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Università di Modena e Reggio Emilia, Via Campi 213/a I-41125 Modena, Italy
8Centro S3, Istituto Nanoscienze-CNR, Via Campi 213/a, I-41125 Modena, Italy

9Fisika Aplikatua Saila, Gipuzkoako Ingeniaritza Eskola,
University of the Basque Country (UPV/EHU), Europa Plaza 1, 20018 Donostia/San Sebastián, Spain

10Donostia International Physics Center (DIPC),
Manuel Lardizabal pasealekua 4, 20018 Donostia/San Sebastián, Spain

11IKERBASQUE, Basque Foundation for Science, Bilbao, Spain

The coupling of electrons to phonons (electron-phonon coupling) is crucial for the existence of
various phases of matter, in particular superconductivity and density waves. Here, we devise a theory
that incorporates the quantum geometry of the electron bands into the electron-phonon coupling,
demonstrating the crucial contributions of the Fubini-Study metric or its orbital selective version
to the dimensionless electron-phonon coupling constant. We apply the theory to two materials,
graphene and MgB2 where the geometric contributions account for approximately 50% and 90% of
the total electron-phonon coupling constant, respectively. The quantum geometric contributions in
the two systems are further bounded from below by topological contributions. Our results suggest
that the nontrivial electron band geometry/topology might favor superconductivity with relatively
high critical temperature.

I. MAIN

A. Introduction

Topology has been at the forefront of condensed matter physics for the past two decades, influencing our under-
standing of quantum materials and phenomena. More recently, it has however become clear and appreciated that a
more general concept, that of quantum geometry, manifests itself in a series of quantum phenomena involving flat
electronic bands. Nontrivial quantum geometry — expressing change in wavefunctions under infinitesimal change in
the Hamiltonian parameters such as momentum (Fig. 1(b)) — appears naturally in multi-band systems [1, 2]. If a
band is topologically nontrivial, the quantum metric is bounded from below by the topological invariant of the band
(Fig. 1(e)). However, even if the band is topologically trivial, but has Wannier states that are not fully localized on
the atoms (such as in the obstructed atomic limits [3]), the quantum geometry — usually described up to now by the
Fubini Study metric (FSM)— can be bounded from below (Fig. 1(c-d)). For flat electronic bands — whose flatness
comes from quantum interference effects [4–6] — it has been shown that the quantum geometry is directly related to
superfluid weight [7–25] and other phenomena (such as the fractional Chern insulators [26–31], etc [18, 32–41]), mostly
within contrived special models. Hence flat bands, previously thought to be detrimental to superconductivity [42],
actually have superfluid weight bound from below if topological. Experimental investigations of these predictions are
ongoing in systems such as magic-angle twisted bilayer graphene [43, 44]. Besides flat-band systems, the effect of
quantum geometry in dispersive-band systems has also been studied, e.g., Ref. [45–58].

All the previous works on quantum geometry either do not include the realistic interaction or treat the interaction
strength as a tuning parameter. Up to now, it is unknown how quantum geometry (characterized by, e.g., the FSM)
affects the strength of realistic interactions. One main and important interaction in solids is the electron-phonon
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coupling (EPC), which is crucial for superconductivity [59–61] and other quantum phases. For phonon-mediated
superconductors, a large λ typically leads to a high superconducting transition temperature Tc [62, 63]. Therefore,
it is natural to ask how λ is directly related to the electron band geometry—most importantly to the Fermi surface
quantum geometry (characterized by, e.g., the FSM)—which is bounded by topology. Such relation, if revealed, may
help look for new superconductors, given the large number of topological materials [3, 64–69].

In this work, we compute the contribution of electron band geometry and topology to the bulk EPC constant λ.
First, we introduce a simple (but in many cases remarkably accurate) model — dubbed the Gaussian approximation
(GA) — for the EPC to show its deep link to the electronic band Hamiltonian. In this approximation, the quantum
geometric contribution to λ emerges naturally and can be differentiated from the energy dispersion contribution. In
particular, we find that the either the FSM or the orbital-selective Fubini-Study metric (OFSM) directly enter the
expression of EPC. We show that when the electron states on or near the Fermi surfaces exhibit topology — such as
winding numbers of the wavefunctions — the geometric contribution (arising from O/FSM) is bounded from below
by the topological contribution (arising from topological invariants). The topological contribution serving as a lower
bound of the geometric contribution is in the same spirit as the band topology serving as a lower bound of the band
geometry.

To test our theory, we apply it to the EPC of two famous materials: graphene and MgB2, where we find that
our approximation becomes (almost) exact; we then identify the quantum geometric contributions to the bulk EPC
constant λ, as well as the topological contributions that bound the geometric ones from below, in the two systems.
We further perform the ab initio calculation, with two different methods [70–72] for MgB2, from which we find that
the quantum geometric (topological) contribution to λ accounts for roughly 50% (50%) and 90% (43%) of the total
value of EPC constant in graphene and MgB2, respectively. Beyond the GA, we introduce an alternative but similar
way of identifying the quantum geometric contributions to λ based on the symmetry representations (reps) and the
short-ranged nature of the hopping, and reproduce our results. Since MgB2 is a phonon-mediated superconductor
with Tc = 39K [73–75], our work on MgB2 suggests that strong geometric properties or nontrivial topology of the
electron Bloch states may favor strong EPC constant λ and thus may favor the high superconducting Tc, which would
serve as a guidance for future search of superconductors.

B. Gaussian Approximation: Geometric Contribution to λ

The bulk EPC constant [62] λ = 2
∫∞
0
dωα2F (ω)

ω is obtained from the Eliashberg function [61] α2F . It can be

written as λ = 2D(µ)
N

ℏ⟨Γ⟩
ℏ2⟨ω2⟩ where D(µ) is the single-particle electron density of states at the chemical potential µ, N

is the number of lattice sites, and
〈
ω2
〉
is the McMillan’s mean-squared phonon frequency. For a multi-band electron

system, we show that the average phonon line width ⟨Γ⟩ (up to a factor of D2(µ)) is the average of

Γnm(k1,k2) (1)

=
ℏ
2

∑
τ ,i

1

mτ
Tr
[
Pn(k1)Fτ i(k1,k2)Pm(k2)F

†
τ i(k1,k2)

]
,

over the Fermi surfaces. k1 and k2 are the Bloch momenta of electrons, τ is the sub-lattice vector, mτ is the
mass of the ion at τ , i labels the spatial directions of the possible ion motions, and crucially Pn(k) = Un(k)U

†
n(k)

is the projection matrix to the nth electron band with Un(k) the eigenvector. Fτ i(k1,k2) in Eq. (1) is the EPC
matrix in the electron atomic basis and the ion motion basis, whose general expression can be found in Eq. (B41) in
supplementary informationB. As embedded in 3D space, the ion can move in 3D (i.e., i = x, y, z) regardless of the
sample dimensionality.

For time-reversal (TR) invariant systems with negligible Coulomb interaction, we show in supplementary informa-

tionE that the mean-field superconducting kBTc ≥ 1.13ϵce
− 1

λ is bounded from below by λ regardless of the pairing
function, as long as (i) the cutoff ϵc is much larger than the temperature and (ii) the bands cut by the Fermi energy are
dispersive with a large Fermi velocity. (We note that the bound relies on the Migdal-Elishberg theory which usually
holds in the weak-coupling regime. The Migdal-Elishberg theory is not necessarily reliable in the strong-coupling
regime [76–78].) If the Coulomb interaction is considerable, Tc of phonon-mediated superconductors still typically
increases with increasing λ [62, 63]. In the expression of λ,

〈
ω2
〉
can be well approximated by certain phonon fre-

quencies in many cases (e.g., in graphene and MgB2), and D(µ) only involves electrons. Thus the main information
of the EPC is often in the average phonon line width ⟨Γ⟩. To study ⟨Γ⟩, we adopt the two-center approximation [79]
for the EPC: only the relative motions of two ions matter for the EPC between the electronic orbitals on those two
ions. As a result, the EPC matrix Fτ i(k1,k2) has the following form (supplementary informationC):

Fτ i(k1,k2) = χτfi(k2)− fi(k1)χτ , (2)



3

where χτ is a diagonal projection matrix with elements being 1 only for the electron degrees of freedom (like orbitals)
at τ . fi(k) is a matrix for the case with more than one bands, and is the quantity we want to determine (supplementary
informationC), whose deep physical origin is missing in the literature.

We now show that fi(k) is intimately related to the electronic Hamiltonian. To show this general relation, we
introduce the GA. As a concrete simple illustration, we consider a 3D system with only one kind of atom and one
spinless s orbital per atom. (See generalization in supplementary informationF and supplementary informationH.) We
allow multiple atoms per unit cell so that more than one electron bands can exist. Under the two-center approximation,
the non-interacting electron Hamiltonian and EPC Hamiltonian are directly given by the smooth hopping function
t(r), which specifies the hopping between two s orbitals separated by r. Explicitly, the electron matrix Hamiltonian

reads [h(k)]ττ ′ =
∑

R t(R+ τ − τ ′)e−ik·(R+τ−τ ′) with R labelling the lattice vectors, and the EPC fi(k) in Eq. (2)

reads [fi(k)]τ1τ2
=
∑

R e
−ik·(R+τ1−τ2) ∂rit(r)|r=R+τ1−τ2

. The GA assumes the hopping function to have a Gaussian

form: t(r) = t0 exp[γ
|r|2
2 ], where γ < 0 is determined by the standard deviation. Usual overlaps between orbital in

lattices do have exponentially decaying form; hence we expect the GA to be a qualitatively and quantitatively good
description of the physics. Other powers of |r| in the exponential are possible, and lead to generalized quantum
geometric quantities, but we focus on the GA due to its simplicity. We later show it is exact in the short-range-
hopping or k · p models of graphene and MgB2.

Crucially, the GA enables us to uncover a relation between the EPC fi(k) and the electron Hamiltonian h(k). As
∂rit(r) = γrit(r), we Fourier transform to find a simple relation between EPC and the electron Hamiltonian

fi(k) = iγ∂kih(k) . (3)

With the spectral decomposition h(k) =
∑

nEn(k)Pn(k) where En(k) is the nth electron band with projection
operator Pn(k), we can split the EPC fi(k) into the energetic and geometric parts fi(k) = fEi (k) + fgeoi (k), where

fEi (k) = iγ
∑
n

∂ki
En(k)Pn(k)

fgeoi (k) = iγ
∑
n

En(k)∂kiPn(k) ,
(4)

fEi (k) is the energetic part of the EPC since it vanishes if electron bands are exactly flat. fgeoi (k) is the geometric
part of the EPC since fgeoi (k) relies on the momentum dependence of Pn(k); it vanishes for trivial bands with no k
dependence in their eigenstates, or for one-band systems. The separation Eq. (4) allows us the split the bulk EPC λ
into 3 parts λ = λE + λgeo + λE−geo, where λE is linked to fEi (k), λgeo to fgeoi (k), and λE−geo to both fEi (k) and
fgeoi (k). Similar to the names of fEi (k) and fgeoi (k), we call λE and λgeo the energetic and geometric contributions
to the bulk EPC constant λ, respectively. λE−geo is not our focus in this work since it vanishes in graphene and
MgB2 under the approximation that we adopt, though λE−geo also has geometric dependence in it. (supplementary
informationA.)
In particular, fgeoi (k) is responsible for leading to the FSM/OFSM in λgeo = λgeo,1 + λgeo,2, where both parts

depends on geometric quantities, as discussed in supplementary informationA. In this work, we will mainly focus on
λgeo,1, since λgeo,2 is restricted to zero by symmetries for graphene, and is either restricted to zero or can be converted
to the same geometric expressions as λgeo,1 for MgB2, as discussed in the next section. Explicitly, in the two-band
case, λgeo,1 reads

λgeo,1 =
2Ωγ2

(2π)3m ⟨ω2⟩
∑
n,i,τ

∫
FSn

dσk
∆E2(k)

|∇kEn(k)|
aτ [gn,τ (k)]ii (5)

where m is the mass of the ion, Ω is the volume of the unit cell, dσk is the measure on the Fermi surface,
∆E(k) is the difference between two energy bands, FSn is the Fermi surface given by En(k) = µ, and aτ =

1
D(µ)

∑
m

∑1BZ
k2

δ (µ− Em(k2)) [Pm(k2)]ττ . (supplementary informationA.)

[gn,τ (k)]ij =
1

2
Tr
[
∂ki

Pn(k)Pn(k)∂kj
Pn(k)χτ

]
+ (i↔ j) (6)

is the orbital-selective Fubini-Study metric (OFSM). More general definitions of OFSM can be found in supplementary
informationG, and similar OFSM generalizations were proposed in Ref. [9, 19]. When symmetries requires aτ to be
the same for all τ (like graphene), the OFSM would be summed over all τ and reduce to the conventional FSM.
Although we only discuss the GA for a 3D system with only one kind of atom and one spinless s orbital per atom,

the GA can be defined for more complicated cases. We also introduce an alternative way of identifying the geometric
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contribution to λ based on the symmetry reps for systems with short-range hoppings (supplementary informationD).
Both methods can be applied to graphene and MgB2 and give identical results. Moreover, we also use the most-general
symmetry-allowed short-range hopping form to reproduce the results from GA in graphene and MgB2.

We have not developed a completely general version of GA that is applicable to all systems. In general, it is unlikely
to cover the full ab initio results just by allowing other powers of the distance between orbitals in the exponential or in
the perfector of the exponential. Allowing other powers of the distance can cover the radial part of the EPC, i.e., the
EPC matrix elements that correspond to the atomic motions in parallel with the hopping direction; however it cannot
always cover the angular part of the EPC, i.e., the EPC matrix elements from the atomic motions in perpendicular to
the hopping direction, which might be considerable when the orbitals have strong angular dependence such as p, d, f
orbitals. As discussed in the next section, graphene is special since pz orbitals are effectively s orbitals in 2D, and we
only need to consider the in-plane motions to the leading order, which therefore involve no angular dependence; MgB2

is also special since the angular part of the EPC has the same expression as the radial part of the EPC to the leading
order, which would allow us to use the GA with additional powers in the perfector to cover the whole EPC to the
leading order. Nevertheless, this is not always true in general. Therefore, when studying the geometric contribution
to EPC in other systems, one might need certain modification of Eq. (3) beyond what we will do for graphene and
MgB2 in the rest of this paper, and might also need to verify the results with different methods. Nevertheless, it is,
in many case, possible to use certain polynomials of r to re-express the spatial gradient of the hopping functions,
which, when the hopping is short-ranged enough, would give momentum derivatives of the electron Hamiltonian after
the Fourier transformation and give geometric contribution.

