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1. Introduction

Let H be a separable Hilbert space. In this paper we consider a differential equation

of the form:
2'(t) = f(t,z(t)) for a.e. t € (0,77, (1.1)
with a nonlocal condition
2(0) = Mz, (1.2)
where f: [0,T] x H — H and M: C([0,T]; H) — H are nonlinear and linear maps,

respectively.

Tt is well known (see, e.g., [?,?] and the references therein) that a great variety
of partial differential and integro-differential equations can be written in the form
(?7).

In this paper, by combining the degree theory in abstract spaces with an im-
provement of the approximation solvability method and the bounding functions
technique an existence theorem (see Theorem ?7?) for problem (?7?)-(??) is proved.
It is then showed how the abstract result can be applied to study various problems
of integro-differential equations (including periodic, anti-periodic, mean value and
multi-point problems).

Compactness conditions in terms of the strong topology are usually required
in order to apply the degree theory for a suitable solution operator. In this paper
we obtain existence results in the lack of this compactness both on the nonlinear
term f and on the nonlocal operator M. This is possible exploiting compactly
embedded Gel’fand triples with a Hilbert space and Hartman-type conditions. Other
techniques have previously been employed to avoid assumptions of compactness.
For instance in [?] a continuation principle has been used in the weak topology in
reflexive Banach spaces and in [?] the concept of weak measure of non compactness
is introduced to consider also the case of non reflexive Banach spaces.

The paper is organized in the following way. In the next section we give a
brief review of all the methods which will be used to study problem (?7)-(?7?).
We explain also the main idea of our technique presented in this paper. Section 3
is devoted to the Leray-Schauder topological degree and the notation. The main
result is presented in Section 4. Some applications of the abstract result are given
in Section 5 including the periodic problem for an integro-differential equation of
the form

{ut ta foult,€)de = —bu(t,€) + f(t, u(t,©)),
u(0,8) = u(1,£),
for a.e. t € [0,1] and for all £ € Q C R"(n > 2), where a,b > 0and f: [0,1]xR — R
is a continuous function; and a mean value problem of the form

up + au(t, s)ds = fol k(s,€) (u(t, &)+ b) dg,

{u(O, s) = fol u(t, s),
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for a.e. t € [0,1] and for all s € [0,1], where @ > 0; b € R and k: [0,1] x [0,1] = R
is a smooth function.

In Section 6, equation (??) is considered for ¢ € [0, 00) and with the initial con-
dition x(0) = 0. The existence of a solution which is bounded on the whole interval
[0, 00) is showed. In Section 7 we deal with systems of differential equations in var-
ious Hilbert spaces with application to a system of integro-differential equations
with non-local conditions

Q) | g [ u(t, €)dE + bu(t, &) = fi (tu(t, €),v(t,€)),
QL) | cy(t,€) = fo(t,u(t, €), v(t, €)),
u(0,8) = 31" ajult;, 6),
v(0,€) = [, g(t)u(t,€) dt,
for a.e. t € [0,1] and for all £ € @ C R™ (n

0<ty < - <ty<1lgeL0,1]; and fi: |
continuous maps.

> 2), where a,b,c > 0; a; € R;
0,1] x RxR — R (i = 1,2) are

In Section 8 we investigate the existence of a unique solution for all the problems
considered in the paper. In the last section the generalization of the main result is
presented by using a nonsmooth bounding function.

2. A review of methods

The technique presented in this paper is based on the bounding functions method
and the approximation method. So, let us give a brief review of both of them.

Bounding functions method: The earliest version of a bounding function is a
guiding function which was introduced by Krasnosel’skii and Perov (see, e.g., [?,?,
?]). They generalized the notion of the Lyapunov function to study the existence of
periodic solutions of an ODE

a'(t) = f(t z(t)), (2.1)
where f: R x R” — R" is a (globally) continuous map which is locally Lipschitzian
w.r.t. the second argument. The notion of guiding function was then generalized
in several directions and applied to various problems. Among a large number of
papers on this subject let us recall: Mawhin [?] with studying of functional differ-
ential equations; Fonda [?] with the notion of integral guiding function; Capietto
and Zanolin [?] for periodic problem in flow-invariant Euclidean Neighborhood Re-
tracts; Gérniewicz and Plaskacz [?,?] with the notion of general form of guiding
functions for differential inclusions (see also [?]); Lewicka [?] for nonsmooth guiding
functions; Kryszewski [?], Kryszewski and Gabor [?] and Loi [?] with the applica-
tion of the method of guiding functions to bifurcation problems. The backgrounds
and applications of the method of guiding functions in nonlinear analysis can be
found in the recent monograph [?].

However, it seems to be that the method of guiding functions can hardly be
applied to study more general classes of boundary value problems than periodic
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problem. Also it is worth noting that usually the direct applications of the method
of guiding functions were connected with finite-dimensional objects.

In [?] (see also [?]) Mawhin introduced the concept of bounding functions, this
method was then developed by Gaines and Mawhin [?,?] and by Mawin and Ward
[?].

We recall in the following the main features of this method. Consider again equation
(??) for t € [a,b] with the boundary condition

g(x(a), 2(b)) =0, (2.2)

where f and g are continuous maps. The idea for the existence of solutions to (77)-
(??) comes from the Leray-Schauder continuation principle [?], following which it
is possible to consider the linearized problem

x/(t) = /\f(tvy(t))v te (av b)’ (23)

with boundary condition (??), where A € [0,1] and y € C([a,b];R") is a given
function. It is supposed that for each y(-) problem (?7)-(??) has a unique solution
T(y,A) and moreover, the solution map

T: C([a,b};R”) x [0,1] — C’([a,b];R"),

is completely continuous. Notice that a fixed point of the map T'(-, 1) is a solution of
problem (?7?)-(??). Now, if there exists an open bounded subset Q C C([a, b];R™)
such that:

(a) deg(i - T(-,O),ﬁ) # 0;
() x # T(x,\) for all (z,\) € 90 x (0,1),

then problem (??)-(??) admits a solution = € Q.
Recall (see [?]) that a C'—function V: R™ — R is said to be a bounding function
to equation (?7) if

(i) the set K = {z € R": V(z) < 0} is bounded and V|, = 0;
(ii) (gradV (z), f(t,z)) # 0 for all t € (a,b) and = € IK.

The name bounding function comes from the fact that if there exists a bounding
function V and if there exists a fixed point x of T'(-,;A), A € (0,1), such that
z(a) ¢ OK and z(b) ¢ OK, then z(t) € K for all t € [a,b] (see [?]). Therefore,
the set €2 can be taken as the set of all continuous functions z: [a,b] — K. The
conditions z(a) ¢ 0K and x(b) ¢ OK usually follow from the choice of the boundary
map g (see, [?] and the last section of the present paper). To obtain condition (a)
in various papers (and in the present one) the authors usually consider a convex
set K containing 0. Then the linearized problem is modified so that 0 should be the
unique fixed point of T'(+,0), and therefore, deg(i -7, O),ﬁ) =1.

From the above consideration it is clear that the bounding functions method is
useful to study boundary value problems. Moreover, since by applying this method
we do not need to evaluate the topological degree of bounding functions, it is possible
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to extend this method to infinite-dimensional Banach spaces.

