = r, involving the coefficients of the MS VARMA

at the regime s, = m. The Wald test has an asymptotic x? distribution with r degrees of freedom, i.e., sz = (Rﬁm —
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r' (R varg (Om)RT} 1 (R0 —r). Let 9,,1, and v,,; denote the ith component of 0 and the ith element on the principal diagonal
of var, (0 ), respectively. The sample standard error of 9,", is given by s-e. (Gml) = /Ui, and the 95% confidence interval for
the true parameter value 6y is 6,,; £ 1. 96./Umi. A classical procedure to test a null hypothesis 6,,; = 0 can be performed
by using the t-statistic t = 0p,;/+/Omi. Section 4 is devoted to illustrate such procedures via numerical evaluation. Note that
3%2£(1)/30,,08, = 0 foreverym, n € {1,..., M} with m # n. So, as done above, we can always consider the asymptotic
Fisher information matrix of parameters 6,, in each component, separately, that is, #,(0) = diag{F,(01), ..., F,(0y)}.
Finally, note that a path dependence problem occurs for the case of an MS VARMA model because an unobservable
variable at date t (the lagged error term in VARMA models or the lagged conditional variance in GARCH models) depends
on the entire path of states that have been followed until that date. This is an estimation problem, but it will not affect
our results because the FI matrix is derived analytically, not involving practical estimation problems. However, when one
estimates the FI matrix, an approximation will be made as, for example, the usual Kim approximation proposed in [15].

3. Some examples

Example 3.1 (MS VAR(p) models). Suppose p > 1. In this case, we have ©,,(L) = Iy and §,, = O foreverym € {1, ..., M}.
Then 0, = (v,,yo1)". The asymptotic Fl matrix #;(0y,) reduces to the symmetric block matrix

AU FaWms i) " o'
FaOn) = | Faps vm) Fa(Vm) o" |.
0 0 :’Fa(am)

where #,(0,) is given in (6). From (7), (8) and (10) it follows that
Fam) =Ty, Farm) = ' QEXX Emir), FaWs ¥m) = ' ® EXeueyr).-

These formulas extend those given in Proposition 11.1 from [11], case M = 1, and are simpler than the existing expressions
which involve integration over the frequency domain as in [2,5]. The inverse matrix of #,(f,,) can be derived using
Woodbury’s formula. In particular, if v, = 0, then var,(y,,) = , ® Q,,!, where Q;, = E(x[xtTS;‘qu), form=1,..., M.

Example 3.2 (MS VMA(q) models). Suppose ¢ > 1. In this case, we have ®,,(L) = Ix and y,, = O for every m ¢

{1,...,M}. Then 6,, = (v} 8 o )". The asymptotic FI matrix F,(#,,) reduces to the diagonal block matrix #;(0,) =

diag{F,(vm), Fa(8mm), Fa(0om)}, whose entries are given by (6), (7) and (9) in that order. For these models, the components
ofwprarezy,—j =y;—j —vpforallje{1,...,q}.

4. A numerical illustration

In this section some numerical results are displayed for an MS VARMA process such that M = K = 2andp = q = 1,
i.e., a 2-state bivariate ARMA(1, 1) model, viz

Ve — <I>sfyt—l =V + U — @)s[ut—h u; ~ NID(0, st[),

where
_ (—0.6(s; —2) o — [ 0-66:—1) 0.4
Vs =\ -0.1s, +0.4)" ss =\ -0.3(s, —2)  —009s,+2.1)"
0. — —0.9(s¢ — 2) 0.1s;
s =\ 01, +1) 08(s—1))"
9 — 0.2s, —0.3s; +0.7
s =\ -03s,+07 —335,+7.8)"

and s; € {1, 2}. The transition probability matrix is

p—(_ Pn 1—pn ’
1—p2» D22

where p1; = 0.2 and py; = 0.7. The unconditional probabilities are 77 = 0.2727 and 7, = 0.7273. For m € {1, 2}, we set
Ym = Vec &, 8, = vec @, and o, = vec ;. '. The parameter vector 8, = (e, o,) " is 14 x 1, where e, = (v, ¥} 87)7
is 10 x 1. The basic assumption that the eigenvalues of @, are less than 1 in modulus is fulfilled because its spectral radius
is 0.9744 — 0.0527s;.