C. Geometric Contribution to λ in Graphene and MgB2

We now apply the GA to the specific cases of graphene and MgB2. With the nearest-neighboring-hopping model
of graphene [80], we find that the EPC form (Eq. (3)) derived from the GA is exact in graphene for the in-plane atom
motions. Due to the mirror symmetry that flips z direction, the out-of-plane atomic motions do not couple to the
electrons, and thus we find that the energetic and geometric parts of the EPC for graphene in Eq. (4) are nonzero
only for in-plane i = x, y. Then, we obtain (supplementary informationF)

λE =
Ωγ2

(2π)2mC ⟨ω2⟩

∫
FS

dσk|∇kEnF
(k)| (7)

λgeo =
Ωγ2

(2π)2mC ⟨ω2⟩

∫
FS

dσk
∆E2(k)

|∇kEnF
(k)|

Tr [gnF
(k)] ,

where mC is the mass of carbon atom, EnF
(k) is the band that gives the Fermi surface, and ∆E(k) is the absolute

difference of two energy bands. Remarkably, we find that, as advertised, the FSM of the electron Bloch states—
[gn(k)]ij = Tr[∂ki

Pn(k)∂kj
Pn(k)]/2 (equal to the expression in Fig. 1(b) under the tight-binding approximation)—

directly appears in the λgeo. The appearance of the FSM in Eq. (7) comes from aτ = 1/2 in Eq. (5) and λgeo,2 = 0
for graphene, owing to the C2T and C3 symmetry, respectively, where Cn is the n-fold rotational symmetry along
z-axis and T is the time-reversal symmetry. The symmetries of graphene also requires λE−geo = 0. Therefore, the
bulk EPC constant λ of graphene only has the energetic and geometric contributions in Eq. (7), i.e., λ = λE + λgeo
(supplementary informationF). Analytically, we find (supplementary informationF), λgeo/λ limits to exactly 50% as
µ approaches to the energy of the Dirac points (which is zero). Remarkably, half of the EPC strength is supported
by the geometric (and as we will show, topological) properties of the graphene Bloch states.

We determine the numerical values of the model parameter γ (in addition to the electron nearest-neighboring (NN)
hopping and ⟨ω2⟩) by matching our model to our ab initio calculation. (See ab initio calculation in supplementary
information I and see also Ref. [81, 82].) With the values of the model parameters (supplementary informationF), we
find that λ from our model almost perfectly matches with that from the ab initio calculation for a large range of µ
up to −1eV, as shown in Fig. 2(a). We note that we do not tune the EPC parameter γ to fit our analytical λ to our
λab initio ; instead we determine the value of γ by matching the EPC analytic/ab initio matrix elements at the corners
of 1BZ. The match in Fig. 2(a) is hence not a result of tuning the EPC parameter and shows the great validity of the
our GA. Moreover, our numerical calculation also finds that the geometric contribution is roughly 50% of the total
λ (Fig. 2(b)), consistent with our analytical results. In Fig. 2(a), we directly use the value of

〈
ω2
〉
from the ab initio

calculation. We find that
〈
ω2
〉
can be approximated by an analytical expression

〈
ω2
〉
=

2ω2
E2g

(Γ)ω2
A′

1
(K)

ω2
E2g

(Γ)+ω2
A′

1
(K)

(derived for

µ → 0) with only 9% error, where ωE2g
(Γ) and ωA′

1
(K) are the frequencies of the E2g phonons at Γ and the A′

1

phonons at K, respectively (supplementary informationF). This underscores the excellent agreement of our analytic
calculation with realistic ab initio.
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Although the direct application of GA is not straightforward for moiré system (which we leave for future work),
we indeed find that the mean-field critical temperature of twisted bilayer graphene derived from the EPC can be
estimated by a geometric expression similar to Eq. (7) in the first chiral limit [83–86] based on the topological heavy
fermion framework [87, 88]. (See supplementary informationF for details.) Our approximated expression relies on the
FSM of the flat bands and gives Tc ≈ 0.6K around the magic angles, which is close to the experimental values [43].

While graphene is a relatively “simple” compound, and one could discount our excellent agreement and the findings
that follow as “accidental,” MgB2 (Fig. 3(a)) is a far more complicated system [73] with multiple Fermi surfaces.
The EPC constant λ only involves electron states at Fermi energy, which originate from B atoms [89]. (Fig. 3(b)) In
addition, the main phonon contribution to λ is from the E2 modes along Γ−A (enhanced to E2g exactly at Γ and
A), which also only involve B atoms [90, 91] (Fig. 3(a)). The irrelevance of Mg for λ is supported by Ref. [75] which
finds an isotope effect of Mg atoms much smaller than that of the B atoms. Therefore, we neglect Mg atoms when
constructing the models for electrons and EPC.

The bands near the Fermi level originate from the σ bonding among B px/py orbitals and the π bonding among B
pz orbitals [89](Fig. 3(b)). The Fermi surfaces of the two bonding types are separated away from each other by a large
in-plane momentum difference (supplementary informationH), while the dominant phonon modes for λ (mainly the
E2 phonons along Γ-A which are enhanced to E2g at Γ and A) have small in-plane phonon momenta [91]. Therefore,
for evaluating λ, we reasonably assume that the σ-bonding states are decoupled from the π-bonding states in the
electron and EPC Hamiltonian, which is also supported by the small linewidths of the phonons with large in-plane
momenta observed in Ref. [92]. As a result, we have λ = λπ +λσ where λπ (λσ) is the EPC constant of the π-bonding
(σ-bonding) states.

The derivation for λπ is similar to graphene, since the π-bonding states originate from the pz orbitals of B atoms
arranged as AA-stacking graphite (Fig. 3(a)). The main difference is that the π-bonding states in MgB2 have an extra
NN hopping along z direction in our model, which mainly affects the energetic contribution λπ,E . Nevertheless, we
can still use GA in x/y directions to derive the energetic and geometric parts of the EPC, which turns out to be the
same as Eq. (4) except that the hopping decay γπ,z along z which is different from γπ, along x/y. We adopt the GA
only in the x− y plane because the dominant E2 phonons arise from the in-plane (x− y) motions of the B atoms [91];
the EPC Hamiltonian derived from GA exactly matches the actual EPC Hamiltonian with NN terms for the in-plane
atomic motions. We then find λπ = λπ,E + λπ,geo, where λπ,E−geo is zero again due to symmetries. The geometric
λπ,geo has the same form as λgeo in Eq. (7) for graphene (relying on FSM), and λπ,E just acquires an extra derivative
of dispersion with respective to kz compared to λE in Eq. (7) for graphene, in addition to an extra factor Dπ(µ)/D(µ)
in λπ,E and λπ,geo with Dπ(µ) the density of the π-bonding states. (supplementary informationH.)

We now discuss λσ for the σ-bonding states. By adopting the GA in the x/y directions and the NN-hopping
approximation along z, we obtain the energetic and geometric parts of EPC, which are equal to Eq. (4) after replacing
γ by γσ,z for the z direction and by γσ, for the x/y directions (supplementary informationH). The form of the EPC
derived from the GA is exact if (i) we only include the NN hopping terms among px/py orbitals in the x/y plane and
along z, and (ii) we only keep first order in k in the electron Hamiltonian (allowed by small k on the Fermi surface
of the σ-bonding states shown in Fig. 3(b)). Because of the k -first-order approximation, the effective Hamiltonian
has two doubly-degenerate energy bands Eeff,n(k) with n = 1, 2—the lower Eeff,1(k) is cut by the Fermi energy.
While the effective model does not capture the splitting between the two bands near the Fermi level away from Γ-A
shown in Fig. 3(b), it is a good approximation for the evaluation of the EPC as discussed at the end of this section
and in supplementary informationH.

Owing to the k -first-order approximation of the electron Hamiltonian, we find λσ,E−geo = 0, and thus obtain
λσ = λσ,E + λσ,geo, which read

λσ,E =
Dσ(µ)

D(µ)

γ2σ,zΩ

(2π)3mB ⟨ω2⟩

∫
FSeff,1

dσk
[∂kzEeff,1(k)]

2

|∇kEeff,1(k)|

λσ,geo =
Dσ(µ)

D(µ)

γ2σ, Ω

(2π)3mB ⟨ω2⟩

∫
FSeff,1

dσk

×
∑
i=x,y

−∑
α

∆E2
eff (0) [geff,1,α(0)]ii
|∇kEeff,1(k)|

(8)

wheremB is the mass of the B atom, ∆Eeff (k ) is the absolute difference between two doubly degenerate bands of the
effective model, Dσ(µ) is the density of the σ-bonding states, and FSeff,1 is the Fermi surface given by Eeff,1(k) = µ.
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geff,1,α(k ) is an OFSM

[geff,1,α(k )]ij

=
1

2
Tr
[
ξαξ

†
α∂kiPeff,1(k )Peff,1(k )∂kjPeff,1(k )

]
+ (i↔ j) , (9)

where ξα is a normalized vector that represents the electronic orbitals linear combination picked by the relevant
phonons for EPC λ (Fig. 3(a)), and Peff,1(k ) is the projection matrix for the band Eeff,1(k). In λσ,geo, we only
sum α over the parity-odd combinations of px/py orbitals (labelled by “−” on top of the summation), because only
the E2 phonons matter under the k -first-order approximation of the electron Hamiltonian and they flip the parity
of the parity-even Peff,1(0). We only have OFSM in λσ,geo because λgeo,2 mentioned above Eq. (5) (which in general
might leads to geometric quantity different from OFSM) turns out to have the same final expression as the OFSM
under the approximation of the linear-momentum electron Hamiltonian, which allows us to use OFSM to describe the
geometric dependence in λgeo,2. (supplementary informationH) We only consider the OFSM and ∆Eeff (k ) with
k = 0 in Eq. (8) because the EPC matrix is given by the momentum derivative of the k -first-order electron matrix
Hamiltonian and thus is only reliable to zeroth order in k . We expect λσ,E to be small, as it does not involve in-plane
motions of B atoms manifested by the absence of momentum derivative along x and y in the numerator (confirmed
by our ab initio calculation).

We determine the hopping decay parameters γπ, , γπ,z, γσ, and γσ,z by matching the EPC Γnm(k,k + q) (with
k = Γ,K and q along Γ-A) to our two ab initio calculations for MgB2. (supplementary informationH.) Then, we
obtain the values of various contributions to λ as shown in Tab. I. Note that we do not tune γπ, , γπ,z, γσ, and γσ,z
to fit our λ (a single value) to the single value λab initio given by the ab initio calculation. Therefore, our value of
λ = 0.78, which is remarkably close to the ab initio value λab initio = 0.67 (17% error), verifies the validity of our
approximations. Moreover, λσ is much larger than λπ, which is consistent with the previous result [91].
We find that the quantum geometric contribution is about 92% of the total λ, with most originating from the σ

bonding. On the other hand, we find the energetic contribution from the σ bonding (λσ,E) to be negligible, consistent
with our analytical argument. Therefore, the quantum geometry of the σ bonding states supports the large EPC
constant in MgB2. The values in Tab. I are calculated with the ab initio value of

〈
ω2
〉
(ℏ
√
⟨ω2⟩ = 68meV), which can

be approximated by the frequency of the E2g phonons at Γ (ℏωE2g
(Γ) = 75.3meV) with about 10% error.

D. Topological Contributions to λ in Graphene and MgB2

The quantum geometric contributions in graphene and MgB2 can be bounded from below by the topological
invariants of the states on or near the Fermi surfaces in these materials, showing a deep connection between EPC and
topology. The graphene λgeo in Eq. (7) is bounded from below by the topological contribution λtopo, i.e., λgeo ≥ λtopo,
where λtopo reads

λtopo =
Ωγ2

4mC ⟨ω2⟩
(|WK|+ |WK′ |)2∫
FS

dσk
|∇kEn(k)|
∆E2(k)

, (10)

where the chemical potential is moderate (e.g., within 1eV from 0). We derive Eq. (10) from the
∫
FS

dσk
√
Tr [gnF

(k)]
≥ π(|WK| + |WK′ |) for moderate chemical potential. λtopo is topological because WK = 1 and WK′ = −1 are the
integer winding numbers [80] (or chiralities) of the Dirac cones at K and K′, respectively. Other parameters in Eq. (10)
are defined below Eq. (7). We analytically show that λtopo/λgeo limits to exactly 1 as µ→ 0, which is consistent with
the numerical calculation in Fig. 2(c). (supplementary informationF)

For the π-bonding states in MgB2, the band structure has two PT -protected nodal lines (P and T are inversion
and TR symmetries) along kz-directional hinges of the 1BZ, which carry winding numbers just like Dirac cones
of graphene [93]. The winding numbers accounts for the topological contribution λπ,topo to λπ, which bounds the
geometric λπ,geo from below in a similar way to Eq. (10). (supplementary informationH)
Besides the nodal lines, we find an obstructed atomic set of bands on the kz = 0 plane of MgB2, which contains

the σ-bonding states around the Fermi level. The Bloch Hamiltonian has the mirror symmetry mz (that flips the
z direction) on the kz = 0 plane. In the mz-even subspace, we find that the isolated set of three bands cut by the
Fermi energy is the elementary band representation (EBR) A1g@3f, which is obstructed atomic since the atoms are
not at 3f and which have nonzero PT -protected second Stiefel-Whitney class w2 = 1. (Fig. 3(c)) (Here we follow the
conventions in Bilbao Crystallographic Server [3, 94], and general discussion on w2 can be found in Ref. [95].) w2 = 1
can be understood as having a band inversion at Γ, resulting in the effective Euler number ∆N = 1 of the σ-bonding
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states around Γ near the Fermi level. (See details in supplementary informationH.) Remarkably, the effective Euler
number ∆N = 1 gives a topological λσ,topo which bounds the geometric contribution from below, where λσ,topo reads

λσ,topo =
Dσ(µ)

D(µ)

4πγ2σ, Ω

mB ⟨ω2⟩ c2
[∆N ]

2

×

[∫
FSeff,1

dσk
|∇kEeff,1(k)|

|d(k )|2

]−1

,

(11)

where d(k ) = vk a couples the states with different parities in the σ-bonding effective model, and a and c are the
lattice constant along x/y and z, respectively. Other parameters in Eq. (11) are defined below Eq. (8). We mention

that
∑

i=x,y

∑−
α geff,1,α(0) itself is not bounded from below since the σ-bonding states at Γ is gapped. Instead, we look

at the product of the gap squared and the orbital-selective Fubini-Study metric, which is in dependent of the gap. In
particular, by using the Hölder inequality, we find that the integration of

∑
i=x,y

∑−
α ∆E2

eff (0) [geff,1,α(0)]ii /|d(k )|2
on the Fermi surface is bounded from below by the winding number of d(k ). Since the winding number of d(k )
determines the change of the topological invariant caused by the band inversion at Γ, it is further bounded from below
by the effective Euler number. (See details in supplementary informationH.) As shown in Tab. I, the total topological
contribution λtopo = λπ,topo + λσ,topo is about 44% of the quantum geometric contribution λgeo.