Preliminary ideas of the bounding functions methods in the framework of periodic
solutions were introduced in Lefschetz [?] for second order equations in R and in
Browder [?] for dynamics in Hilbert spaces with monotone nonlinearities w.r.t.
the state variable. Concerning the most important developments of this method:
Mawhin and Thompson [?] for the introduction of Hartman-type conditions (see
(ii) above) which are strictly located on OK; Taddei [?] for nonsmooth bounding
functions in finite-dimensional spaces; Loi and Obukhovskii [?] for application of
this method to generalized periodic problem in finite-dimensional spaces; Zanolin
[?] for generalized definition of bound set; Loi, Kornev, Obukhovskii and Zecca for
the extensions of this method to equations and inclusions in Hilbert spaces (see,
[7,7,7]); Andres, Malaguti and Taddei [?] for bounding functions in Banach spaces;
Benedetti, Malaguti and Taddei [?] for bounding functions in Banach spaces with
weak topology; Benedetti, Taddei and Vith [?] for sufficient conditions for invariant
sets for nonlocal semilinear differential inclusions.

The approzimation solvability method: As already mentioned, one of the most
effective tools for the investigation of the solvability of equations in Banach spaces
is the topological method suggested by Leray and Schauder [?]. However, from the
practical point of view, it is often more important to study approximable solutions
rather than usual solutions since the former ones can be localized by using the ap-
proximation methods. For simple description of approximation solvability method,
we consider a separable Hilbert space H with a basis {e;}52,, then, denoting with
H,, the subspace with base {ej, - ,e,}, we approximate the original problem by
a family of auxiliary problems by means of the natural projections P,: H — H,
(n € N). Precisely, for a given n € N, we prove the existence of a solution in the
space W11(I, H,,) for the problem

2'(t) = P, f(t,x(t)) for a.e. t € I,
z(0) = P,M=.

Then, by a limit argument, we obtain the existence of a solution for the original
problem.

About the idea of combining these methods: A joint application of the Leray-
Schauder continuation principle with the bounding functions method was recently
proposed also in reflexive Banach spaces (see e.g. [?] for the study of the Floquet
problem and [?] for the investigation of nonlocal conditions). A regularity assump-
tion is needed, in this context, which is expressed in terms of the Hausdorff mea-
sure of noncompactness x (usually denoted y-regularity). A further restriction is
required, essentially involving the rate of noncompactness of the model (see e.g. [?,
condition (5.2)]).

We point out the fact that we prove the existence of a solution of problem (?7?)
without any assumption of monotonicity or compactness nether on the nonlinearity
f, nor on the nonlocal operator M. This can be done by the compact embedding of
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H into E and by the assumption of the continuity of f(¢,): H — H for a.e. t € I
w.r.t. the topology of E, see hypothesis (f2) below.

3. Preliminaries and Notation

Let X', Z be Banach spaces. A map X : X — Z is said to be completely continuous
if it is continuous and maps every bounded subset U C X" into a relatively compact
subset of Z. Let us recall that if U is an open bounded subset of X and F: U — X
is a completely continuous map such that x # F(x) for all z € 9U, then for the
corresponding vector field ¢ — F' (where ¢ denotes the inclusion map) the Leray-
Schauder topological degree deg(i — F,U) is well-defined (see, e.g. [?,7]).

In the sequel, by (H, || - ||;;) we denote a separable Hilbert space which is com-
pactly embedded into a Banach space (E, || - || ;) with the following relation between
norms:

|lw| g < ql|wl]y for all w € H, ¢ > 0. (3.1)

Let {e,}7; be the orthonormal basis of H and for every n € N, let H,, be the
n—dimensional subspaces of H with the bases {e;}}_; and P, be the natural pro-
jections of H onto H,. By <~, ~>H we denote the inner product in H. The open ball
of radius r centered at xg € H [ro € F] in the space H [E] is denoted by By (zo,r)
[respectively Bg(zg,r)]. Put

Bu(0,7,R) ={we H:r < |w||y < R}.

Throughout the paper, I = [0,T] and let C(I, H) [L*(I, H)] be the space of all
continuous [respectively integrable| functions u: I — H with usual norms

T
lulle = max|lu()lly and [lull; =/ [u(@)|] gt
0

Consider the space of all absolutely continuous functions v : I — H whose general-

ized derivatives u’ belong to L' (I, H). It is well known (see, e.g. [?]) that this space

can be identified with the Sobolev space W11 (I, H) endowed with the norm
lully = llully + [1/]l;,

and the embedding W11(I, H) < C(I, H) is continuous.

Definition 3.1. Let S C R be a bounded and measurable subset. A subset A C

L'(S,H) is said uniformly integrable if for every ¢ > 0 there is § > 0 such that
Q C S and pu(2) < § implies

where p is the Lebesgue measure on R.

/fduH <e forall feA,
Q

The following weak compactness criterion immediately follows from [?], p.101.
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Theorem 3.1. Let A C L'(S, H) be a bounded, uniformly integrable subset. Then
A is weakly relatively compact in L*(S, H).

For each n € N define the map P,,: L' (I, H) — L'(I, H,) by
(Pof)(t) = Pof(t), t el

4. Main result
To study problem (??)-(??) we assume that:

(f1) the function f: I x H — H is (globally) measurable while the measure on
I x H is the product of the Lebesgue measure on R and the Borel measure
on H;

(f2) for a.e. t € I the map f(¢,-): H — H is F — E continuous in the following
sense: for each w € H, and € > 0 there exists § > 0 such that from
w' € Bp(w,6) it follows that f(t,w") € Bg(f(t,w),e);

(f3) for every bounded subset Q2 C H there exists a function vo € L1 [0,7] such
that for each w € Q we have

(@)l < valt)

for a.e. t € I;
(M) M: C(I,H) — H is a linear bounded operator such that || M| < 1.

Remark 4.1. (a) Condition (f1) can be easily obtained if f is a Carathéodory
map, i.e., for every w € H the function f(-,w): I — H is measurable and for a.e.
t € I the map f(t,-): H — H is continuous.

(b) The class of boundary value problems with the operator M satisfying con-
dition (M) is sufficiently large. In particular, it includes the following well-known
problems:

(1) Mz = 0 (the general Cauchy condition 2(0) = xy can be replaced by
condition z(0) = 0 by a transformation z = x — x);
(#i) Mz = +x(T) (periodic and anti-periodic problems);
(iii) Mz = £ fOT x(t)dt (mean value problem);
(iv) Mx = Zfil a;x(t;) with a; € R and Zfil la;] <1, where
0<t; <-- <tg, <T (multi-point problem).

From conditions (f1) and (f3) it follows that for every € C(I, H) the super-
position function f(s,z(s)) belongs to L'(I, H).

By a solution to problem (?7?)-(??) we mean a function z € Wh1(I, H) that
satisfies (?7)-(77).

The main result of this paper is the following statement.

Theorem 4.1. Let conditions (f1) — (f3) and (M) hold. In addition, assume that
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(f4) there exist Ry > 1o > 0 such that
(w, f(t,w)) <0,
for every w € By (0,79, Ry) and a.e. t € I.

Then problem (?7)-(?77) admits a solution with values in By (0, Rp).

Proof. STEP 1. It is clear that for each n € N problem

2'(t) =0, for ae. t €1,
z(0) =0,

has only the trivial solution in the space W' (I, H,,).
We are going to show now that, for a given n € N, the problem

{x'(t) = P, f(t,z(t)) for ae. t €1,

z(0) = P, Mz, 1)

has a solution in the space W11(I, H,,).