We generate T = 1000 observations of u; by using Gaussian deviates with zero mean and variance €;,. Then the process
y: is obtained from the above model by using true parameters. A partitioned form of the asymptotic FI matrix is considered in
Appendix B. The latter is evaluated at the ML estimates of true parameters by using the matrix expressions in the statement
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of the main theorem. Note that the summations in Egs. (8)-(11) are taken up to order N = 100. The matrix coefficients in
(4) for this example are given by W, = @, foreachm € {1, 2} and £ > 0 (here we set @', = I, for £ = 0).

Now we consider a testing hypothesis problem and show how the results can be used to perform the test using the
asymptotic covariance matrix of the ML estimator. Let the null hypothesis be v,, = 0, where v,;, = (v% 0---0)Tis 10 x 1,
for a fixed m € {1, 2}. The Wald test has an asymptotic x? distribution with 2 degrees of freedom whose 95% critical value
is 0.103. Since '\7; varg () Vy, is 0.116 (resp. 0.004) for m = 1 (resp. m = 2), we reject (resp. accept) the null hypothesis
that the mth intercept is zero. Let us consider the null hypothesis r,, = 0, wherer,; = (0 0 yﬁ 0000)T"is 10 x 1. The
95% critical value for the x? distribution with 4 degrees of freedom is 0.711. Since'r\% varg (m )Ty, is 46.73 (resp. 10.91) for
m = 1(resp. m = 2), we reject the null hypothesis.

Finally, we use the results to construct asymptotic confidence intervals for the unknown parameters of the MS VARMA
model. The sample standard error of the (1, 1) element vy; of vy is S.e.(V11) = +/0.0203 = 0.1425, where Dy; = 0.7210 is
the ML estimator of v;;. Then the 95% confidence interval for the true parameter value vy; = 0.6 is V37 & 1.965.e.(V11) =
0. 7210 + 0.2793, i.e,, [0.4417, 1.0003]. The sample standard error of the element 2,12 (resp. 0, 22) of @, (resp. ®,) is

s.e. (¢2 12) = +/0.0101 = 0.1005 (resp. s.e. (92 22) = 4/0.0672 = 0.2592), where ¢z 12 =035 (resp 02 22 = 0.78). Then
the 95/ confidence 1nterval for the true parameter ¢, 1 = 0.4 (resp. 6, 2, = 0.8)is ¢2 12 £ 1.965%€. (qbz 12) = 0.354+0.1969
(resp. 03,22 + 1.9652.(65,.22) = 0.78 % 0.5080), i.e., [0.153, 0.547] (resp. [0.272; 1.288]).

5. Conclusions

In this paper we derived a closed form expression for the asymptotic FI matrix of the Gaussian ML estimator for MS
VARMA models by using matrix calculus. Then we used this matrix to derive the asymptotic covariance matrix of the ML
estimator of the model parameters. Its applicability relates with testing hypothesis problems and easier computation of
asymptotic confidence intervals for the unknown parameters of MS VARMA models.

Our approach may be potentially useful for application in other situations such as MS VARMA models with autoregressive
conditional heteroskedastic (ARCH) innovations. For example, one can consider such models in the framework of the
Baba-Engle-Kraft-Kroner (BEKK) formulation; see also [6]. Also, these methods might be applied for general classes of finite
mixture models, as considered, e.g., in [13]. The obtained results could be applied to further models such as multivariate
MS GARCH. These models suffer from path-dependence and their estimation needs approximated filters as, e.g., in [15].
Simulation results on univariate MS GARCH models can be found in [9] and further investigations for the multivariate case
would be of interest.
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Appendix A. Proof of the main theorem

A.1. Derivation of F,(otr)

The block matrix F,(et,) is

ou/ u,
Fo(ay) =E Lo le, - . Al
(etm) {(805,11) mg[lT(Ba;)} (A1)
From (3) and (4) we get
du. dug — 0 H{Pm(L)y:}
o®),  d(vecd )T d(vecd )T
a (] a vec ]
— @11—11( ) vec( miYt— 1) _@ ( ) Vv (yt i T)
d(vecd, )T d(vec®)
dvecd

-0,' DIk ®Yy, ) =-0,'I®y, )

d(vecd )T
o0 [o¢]

- (Z w#) I ®Y ) == ¥k ®Y ;)
£=0 £=0

- Z e ® Vg (A2)