We note that the topological contribution just tells us that the geometric contribution may be stronger in the
topologically nontrivial system. In principle, there can be trivial bands in real material that have strong geometric
properties and have a large geometric contribution.

II. DISCUSSION

Our work shows that quantum geometric properties, now at the forefront of flat band research, are also fundamental
— and can in fact be dominant — in a deep understanding of the different contributions to the EPC in systems with
dispersive bands. One future direction is the development of a general framework that specifies the geometric and
topological contributions to the bulk EPC constant λ for all 2D and 3D systems with any types of topological invariants
of states on or near Fermi surface. Our current results imply that given two systems with similar band dispersion, the
system with stronger geometric properties would tend to have stronger EPC, which serves as a guidance for future
material search (e.g., one can look for Weyl semimetals that have Fermi surfaces enclosing Weyl points with large net
chiralities.) The study of the geometric and topological contributions to the bulk EPC constant λ in more phonon-
mediated superconducting materials is essential for checking the relation between electron band topology/geometry
and the superconducting Tc. Further work will focus on a ab initio high-throughput of the quantum geometry effects
in the EPC of many other multi-band superconductors.

We find that the the energetic contribution λE in graphene can be directly measured from the zero-temperature
phonon linewidth of the E2g phonons at Γ, together with the frequencies of the E2g phonons at Γ and the A′

1 phonon
at K. (supplementary information J.) Experimentally, the frequency and linewidth of the E2g phonons at Γ can be
measured in the Raman spectroscopy [96], while the frequency of the A′

1 phonon at K can be approximated by
the inelastic x-ray scattering measurement in graphite [97]. Existing experimental data suggest the experimental
value of λE for µ ≈ −0.1eV is 0.0018 ∼ 0.0034, whereas the value from our model is 0.0032, which is within in
the current experimental range. More precise measurement can be done in the future. Combined with the fact
that the total λ of graphene may be measured from the Helium scattering [98, 99], the geometric contribution
λgeo may be measured from λ − λE . Furthermore, FSM in graphene may be measured from the current noise
spectrum [100] or more generally the first-order optical response [101], owing to the two-band nature of graphene.

Therefore,
λgeo

λE
= |µ|

π

∫
FS

dσk
Tr[gnF

(k)]

|∇kEnF
(k)| = hc

2π2e2A(ω = 2|µ|/ℏ) may be experimentally testable, where A(ω) is the

optical absorption coefficient for photons with frequency ω in the unit system where 1/(4πϵ0) = 1 [101–104]. If tested,

this expression would relate the
λgeo

λE
in scattering experiments to the response coefficient in the optical response.

Besides graphene, on the surface of the topological insulator Bi2Se3 with the hexagonal distortion [105], we can track
the momentum-dependence of the geometric quantities (like FSM and OFSM) and the EPC coupling measured in time-
and angle-resolved photoemission spectroscopy measurements [106–109], as a test of the relation between quantum
geometry and the EPC strength. For 3D meterials like MgB2, the EPC constant λ can be measured in various ways,
e.g., by tracking the temperature behavior of specific heat[110] and inelastic x-ray scattering experiments [92]. It is
possible to test our theory in a system with tunable band geometry/topology by measuring the EPC constant while
changing the band geometry/topology - for example through gating in 2D or strain in 3D.
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Note Added: During the review process of this manuscript, Ref. [111] (authored by one of the authors of the current
work) was posted online, which applied the GA proposed in this work to Kagome ScV6Sn6 and explained the phonon
softenning in the system.
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λ (λab initio) 0.78 (0.67) λπ 0.16 λσ 0.62

λE 0.07 λπ,E 0.07 λσ,E 0.00

λgeo 0.71 λπ,geo 0.09 λσ,geo 0.62

λtopo 0.32 λπ,topo 0.01 λσ,topo 0.31

TABLE I. Numerical values of the λ and its various contributions for MgB2. λ
ab initio = 0.67 in the bracket is the ab initio value

for λ. All other values are calculated from our model with parameter values determined by matching the EPC Γnm(k,k + q)
(with k = Γ,K and q along Γ-A) and fitting the electron band structure to the ab initio results. We do not fit the single value
λ to λab initio .
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a

b

c no geometry

d with geometry, trivial topology

e nontrivial topology

FIG. 1. Quantum geometry and EPC. (a) When the ions (pink) move away from the equilibrium positions (gray) due to
phonons, electrons (blue arrows) would follow the motions of ions in the tight-binding approximation owing to EPC. (b) The
FSM gij(k) provides a measure of quantum geometry, i.e., how the periodic part of Bloch state, |uk⟩, vary in the first Brillouin
zone (1BZ, represented by the torus). (c) Quantum geometry can vanish (left) for trivial atomic limit (right). (d) Quantum
geometry must be strong (left) for obstructed atomic limit (right), even if the band topology is trivial. (e) Nontrivial band
topology forces the quantum geometry to be strong (left), and leads to power-law decayed Wannier functions (right).
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FIG. 2. Plots for graphene. The chemical potential µ ranges from −1eV to 0eV, while setting the Dirac-point energy to be
zero. (a) is the plot of EPC constants from the ab initio calculation (λab initio , black) and from Eq. (7) (λ, red). (b) and (c) are
the plots of λgeo/λ and λtopo/λ, respectively.
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FIG. 3. Plots for MgB2. (a) structure of MgB2. The gray arrows show one type of the ion motion of the E2g phonon at
Γ. (b) ab initio band structure. σ and π indicate states from σ (px/py orbitals) and π-bonding (pz orbital) among B atoms,
respectively [89]. Green lines represent bands in the mz-even subspace on the kz = 0 plane. The Fermi energy is at 0. (c)
Wilson loop spectrum of the lowest 3 bands in the mz-even subspace on the kz = 0 plane in (b). The black dots of the inset
shows the Wannier center of the 3 bands in one plane of B atoms (pink).
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Appendix A: Gaussian Approximation: Geometric Contribution to the EPC Constant λ

In this section, we introduce the Gaussian approximation (GA), which shows a simple intuitive reason why the
electron-phonon coupling (EPC) is related to the electron Hamiltonian. We also show how to identify the geomet-
ric contribution to the EPC constant λ. The GA is valid in graphene and MgB2, as discussed in supplementary
informationF and supplementary informationH. In this section, we will not discuss the two realistic cases; instead,
we will consider a simple 3D system with only one kind of atom and one spinless s orbital per atom, as a concrete
illustration. Note that we allow multiple atoms per unit cell so that we are allowed to have more than one electron
band in momentum space.

Under the tight-binding approximation and Frohlich two-center approximation [79], the non-interacting electron
Hamiltonian and the EPC Hamiltonian are directly given by the smooth hopping function t(r), which satisfies [t(r)]∗ =
t(−r) to guarantee Hermiticity. Here t(r) does not carry any orbital, sublattice or spin indices since we only care
about one kind of atom and one spinless s orbital per atom, though there can be more than one atom per unit cell.
With the hopping function, the electron Hamiltonian (without the Coulomb interaction) that takes into account

the atom motions reads

Hel+ion−motions =
∑

Rτ ,R′τ ′

t(R+ τ + uR+τ −R′ − τ ′ − uR′+τ ′)c†R+τ cR′+τ ′ , (A1)

where R labels the lattice point, τ labels the positions of the sublattices in the R = 0 unit cell, c†R+τ creates an
electron in the spinless s orbital at R+ τ , and uR+τ is the motion of the atom at R+ τ . Since the hopping function
normally exponentially decays as |r| becomes large, t(R+ τ + uR+τ −R′ − τ ′ − uR′+τ ′) can be expanded in series
of (uR+τ − uR′+τ ′). The zeroth-order term gives the non-interacting electron Hamiltonian under the tight-binding
approximation:

Hel =
∑

Rτ ,R′τ ′

t(R+ τ −R′ − τ ′)c†R+τ cR′+τ ′ , (A2)

and the first-order term is the leading order term for EPC that reads

Hel−ph =
∑

Rτ ,R′τ ′

∑
ατα′

τ ′

(uR+τ − uR′+τ ′) · ∇rt(r)|r=R+τ−R′−τ ′ c
†
R+τ ,ατ

cR′+τ ′,α′
τ ′
. (A3)

The higher-order terms are usually neglected.
The GA is to assume that the hopping function has the Gaussian form:

t(r) = t0 exp[γ
r2

2
] , (A4)

where r = |r|, and γ < 0 is determined by the standard deviation of the Gaussian function. As a result, we have

∇rt(r) = γrt(r) . (A5)

Eq. (A5) converts the spatial derivative to the position in the EPC Hamiltonian (Eq. (A3)) together with the extra
factor γ. To better see how this conversion relates the EPC Hamiltonian to electron Hamiltonian, we transform the
Hamiltonian to momentum space. Specifically, the Fourier transformation rule of the basis reads

c†k,τ =
1√
N

∑
R

eik·(R+τ )c†R+τ , uqτ i =
1√
N

∑
R

e−iq·(R+τ )uR+τ ,i , (A6)

from which we know

u†qτ i = u−qτ i . (A7)
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For the electron Hamiltonian,

Hel =
∑

Rτ ,R′τ ′

t(R+ τ −R′ − τ ′)
1√
N

1BZ∑
k

e−ik·(R+τ )c†k,τ
1√
N

1BZ∑
k′

eik
′·(R′+τ ′)ck′,τ ′

=

1BZ∑
k

c†kh(k)ck =

1BZ∑
k

∑
n

En(k)γ
†
k,nγk,n ,

(A8)

where c†k = (..., c†k,τ , ...),

[h(k)]ττ ′ =
∑
R

t(R+ τ − τ ′)e−ik·(R+τ−τ ′) , (A9)

h(k)Un(k) = En(k)Un(k) , (A10)

and γ†k,n = c†kUn(k). Under the tight-binding approximation, the so-called quantum geometry (band geometry)
generally refers to the momentum dependence of

Pn(k) = Un(k)U
†
n(k) . (A11)

One specific quantity that measures the quantum geometry is the Fubini-Study metric (FSM), which reads

[gn(k)]ij =
1

2
Tr
[
∂kiPn(k)∂kjPn(k)

]
=

1

2
Tr
[
∂kiPn(k)Pn(k)∂kjPn(k)

]
+ (i↔ j) .

(A12)

We note that the general definition of the FSM is given by the periodic part of the Bloch state |un,k⟩ instead of the
eigenvector Un(k), and the general definition will reduce to Eq. (A12) under the tight-binding approximation for the
Fourier transformation in Eq. (A6). (See detailed discussion in supplementary informationB.)

For EPC in the momentum space, we have

Hel−ph =
1√
N

1BZ∑
k1

1BZ∑
k2

∑
τ1,τ2,i

c†k1,τ1
ck2,τ2

[
u†k2−k1,τ1,i

[fi(k2)]τ1τ2 − [fi(k1)]τ1τ2u
†
k2−k1,τ2,i

]

=
1√
N

1BZ∑
k1

1BZ∑
k2

∑
τ ,τ1,τ2,i

c†k1,τ1
ck2,τ2u

†
k2−k1,τ ,i

[δτ1τ [fi(k2)]τ1τ2 − [fi(k1)]τ1τ2δτ2τ ]

=
1√
N

1BZ∑
k1

1BZ∑
k2

∑
τ ,τ1,τ2,i

c†k1,τ1
[χτfi(k2)− fi(k1)χτ ]τ1τ2

ck2,τ2u
†
k2−k1,τ ,i

=
1√
N

1BZ∑
k1

1BZ∑
k2

∑
τ ,i

c†k1
[χτfi(k2)− fi(k1)χτ ] ck2u

†
k2−k1,τ ,i

,

(A13)

where

[χτ ]τ1τ2
= δτ ,τ1

δτ1τ2
(A14)

is the projection matrix onto the τ sublattice,

[fi(k)]τ1τ2
=
∑
R

e−ik·(R+τ1−τ2) ∂rit(r)|r=R+τ1−τ2
, (A15)

and i = x, y, z labels the spatial direction. Clearly, we can see that the form of the EPC Hamiltonian in Eq. (A13) is
determined by fi(k), which we focus on below.