To this aim, we choose arbitrarily . € (ro, Ro) and let K = By (0,7.), Q = C(I,K)
and Q™ =QNC(I,H,).

For each y € Q™ and A € [0,1], the Cauchy problem

x'(t) = AP, f(t,y(t)) for a.e. t € I, (4.2)
z(0) = AP, My. '
has a unique solution x,, € WH(I, H,):
¢
zn(t) = AP, My + )\/ P.f(s,y(s))ds, teI. (4.3)
0

Define the map 7,,: Q™ x [0,1] — C(I, H,,), assuming that 7,,(y, A) is the solution
of (?77?). It is clear that

T (@™ x{0}) = |J Taly.0)={0} CintQ™,

yeQ ()

where int Q™ denotes the interior of Q™).

STEP 2. (a) At first, let us show that the map 7, has a closed graph in the space
Q™ x [0,1] x C(I, H,). Assume that
(™A™ M)y 5 (O A0 20y e Q) % [0,1] x C(I, Hy),

where (™) = T, (y(™, \(™)). Then

t
2™ (t) = X P, My(m) 4\ / Pof(s,y™ (s))ds, t € 1. (4.4)
0
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Since H is embedded in E, from condition (f2) we have
Pof(s,y™(s)) 5 P, f(s,y 0 (s)) for ae. s € 1.

The convergence is also dominated by (f3). Passing to the limit m — oo in (??) we
obtain

t
2O (t) = XO P, My © + 1O / Pof(s,y 0 (s))ds, t €1,
0
ie., 2 =T, (y@,\O).

(b) Now we will show that the set 7,(Q™ x [0,1]) is relatively compact in
C(I,H,). In fact, from (f3) and the boundedness of the set Q™ it follows that the
set T, (Q(") x [0, 1]) is bounded and equicontinuous in C(I, H,), and therefore, it is
relatively compact in C(I, H,). So, T, is a closed and compact map, and therefore,
it is completely continuous.

(c) Assume that there exists (y,,\) € Q™ x (0,1) such that y, = T (yn, ).
Then, y,(0) = AP,,My,, and

’

Y (t) = AP, f(t,yn(t)) for a.e. t € I.

Since y,, € 9Q™ we can choose ty € [0,T] such that ||y, (to)||;; = 7. Assume that
to = 0. Then

e = [yn (Ol = M PaMynll g < Mynlle < 7s,

that is a contradiction.
So, to € (0,T]. Therefore, we can choose a sufficiently small € > 0 such that

ro < Hyn(t)HH <r,<Rgforallte (to — E,to).
From the last inequalities it follows that

(Yn(t), [t yn(t)))y <0, for ae. t € (to — &, to).

Since y,(t) € H, for all ¢ € I we obtain

<yn(t)7 )\Pnf(t7yn(t))>H = )‘<yn(t)v f(t, yn(t))>H <0

for a.e. t € (tg — &, o).
Consequently,

to

0>/t0 <yn(t)vAPnf(t7yn<t))>Hdt=/ (yn (1), 4 (£)) dt > 0,

0—E€ to —E&
giving the contradiction.

Thus, if there is y, € 9Q™ such that y, = T,,(yn, 1), then y, is a solution to
(?2). If yp # Tn(yn,1) for all y, € Q™) then 7,, is a homotopy connecting the
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maps T, (+,0) and 7,(-,1). By virtue of the homotopy invariance and normalization
properties of the topological degree we have

So, for every n € N there exists y, € Q™ such that y, = T, (yn, 1), and hence y,
satisfies (77).

STEP 3. Denote f(t) = f(t,yn(t)). From the condition ||y,(t)||; < r« and
according to (f3) it follows that there exists v, € L'(I, H) such that ||f.(t)|g <
vi(t) for a.e. t € I and n. Therefore, the sequence {f,} is bounded and uniformly
integrable in L!(I, H). By virtue of Theorem ?7? it is relatively weakly compact in
LY(I,H). W.lo.g. assume that f, L' fo.

Since ||Pnfr(®)|ly < [[fn@®)llg < vi(t) for all t € I, we can repeat previous
reasoning also for {P,,f, = .} and obtain that the set {y,} is weakly relatively
compact in L'(I, H). Again w.l.o.g. we assume that

1
/L(AH) ’

The set {y,,(0) : n € N} is bounded in H. So, w.l.o.g. we can assume that
n (0) 0. (4.6)

Define
t 7
yo(t) :== Yo +/ Yo(s) ds, tel.
0

It is easy to see that

(1) = 4 (0) + / yi(s) ds 2 o (1)

for all t € I.
Moreover, ||y (t)||; < 7« for all t and n. Therefore (see, e.g. [?])
C(I,H)
Yn — Yo,

and hence, My, K Myq.
For every w € H, since P,w A w, we have
(PoMy, — Myo,w) . = (P,Myo — Myo,w) ,, + (PaMyn — PyMyo,w)
= (P.Myo — Myo,w),, + (My, — Myo, Pyw) ,
= <PnMy0 — Myo,w>H + <Myn — Myg, Pyw — w>H + <Myn — My07w>H.
Therefore, <PnMyn — Myo,w>H —0asn— oco.

Consequently, y,(0) = P, My, A Myp. From (??7) we obtain yo(0) = Myp.
On the other hand, the weak convergence y,(t) — yo(t) in H for all ¢ implies
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Yn(t) =5 yo(t) for every t e 1. (4.7)
By virtue of the Lebesgue dominated convergence theorem we have

1
Pag 0 g

for every element g € Ll(I H)
Now we prove that P fn f To this aim, let ®: L'(I, H) — R be a linear

and bounded functional. Hence, there is ¢ € L*°(I, H) such that

T
() :/ (g(t), (1)), dt for all g L}(I,H).

0

We have

T
Bufu— o) = [ (Pfult) = folt), 2(0) 5
T

T
= [ (Putalt) — Pufolt), Uhﬁ+A<mh@—h@w®Mﬁ

T

%&ﬂmHﬁ+A<&h@—ﬁﬁ%ﬂmHﬁ

T

g
J,
| >ﬂmHﬁ+AQmm—ﬂﬁxmww—ﬂmHﬁ
+A?&hm—ﬁﬁxﬂmHﬁ
=¢mrww+lﬂnm folt), Pu(t) = 9(0)) dt + (B fo — o).

Recall that fn fo, P fo fo and for a.e. t € I we have
[(fa(t) = fot), Pap(t) — @(ﬂ)HI < fu(t) = fo@)l g - [1Pap(t) — o(B)l
< 2(vi () + [ fo @Ol e) o)
and
Tim [[Bp(t) — o(t)] = 0.

Therefore, for a.e. t € I we have

lim (fn(t) = fo(t), Pap(t) — @(t)) ;= 0.

n—oo

Moreover, the function g, (t) := (v.(£)+ || fo(t) || ) ()] ;7» t € I, is integrable since

[ 19:0lldt <ol [ (e + Uo(o)] )
0 0
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where ||¢||, is the norm of ¢ in L>°(I, H).
From the Lebesgue dominated convergence theorem it follows that

/o (fu(t) = folt), Ppo(t) — go(t))H dt — 0 as n — oo.

Ni1,H
N

Therefore, (P, f, — fo) — 0 as n — oo, ie., P,f, g ) fo- So, from (7?) we

l(i{H)

conclude that y) = fo, and hence, f, r y(l). By the Mazur Lemma (see, e.g.