130 M. Cavicchioli / Journal of Multivariate Analysis 157 (2017) 124-135

foralli € {1,...,p}and m € {1, ..., M}. Substituting (A.2) into (A.1) yields

(~ ou \ o,
j‘a(q)mi’ <I>mj) =E { (Btbm,-) Slm %‘mm- @
o0
=E { ( 45 O Vi K) Q. 5mt|T (Z Vi @ y;r—j—n> }
=0 n=0

(o] (o]
=> Z(\vlm;lwmn) ® E(Ye—i—e¥(_j_nbmtir)

£=0 n=|

Mg

foralli,j € {1, ..., p}. Define

1 T
Q1) = & D Xeox] i € RPO00,

t=1
Then
plimy_, o, Q1,(€, n) = E(Xe—eX,_ &meir) = Qu(€, 1),

s0 Q,, (£, n) can be approximated by Q; (¢, n) for T sufficiently large. Then the (pK?) x (pK?) block matrix #,(y,,) is given by
(8). This result generalizes Proposition 11.1 from [11] for the case of a pth Gaussian vector autoregression without changes
in regime (i.e, M = 1and ©,,(L) = k), i.e, () = @' ® Q where Q = E(x,x, ).

From (3) we get

T T
ou/ [ du | dvec(u))
30, (ae;]) B [a{vec(G)m,»)}T}

_[oveelon' @) e
= a{vec(@);j)}T K m (L)Yt m

Cavec@) 1"
[{@J(w ® ®ml(L>T}L’3W$E9¥"j}T} [l ® (@ (DYc — vu)]
mj

=1{0,'(L) ® 0, (D} ® Zn )

oo o0

(‘I’mt’ ® ‘I’mn)(lK ® Zm,t—j—l—n)

~
Il
<)
=
Il
o

v
2

‘I’ml ® (‘Ilmnzm,t—j—/é—n) (A3)

~
Il

0 n
forallje {1,...,q}and m € {1, ..., M}. Substituting (A.3) into (A.1) yields

~ du] i u,
j‘a(gmi, ij) =E 3®mi ﬂm Smt\T W

E[{ D2 ¥ ® Wmizimci-en) | @ e < { Y 900 © @0 |

£,n>0 h,k=0

Il
o

Z (\I’mlﬂ_l‘I’T ) ® {‘I’mnE(zm,tfiféfnzm,[_j_h_kfmtw)‘I’;k}
£,m,h,k>0

foralli,j € {1,...,q}.Set

T

R, (£, n) = Zwm W o nbmeyr € RAOXEO,
t=1

Then
plimy_, o, RL, (€, ) = E(Wp ¢ Wy, ,_p&mejr) = R (£, ),

so R;; (¢, n) can be approximated by R; (¢, n) for T sufficiently large. This proves that the (gK?) x (qgK?) block matrix %, ()
is given by (9).
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Since zi—j = Op(u_; = Oy (L)):S[ﬂ.et,j, we could derive further matrix expressions for #,(®;) and #,(d,,), as
indicated below. In fact, we have

vec E(Zm,tijnTLt,jEmtlT) =E [{gm(L) ® ®m(L)}(Zs[,j ® Est,j) Sm[\T Vec(etfjejfj)]
E[{On(l) ® On(D}(Zs,_; ® Zs,_)émuyr ] vecE(e,_je,_)
=E [{em(L) ® ®m(L)}(Es[,j ® Es[,j)gmtlT] vecly

because (¢;) is independent of (s¢) (and hence &qr). For r > 1, we have

E(ﬂsfermt\T) = E[E(st[ rgmt|T|5t7r)]

=E Zsz E(Emeir|Se—r = NPT

n=1

<

- Z nE(EEmeirIse—r = n)}p'0) 7,

n=1

=<

M
= Z gnE(Smt\T)pr(lrn)lﬂn =Tlm Z Sznpz(ﬁ%”nv

n=1 n=1

where pnm = Pr(s; = m|s;_, = n) is the (n, m)th element of the matrix P". Here P" = Pifr = 1,and P" = P--- P (r times)
if r > 1. Putting such formulas together yields the claim.
From (3) we get

du ou, L 00, (1)vy,
vl dfvecwD))T  d{vec(v])}T
_dvec{v;©,'(DT}
T dfvecD)T —On (D (A4)