Owing to Eq. (A5), the EPC fi(k) is related to the electron matrix Hamiltonian h(k) as

[fi(k)]τ1τ2
= γ

∑
R

e−ik·(R+τ1−τ2)(R+ τ 1 − τ 2)it(R+ τ 1 − τ 2) = iγ∂ki
[h(k)]τ1τ2

, (A16)
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meaning that

fi(k) = iγ∂ki
h(k) . (A17)

We call Eq. (A17) the Gaussian form of the EPC.
The Gaussian form of the EPC allows us to define the energetic and geometric parts of the EPC. Note that the

electron matrix Hamiltonian contains the information of both the bands and the projection matrix, i.e.,

h(k) =
∑
n

En(k)Pn(k) , (A18)

where the projection matrix Pn(k) is defined in Eq. (A11). Then,

fi(k) = iγ∂kih(k) = iγ
∑
n

∂kiEn(k)Pn(k) + iγ
∑
n

En(k)∂kiPn(k) = fEi (k) + fgeo(k) , (A19)

where

fEi (k) = iγ
∑
n

∂ki
En(k)Pn(k) (A20)

is the energetic part of the EPC as it vanishes for systems with all electron bands exactly flat, and

fgeoi (k) = iγ
∑
n

En(k)∂ki
Pn(k) (A21)

is the geometric part of the EPC as fgeoi (k) relies on the geometric properties of the Bloch eigenvector Un(k) (i.e.,
the momentum dependence of Pn(k)). If we consider the one-band case (i.e., only one atom in the unit cell), fgeoi (k)
must be vanishing since Pn(k) = 1 is independent of momentum (n can only take one value in the one-band case),
while fEi (k) can be nonvanishing since the energy band can still disperse.
The key quantity that we study is the dimensionless EPC constant λ, which, according to supplementary informa-

tionB 4, reads

λ =
2

N
D(µ)

1

ℏ ⟨ω2⟩
⟨Γ⟩ , (A22)

where µ is the chemical potential, D(µ) is the electron density of states at the chemical potential µ,
〈
ω2
〉
is the

mean-squared phonon frequency defined in Ref. [62],

Γnn′(k,k′) =
ℏ
2m

∑
τ ,i

Tr
{
Pn(k)

[
χτfi(k

′)− fi(k)χτ

]
Pn′(k′)

[
χτfi(k)− fi(k

′)χτ

]}
, (A23)

m is the mass of the atom, and

⟨Γ⟩ =
∑1BZ

k,k′
∑

n,n′ δ (µ− En(k)) δ
(
µ− En′(k′)

)
Γnn′(k,k′)∑1BZ

k,k′
∑

n,n′ δ (µ− En(k)) δ
(
µ− En′(k′)

) . (A24)

As discussed in supplementary informationB 4, we will focus on ⟨Γ⟩ and will treat
〈
ω2
〉
as a parameter determined by

the first-principle calculation, mainly because
〈
ω2
〉
can be well approximated by the frequency of specific phonon modes

in graphene and MgB2 (supplementary informationF and supplementary informationH). By combining Eq. (A23) with
Eq. (A19), we can define

Γnn′(k,k′) = ΓE−E
nn′ (k,k′) + Γgeo−geo

nn′ (k,k′) + ΓE−geo
nn′ (k,k′) , (A25)

where

ΓE−E
nn′ (k,k′) =

ℏ
2m

∑
τ ,i

Tr
{
Pn(k)

[
χτf

E
i (k′)− fEi (k)χτ

]
Pn′(k′)

[
χτf

E
i (k)− fEi (k′)χτ

]}
Γgeo−geo
nn′ (k,k′) =

ℏ
2m

∑
τ ,i

Tr
{
Pn(k)

[
χτf

geo
i (k′)− fgeoi (k)χτ

]
Pn′(k′)

[
χτf

geo
i (k)− fgeoi (k′)χτ

]}
ΓE−geo
nn′ (k,k′) =

ℏ
2m

∑
τ ,i

Tr
{
Pn(k)

[
χτf

E
i (k′)− fEi (k)χτ

]
Pn′(k′)

[
χτf

geo
i (k)− fgeoi (k′)χτ

]}
+ c.c. .

(A26)
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By defining

⟨Γ⟩X =

∑1BZ
k,k′

∑
n,n′ δ (µ− En(k)) δ

(
µ− En′(k′)

)
ΓX
nn′(k,k

′)∑1BZ
k,k′

∑
n,n′ δ (µ− En(k)) δ

(
µ− En′(k′)

) for X = E − E, geo− geo, E − geo , (A27)

we arrive at

λ = λE + λgeo + λE−geo , (A28)

where

λE =
2

N
D(µ)

1

ℏ ⟨ω2⟩
⟨Γ⟩E−E

(A29)

is the energetic contribution to λ since it relies on fEi not on fgeoi ,

λgeo =
2

N
D(µ)

1

ℏ ⟨ω2⟩
⟨Γ⟩geo−geo

(A30)

is the geometric contribution to λ since it relies on fgeoi not on fEi , and

λE−geo =
2

N
D(µ)

1

ℏ ⟨ω2⟩
⟨Γ⟩E−geo

(A31)

is the cross contribution to λ since it relies on both fgeoi and fEi .

Now we discuss more about the expressions of ⟨Γ⟩geo−geo
and λgeo. We can split ⟨Γ⟩geo−geo

into two parts:

⟨Γ⟩geo−geo
=

 1

D2(µ)

ℏ
2

∑
τ ,i

1

m
Tr

(1BZ∑
k1

∑
n

δ (µ− En(k1))χτf
geo
i (k1)Pn(k1)

)2
+ c.c.


− ℏ
D2(µ)

∑
τ ,i

1

m

1BZ∑
k1,k2

∑
n,m

δ (µ− En(k1)) δ (µ− Em(k2)) Tr [f
geo
i (k1)Pn(k1)f

geo
i (k1)χτPm(k2)χτ ]

= ⟨Γ⟩geo−geo,2
+ ⟨Γ⟩geo−geo,1

,

(A32)

where

⟨Γ⟩geo−geo,1
= − ℏ

D2(µ)

∑
τ ,i

1

m

1BZ∑
k1,k2

∑
n,m

δ (µ− En(k1)) δ (µ− Em(k2)) Tr [f
geo
i (k1)Pn(k1)f

geo
i (k1)χτPm(k2)χτ ]

⟨Γ⟩geo−geo,2
=

 1

D2(µ)

ℏ
2

∑
τ ,i

1

m
Tr

(1BZ∑
k1

∑
n

δ (µ− En(k1))χτf
geo
i (k1)Pn(k1)

)2
+ c.c.

 .

(A33)

Similarly, λgeo can be split into two parts:

λgeo = λgeo,1 + λgeo,2 , (A34)

where

λgeo,1/2 =
2

N
D(µ)

1

ℏ ⟨ω2⟩
⟨Γ⟩geo−geo,1/2

. (A35)

For convenience of illustrating the explicit geometric dependence in supplementary informationA1, we re-write

⟨Γ⟩geo−geo,1/2
. ⟨Γ⟩geo−geo,1

can be re-written as

⟨Γ⟩geo−geo,1
=

ℏγ2

D(µ)

∑
i

1

m

1BZ∑
k

∑
n,n1,n2

δ (µ− En(k))En1(k)En2(k) Tr [∂kiPn1(k)Pn(k)∂kiPn2(k)M ] , (A36)
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where

M =
1

D(µ)

∑
τ

∑
m

1BZ∑
k2

δ (µ− Em(k2))χτPm(k2)χτ =
∑
τ

aτχτ , (A37)

and

aτ =
1

D(µ)

∑
m

1BZ∑
k2

δ (µ− Em(k2)) [Pm(k2)]ττ (A38)

⟨Γ⟩geo−geo,2
can be re-written as

⟨Γ⟩geo−geo,2
=

1

D2(µ)

ℏ
2

∑
τ ,i

1

m
Tr

(1BZ∑
k1

∑
n

δ (µ− En(k1))χτf
geo
i (k1)Pn(k1)χτ

)2
+ c.c.

=
1

D2(µ)

ℏ
2

∑
τ ,i

1

m

(
1BZ∑
k1

∑
n

δ (µ− En(k1)) [f
geo
i (k1)Pn(k1)]ττ

)2

Tr
[
χ2
τ

]
+ c.c.

=
1

D2(µ)

ℏ
2

∑
τ ,i

1

m

(
1BZ∑
k1

∑
n

δ (µ− En(k1)) Tr [χτf
geo
i (k1)Pn(k1)]

)2

+ c.c.

(A39)

1. Two-Band Case

The explicit geometric dependence is transparent in the two-band case (i.e., the system has only two electron
bands).

For ⟨Γ⟩geo−geo,1
, we have

⟨Γ⟩geo−geo,1
=

ℏγ2

D(µ)

∑
i

1

m

1BZ∑
k

∑
n

δ (µ− En(k))∆E
2(k) Tr [∂ki

Pn(k)Pn(k)∂ki
Pn(k)M ]

=
ℏγ2

D(µ)m

∑
i

∑
n

V
(2π)3

∫
FSn

dσk
∆E2(k)

|∇kEn(k)|
Tr [∂ki

Pn(k)Pn(k)∂ki
Pn(k)M ] ,

(A40)

resulting in

λgeo,1 =
2Ωγ2

(2π)3m ⟨ω2⟩
∑
n,i

∫
FSn

dσk
∆E2(k)

|∇kEn(k)|
Tr [∂ki

Pn(k)Pn(k)∂ki
Pn(k)M ]

=
2Ωγ2

(2π)3m ⟨ω2⟩
∑
n,i,τ

∫
FSn

dσk
∆E2(k)

|∇kEn(k)|
aτ [gn,τ (k)]ii ,

(A41)

where ∆E(k) = |E2(k)− E1(k)|,

[gn,τ (k)]ij =
1

2
Tr
[
∂ki

Pn(k)Pn(k)∂kj
Pn(k)χτ

]
+ (i↔ j) , (A42)

and aτ is in Eq. (A38). As discussed in supplementary informationG, gn,τ (k) is an OFSM, since it is defined by
inserting the projection matrix χτ into the original definition of FSM. Therefore, in the two-band case, λgeo,1 directly
relies on the linear combination of the OFSM.

In particular, if we have PT symmetry that flips the sublattice index (i.e., the inversion P changes one sublattice

to the other one), we would have PT c†k(PT )−1 = c†kτx with τx the x Pauli matrix in the sublattice subspace, and
then [Pn(k)]ττ = 1

2 , leading to aτ = 1/2 and

λgeo,1 =
Ωγ2

(2π)3m ⟨ω2⟩
∑
n,i

∫
FSn

dσk
∆E2(k)

|∇kEn(k)|
[gn(k)]ii . (A43)
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Therefore, the extra PT symmetry that flips the sublattice index would make λgeo,1 directly depend on the FSM.
This is the case for graphene (supplementary informationF) and for the π-bonding states of MgB2 (supplementary
informationH3).

To simplify ⟨Γ⟩geo−geo,2
in Eq. (A36), we first note that fgeoi (k)Pn(k) is simplified to

fgeoi (k)Pn(k) = iγ
∑
m

Em(k)∂ki
Pm(k)Pn(k) = iγ(−1)n∆E(k)∂ki

Pn(k)Pn(k) , (A44)

where we have choose E1(k) ≤ E2(k) without loss of generality. Then, ⟨Γ⟩geo−geo,2
becomes

⟨Γ⟩geo−geo,2
=

γ2

D2(µ)

ℏ
2

∑
τ ,i

1

m

(
V

(2π)3

∑
n

∫
FSn

dσk
∆E(k)

|∇kEn(k)|
Tr [χτ∂ki

Pn(k)Pn(k)]

)2

+ c.c.

=
γ2

D2(µ)

ℏ
2

∑
τ ,i

1

m

(
V

(2π)3

∑
n

∫
FSn

dσk
∆E(k)

|∇kEn(k)|
Ai,n,τ (k)

)2

+ c.c.

=
γ2

D2(µ)

ℏ
2

∑
τ ,i

2

m

(
V

(2π)3

∑
n

∫
FSn

dσk
∆E(k)

|∇kEn(k)|
Re (Ai,n,τ (k))

)2

− γ2

D2(µ)

ℏ
2

∑
τ ,i

2

m

(
V

(2π)3

∑
n

∫
FSn

dσk
∆E(k)

|∇kEn(k)|
Im (Ai,n,τ (k))

)2

,

(A45)

where

An,τ (k) = Tr [χτ∇kPn(k)Pn(k)] (A46)

is an orbital-selective complex vector field. Explicitly,

Re (Ai,n,τ (k)) = Re (Tr [χτ∂kiPn(k)Pn(k)]) =
1

2
Tr [χτ∂ki

Pn(k)Pn(k)]+
1

2
Tr [χτPn(k)∂ki

Pn(k)] =
1

2
Tr [χτ∂ki

Pn(k)]

(A47)
and

Im (Ai,n,τ (k)) = Im (Tr [χτ∂ki
Pn(k)Pn(k)]) =

1

2i
Tr [χτ∂ki

Pn(k)Pn(k)]−
1

2i
Tr [χτPn(k)∂ki

Pn(k)]

=
1

2i
Tr (χτ [∂ki

Pn(k), Pn(k)]) .

(A48)

Then,

λgeo,2 =
Nγ2

mD(µ) ⟨ω2⟩
∑
τ ,i

(
Ω

(2π)3

∑
n

∫
FSn

dσk
∆E(k)

|∇kEn(k)|
Ai,n,τ (k)

)2

+ c.c. . (A49)

Therefore, the explicit geometric dependence is λgeo,2 in the orbital-selective complex vector field.
Symmetry may restrict λgeo,2 to zero. For example, if the system has C3z and mz symmetries that do not

change sublattice index, then we have An,τ (C3k) = C3An,τ (k) and An,τ (mzk) = mzAn,τ (k). As a result,
V

(2π)3

∑
n

∫
FSn

dσk
∆E(k)

|∇kEn(k)|Ai,n,τ (k) = 0, which means λgeo,2 = 0. This is the case for graphene (supplementary

informationF) and for the π-bonding states of MgB2 (supplementary informationH3).
For the σ-bonding states of MgB2, we do not have two-band model anymore, but λgeo is still split into two parts:

one part relies on the OFSM and the other part relies on a orbital-selective complex vector field. Nevertheless, the
second part (that relies on orbital-selective complex vector field) has the same final expression as the first part (that
relies on OFSM) under the linear-momentum approximation that we use for the electron Hamiltonian, which allows us
to merge the two parts and have a simple expression with only OFSM. (supplementary informationH4) Therefore, in
the examples studied in this work, the orbital-selective complex vector field is not explicitly necessary. Nevertheless,
in general, it can be important (for example, if we go beyond the linear-momentum approximation that we use for
the electron Hamiltonian of σ-bonding states.)
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In general, λE−geo also has dependence on the band geometry. In the two-band case, we explicitly derive the

geometric dependence of λE−geo. Explicitly for ΓE−geo
nn′ (k,k′), we have

ΓE−geo
nn′ (k,k′) =

ℏ
2m

∑
τ ,i

Tr
{
Pn(k)

[
χτf

E
i (k′)− fEi (k)χτ

]
Pn′(k′)

[
χτf

geo
i (k)− fgeoi (k′)χτ

]}
+ c.c.

= −γ2 ℏ
2m

∑
τ ,i

[
∂k′

i
En′(k′)− ∂kiEn(k)

]
Tr
{
Pn(k)χτPn′(k′)

[
χτf

geo
i (k)− fgeoi (k′)χτ

]}
+ c.c.

= −γ2 ℏ
2m

∑
τ ,i

[
∂k′

i
En′(k′)− ∂kiEn(k)

]

× Tr

Pn(k)χτPn′(k′)

χτ

∑
n1

En1
(k)∂ki

Pn1
(k)−

∑
n′
1

En′
1
(k′)∂k′

i
Pn′

1
(k′)χτ

+ c.c.