[?], p- 16) there is a sequence of convex combinations {T(n)},
?(n) = Z Unk:fk7 Onk >0 and Z onk = 1,
k=n k=n

which converges to y, in L'(I, H). Applying e.g. [?, Theorem 38] we assume w.l.o.g

that {?(n)} converges to y, for a.e. t € I.
From the embedding H — F we have that

7(n) (t) X yé(t) for a.e. t € 1.

Applying (??) and condition (f2) we obtain that for a.e. ¢ € I and every € > 0
there is an integer ig = ig(e, t) such that

F(t,yi(t) € B (f(t,yo(t)),s) for all i > o.

So, fi(t) € Bg (f(t,yo(t)),5> for all ¢ > i, and by the convexity of the set
Bg (f(t,yo(t)),€> we have

?(n) (t) € Bg (f(t,yo(t))76) for all n > ig.

Therefore, y,(t) = f(t,yo(t)) for a.e. t € I. Combining with y(0) = My, we obtain
that yo is a solution to problem (??)-(?7). O

Remark 4.2. Theorem 77 gives us not only the existence of a solution yg to
problem (?7?)-(??). It also provides us an important information about this solution,
that is the (weak) convergence of the sequence {yn} to yo. Since each y, takes its
values in a finite-dimensional subspace, we can approximate the solution yy by
finite-dimensional functions via weak approximation scheme.

5. Applications to semilinear differential equations in Hilbert
spaces

Consider the following semilinear differential equation

{x’(t) + Az(t) = f(t,2(t)) for ae. t €1,

z(0) = Mz, (5-1)
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where A: H — H is a bounded linear operator which is ¥ — E continuous; f and
M satisty (f1) — (f3) and (M), respectively.

Theorem 5.1. If there exist Ry > 19 > 0 such that for all w € By (0,70, Ry) and
a.e. t € I relation

(w, —Aw + f(t,w)), <0

is satisfied, then problem (77?) has a solution.

Proof. Problem (??) can be substituted with the following problem

{x’(t) = f(t,z(t)), for ae. t € I,

z(0) = Mz, (5:2)

where f: I x H — H,

flt,w) = —Aw+ f(t,w).

It is easy to verify that problem (?7) satisfies all conditions in Theorem ??, therefore
it, and hence problem (??), has a solution. O

In order to illustrate the result, we consider two integro-differential equations.
The first one is considered on an open bounded domain  C R* (k > 2) with
Lipschitz boundary (Example ?7), whereas the second one is defined on a given
interval (Example 77).

Example 5.1. Consider the periodic problem

{Ut +a fQ U(t, g)df = _bu(taf) + f(tv u(t’ 5))a
u(0,€) = u(l,§),

for a.e. t € [0,1] and all £ € Q, where a,b > 0 and f: [0,1] x R — R is a continuous
map.

(5.3)

Assume that

(f1)" the partial derivative 2L: [0,1] x R — R is (globally) continuous;

0z
(f2) there is a positive number N < b such that
t
'aféz’z) < N forall (t,2) € [0,1] x R.

By a solution to (??) we mean a continuous function u: [0, 1] x 2 — R whose partial
derivative % exists and satisfies (??). Moreover, we can consider relation (?7)
as the law of evolution of a dynamical system with the state function u(t,£). Our
goal can be formulated as finding of the dynamics of the system as the continuous
function u(t, ) such that at every value ¢ the function u(t, -) belongs to the Sobolev

space W1H2((Q).
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Theorem 5.2. Let conditions (f1) — (f2) be satisfied. Then problem (??) has a
solution. Moreover, if f(¢,0) # 0 for all t € [0,1], then the solution is non-zero.

Proof. Let H = W12(Q) and E = L?(Q). It is clear that H is a separable Hilbert
space which is compactly embedded in £ and for every w € H:

2 2
[wll g = A/ llwllz + [Dwll3,

where ||w|\§ = [, w?(§) d¢ and D denotes the derivative (i.e. gradient) of a function
with several variables.
For each t € [0, 1], set 2(t) = u(t, ). Then we can substitute (??) with the following

problem
{x’(t) + Az(t) = f(t,2(t), for ae. t € [0,1], (54)
z(0) = z(1),
where A: H — H, Aw = a [, w(£)d¢, and
(0,1 x H — H, f(t,w)(§) = —bw(§) + f(t, w(€)).
Notice that the map f is well-defined since
D (t,w)(€) = —bDw(€) + fo(t, w(€)) Dw(&),
where f, = %. From (f1)" — (f2)’ it follows that
£(t.2)] = |f(8,0) + falt,n) 2| < |F(£,0)] + N]z| (5.5)

for all (¢,2) € [0,1] x R, where 7 is a number between 0 and z.
It is easy to verify that A is a linear bounded operator which is £ — E continuous.
Let us show that the map f(¢,-) satisfies condition (f2).

Let {w,} in H be such that w, & wo. By (f1) for every (t,&) € (0,1) x ©Q we have

£ (8 wa(€)) = F(t, wo(€))] = [ f2(tm). (wn (€) = wo(€))] < N|wa(€) — wo(€)],

where 7 is a number between w,,(£) and wg ().
Therefore,

It 0) = Tt = [ [=bun(€) + £t wnl€) + bun(€) - £t wol)] de
<20+ %) | funl€) = woe) de
Q

< 4b%||w,, — w0||?E.

So, f(t,wy) X f(t,wp), and hence, condition (f2) is satisfied.
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Let U C H be a bounded set. For every w € U we have
Ity = [ |=boe) + £t ds
+ [ |FbDu(©) + £t w(E) D) de
s2#[ngwd¢+;éuﬂamw+Nm@nfﬁ
+2(b? +N2)/Q|Dw(§)]2d§,

where for each ¢ € Q, Dw(€) is a vector in R* and

|Dw(€)|” = (Dw(€), Dw(€)).

Consequently, condition (f3) is satisfied.

To verify condition (f1) we will apply the Pettis Measurability Theorem (see, e.g.
[?]). Notice that H can be identified with its dual space H*. So, in order to apply
Pettis Theorem, we have to prove that for every ¢ € H the map f@: [0,1]x H — R,
defined as

fw(tvw) = <507?(t7w)>H7

is measurable. To this aim, we will prove that f(p is a Carathéodory map.

Fix w € H and consider the map f,(-,w): [0,1] — R. Assume that there is
a sequence {t,} C [0,1] such that ¢, — to € [0,1]. Let r, = f,(tn,w) and 1o =
?W(to,w). From the continuity property of f and fé we have r, — rg. Therefore,

f ¢(~, w) is continuous, and hence, it is measurable.
We will prove now that for every ¢ € [0, 1] the map f,(¢,-): H — R is continuous.

Let {w,} C H be such that w,, = wy € H. Set v, = <f(t,wn),<p>H and

Ao = liminf~, and Ag = limsup~,.
n—0o0 n—00

Then there are subsequences {wy,, } and {wy,, } of {w,} such that
Ao = kli_}r{)lo<f(t,wnk), <,0>H and Ag = kli)n;o<?(t,wmk), <p>H.