Substituting (A.4) into (A.1) yields the matrix expression (7) for £, (vy,).
Foreachi € {1, ..., p}, we have

oul '\ ou,
iom ) = () an'ewr (55}
:(Zw ¢ ® Vi z)ﬂ Emiir @, (1)}

= Z 2,,'0,' (1)} ® EWi—i—t&mir)

£=0

hence the (pK?) x K cross component F,(¥,,, vm) is given by (10).
We now show that the (qgK?) x K cross component %4 (8,,, v) is zero.
In fact,

du’ u,
T(G) -,v ):E{( ) )Sz_lg ( )}
a mj> Vm 8®mj m smt|T av;

—E |:{ Z (‘I’ml ® ‘I’mn)(lK ® Zm,t—j—(—n)} SzmlgmtlTle(l)]

£,n>0

= (Ut @ W) {2, @ E@mtjt-nbmr) } O, (1)
£,n>0

forallj € {1, ..., q}. Now the middle term vanishes because

E(zm,tfré:mtlT) = E{Qm(L)Esffretfrgmt\T}
= E{On, (L)Esffrémt\T}E(etfr) =0.

Here we use the fact that E(e;) = 0 and (¢;) is independent of (s;), and hence &myr. Thus F4(8m, vm) = 0.
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Foreveryie {1,...,p}andj € {1, ..., q}, we have

~ ul \ duy
f‘a(gmj’ <I)mi) =E 90 Slm gmt\T W
mj mi

—E |:{ Z (‘I'mr ® ‘I'mn)(IK ® Zm,tjrn)} Slr_nlgmt\T (Z ‘I’mé ® y;r_i_£>j|

r,n=0 (=0

- Z (Wnr @ ‘I’mn)(ﬂ;] ® Ix) {‘I’mé ® E(Zm,tfjfrfny;[j,g%—mtlT)}

£,n,r=0

- - Z (‘I’mrﬂal‘l’mé) &® {‘I’mnE(zm,tfjfrfny;r_i_zé"mtﬁ)}

¢,nr>0

hence the (gK?) x (pK?) cross component %4(8., ¥,,,) is given by (11).

A.2. Derivation of F,(0;) and F4(0m, 0tm)

Now we derive the elements of the FI matrix #,(6,,) which involve a,,. The derivative of .£(A) with respect to o, is

LAY K dInnm(0)
= Q. Smt|T»
; do

0oy m

where
0 In 1 (0) 1 1
—— = —-vec,; — -4, QU
30m 2 mo WO
and u, is given in (3). Then we get
3> Innm (@) 1 dvec®y
domdal,  209(vec®; )T

1
= _E(Szm (2 ﬂm)~

Substituting this relation into

32 In 1y (0)
Falom) = —E{ﬁ mt|T
m m
gives (6). The first derivatives of the function In 1, = In 5y (0) with respect to o, = (v; yZ&l)T are given by
dln Nmt 1 Ta—1
=0 _ (1) 2 u,
a"m m ( ) m t
o In np o Tl T
= v Q U o
aq)mi ; meem WeYe g
0 In npy Teq
—_— = WonZmt—i—¢—nl QW Y3
3®mj o mném,t—j nY; N&, m
foralli e {1,...,p}andj € {1, ..., q}. The second derivatives of In n,, with respect to o,, and the components of &, are
82 ln 77mt T 1 T
——— =1u 0. (1),
dvmoo,) ¢ ®O0n (1)
9% I 1 > T T
- = o ® \I’ ,
a¢mi 30’; ;(yt i—eY¢ ) me
82 ln Nmt T T
—_— = '} ' | Zmt—j—¢—nU .
aemjaa_; Z;O{ m(® mn)(K@( m,t—j—{—n t)}

Then we have
9%Inn
?a(vma am) = —E (Maa_rgémtT>
= —E{u] ® ©,,' (1) &per}
—E( &) ® ©,' (DT = 0.
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This follows from