= −γ2 ℏ
2m

∑
τ ,i

[
∂k′

i
En′(k′)− ∂kiEn(k)

]
Tr
{
Pn(k)χτPn′(k′)χτ (−1)n∆E(k)∂kiPn(k)

}
+ γ2

ℏ
2m

∑
τ ,i

[
∂k′

i
En′(k′)− ∂kiEn(k)

]
Tr
{
Pn(k)χτPn′(k′)(−1)n

′
∆E(k′)∂k′

i
Pn′(k′)χτ

}
+ c.c.

= −γ2 ℏ
2m

∑
τ ,i

[
∂k′

i
En′(k′)− ∂ki

En(k)
]
(−1)n∆E(k)Aτ ,n,i(k) Tr

[
Pn′(k′)χτ

]
+ γ2

ℏ
2m

∑
τ ,i

[
∂k′

i
En′(k′)− ∂ki

En(k)
]
(−1)n

′
∆E(k′)A∗

τ ,n′,i(k
′) Tr [Pn(k)χτ ] + c.c.

(A50)

and thus ⟨Γ⟩E−geo
should read

⟨Γ⟩E−geo
=

1

D2(µ)

1BZ∑
k,k′

∑
n,n′

δ (µ− En(k)) δ
(
µ− En′(k′)

)
ΓE−geo
nn′ (k,k′)

= −γ2 1

D2(µ)

1BZ∑
k,k′

∑
n,n′

δ (µ− En(k)) δ
(
µ− En′(k′)

) ℏ
2m

∑
τ ,i

∂k′
i
En′(k′)(−1)n∆E(k)4Re[Aτ ,n(k)] Tr

[
Pn′(k′)χτ

]
+ γ2

1

D2(µ)

1BZ∑
k,k′

∑
n,n′

δ (µ− En(k)) δ
(
µ− En′(k′)

) ℏ
2m

∑
τ ,i

∂kiEn(k)(−1)n∆E(k)4Re[Aτ ,n(k)] Tr
[
Pn′(k′)χτ

]
= −γ2 1

D(µ)

1BZ∑
k

∑
n

δ (µ− En(k))
ℏ
2m

∑
τ ,i

(−1)n∆E(k)4Re[Aτ ,n,i(k)]bτ ,i

+ γ2
1

D(µ)

1BZ∑
k

∑
n

δ (µ− En(k))
ℏ
2m

∑
τ ,i

∂kiEn(k)(−1)n∆E(k)4Re[Aτ ,n,i(k)]aτ

= −2ℏγ2

m

1

D(µ)

V
(2π)3

∑
n

∫
FSn

dσk
∆E(k)

|∇kEn(k)|
(−1)n

∑
τ ,i

Re[Aτ ,n,i(k)] (bτ ,i − ∂ki
En(k)aτ ) ,

(A51)

where aτ is defined in Eq. (A38), Aτ ,n,i(k) is the orbital-selective complex vector field in Eq. (A46), and

bτ ,i =
1

D(µ)

1BZ∑
k′

∑
n′

δ
(
µ− En′(k′)

)
Tr
[
∂k′

i
En′(k′)Pn′(k′)χτ

]
. (A52)

As a result, we have

λE−geo =
Ω

(2π)3
4γ2

m ⟨ω2⟩
∑
n

∫
FSn

dσk
∆E(k)

|∇kEn(k)|
(−1)n

∑
τ ,i

Re[Aτ ,n,i(k)] (∂ki
En(k)aτ − bτ ,i) . (A53)
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Therefore, we can see the explicit geometric quantity in the λE−geo is again the orbital-selective complex vector field
similar to λgeo,2. Although λE−geo is irrelevant in the graphene and MgB2, it is possible that λE−geo can be relevant
in other cases.

Although we only discuss the GA for a 3D system with only one kind of atom and one spinless s orbital per
atom, the GA can also be defined and used for more complicated cases as discussed in supplementary informationF
and supplementary informationH. In particular, GA becomes (almost) exact for graphene and MgB2 as discussed in
supplementary informationF and supplementary informationH, respectively. For graphene and MgB2, the geometric
contribution λgeo will be simplified and we can clearly see that specific band-geometric quantities (FSM or its orbital
selective version) appear in λgeo. Furthermore, λgeo will be bounded from below by a topological contribution for
graphene and MgB2. Before talking about graphene and MgB2, we will first present some general discussions on EPC
in supplementary informationB, supplementary informationC and supplementary informationD, as a preparation.

Appendix B: General Discussions on Electron-Phonon Coupling

We start with the general discussions on the electron-phonon-coupled model.

1. Real Space

The electron-phonon-coupled model that we consider is defined on a lattice. We use R to label the lattice point and
use τ to label the positions of the sublattices in the R = 0 unit cell. The spatial dimension of the model is defined
by the number of primitive basis lattice vectors—if the model has d primitive basis lattice vectors, we say the model
is in dD. Throughout this work, we consider d ≤ 3. Regardless of the value of d, R and τ are always embedded in
3D—R and τ always have three components; for example, in 2D, we always write R = (Rx, Ry, 0)

T .

At each position R+ τ , we have the fermionic creation operator for electrons as c†R+τ , and the bosonic Hermitian
operators PR+τ ,i and uR+τ ,i that eventually give rise to phonons. Here ατ labels onsite degrees of freedom for
electrons such as orbitals and spins, and i labels the orthogonal spatial directions. Moreover, PR+τ ,i and uR+τ ,i

satisfy

[uR+τ ,i, PR′+τ ′,i′ ] = iℏδRR′δττ ′δii′

[uR+τ ,i, uR′+τ ′,i′ ] = 0

[PR+τ ,i, PR′+τ ′,i′ ] = 0 .

(B1)

The commutation relation in Eq. (B1) suggests that uR+τ ,i and uR′+τ ′,i′ are defined in different Hilbert spaces for
R + τ ̸= R′ + τ ′. In other words, it means that we treat PR+τ ,i and uR+τ ,i as “internal” degrees of freedom at
R + τ . We are allowed to do so for the description of phonons, because (i) uR+τ ,i classically is the displacement of
the ion at R+ τ due to phonons, and (ii) the ion displacement is typically small compared to the unit cell.
Owing to the lattice structure of system, the basis of the Hamiltonian always furnishes a representation (rep) of a

crystalline symmetry group G. For any g ∈ G, we have g = {R|d}, where R is the point group operation a rotation
or rotoinversion and d is a translation of the position (not necessarily a lattice translation). For example, g acts on a
generic position x as gx = Rx+ d.

Under g, the atom position R+τ becomes another atom position Rτ ,g+τ g = R(R+τ )+d. Here τ g is the unique
sublattice vector that differs from Rτ + d by a lattice vector. In other words, τ g is the unique sublattice vector that
satisfies

Rτ + d = τ g +∆Rτ ,g (B2)

with ∆Rτ ,g a lattice vector. Moreover, Rτ ,g = RR+∆Rτ ,g is a lattice vector. Formally, given g, there is a one-to-one
correspondence between τ g and τ . Given g and τ , there is a one-to-one correspondence between Rτ ,g and R. The
existence of the one-to-one correspondences is because g is an element of the Euclidean group.
The reps of g furnished by the fermion and boson basis operators are

gc†R+τ g
−1 = c†Rτ,g+τg

Uτgτ
g

gPR+τ ,ig
−1 =

∑
i′

PRτ,g+τg,i′Ri′i

guR+τ ,ig
−1 =

∑
i′

uRτ,g+τg,i′Ri′i ,

(B3)
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where c†R+τ is a row vector of creation operations with components labelled by ατ , i.e.,

c†R+τ = (..., c†R+τ ,ατ
, ...) with “...” ranging over the values of ατ . (B4)

Moreover, for the time-reversal (TR) symmetry T , the reps are

T c†R+τT
−1 = c†R+τU

ττ
T

T PR+τ ,iT −1 = −PR+τ ,i

T uR+τ ,iT −1 = uR+τ ,i .

(B5)

In Eq. (B5), we have assumed that the fermion basis furnishes a rep of TR symmetry, which can always be guaranteed
if we include enough orbitals and spins. Throughout this work, we assume that the Hamiltonian must at least preserve
the lattice translations in G.
Now we introduce the Hamiltonian of a generic electron-phonon-coupled model. The electron part of the electron-

phonon-coupled model is free, and described by the tight-binding model as

Hel =
∑

Rτ ,R′τ ′

∑
ατα′

τ ′

t
ατα

′
τ ′

ττ ′ (R+ τ −R′ − τ ′)c†R+τ ,ατ
cR′+τ ′,α′

τ ′
, (B6)

where we have incorporated the lattice translations. Moreover, Hermiticity is equivalent to

[t
ατα

′
τ ′

ττ ′ (R+ τ −R′ − τ ′)]∗ = t
α′

τ ′ατ

τ ′τ (R′ + τ ′ −R− τ ) . (B7)

Under the Harmonic approximation, the phonon part of the electron-phonon-coupled model is described by

Hph =
∑
R,τ ,i

P 2
R+τ ,i

2mτ
+

1

2

∑
RR′,ττ ′,ii′

Dτ i,τ ′i′(R+ τ −R′ − τ ′)uR+τ ,iuR′+τ ′,i′ , (B8)

where we have incorporated the lattice translations. Dτ i,τ ′i′(R+τ−R′−τ ′) is called the force-constant matrix. Based
on the commutation relation of uR+τ ,i, we can always choose Dτ i,τ ′i′(R+ τ −R′− τ ′) = Dτ ′i′,τ i(−R− τ +R′+ τ ′)
without loss of generality, since the anti-symmetric part does not contribute to the Hamiltonian. Then combined with

H†
ph = Hph, we obtain

D∗
ττ ′,ii′(R+ τ −R′ − τ ′) = Dττ ′,ii′(R+ τ −R′ − τ ′) . (B9)

Owing to Eq. (B9) and Eq. (B5), the bare phonon Hamiltonian Hph always preserves TR symmetry as shown in the
following:

T HphT −1 =
∑
R,τ ,i

P 2
R+τ ,i

2mτ
+

1

2

∑
RR′,ττ ′,ii′

D∗
τ i,τ ′i′(R+ τ −R′ − τ ′)uR+τ ,iuR′+τ ′,i′

=
∑
R,τ ,i

P 2
R+τ ,i

2mτ
+

1

2

∑
RR′,ττ ′,ii′

Dτ i,τ ′i′(R+ τ −R′ − τ ′)uR+τ ,iuR′+τ ′,i′

= Hph .

(B10)

To the leading order, the EPC in the electron-phonon-coupled model is captured by

Hel−ph =
∑

R1R2R

∑
τ1τ2τ

∑
ατ1

α′
τ2

i

c†R1+τ1,ατ1
cR2+τ2,α′

τ2
uR+τ ,i F

ατ1α
′
τ2

i

R1+τ1,R2+τ2,R+τ . (B11)

Hermiticity is equivalent to

[F
ατ1α

′
τ2

i

R1+τ1,R2+τ2,R+τ ]
∗ = F

α′
τ2

ατ1 i

R2+τ2,R1+τ1,R+τ , (B12)

and the invariance under lattice translations is equivalent to

F
ατ1

α′
τ2

i

R1+R0+τ1,R2+R0+τ2,R+R0+τ = F
ατ1

α′
τ2

i

R1+τ1,R2+τ2,R+τ ∀ lattice vector R0 . (B13)

Based on locality, we assume that F
ατ1

α′
τ2

i

R1+τ1,R2+τ2,R+τ decays at least exponentially as |R1 + τ 1 − R − τ | or |R2 +

τ 2 −R− τ | or |R1 + τ 1 −R2 − τ 2| limits to infinity.
With the above discussion, we can provide a specific definition of the electron-phonon model.
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Definition 1 (Electron-Phonon-Coupled Models) A Hamiltonian H is defined to be an electron-phonon-coupled
model if and only if H = Hel+Hph+Hel−ph, where Hel is defined in Eq. (B6), Hph is defined in Eq. (B8), and Hel−ph

is defined in Eq. (B11).

Clearly, the charge U(1) symmetry is automatically preserved in any electron-phonon-coupled model.

2. Momentum Space

Given a generic electron-phonon-coupled model, we can perform Fourier transformations to the electron and phonon-
related operators as

c†k,τ ,ατ
=

1√
N

∑
R

eik·(R+τ )c†R+τ ,ατ
, uqτ i =

1√
N

∑
R

e−iq·(R+τ )uR+τ ,i , Pqτ i =
1√
N

∑
R

e−iq·(R+τ )PR+τ ,i , (B14)

from which we find

u†qτ i = u−qτ i , P
†
qτ i = P−qτ i , (B15)

and [
uqτ i, P

†
q′τ ′i′

]
=

1√
N

∑
R

e−iq·(R+τ ) 1√
N

∑
R′

eiq
′·(R′+τ ′) [uRτ i, PR′τ ′i′ ]

= iℏδq,q′δττ ′δii′ .