The sets {f(t,w,,)} and {f(t,wm,)} are bounded in H, and so they are weakly
relatively compact. W.l.o.g. assume that

f(t7w7lk) i ?O and ?(ta wmk) g ?1'

Therefore,

Mo =(fo o)y and Ao=(fi, ),
On the other hand, since f(t,-) is E — E continuous and

E E
W, —> Wy $— Wp,, as k — 00
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we have

ft,wn,) £, f(t,wo) £ ft,wm,) as k— oo.

Consequently, f, = f1, and hence \g = A, i.e. f(¢,-) is continuous. Thus, the map
fg; is Carathéodory, and so, condition (f1) is satisfied.
Now for w € H and for a.e. t € [0,1] we have

2
(w, —Aw)H =—a (/ w(f)d§> <0.
Q
By virtue of (f1) — (f2)’ and (??) the following estimation is true

(w, F(t,w)), = / w(€) (—bw(€) + f(t.w(€))) de

Q

+ / Du(€)(~bDw(€) + f(t w(€)) Duw(€)) de
_ w(EN)? w(EN)?
- b(/ﬂ( ©*dc+ [ (Do) dg)
+ /Q w(€) F(t,w(€)) de + /Q Du€) f4(t, w(€)) D (€) de
< —tllully+ [ 1w©1(7.0)] + Nuw(©)) ds
Q
—l—N/Q|Dw(§)| d¢

< (<04 N)|wll; + BIQ [[wll 4 <0,

Sy
b—N’

provided |[w||, > where 3 = maxjo 1) |f(£,0)| and [Q| denotes the Lebesgue

measure of 2.
Applying Theorem ?? we obtain the existence of a solution of (??), and therefore,
problem (??) has a solution. O

Example 5.2. Consider the mean value problem for an integro-differential equation
of the form:

1
wlt, )+ aut,) = [ ks Out. OdE + £t utt, )
u(0,8) = fol u(t, s) dt,
for a.e. t € [0,1] and all s € [0,1], where k(-,-) € C*([0,1] x [0,1;R); a > 0

and f:[0,1] x R — R is a continuous map satisfying conditions (f1)" — (f2) (see
Example 77).
Let H = W2[0,1] and E = C]0,1]. For each t € [0,1] set x(t) = u(t,-). Then

problem (??) can be replaced with the following problem

{x’(t) + Az(t) = f(t,2(t), for ae. t € [0,1],

(5.6)

z(0) = Mz,
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where M : C(I,H) — H,
1
Mz :/ x(t) dt,
0

A: H— H, Aw = aw,

and
1
F10,1]x H—H, f(t,w)(s) :/0 k(s,w(&) d§ + f(t, w(s)).

Notice that the map f is well-defined since

) _ | s i@ e+ st wis)u ),
0

where kl g’z

It is clear that A is a linear bounded operator which is £ — E continuous and the
operator M satisfies condition (M). The map f can be written as

ftw) = g(w) + f(t,w),
where
Fo(0,1) x H — H, f(t,w)(§) = f(t,w(€))
and g: H — H is defined by

o(w)(s) = / (s, ) () de.

Notice that the map f differs from the one in Example ?? only by the linear term
bw,b € R, here missing. Hence, as in the cited example it is possible to prove that
satisfies conditions (f1) — (f3). Let us show that the map ¢ satisfies conditions

(f1) = (f3)-

At first, let {w,} C H be such that w, X wp. We have

llg(wy,) — ( o)llg =
:;él%%/“fwn Jds - /’”“”0 df’

< max/ |k (s,&)||wn (&) —wo(&)] dE

s€(0,1
S kHw" - w0||E7

where k = max{|k(s, &)|: s,€ € [0,1]}.
So, g(wn,) 2 g(wp), and hence, condition (f2) is satisfied.
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Let D C H be a bounded set, for any w € D we have

|wm@/1/%<o<o@ @+/1/1%5>@>5
/ /k%w @@+/"/ w?(€) déds

2
+ &) |l

where k' = max{|k,(s,£)|: s,& € [0,1]}.
Therefore, condition (f3) is satisfied.

2
ds

To verify condition (f1), we prove that the map g is H — H continuous.
For this, let {w,} C H be such that w, A wo. We have

ds

1 1
wmmfm%mzzé Ak@OWMwa@»

2

A%@mw@—m@mgw

2
< k2 ||wp — woll3 + K [wy, — wolf3.

Consequently, g is H — H continuous. So, condition (f1) is satisfied.
Now for w € H we have

(w, —Aw + f(t,w)>H =

:_ﬂw;ffw@(éﬁwamo@)@+Alwvwmm@
+£wh(4¥w@m@@)m+fwwmwmmww@
g_aM@+k(/ﬂmamgg+/WM@uﬂmm+Nm@nw

/hul%/hu|%+N/

< (afk***N)H'LUHH+B”wHH<O

provided a > k + 7 + N and

B

k/
a—k—-E_N

[wll >

where NV is the constant from (f2)" and 8 = maxepo,1y [ f(¢,0)].

Hence, applying Theorem 77 we obtain

Theorem 5.3. Ifa >k + %/ + N, then problem (??) has a solution.
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Remark 5.1. Under similar assumptions we can consider problems (??) and (?7?)
with various boundary conditions (periodic, anti-periodic, mean value or multi-point
conditions).

6. Existence of bounded solutions
Consider now the Cauchy problem

{x’(t) = f(t,z(t)) for a.e. t € [0,00),

00, (6.1)

where f: [0,00) X H — H satisfies conditions (f1) — (f3) with [0, 00) instead of
[0,T7]. In addition, assume that

(f4) there exist Ry > ro > 0 such that
<w,f(t,w)>H <0
for a.e. t € [0,00) and for all w € By (0,70, Rp).

Theorem 6.1. Under above assumptions, problem (?7) has a solution x: [0,00) —
H such that ||z(t)||; < Ro for all t € [0,00). Moreover, if f(t,0) # 0 for a.e.
t € [0,00), then the solution is non-zero.

Proof. According to Theorem ?7?, for every n € N there exists a solution z,, to the
problem

{x’(t) = f(t,x(t)) for a.e. t € [0, 7],

such that ||z,||; < R for all ¢t € [0,n].
Define

F.() {xn(t) for t €[0,n],
xp(n) for t>n.

According to (f3) there is v € L} [0, 00) such that
1%, (1) < ~(t) for ae. € [0,00).
It implies that the set {Z, } is bounded and uniformly integrable in L! ([0,00); H).

1)}

By applying Theorem ?7? in the interval [0,1] we obtain a subsequence {5,;(
satisfying

) £ (jo,1:)
X, — Y1-

By an induction argument, for every p > 1 it is possible to get a sequence {@;(p)}
and a function y, € L'([p — 1,p|; H) such that
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)

(1) {frlb(p)} is a subsequence of {@'L(p_l)}

1/ (p) Ll([pi,p];H)

(ii) =, Yp-

Let 2 : [0,400) = H be given by z,(t) =: yp(t) for p—1 <t < p,p € Ny. Let us
restrict our attention to {Z,™}. Since

P i (n) P
/ zZ, (r)dr— / yp(T)dr, p € No,
p—1 p—1

fort >0

. (1) = /Ot 7" (r)dr — /Ot wg(r)dr = xo (1)
From the compact embedding H — E we have
Zn ™) 5 2o(t), forall ¢>0. (6.2)
Fix t and take n > t. Notice that
xn(t) = /Ot f(ry @, (7))dr.
From (f2), (7?) and since 7, ™ (1) = 2,,("™ (1), 7 € [0, ], it follows that
Fra,™ () B f(r,m0(r)) for all €0,

By virtue of (?7) we have

1 (72 (M)l < allf (72 (Tl g < ¢v(7)

for a.e. 7 € [0,1].
Therefore, passing to the limit we obtain

zo(t) & 2™ () = /0 F(r 2™ (7)) dr 5 /0 F(r,z0(7))dr.