E(W&mer) = E(Zs, €8mer) = E(Zs.Emeir)E(er) = 0.
Foralli € {1,..., p}, we get

92 In nme
Fo(®mi, = —E| ———
a( mi Gm) <8<I>,m-80; gm[\T

o0
=Y Ee it Emyr) ® Wy = 0.
£=0

In fact, by using (3) we see that
o]
E(YVi—i—eW] Emer) = ZanE(utfifefnu;rémtlT) =0
n=0
foreveryi e {1,...,p}and £ > 0.Recall that
VeC{E(utfru;rgmtlT)} = E{(Zs[ ® Zsf)vec(etfrf:)%_mtﬁ}
= E{(Z5, ® T )Emuir} vecE(e;_r€e) =0
for every r > 1. Thus the K? x (pK?) cross component F,(o,, ym) is zero. Forallj € {1, ..., q}, we have

3% In g
ﬂ(emja on) = —E {W‘%HT}

—E { Z \Il;l ® (\I’mnzm,tjénu;r)gmtlT}

£,n>0

- Z (‘I’;g ® ‘I’mn){lK & E(Zm,t—j—é—nujgmtlT)} =0.
£,n>0

This follows from the fact that

E@m,¢—j—t—nW, Emejr) = E{@m(DUe_j—g—nt1] Emeir)

(o]
=E (Z ‘I’mhutjfnhu;rémtT>

h=0
00
T
= ‘I’th(utfjflfnfhut é:mtlT) =0
h=0

forallj € {1,...,q}and £,n > 0. Thus the K? x (qK?) cross component %,(c,, 8n) is zero. From above, the asymptotic
covariance matrix of the Gaussian ML estimator &, of a,, is given by

varg(6,) = i(sr‘ e
a m - T m m .
m

It follows that vara(flm) = 27" ' (Rm ® Q). For example, consider the simple univariate ARMA(p, q), which is a special
case with M = 1and K = 1. Then the asymptotic variance of the estimated error variance @ = 62 is 254,

Appendix B. Example in Section 4

Let us consider the partitioned form of the asymptotic FI matrix #,(6,,) as given in the statement of the main theorem.
The matrix expressions in that statement yield the following submatrices of #,(#,,), for m € {1, 2}, rounded to 4 decimal
places. From Eq. (6), we get

0.0055 0.0109 0.0109 0.0218

F(oy) = 0.0109 0.1227 0.0218 0.2455
al®l 0.0109 0.0218 0.1227 0.2455 |’

0.0218 0.2455 0.2455 2.7614

0.0582 0.0145 0.0145 0.0036

Fo(oy) = 0.0145 0.1745 0.0036 0.0436

al®2 0.0145 0.0036 0.1745 0.0436

0.0036 0.0436 0.0436 0.5236
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The entries of the block matrices in the asymptotic FI submatrix #,(e,,), for m € {1, 2}, are computed according to
Eqgs. (7)-(11).

(o) — (25038 02338 F(oy) — (56843 112107
a1) = 102338 0.0225)° a¥2) = 1112107 32.2110)°

1.3620 2.9200 0.1483 0.3179
Fo(py) = 2.9200 7.8598 0.3180 0.8561
i 0.1483 0.3180 0.0161 0.0346 |’
0.3179 0.8561 0.0346 0.0933

0.0454 0.0997 0.1312 0.2875
Foly,) = 0.0997 0.2850 0.2874 0.8170
a2 0.1312 0.2874 0.3815 0.8366 |’
0.2875 0.8170 0.8366 2.3793

10.6115 2.2637 2.3129 0.4934
F(8;) = 2.2637 0.4833 0.4934 0.1053
a®) =1 23129 0.4934 0.5041 0.1075 |’

0.4934 0.1053 0.1075 0.0230

0.0216 0.0938 0.0956 0.4150
0.0938 0.4074 0.4151 1.8029

Fa(62) = | 00956 0.4151 0.4339 1.8837 |
0.4150 1.8029 1.8837 8.1808
1.6598 0.1551 0.0484 0.1393
N 31018 0.2898 0.0948 02771
Fai:v) = 101807 00169 | Ta2¥2)=]01457 04039 |-
0.3376 0.0315 0.2903 0.8035

1.1827 2.8741 0.1292 0.3134
7 (8 ) = 0.2439 0.5976 0.0267 0.0652
al01: 11 0.2576 0.6270 0.0282 0.0684 |”’
0.0531 0.1304 0.0058 0.0142

—0.0192 -0.0596 —0.0558 —0.1722
7 (5 _ | —0.0843 —0.2595 —0.2456 —0.7500
Fa(82, 72) = —0.0843 —0.2631 —0.2475 —0.7656
—0.3710 —1.1457 —1.0893 —3.3342
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