(B16)

Then, ∀ g = {R|d} ∈ G, the symmetry reps become

gc†kg
−1 = c†RkUge

−iRk·d

gP †
q,τ ,ig

−1 =
∑
i′

PRq,τg,i′Ri′ie
−iRq·d

gu†q,τ ,ig
−1 =

∑
i′

uRq,τg,i′Ri′ie
−iRq·d ,

(B17)

where c†k is a row vector of creation operations with components labelled by τ and ατ , i.e.,

c†k = (..., c†k,τ ,ατ
, ...)with “...” ranging over the values of τ and ατ (B18)

and

[Ug]τ ′α′
τ ′ ,τατ

=
[
Uτ ′τ
g

]
α′

τ ′ατ

with Uτ ′τ
g = 0 for τ ′ ̸= τ g . (B19)

For TR symmetry, the symmetry reps become

T c†kT
−1 = c†−kUT

T P †
q,τ ,iT

−1 = −P−q,τ ,i

T u†q,τ ,iT
−1 = u−q,τ ,i ,

(B20)

where

[UT ]τ ′α′
τ ′ ,τατ

=
[
Uτ ′τ
T

]
α′

τ ′ατ

with Uτ ′τ
T = 0 for τ ′ ̸= τ . (B21)

For the electron Hamiltonian,

Hel =
∑

Rτ ,R′τ ′

∑
ατα′

τ ′

t
ατα

′
τ ′

ττ ′ (R+ τ −R′ − τ ′)
1√
N

1BZ∑
k

e−ik·(R+τ )c†k,τ ,ατ

1√
N

1BZ∑
k′

eik
′·(R′+τ ′)ck′,τ ′,α′

τ ′

=

1BZ∑
k

c†kh(k)ck =

1BZ∑
k

∑
n

En(k)γ
†
k,nγk,n ,

(B22)
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where

[h(k)]τατ ,τ ′α′
τ ′

=
∑
R

t
ατα

′
τ ′

ττ ′ (R+ τ − τ ′)e−ik·(R+τ−τ ′) , (B23)

h(k)Un(k) = En(k)Un(k) , (B24)

and γ†k,n = c†kUn(k). Eq. (B23) shows that for any generic reciprocal lattice vector G,

h(k +G) = V †
Gh(k)VG , (B25)

where VG is the embedding matrix

[VG]τατ ,τ ′α′
τ ′

= eiτ ·Gδτατ ,τ ′α′
τ ′
. (B26)

We always choose Un(k) such that the eigen-operators satisfy γ†k+G,n = γ†k,n for all reciprocal lattice vectors G.
For the phonon part,

Hph =
1BZ∑
q

∑
τ ,i

Pqτ iP
†
qτ i

2mτ
+

1

2

1BZ∑
q

∑
ττ ′,ii′

Dττ ′,ii′(q)u
†
qτ iuqτ ′i′

=

1BZ∑
q

∑
τ ,i

P̃qτ iP̃
†
qτ i

2
+

1

2

1BZ∑
q

∑
ττ ′,ii′

D̃ττ ′,ii′(q)ũ
†
qτ iũqτ ′i′

=

1BZ∑
q

∑
l

[
P̃ †
q,lP̃q,l

2
+
ω2
l (q)

2
ũ†q,lũq,l

]
,

(B27)

where i, i′ range over x, y, z for spatial directions,

Dττ ′,ii′(q) =
∑
R

Dτ i,τ ′i′(R+ τ − τ ′)e−iq·(R+τ−τ ′) (B28)

P̃qτ i = Pqτ i/
√
mτ , ũqτ i = uqτ i

√
mτ ,

D̃ττ ′,ii′(q) =
1

√
mτ

1
√
mτ ′

Dττ ′,ii′(q) , (B29)

D̃(q)vl(q) = ω2
l (q)vl(q), P̃

†
q,l = P̃ †

qvl(q), and ũ
†
q,l = ũ†qvl(q). As shown in Eq. (B27), the definitions of P̃ †

q,l and ũ
†
q,l

are used to rewrite the phonon Hamiltonian as independent Harmonic oscillators. We always choose vl(q) such that

P̃ †
q+G,l = P̃ †

q,l and ũ
†
q+G,l = ũ†q,l for all G reciprocal lattice vectors. Owing to

[
ũqτ i, P̃

†
q′τ ′i′

]
=

√
mτ

mτ ′

[
uqτ i, P

†
q′τ ′i′

]
= iℏδq,q′δττ ′δii′ , (B30)

we have [
ũq,l, P̃

†
q′,l′

]
=

∑
τ ,i,τ ′,i′

[vq,l]τ ,i[vq′,l′ ]
∗
τ ′,i′

[
ũqτ i, P̃

†
q′τ ′i′

]
= iℏ

∑
τ ,i

[vq,l]τ ,i[vq,l′ ]
∗
τ ,iδq,q′ = iℏδll′δq,q′ . (B31)

Owing to D̃∗(q) = D̃(−q) derived from the fact that the bare phonon Hamiltonian always has TR symmetry
(Eq. (B10)), we can always choose the following convention for vl:

v∗l (q) = vl(−q) (B32)

for all q and all l. As a result, we have

ωl(q) = ωl(−q) , ũq,l = v†l (q)ũq = vTl (−q)[ũ†−q]
T = ũ†−qvl(−q) = ũ†−q,l and P̃

†
q,l = P̃−q,l . (B33)
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By defining

b†q,l =

√
ωl(q)

2ℏ

[
ũ†q,l −

i

ωl(q)
P̃ †
q,l

]
for ωl(q) ̸= 0 , (B34)

Eq. (B27) can be written as

Hph =

ωl(q)̸=0∑
q∈1BZ,l

ℏωl(q)

[
b†q,lbq,l +

1

2

]
+

ωl(q)=0∑
q∈1BZ,l

P̃ †
q,lP̃q,l

2

=
∑

q∈1BZ,l

ℏωl(q)

[
b†q,lbq,l +

1

2

]
,

(B35)

where the last equality assumes that ωl(q) = 0 only happens at measure-zero region of q in which there is no
Dirac-delta-type contribution, and

[bq,l, b
†
q′,l′ ] = δqq′δll′ and [bq,l, bq′,l′ ] = 0 . (B36)

Since the phonon Hamiltonian always has TR symmetry, we have

T ũ†q,lT
−1 = ũ†−q,l , T P̃

†
q,lT

−1 = −P̃ †
−q,l , T b

†
q,lT

−1 = b†−q,l . (B37)

A useful expression for the latter discussion is

ũ†q,l =

√
ℏ

2ωl(q)
(b†q,l + b−q,l) for ωl(q) ̸= 0 . (B38)

For the EPC, we have

Hel−ph =
∑

R1R2R

∑
τ1τ2τ

∑
ατ1

α′
τ2

i

1BZ∑
k1,k2,q

1

N3/2
e−ik1·(R1+τ1)eik2·(R2+τ2)eiq·(R+τ )

× c†k1,τ1,ατ1
ck2,τ2,α′

τ2
uq,τ ,i F

ατ1
α′

τ2
i

R1+τ1,R2+τ2,R+τ

=
∑

R1R2R

∑
τ1τ2τ

∑
ατ1α

′
τ2

i

1BZ∑
k1,k2,q

1

N3/2
e−ik1·(R1+τ1)eik2·(R2+τ2)eiq·τ ei(q−k1+k2)·R

× c†k1,τ1,ατ1
ck2,τ2,α′

τ2
uq,τ ,i F

ατ1
α′

τ2
i

R1+τ1,R2+τ2,τ

=
∑
R1R2

∑
τ1τ2τ

∑
ατ1

α′
τ2

i

1BZ∑
k1,k2,q

1√
N
e−ik1·(R1+τ1)eik2·(R2+τ2)eiq·τ

∑
G

δq+G,k1−k2

× c†k1,τ1,ατ1
ck2,τ2,α′

τ2
uq,τ ,i F

ατ1
α′

τ2
i

R1+τ1,R2+τ2,τ

=
∑
R1R2

∑
τ1τ2τ

∑
ατ1α

′
τ2

i

1BZ∑
k1,k2,q

∑
G

1√
N
e−ik1·(R1+τ1)eik2·(R2+τ2)ei(q+G)·τ δq+G,k1−k2

× c†k1,τ1,ατ1
ck2,τ2,α′

τ2
uq+G,τ ,i F

ατ1
α′

τ2
i

R1+τ1,R2+τ2,τ

=
∑
R1R2

∑
τ1τ2τ

∑
ατ1α

′
τ2

i

1BZ∑
k1,k2

1√
N
e−ik1·(R1+τ1−τ )eik2·(R2+τ2−τ )

× c†k1,τ1,ατ1
ck2,τ2,α′

τ2
uk1−k2,τ ,i F

ατ1α
′
τ2

i

R1+τ1,R2+τ2,τ
,

(B39)

which leads to

Hel−ph =
1√
N

∑
τ ,i

1BZ∑
k1,k2

c†k1
Fτ i(k1,k2)ck2

u†k2−k1,τ ,i
, (B40)
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where we used Eq. (B13) and we also used

[Fτ i(k1,k2)]τ1ατ1
,τ2α′

τ2

=
∑
R1R2

e−ik1·(R1+τ1−τ )eik2·(R2+τ2−τ )F
ατ1α

′
τ2

i

R1+τ1,R2+τ2,τ
. (B41)

According to Eq. (B12), Hermiticity requires and leads to

F †
τ i(k1,k2) = Fτ i(k2,k1) , (B42)

and for any generic reciprocal lattice vectors G1 and G2,

Fτ i(k1 +G1,k2 +G2) = V †
G1
Fτ i(k1,k2)VG2e

−iτ ·(G1−G2) , (B43)

where VG is defined in Eq. (B26). Owing to the local property of F
ατ1α

′
τ2

i

R1+τ1,R2+τ2,R+τ , [Fτ i(k1,k2)]τ1ατ1
,τ2α′

τ2

must

be a smooth function of (k1,k2) for all τ 1, ατ1
, τ 2, α

′
τ2
. Furthermore, we have

Hel−ph =
1√
N

∑
l

∑
τ ,i

∑
τ ′,i′

1BZ∑
k1,k2

c†k1
Fτ ′i′(k1,k2)ck2

1
√
mτ ′

[v∗l (k2 − k1)]τ ′i′ [vl(k2 − k1)]τ i
√
mτu

†
k2−k1,τ ,i

=
1√
N

∑
l

1BZ∑
k1,k2

c†k1
F̃l(k1,k2)ck2

ũ†k2−k1,l

=
1√
N

∑
nml

1BZ∑
k1,k2

G̃nml(k1,k2)γ
†
k1,n

γk2,mũ
†
k2−k1,l

⇒ Hel−ph =
1√
N

∑
nml

1BZ∑
k1,k2

Gnml(k1,k2)γ
†
k1,n

γk2,m(b†k2−k1,l
+ b−k2+k1,l) ,

(B44)

where

F̃l(k1,k2) =
∑
τ ′,i′

Fτ ′i′(k1,k2)
1

√
mτ ′

[v∗l (k2 − k1)]τ ′i′ (B45)

G̃nml(k,k
′) = U†

n(k)F̃l(k,k
′)Um(k′) , (B46)

Gnml(k,k
′) =

√
ℏ

2ωl(k
′ − k)

G̃nml(k,k
′) , (B47)

and the last equality assumes that ωl(q) = 0 only happens at measure-zero region of q in which there is no Dirac-
delta-type contribution. Based on the above expressions, the convention that we choose for the phonon eigenvectors
(Eq. (B32) derived from TR symmetry of the bare phonon Hamiltonian) and Hermiticity of Hel−ph lead to

F̃ †
l (k

′,k) = F̃l(k,k
′) , G̃∗

mnl(k
′,k) = G̃nml(k,k) , G

∗
mnl(k

′,k) = Gnml(k,k
′) . (B48)

For the convenience of later discussion, we note that Fτ i(k,k
′) can be expressed in terms of Gnml(k,k

′) as

Fτ i(k,k
′) =

√
mτ

ℏ
∑
nml

√
2ℏωl(k

′ − k)Un(k)Gnml(k,k
′)U†

m(k′)[vl(k
′ − k)]τ i . (B49)

In general, G̃nml(k,k
′) are gauge dependent, where “gauge” means that the unitary transformations that mix the

electron or phonon eigenvectors, e.g., the random phase factors in front of the eigenvectors. In general, given an
isolated set of electron bands (labelled by Sel, isolated in a subregion of 1BZ), the gauge transformation for the
corresponding basis takes the form of(

... Un(k) ...
)
→
(
... Un(k) ...

)
Rel(k) , (B50)
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where Rel(k) is unitary and Rel(k + ∀G) = Rel(k). Here an isolated set of bands means that the set of bands are
gapped from other bands in the subregion of 1BZ of interest. Similarly, given an isolated set of phonon bands (labelled
by Sph, isolated in a subregion of 1BZ), the gauge transformation for the corresponding basis takes the form of(

... vl(q) ...
)
→
(
... vl(q) ...

)
Rph(q) , (B51)

where Rph(q) is unitary and Rph(k + ∀G) = Rph(k). Note that the basis may not be the eigen-basis after the gauge
transformation, but the transformation keeps the projectors on to the set of bands untouched.

The behaviors of G̃nml(k,k
′) under the gauge transformations can be derived from the fact that∑

n∈Sel,1,m∈Sel,2,l∈Sph

G̃nml(k,k
′)γ†k,nγk′,mũ

†
k′−k,l (B52)

is gauge invariant, where we make sure k is in the subregion of 1BZ where Sel,1 is isolated, k′ is in the subregion of
1BZ where Sel,2 is isolated, and k′ − k is in the subregion of 1BZ where Sph is isolated. In other words,∑

n∈Sel,1,m∈Sel,2,l∈Sph

G̃nml(k,k
′)Un(k)⊗ U∗

m(k′)⊗ vl(k
′ − k) (B53)

is gauge invariant. Then, we know the following expression is gauge invariant:

ΓSel,1Sel,2Sph
(k,k′)

=
ℏ
2

∑
n,n′∈Sel,1

∑
m,m′∈Sel,2

∑
l,l′∈Sph

G̃nml(k,k
′)G̃∗

n′m′l′(k,k
′)(Un′(k)⊗ U∗

m′(k′)⊗ vl′(k
′ − k))†Un(k)⊗ U∗

m(k′)⊗ vl(k
′ − k)

=
ℏ
2

∑
n∈Sel,1

∑
m∈Sel,2

∑
l∈Sph

∣∣∣G̃nml(k,k
′)
∣∣∣2 =

∑
n∈Sel,1

∑
m∈Sel,2

∑
l∈Sph

∣∣Gnml(k,k
′)
∣∣2 ωl(k

′ − k) ,

(B54)

which is useful later.
Furthermore, Eq. (B53) (and thus Eq. (B54)) are smooth at (k,k′) as long as we make sure k is in the subregion

of 1BZ where Sel,1 is isolated, k′ is in the subregion of 1BZ where Sel,2 is isolated, and k′ − k is in the subregion of
1BZ where Sph is isolated. To see this, we rewrite Eq. (B53) as∑

n∈Sel,1,m∈Sel,2,l∈Sph

G̃nml(k,k
′)Un(k)⊗ U∗

m(k′)⊗ vl(k
′ − k)

=
∑

n∈Sel,1,m∈Sel,2,l∈Sph

∑
τ ,i

1
√
mτ

[
v∗l (k

′ − k)
]
τ i
U†
n(k)Fτ ′,i′(k,k

′)Um(k′)Un(k)⊗ U∗
m(k′)⊗ vl(k

′ − k) ,
(B55)

where we used Eq. (B45) and Eq. (B46). We know the projector
∑

n∈Sel
Un(k)U

†
n(k) is smooth in the subregion of

1BZ where Sel is isolated, and
∑

l∈Sph
vl(q)U

†
l (q) is smooth in the subregion of 1BZ where Sph is isolated. Combined

with the fact that Fτ ,i(k,k
′) is smooth, we know Eq. (B53) is smooth in the subregion of 1BZ in which Sel,1, Sel,2

and Sph are all isolated, and thus so is Eq. (B54).
Besides the gauge freedom, there is another freedom which is the choice of basis of the Hamiltonian in the momentum

space, e.g., choices of Fourier transformation rule. Eq. (B14) is just one way to fix the basis. In general, we have the
freedom of choosing basis as

c†k → c†kRk , u
†
q → u†qR

′
q , (B56)

where Rk and R′
q are unitary and smooth. Note that although the electron eigenvector Un(k) is not invariant under

Eq. (B56), the creation operator γ†k,n is invariant under Eq. (B56); it is because if we perform c†k,τ → c†kRk, we can

correspondingly perform Un(k) → R†
kUn(k) to keep γ†k,n invariant. Based on γ†k,n, the periodic part of the Bloch

state reads

|uk,n⟩ = e−ik·r̂γ†k,n|0⟩ , (B57)
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where r̂ is the electron position operator in the continuous space, i.e., r̂ =
∫
ddrrρ̂(r) with ρ̂(r) the electron density

operator. |uk,n⟩ is independent of the basis choice, and any final physical/geometric/topological expressions that we
eventually use must be invariant under Eq. (B56).