Thus, z is a solution to problem (?7?) with ||zo(¢)| ; < Ro for all t € [0,00). O

7. Systems of differential equations

Let H; (i = 1,2) be separable Hilbert spaces which are compactly embedded in
Banach spaces FE;, respectively. Consider the product spaces H = H; x Hy and
FE = F; x Ey with the norms:

2 2
loll = /lwrllZ, + ol Yo = (wr,ws) € H,

and

2 2
lwllg = \/||w1HE1 + [[well,, Yo = (w1, wz) € E.
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It is clear that the embedding H — F is compact and H is a separable Hilbert
space with the inner product

<w’@>H = <w17w1>H1 + <w2’ﬁ2>H2’

where w = (w1, we), W = (W, Wa).

Consider now a nonlocal b.v.p. associated to a system of differential equations

2'(t) = f1(t,z(t),y(t)) for a.e. t € I,
gyc/((;) : ]J\f;l(i x(t),y(t)) for a.e. t € I, (71)
y(o) = Man

where fi: I x H x Hy — H; and M;: C(I,HZ) — H; (’L = 1,2)
Assume that, for i =1, 2:

(h1) the maps f; are (globally) measurable;
(h2) for a.e. t € I, fi(t,-): Hy x Hy — H; are E' — E; continuous;
(h3) for every bounded subset @ C H there exist vg) € L1[0,T] such that for
each w €  we have
it @), < 05 (1)

for a.e. t € I;
(h4) M, are linear bounded maps such that ||M;||? + || Ma]|? < 1.

By a solution to problem (??) we mean a pair (z,y) consisting of functions x €
WHY(I, Hy) and y € WHI(1, Hy) that satisfy (?7).
With z = (x,y), problem (??) can be rewritten as

{z((;))z ]J\;(Z,’z(t)) for a.e. t € I, 72)
where f: I x H— H and M: C(I, H) — H are defined by

ftw) = (filt,wr, ws), fot,wi,wa)), w = (wy,wy) € H,
and

Mz = (Mlm,ng), z=(z,y) € C(I,H).

By using conditions (hl) — (h4), it is easy to verify that the maps f and M sat-
isfy (f1) — (f3) and (M), respectively. Applying Theorem ?? we easily obtain the
following assertion.

Theorem 7.1. Let conditions (hl) — (h4) hold. If there exist Ry > 19 > 0 such
that

<w1,f1(t,w1,w2)>Hl + <w2,f2(t,w1,w2)>H2 <0,
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for all w = (w1, w2) € By (0,79, Ro) and for a.e. t € I, then problem (??) has a
solution.

To illustrate the result let us consider the following system of integro-differential
equations

QULE) | [ u(t, €)dE + bu(t, €) = fi (t, ult,€), v(t, €)),
QL) 4 ot €) = fo(t, ult, €),v(t,€)),

u(0,€) = 31" ajulty, £),

v(0,€) = [ g(t)u(t,€) dt,

(7.3)

for a.e. t € [0,1] and for all £ € 2, where Q C R¥ (k > 2) is an open bounded
domain with Lipschitz boundary; a,b,c > 0; a; € R; 0 < ¢ < --- < tp, < 1
fi:[0,1] x Rx R — R (i = 1,2) are continuous maps and g € L[0, 1].

By a solution to problem (??) we mean a pair (u,v) consisting of continuous
functions w,v: [0,1] x @ — R whose partial derivatives % and % exist and
satisfy (??). Moreover, we can consider relations (?7) as the law of evolution of
a feedback control system with the state function u(t,€) and the control function
v(t,£). Our goal can be formulated as the finding of the state and control as con-
tinuous functions u(t, £) and v(t, £) such that at every value ¢ the functions u(t, -)

and v(t,-) belong to the Sobolev space W12((Q).

We assume the following conditions.

(h1)" the partial derivatives gfj :10,1] x R xR — R (i,j = 1,2) are continuous;

(h2)" there exist positive numbers N, ; (i,5 = 1,2) such that Ny + 82t <
and Noo + w < ¢ and

of
’ai(t,ZhZQ)’ < Nij,

for all (t,21,22) € [0,1] x R x R;
m 2 2 1
(h3)" (32721 lasl)” + llglly < 1, where [|gll, = [y |g(t)] dt.

Theorem 7.2. Let conditions (hl)' —(h3)" hold. Then problem (??) has a solution.
Proof. Let H; = W'2(Q) and E; = L*(Q). From (hl)’ — (h2)’ it follows that
|fit, 21, 22)| < [fi(£,0,0)] + Nyt |21] + Nio|2a|,

for all (¢,21,22) €[0,1]] x Rx R and i =1,2.
For each t € [0,1] set x(t) = u(t,-) and y(¢t) = v(t,-). Then we can reduce (??) to
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the following problem

' (t) = f1(t, z(¢),y(t)), for a.e. t € [0,1],

Y (t) = fa(t,z(t),y(t)), for a.e. t € [0,1], (7.4)
z(0) = Mz,

y(()) = M2y7

where f;: [0,1] x Hy x Hy — H; (i = 1,2) are defined as

Ji(t,wr,we)(€) = —a/ wy (1) dr — bwy (&) + f1(t, wi(§), wa(8)),

Q

Sa(t, wi,w2)(&) = —cwa (&) + f2(t, wi(E), w2(§)),
and My, Ms: C(I, H;) — H; are given by

m 1
Mz =3 aa(t), Moy = / g(t)y(t) dt.

It is clear that M; and My are linear bounded maps with || M ||? + || Ma]|? < 1.
Notice that for every (¢,€) € (0,1) x Q

D f1(t, w1, ws)(§) Af1(t, w1(§), w2(§))

. = —bDw(§) + 071 puoe)
+af1(t,wg(§2)v“’2(5))Dw2(§)»
and
DR 028 —eDus(g) + P02,
+af2<t,wgf%wz(f))mg(&
2

From (h1)’ it follows that the maps f; and fy are well-defined.
Let H = Hy x Hy, E = F; x Ey and define the maps

£:00,1) x H - H,
flt,w) = (E(t,wl,wg),ﬁ(t,wl,wg)), w = (wy,ws) € H,
and
M: C(I,H) — H, Mz = (Myz, Myy),

for all z = (z,y) € C(I,H); =,y € C(I, Hy).

Following the lines of the proof of Theorem ??, we obtain that the maps f; and £,
satisfy conditions (hl) — (h3).

Now for w = (wq,wz) € H and for ¢ € [0,1] we have

<’w,f(t7’LU)>H = <w1,ﬁ(t,w1,w2)>Hl + <w2,ﬁ(t,w1,w2)>Hl.
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On the other hand,
<wlaﬁ(tawlaw2)>Hl -
= —a( [ wr(©de)” ~blunlfy, + [ e €).wal)n (€)de

Of1 (t, w1 (), wa(€))
+/s2 0z

Af1(t, wi(8), wa(8))
+/Q 822

< <ty + [ eI (1A(0.0)] + Nulwr(€)| + Naohua(©)]) de
Q

| Duwy ()| de

Dw: () Dws(€) d€

+N11/Q|Dw1(£)’2d§+N12/Q\le(f)Dwg(«E)\dﬁ

< (b Nl + 1 [ (©1d€ + oz [ Jun (O] lwa(€)lde
Nz [ |Dur(©)Dun(9)] de

2
< (=b+ Nu)lwi g, + B11Qf [will 7, + Nizllwsll g, w2l 7,
where (1 = max(g 1y [f1(¢,0,0)|.

<w2,g(t,w1,w2)>Hl =

= —cllwal, + /Q Jo b w1 (€), ws (€)wn(€) de

a2 , W1 , W2

[ Al a6 e
0 fa(t, w1 (§), wa(€))

+/Q 0z

< ~clwally + [ wal€)] (1£2(t,0.0)] + Narlun (€)] + Naglua(€)] )
Q

Dw1(§) Dwz(§) d§

# [ |Dua)? de+ Nax [ 1Dun(©)Du©)] de

< (—c+ Nao)llwe| 3, +62/Q|w2(§)\d£+1\721/ﬂ\w1(£)||w2(€)\d£
Ny /Q |Dwi (€) Dun (€)] de

2
< (—c+ Nag)llwallz, + Bl [lwall g7, + Noallwill g, lw2ll 5, ,

where 3> = max( q) |f2(Z,0,0)].
Set

Rmin{anNm;NQl, B NlQ;Nm}'
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Then

(w, f(t,w)),, < —(b— Nu)|willzy, — (¢ — Naz)llwa ||,

QI (Brllwr |l g7, + Ballwallgr,) + (N2 + Nox)llwill g, lwa |l g,

Ny + Noy 2 Ny + Noy 2
Nz 20y 2, — o= N — 2 N2

QB llwll g, + Ballwall g, )
2 2
< —R(lwilly, + lw2lly,) + 1B lwillg, + B2llwlly,)

2
< —R|wly +1Q/8F + B3 lwl <0,

provided

< —(b— Ny —

lwll g >

1Q\/B% + B3
EV

Applying Theorem ?? we obtain the existence of a solution to (??), and so, we
conclude that problem (??) has a solution. |

8. Uniqueness results

We now examine the uniqueness of the solutions for the problems seen in the pre-
vious sections. To this aim we need to consider stronger H-regularity assumptions
on the term f, however we are able to weaken the assumption (f1). Precisely, we
introduce the following condition

(fV) (1) f(-,z) is measurable for all z € H;
(ii) there exists a function n € LY [0, 7] such that

[f(t,w1) = f(t,w2)llg < nt)[|wr —w2lm
for each wy,wq € By (0, Ro) and for a.e. t € I, with Ry as in (f4).

Notice that (f1’) implies that f is a Carathéodory function; hence it is globally
measurable, i.e. (f1) is satisfied. The following result deals with problem (1.1)-(1.2).

Theorem 8.1. Let conditions (f1'),(f2),(f4) and (M) hold and assume that
| M|[elmh < 1.
Then problem (1.1)-(1.2) admits a unique solution with values in By (0, Rp).

Proof. The existence follows by Theorem ?7. Assume by contradiction the exis-
tence of two solutions yi,y2 to problem (??)-(??) in By (0, Rg). We have that

y1(t) = My, +/0 f(s,y1(s)) ds,

y2(t) =My2+/0 f(s,y2(s)) ds.
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Hence for any t € I,

<
H

o (t) — valt) 1 = HM<y1 — )+ [ ()~ Fls.pale)) s

1M s = vslle + / 1F(531(8)) — F(5,92(8)) 1 ds <

1M][[y1 —yz|\c+/0 1(8)lly1(s) = ya(s)lm ds.

Let L = |ly1 — y2|lc, applying the Gronwall Bellmann inequality we obtain

loa() )1 < 112 (0 { | ") is}).

Hence
L= sup |yi(t) — 2|l < | M||Lel"h < L,
0<t<T
obtaining the contradiction. .

Let us consider now the semilienar Problem (?7). As in Section 7?7, we introduce
the function f(¢,z) := —Azx+ f(t, ), (¢t,z) € [0,T] x H. If f satisfies (f1')(ii), it is
easy to see that

[f(tw1) = f(E,w2)ll g < (1A + () [lwr — wal -
Hence, by Theorem 7?7, under condition (f1'),(f2),(f4),(M) and assuming
| M||el ATl < 1) Problem (??) admits a unique solution.
Moreover, under the same hypotheses (f1'), (f2),(f4) and (M) it is possible to
prove the existence of a unique solution in By (0, Rp) for Problem (??) too. Indeed,
assume by contradiction the existence of two solutions z!,z? of Problem (??) in

Bp (0, Ro). Define

L(t) for te[0,n],
Y(n) for t>n,

S
S
S
S~—

Il
—
SIS

and
22(t) for te€[0,n],
2 ="
xz(n) for t>n.

2

= are solutions of the

Hence, we have that for every n € N the functions xl,x
problem

Z'(t) = f(t,z(t)) for a.e. t € [0,n],
x(0) = 0.

in By (0, Ro). This is in contradiction with Theorem ?7.
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Finally, as in Section ??, let H; (i = 1,2) be separable Hilbert spaces which
are compactly embedded in Banach spaces FE;, respectively. Consider the product
spaces H = Hy x Hy, E = Fy x Fy and consider f;: [ x Hy x Hy — H; and
M;: C(I,H;) — H; (i =1,2). Assume that

(f1"y (1) fi(-,z) is measurable for all x € H, (i = 1,2);
(ii) there exist two functions ny,n, € L1[0,7] such that

1fi(t,w1) = filt, wo)ll gy, < mi(®)llowr — walu (i = 1,2),
for each wy,wy € By (0, Ry) and for a.e. t € I, with Ry as in (f4).

Under the conditions (f17),(h2),(h4), and [M|ellr < 1, with ~(t) =
V()24 (n2(¢))2,t € I it is easy to prove that the nonlocal b.v.p. associated
to the system of differential equations (?7?) has a unique solution.

9. Non-smooth bounding function in a Hilbert space
Let H be a separable Hilbert space which is compactly embedded in a Banach space

E. We consider again problem (?7?)-(?7?):

' (t) = f(t,x(t)), for a.e. t €1,
x(0) = Mz,

where f: I x H — H satisfies conditions (f1) — (f3) and M: C(I,H) — H is a
bounded linear map.

Let U C H be an open subset. A function V: U — R is said to be Lipschitzian
with constant L > 0 if

|[V(z) - V(y)| < L||z—yl|| 4 for all z,y € U.

A function V is said to be locally Lipschitzian if for every x € U there exists € > 0
such that By (z,e) C U and the restriction V|BH(“) is Lipschitzian. It is easy to
see that if V' is locally Lipschitzian, then for every = € U and for all w € H the
following limit

lim inf L &+ ) = V(@)
h—0— h

exists and is finite.

Definition 9.1. A locally Lipschitzian functional V: H — R is said to be a bound-
ing function for equation (?7?), if there exist € > 0 and an open bounded convex
subset K C H such that

(V1) Vi, =0and V(w) <0forallw € OX(0K) = K N O.(0K), where O (0K)
denotes the e— neighborhood of 0K in H;
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(V2) for a.e. t € I the relation

<liminf V(w4 hP, f(t,w)) — V(w)> .
h—0— h

lim inf sign
n—oo

holds true for all w € OX+(9K,,), where K,, = K N Hy;
or equivalently,

AP, f(t, —
lim inf sign (liminf V(w * it w)) V(w)) =1

n—00 h—0— h
holds true for all (A\,w) € (0,1) x OX»(0K,,), where K,, = K N H,,.