Nevertheless, the specific basis choice specified in the Fourier transformation Eq. (B14) is convenient if we use the

tight-binding approximation. Explicitly, under the tight-binding approximation, c†R+τ ,ατ
is so localized at R+τ that

we are allowed to use r̂c†R+τ ,ατ
|0⟩ = (R+ τ )c†R+τ ,ατ

|0⟩. Then, with Eq. (B14) and the tight-binding approximation,
we have

|uk,n⟩ = e−ik·rc†k|0⟩Un(k)

= e−ik·r
∑
τ ,ατ

c†k,τ ,ατ
|0⟩ [Un(k)]τατ

=
∑

τ ,ατ ,R

1√
N
eik·(R+τ )e−ik·rc†R+τ ,ατ

|0⟩ [Un(k)]τατ

=
∑

τ ,ατ ,R

1√
N
eik·(R+τ )e−ik·(R+τ )c†R+τ ,ατ

|0⟩ [Un(k)]τατ

=
∑

τ ,ατ ,R

1√
N
c†R+τ ,ατ

|0⟩ [Un(k)]τατ

=
∑
τ ,ατ

c†k=0,τ ,ατ
|0⟩ [Un(k)]τατ

= c†k=0|0⟩Un(k) .

(B58)

Therefore, when using Eq. (B14) and the tight-binding approximation, the momentum dependence of |uk,n⟩ is all in
Un(k). This will allows us to evaluate the FSM with the vectors Un(k). Explicitly, the general definition of the FSM
reads

[gn(k)]j1j2 =
1

2
Tr[∂kj1

P̂n(k)∂kj2
P̂n(k)] , (B59)

where

P̂n(k) = |un,k⟩⟨un,k| . (B60)

Owing to the simplification in Eq. (B58) brought by the tight-binding approximation and the Fourier transformation
(or the choice of basis) in Eq. (B14), we have

P̂n(k) = c†k=0|0⟩Un(k)U
†
n(k)⟨0|ck=0 = c†k=0|0⟩Pn(k)⟨0|ck=0 (B61)

with Pn(k) = Un(k)U
†
n(k), resulting in

[gn(k)]j1j2 =
1

2
Tr[∂kj1

P̂n(k)∂kj2
P̂n(k)] =

1

2
Tr[∂kj1

Pn(k)∂kj2
Pn(k)] . (B62)

Since we always use the tight-binding approximation and the Fourier transformation (or the choice of basis) in
Eq. (B14) unless specified otherwise, we will directly use Eq. (B61) in this work unless specified otherwise.

3. Crystalline and TR Symmetries of Electron Hamiltonian and EPC

In this part, we discuss the Hermiticity, crystalline symmetry, and TR symmetry of the electron Hamiltonian and
EPC.

Hermiticity requires

[tττ ′(R+ τ −R′ − τ ′)]† = tτ ′τ (R
′ + τ ′ −R− τ )

h†(k) = h(k) ,
(B63)
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and

[F i
R1+τ1,R2+τ2,R+τ ]

† = F i
R2+τ2,R1+τ1,R+τ

F †
τ i(k1,k2) = Fτ i(k2,k1) ,

(B64)

where tττ ′(R+ τ −R′ − τ ′) is a matrix defined by[
tττ ′(R+ τ −R′ − τ ′)

]
ατα′

τ ′
= t

ατα
′
τ ′

ττ ′ (R+ τ −R′ − τ ′) , (B65)

t
ατα

′
τ ′

ττ ′ (R+ τ −R′ − τ ′) is defined in Eq. (B6), h(k) is defined in Eq. (B23), F i
R1+τ1,R2+τ2,R+τ is a matrix defined as

[
F i
R1+τ1,R2+τ2,R+τ

]
ατ1

α′
τ2

= F
ατ1

α′
τ2

i

R1+τ1,R2+τ2,R+τ , (B66)

F
ατ1

α′
τ2

i

R1+τ1,R2+τ2,R+τ is defined in Eq. (B11), and F †
τ i(k1,k2) is defined in Eq. (B41).

Suppose the Hamiltonian has a crystalline symmetry g = {R|d}, where R is the point group part of g and d
labels the translational part of g. According to Eq. (B3) and Eq. (B17), the matrix Hamiltonians of electrons (i.e.,
tττ ′(R+ τ −R′ − τ ′) in Eq. (B65) and h(k) in Eq. (B22)) satisfy

Uτ1,gτ1
g tτ1τ2

(R1 + τ 1 −R2 − τ 2)
[
Uτ2,gτ2
g

]†
= tτ1,gτ2,g

(R1,τ1,g + τ 1,g −R2,τ2,g − τ 2,g)

U†
gh(k)Ug = h(Rk) ,

(B67)

where Ug is defined in Eq. (B19), and U
τgτ
g is defined in Eq. (B3). F

ατ1
α′

τ2
i

R1+τ1,R2+τ2,R+τ in Eq. (B11) and Fτ i(k1,k2) in

Eq. (B40) satisfy ∑
i′

Uτ1,gτ1
g F i′

R1+τ1,R2+τ2,R+τ

[
Uτ2,gτ2
g

]†
Rii′ = F i

R1,τ1,g+τ1,g,R2,τ2,g+τ2,g,Rg+τg∑
i′

U†
gFτ i′(k1,k2)UgRii′ = Fτgi(Rk1, Rk2) .

(B68)

Suppose the Hamiltonian has TR symmetry T . According to Eq. (B5) and Eq. (B20), the matrix Hamiltonians of
electrons (i.e., tτατ ,τ ′α′

τ ′
(R+ τ −R′ − τ ′) in Eq. (B65) and h(k) in Eq. (B22)) satisfy

Uτ1τ1

T
[
tτ1τ2(R+ τ −R′ − τ ′)

]∗
[Uτ2τ2

T ]
†
= tτ1τ2(R+ τ −R′ − τ ′)

U†
T h

∗(k)UT = h(−k) .
(B69)

F
ατ1

α′
τ2

i

R1+τ1,R2+τ2,R+τ in Eq. (B11) and Fτ i(k1,k2) in Eq. (B40) satisfy

Uτ1τ1

T
[
F i
R1+τ1,R2+τ2,R+τ

]∗
[Uτ2τ2

T ]
†
= F i

R1+τ1,R2+τ2,R+τ

U†
T F

∗
τ i(k1,k2)UT = Fτ i(−k1,−k2) .

(B70)

4. EPC Constant

The EPC strengh is commonly characterized by the dimensionless EPC constant λ [62], which is defined as

λ =
2

D(µ)N

1BZ∑
k,k′

∑
nml

|Gnml(k,k
′)|2

ℏωl(k
′ − k)

δ (µ− En(k)) δ
(
µ− Em(k′)

)
, (B71)

where n,m sum over all the electron bands, l sums over all the phonon bands,

D(µ) =

1BZ∑
k

∑
n

δ (µ− En(k)) (B72)
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is the electronic density of states at µ. For the convenience of the later discussion, we note that given any function
F (k) such that F (k + ∀G) = F (k), we have in the thermodynamic limit∑

k∈1BZ

δ (µ− En(k))F (k) =
V

(2π)d

∫
FSn

dσk
1

|∇kEn(k)|
F (k) , (B73)

where V is the volume of the system, and FSn is the Fermi surface given by En(k) = µ. This will be useful for the
calculation of the energetic/geometric contributions to λ.

Another commonly used expression of λ reads [62]

λ = 2

∫ +∞

0

dω
1

ω
α2F (ω) , (B74)

where

α2F (ω) =
1

D(µ)N

1BZ∑
k,k′

∑
nml

|Gnml(k,k
′)|2

ℏ
δ (µ− En(k)) δ

(
µ− Em(k′)

)
δ(ω − ωl(k

′ − k)) (B75)

is the Eliashberg function. Interestingly, Ref. [62] defines a mean squared phonon frequency as

〈
ω2
〉
=

∫ +∞
0

dω ω2 1
ω α2F (ω)∫ +∞

0
dω 1

ω α2F (ω)
. (B76)

With Eq. (B76), we can rewrite λ as

λ = 2
1

⟨ω2⟩

∫ +∞

0

dω ω α2F (ω)

=
2

⟨ω2⟩
1

D(µ)N

1BZ∑
k,k′

∑
nml

|Gnml(k,k
′)|2ωl(k

′ − k)

ℏ
δ (µ− En(k)) δ

(
µ− Em(k′)

)
=

2

ℏ ⟨ω2⟩
D(µ)

N
⟨Γ⟩ ,

(B77)

where

⟨Γ⟩ =
∑1BZ

k,k′
∑

nm Γnm(k,k′)δ (µ− En(k)) δ
(
µ− Em(k′)

)∑1BZ
k1,k′

1

∑
nm δ (µ− En(k1)) δ

(
µ− Em(k′

1)
) , (B78)

Γnm(k,k′) =
∑
l

|Gnml(k,k
′)|2ωl(k

′ − k) =
ℏ
2

∑
l

|G̃nml(k,k
′)|2

=
ℏ
2

∑
l

Tr
[
Pn(k)F̃l(k,k

′)Pm(k′)F̃ †
l (k,k

′)
]

=
ℏ
2

∑
l

Tr

Pn(k)
∑
τ ′,i′

Fτ ′i′(k,k
′)

1
√
mτ ′

[v∗l (k
′ − k)]τ ′i′Pm(k′)

∑
τ ′

1,i
′
1

F †
τ ′

1i
′
1
(k,k′)

1
√
mτ ′

1

[vl(k
′ − k)]τ ′

1i
′
1


=

ℏ
2

∑
τ ,i

1

mτ
Tr
[
Pn(k)Fτ i(k,k

′)Pm(k′)F †
τ i(k,k

′)
]
,

(B79)

and

Pn(k) = Un(k)U
†
n(k) (B80)

is the electron projection matrix (Un is defined in Eq. (B24)). Eq. (B79) is invariant under the change of the basis
(Eq. (B56)) since the first expression is in the eigenbasis.
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As shown in Eq. (B76),
〈
ω2
〉
formally depends on the EPC, the phonon frequencies/eigenvectors, and the electron

bands/eigenvectors. For graphene and MgB2, specific phonon modes dominate EPC, and thus
〈
ω2
〉
can be well

approximated by the frequency of those dominant phonon modes (as discussed in supplementary informationF and
supplementary informationH, respectively). Therefore, in this work, we will treat

〈
ω2
〉
as a parameter and focus on

the remaining part of λ in Eq. (B77). In the expression of λ (Eq. (B77)), all information on the phonon frequencies
or phonon eigenvectors is contained in

〈
ω2
〉
. Since we only want to study the effect of the electron band geometry or

topology on the EPC, it is also for our simplicity to treat
〈
ω2
〉
as a parameter determined in the ab initio calculation

and to focus on the rest.

Appendix C: Two-Center Approximation of EPC

Throughout this work, we adopt the two-center approximation of EPC. In this section, we provide more details
on the two-center approximation and set the stage for the discussions of geometric part of EPC in supplementary
informationD.

1. Real Space

The idea of two-center approximation was discussed in Ref. [79]. Our discussion here will look different from that
in Ref. [79], since we will not care about the detailed form of the EPC and only focus on the key assumptions.
Nevertheless the essential idea of the two-center approximation used here is the same as that in Ref. [79]. Specifically,
we adopt the following two-center approximation:

Assumption 1 (Two-center Approximation of EPC) Given any two electron (spinful) orbitals, the EPC for
them is determined by the relative motions of two ions at which the two electron orbitals are localized.

Asm. 1 is a generalized version of the two-center approximation used in Ref. [79]. Clearly, if two electrons are localized
at the same ion, the EPC of them is zero under Asm. 1.

In terms of equations, Asm. 1 is equivalent to assuming

F i
R1+τ1,R2+τ2,R+τ = 0 for R+ τ ̸= R1 + τ 1 or R+ τ ̸= R2 + τ 2

F i
R1+τ1,R2+τ2,R1+τ1

= −F i
R1+τ1,R2+τ2,R2+τ2

,
(C1)

where F i
R1+τ1,R2+τ2,R+τ is related to F

ατ1α
′
τ2

i

R1+τ1,R2+τ2,R+τ in Eq. (B11) by Eq. (B66). For convenience, we can define

f iR1+τ1,R2+τ2
=

1

2

(
F i
R1+τ1,R2+τ2,R1+τ1

− F i
R1+τ1,R2+τ2,R2+τ2

)
, (C2)

which gives

F i
R1+τ1,R2+τ2,R+τ = f iR1+τ1,R2+τ2

(δR+τ ,R1+τ1
− δR+τ ,R2+τ2

) . (C3)

Then, under the two-center approximation, we have

Hel−ph =
∑
R1R2

∑
τ1τ2

∑
i

c†R1+τ1
f iR1+τ1,R2+τ2

cR2+τ2
(uR1+τ1,i − uR2+τ2,i) , (C4)

where c†R+τ is defined in Eq. (B4). Eq. (C4) clearly shows that the EPC for c†R1+τ1
and cR2+τ2 only involves the

relative motion uR1+τ1,i − uR2+τ2,i, and shows that

f iR+τ ,R+τ = 0 , (C5)

which is consistent with Asm. 1.
According to Eq. (B12) and Eq. (B13), the lattice translation requires

f iR1+τ1,R2+τ2
= f iR1+τ1−R2,τ2

, (C6)

and the Hermiticity requires (
f iR2+τ2,R1+τ1

)†
= −f iR1+τ1,R2+τ2

. (C7)
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For convenience of the latter discussion, we define a matrix fτ1τ2,i(R1 + τ 1 −R2 − τ 2) as

fτ1τ2,i(R1 + τ 1 −R2 − τ 2) = f iR1+τ1−R2,τ2
, (C8)

which satisfies

fττ ,i(0) = 0 (C9)

according to Eq. (C5). Then, Eq. (C4) can be rewritten as

Hel−ph =
∑
R1R2

∑
τ1τ2

∑
i

c†R1+τ1
fτ1τ2,i(R1 + τ 1 −R2 − τ 2)cR2+τ2(uR1+τ1,i − uR2+τ2,i) , (C10)

where Eq. (C6) has been used.