Condition (V2) means that there exists a subsequence of spaces {H,,, } such
that for all n,, the relation

V(w+hP, f(t,w)) =V
lim ing Y2 PP f(Ew) — V) o
h—0— h

holds true for all w € OX™™ (0K,,,)-

Notice that if V € C1(H,R), i.e. V is continuously differentiable, then for every
w € H the Frétcher derivative VV (w) of V at w can be identified with an element
in H. Hence, for a.e. t € I and for every n € N:

o V(w + thf(t,w)) - V(
lim inf
h—0— h

for each w € OK»(0K,).

) _ (Y w), Paf(tw))

Therefore, in case V € C1(I, H), condition (V2) can be written as
(V2)" there exists a subsequence of spaces {H,,  } such that
<VV(w),anf(t,w)>H <O0forae tel
and for each w € OX"m (0K,,,).
Moreover, if VV' is projectively homogeneous, i.e., there exists ng € N such that
P,VV(w) =VV(P,w)
for all n > ng and all w € H, then for every n > ng we have

(VV (W), Puf(t,w)) = (PLVV (w), f(t,w)),,
= (VV(w), f(t,w)),, forae tel
and for each w € H,,.

Therefore, in case V € C'(H,R) and VV is projectively homogeneous, condition
(V2) can be replaced with the following condition:
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(V2)"” the relation
<VV(w),f(t,w)>H <0forae tel
holds true for each w € OX(9K).

Notice that a trivial example of projectively homogenous potential VV(w) =
w, w € H, was used in Section 4 to obtain our main result.

Since for every bounding function V' of equation (??) there exist an open bounded
convex set K and a number ¢ > 0 such that (V1) — (V2) are satisfied, in the sequel
(for short) we will call V' a (K, e)—bounding function.

The following assertion illustrates the geometric sense of a bounding function.

Lemma 9.1. Let V be a (K, e)—bounding function to equation (?7?). Then there
exists a subsequence of spaces {H,,, } such that if the solution operator

Tn,,: C(I, Ky, ) *x(0,1) = C(I,H,,,)
of the linearized problem

z'(t) = AP, f(t,y(¢)), for a.e tel,
‘T(O) = )‘anM:%

m

(9.1)

has a fized point z, , i.e. T, = Tn, (Tn,, , ) for some X € (0,1), such that
T, (0) &€ 0K, , then x,, (t) € K, foralltel.

Proof. From the definition of a bounding function it follows that there exists a
subsequence of spaces {H,,, } such that for a.e. t € I we have

.. V(w4 hP,, f(t,w) = V(w)
lim inf
h—0~ h

<0 for each we OF™™ (0K,,,)

or equivalently,

o V(w + ARP,, f(t, w)) - V(w)
lim inf
h—0— h

for each (A, w) € (0,1) x Ofrm (0K,,,).

Now, assume that the fixed point z,, touches the boundary 0K, . Since
Zn,, (0) ¢ OK,, we can choose tg € (0,7] such that z,, (ty) € 0K,, and
Zn,, (t) € K,, for sufficiently small ¢ < ;. From the locally Lipschitz prop-
erty of V it follows that there exists § > 0 such that the restriction of V' on
By (xnm (to),é) is Lipschitzian with constant L > 0. We can choose § € (0,¢)
such that x,,, (t) € By(zn,, (to),0) N Ky, for all t € (tg — &,t0). It is easy to see
that the function g, (t) = V(x,,, (t)) is absolutely continuous in t € (tg — 4, to),
and so g;m (t) exists for a.e. t € (tp — 0,t0). Hence,

<0

| (85 = V@, (1) = V(@ 0= 9) = ~Vian, (ta = 5) > 0.



October 21, 2015 17:7 WSPC/INSTRUCTION FILE BLMO

30 Benedetti, Loi, Malaguti and Obukhovskii

On the other hand, since z,, = T, (2, ,\) we have

z, () = APy, f(t, 2, (1)), for ae. t € (ty — d, o).

For a.e. t € (tg — d,tp) and for a sufficiently small A < 0 take
p(h) = @, (t+ 1) =, () =, (DD

and
A = V(O F 0, 0+ 9(1) =V (@0, (0) 0, (D)
= . .
According to the Lipschitz property of V' and the definition of ¢(h) we have
L
|A(h)|<”<'0|(h}T)HH—>Oash—>O.

Therefore, since

’

G (E+ 1) = gy (1) _ V(@0 (8) + 2, (Oh) = V (20, ()

= A(h
h h + ( )’
we obtain
B Vv o (T ' t)h) =V n (T
fing G EER) = g @) V(@0 () + 2, (DR) = Vi(@a, () _
h—0- h h—0- h
Consequently, fttoofé g;lm (s)ds < 0, giving the contradiction. 0

Assume that the operator M satisfies the following condition:

(M)" For every sufficiently large n € N, if x,, is a fixed point of the solution map
T.: C(I,K,) x (0,1) — C(I, H,) of the linearized problem

'(t) = AP, f(t,y(t)) for a.e. t € I,
z(0) = AP, My,

then z,(0) ¢ OK,,.

Let us consider some sufficient conditions that provide condition (M)’.

Proposition 9.1. The operator M satisfies condition (M) if the set K contains
0 and at least one of the following assumptions is fulfilled.

(i) M(Q) C K, where Q = C(I,K);
(12) K is an open ball By (0,r) (for some r > 0) and || M| < 1.

Proof. Let assumption (7) holds. Assume that x,, = T, (z,,\) and z,(0) € 0K,.
Therefore, A\P,Mz, € 0K,. Since Mz, € K we have P,Mz, € K,. From
the convexity of the set K and the assumption that 0 € K it follows that
AP, Mz, = x,(0) € K,, for A € (0,1). That is the contradiction.
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Let assumption (4¢) hold and assume again that =, = 7, (zn,A) and x,(0) €
0K,,. Then

r= Hxn(O)HH = >‘||Pan'nHH <,

giving the contradiction. O

Theorem 9.1. Let conditions (f1) — (f3) and (M) hold. If there exists a
(K, e)—bounding function V to equation (??) such that the set K contains 0, then
problem (??)-(7?) has a solution with values in K.

Proof. Set Q = C(I,K) and
Q") =QNnC(I,Hy,,) ={x€CU,H,,): z(t) € K,,, Vtel},

where {H,,, } is the subsequence of spaces from Lemma ?7.
Consider the map 7,,,,: Q™) x [0,1] = C(I, H,,,,), where Ty, (y,\) is the unique

m

solution of the linearized problem

z'(t) = AP, f(t,y(t)) for a.e. t € I,
2(0) = AP,, My.

Reasoning as in Step 2 of the proof of Theorem ?7, we conclude that the map 7,
is completely continuous and

T (@) x {0}) = {0},

By virtue of Lemma ?? the map 7, has no fixed points on 9Q(") x (0, 1). There-
fore, we again obtain that there exists v, € Q=) such that

Y = T (Ys 1)-

Analogously to Step 3 in the proof of Theorem ?7, we obtain that problem (?7?)-(?7?)
has a solution whose values are contained in K. O
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