When we use smooth hopping functions t
ατ1

α′
τ2

τ1τ2 (r) to describe the hopping among electrons in Eq. (B6), fτ1τ2,i(R1+
τ 1 −R2 − τ 2) takes the following form

[fτ1τ2,i(R1 + τ 1 −R2 − τ 2)]ατ1
α′

τ2

= ∂rit
ατ1α

′
τ2

τ1τ2 (r)

∣∣∣∣
r=R1+τ1−R2−τ2

. (C11)

2. Momentum Space

The discussion in supplementary informationC 1 is in real space; now we convert Eq. (C10) and Eq. (C8) to mo-
mentum space. To do so, we first Fourier transform Eq. (C8) into momentum space and obtain

fτ1τ2,i(k) =
∑
∆R

e−ik·(∆R+τ1−τ2)fτ1τ2,i(∆R+ τ 1 − τ 2) , (C12)

and we define

[fi(k)]τ1ατ1
,τ2α′

τ2

= [fτ1τ2,i(k)]ατ1
α′

τ2

. (C13)

Eq. (C13) defines fi(k) to be a matrix; fτ1τ2,i(k) is nothing but the τ 1τ 2 block of fi(k).

Furthermore, we Fourier transform c†R+τ in Eq. (B4) to momentum space and obtain

c†k,τ =
1√
N

∑
R

eik·(R+τ )c†R+τ , (C14)

which means that

c†k,τ = (..., c†k,τ ,ατ
, ...) (C15)

with “...” ranging over the orbitals or spins (labeled by ατ ) at the position τ in the unit cell, where c†k,τ ,ατ
is define
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in Eq. (B14). With Eq. (C14) and Eq. (C12), we can finally transform Eq. (C10) to momentum space and obtain

Hel−ph =
∑
R1R2

∑
τ1τ2

∑
i

c†R1+τ1
fτ1τ2,i(R1 + τ 1 −R2 − τ 2)cR2+τ2

(uR1+τ1,i − uR2+τ2,i)

=

1BZ∑
k1

1BZ∑
k2

1BZ∑
q

∑
R1R2

∑
τ1τ2

∑
i

1√
N
e−ik1·(R1+τ1)

1√
N
eik2·(R2+τ2)c†k1,τ1

fτ1τ2,i(R1 + τ 1 −R2 − τ 2)ck2,τ2

(
1√
N
eiq·(R1+τ1)uq,τ1,i −

1√
N
eiq·(R2+τ2)uq,τ2,i)

=
1√
N

1BZ∑
k1

1BZ∑
k2

1BZ∑
q

∑
∆R

∑
τ1τ2

∑
i

1

N

∑
R2

e−ik1·(∆R+R2+τ1)eik2·(R2+τ2)c†k1,τ1
fτ1τ2,i(∆R+ τ 1 − τ 2)ck2,τ2

(eiq·(∆R+R2+τ1)uq,τ1,i − eiq·(R2+τ2)uq,τ2,i)

=
1√
N

1BZ∑
k1

1BZ∑
k2

1BZ∑
q

∑
∆R

∑
τ1τ2

∑
i

1

N

∑
R2

ei(−k1+k2+q)·R2e−ik1·(∆R+τ1)eik2·τ2c†k1,τ1
fτ1τ2,i(∆R+ τ 1 − τ 2)ck2,τ2

(eiq·(∆R+τ1)uq,τ1,i − eiq·(τ2)uq,τ2,i)

=
1√
N

1BZ∑
k1

1BZ∑
k2

∑
∆R

∑
τ1τ2

∑
i

e−ik1·(∆R+τ1)eik2·τ2c†k1,τ1
fτ1τ2,i(∆R+ τ 1 − τ 2)ck2,τ2

(ei(k1−k2)·(∆R+τ1)uk1−k2,τ1,i − ei(k1−k2)·τ2uk1−k2,τ2,i)

=
1√
N

1BZ∑
k1

1BZ∑
k2

∑
∆R

∑
τ1τ2

∑
i

c†k1,τ1
fτ1τ2,i(∆R+ τ 1 − τ 2)ck2,τ2

(e−ik2·(∆R+τ1−τ2)uk1−k2,τ1,i − e−ik1·(∆R+τ1−τ2)uk1−k2,τ2,i)

=
1√
N

1BZ∑
k1

1BZ∑
k2

∑
τ1τ2τ

∑
i

c†k1,τ1
(fτ1τ2,i(k2)δτ ,τ1 − fτ1τ2,i(k1)δτ ,τ2)ck2,τ2u

†
k2−k1,τ ,i

,

(C16)

resulting in

Hel−ph =
1√
N

1BZ∑
k1

1BZ∑
k2

∑
τ ,i

c†k1
[χτfi(k2)− fi(k1)χτ ] ck2u

†
k2−k1,τ ,i

, (C17)

where

[χτ ]τ1ατ1
,τ2α′

τ2

= δτ ,τ1
δτ1ατ1 ,τ2α′

τ2
. (C18)

Eq. (C17) can be alternatively derived from Eq. (B40) by substituting Eq. (C1), Eq. (C6), Eq. (C8) and Eq. (C13) into
Eq. (B41), which leads to the following expression of Fτ i(k1,k2):

Fτ i(k1,k2) = χτfi(k2)− fi(k1)χτ , (C19)

where Fτ i(k1,k2) is defined in Eq. (B41).
As discussed in supplementary informationB 4, the key quantity that we will study is ⟨Γ⟩ in Eq. (B78). Then, it is

useful to see how Eq. (B78) looks under the two-center approximation (or more precisely under Eq. (C19)). To do so,
first we substitute Eq. (C19) into Eq. (B79) and obtain the following expression of Γnm(k1,k2):

Γnm(k1,k2) =
ℏ
2

∑
τ ,i

1

mτ
Tr [Pn(k1)(χτfi(k2)− fi(k1)χτ )Pm(k2)(χτfi(k1)− fi(k2)χτ )]

=
ℏ
2

∑
τ ,i

1

mτ
Tr [Pn(k1)χτfi(k2)Pm(k2)χτfi(k1)]−

ℏ
2

∑
τ ,i

1

mτ
Tr [Pn(k1)χτfi(k2)Pm(k2)fi(k2)χτ ]

− ℏ
2

∑
τ ,i

1

mτ
Tr [Pn(k1)fi(k1)χτPm(k2)χτfi(k1)] +

ℏ
2

∑
τ ,i

1

mτ
Tr [Pn(k1)fi(k1)χτPm(k2)fi(k2)χτ ] ,

(C20)
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resulting in

Γnm(k1,k2) =
ℏ
2

∑
τ ,i

1

mτ
Tr [χτfi(k1)Pn(k1)χτfi(k2)Pm(k2)] +

ℏ
2

∑
τ ,i

1

mτ
Tr [Pn(k1)fi(k1)χτPm(k2)fi(k2)χτ ]

− ℏ
2

∑
τ ,i

1

mτ
Tr [fi(k1)Pn(k1)fi(k1)χτPm(k2)χτ ]−

ℏ
2

∑
τ ,i

1

mτ
Tr [fi(k2)Pm(k2)fi(k2)χτPn(k1)χτ ] ,

(C21)

where Pn(k) is the electron projection matrix defined in Eq. (B80). Then, ⟨Γ⟩ in Eq. (B77) becomes

⟨Γ⟩ = 1

D2(µ)

1BZ∑
k1,k2

∑
n,m

δ (µ− En(k1)) δ (µ− Em(k2))

×

ℏ
2

∑
τ ,i

1

mτ
Tr [χτfi(k1)Pn(k1)χτfi(k2)Pm(k2)] +

ℏ
2

∑
τ ,i

1

mτ
Tr [Pn(k1)fi(k1)χτPm(k2)fi(k2)χτ ]

−ℏ
2

∑
τ ,i

1

mτ
Tr [fi(k1)Pn(k1)fi(k1)χτPm(k2)χτ ]−

ℏ
2

∑
τ ,i

1

mτ
Tr [fi(k2)Pm(k2)fi(k2)χτPn(k1)χτ ]


=

1

D2(µ)

1BZ∑
k1,k2

∑
n,m

δ (µ− En(k1)) δ (µ− Em(k2))
ℏ
2

∑
τ ,i

1

mτ
Tr [χτfi(k1)Pn(k1)χτfi(k2)Pm(k2)] + c.c.


− ℏ
D2(µ)

1BZ∑
k1,k2

∑
n,m

δ (µ− En(k1)) δ (µ− Em(k2)) Tr [fi(k1)Pn(k1)fi(k1)χτPm(k2)χτ ] ,

(C22)

resulting in

⟨Γ⟩ =

 1

D2(µ)

ℏ
2

∑
τ ,i

1

mτ
Tr

(1BZ∑
k1

∑
n

δ (µ− En(k1))χτfi(k1)Pn(k1)

)2
+ c.c.


− ℏ
D2(µ)

∑
τ ,i

1

mτ

1BZ∑
k1,k2

∑
n,m

δ (µ− En(k1)) δ (µ− Em(k2)) Tr [fi(k1)Pn(k1)fi(k1)χτPm(k2)χτ ] .

(C23)

For graphene, the second line of the expression gives the geometric and topological lower bounds, as discussed in
supplementary informationF. For MgB2, all terms are important, as discussed in supplementary informationH.

As shown by Eq. (C23), ⟨Γ⟩ is determined by fi(k), in addition to the electron bands En(k), the electron projection
matrix Pn(k), the chemical potential and the atomic masses. En(k) and Pn(k) can be derived from the electron
Hamiltonian Eq. (B22). In the following, we discuss the symmetry properties of fi(k) (and fτ1τ2,i(R1+τ 1−R2−τ 2)
in Eq. (C8)), which will be crucial for the discussion in supplementary informationD.

3. Symmetry Properties of fτ1τ2,i(R1 + τ 1 −R2 − τ 2) and fi(k)

In this part, we will discuss the symmetry properties of fτ1τ2,i(R1 + τ 1 − R2 − τ 2) in Eq. (C8) and fi(k) in
Eq. (C13), which will be crucial for the discussion in supplementary informationD.

Owing to Eq. (C7) and Eq. (C13), Hermiticity requires and leads to

f†τ2τ1,i
(R2 + τ 2 −R1 − τ 1) = −fτ1τ2,i(R1 + τ 1 −R2 − τ 2)

fi(k)
† = −fi(k) ,

(C24)
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where i = x, y, z regardless of the spacial dimension d ≤ 3. Specifically for fi(k), we have

[fi(k)]
∗
τ2α′

τ2
,τ1ατ1

=
∑
∆R

eik·(∆R+τ2−τ1) [fτ2τ1,i(∆R+ τ 2 − τ 1)]
∗
α′

τ2
ατ1

=
∑
∆R

e−ik·(∆R+τ1−τ2) [fτ2τ1,i(−∆R+ τ 2 − τ 1)]
∗
α′

τ2
ατ1

=
∑
∆R

e−ik·(∆R+τ1−τ2)
[
f i−∆R+τ2,τ1

]∗
α′

τ2
ατ1

= −
∑
∆R

e−ik·(∆R+τ1−τ2)
[
f iτ1,−∆R+τ2

]
ατ1α

′
τ2

= −
∑
∆R

e−ik·(∆R+τ1−τ2)
[
f i∆R+τ1,τ2

]
ατ1α

′
τ2

= −
∑
∆R

e−ik·(∆R+τ1−τ2) [fτ1τ2,i(∆R+ τ 1 − τ 2)]ατ1
α′

τ2

= − [fi(k)]τ1ατ1
,τ2α′

τ2

,

(C25)

where we used Eq. (C8) and Eq. (C7).
Suppose the system has a crystalline symmetry g = {R|d}, where R is the point group part of g and d labels the

translational part of g. According to Eq. (B68) and Eq. (C2), we have∑
i′

Uτ1,gτ1
g f i

′

R1+τ1,R2+τ2

[
Uτ2,gτ2
g

]†
Rii′

=
1

2

∑
ατ1

α′
τ2

i′

Uτ1,gτ1
g F i′

R1+τ1,R2+τ2,R1+τ1

[
Uτ2,gτ2
g

]†
Rii′ −

1

2

∑
i′

Uτ1,gτ1
g F i′

R1+τ1,R2+τ2,R2+τ2

[
Uτ2,gτ2
g

]†
Rii′

=
1

2
F i
R1,τ1,g+τ1,g,R2,τ2,g+τ2,g,R1,τ1,g+τ1,g

− 1

2
F i
R1,τ1,g+τ1,g,R2,τ2,g+τ2,g,R2,τ2,g+τ2,g

= f iR1,τ1,g+τ1,g,R2,τ2,g+τ2,g
,

(C26)

which, combined with Eq. (C8) and Eq. (C6), leads to∑
i′

Uτ1,gτ1
g fτ1τ2,i′(R1 + τ 1 −R2 − τ 2)

[
Uτ2,gτ2
g

]†
Rii′ = fτ1,gτ2,g,i(R1,τ1,g + τ 1,g −R2,τ2,g − τ 2,g) , (C27)

where Rτ ,g and τ g are defined in Eq. (B2), and

R1,τ1,g + τ 1,g −R2,τ2,g − τ 2,g = R(R1 + τ 1 −R2 − τ 2) (C28)

owing to Eq. (B2). Then, combining Eq. (C27) with Eq. (C12) and Eq. (B19), we obtain∑
τ1τ2i′

U
τ ′

1τ1
g fτ1τ2,i′(k)

[
U

τ ′
2τ2

g

]†
Rii′

=
∑
τ1τ2

δτ ′
1,τ1,g

δτ ′
2,τ2,g

∑
i′

Uτ1,gτ1
g fτ1τ2,i′(k)

[
Uτ2,gτ2
g

]†
Rii′

=
∑
τ1τ2

δτ ′
1,τ1,g

δτ ′
2,τ2,g

∑
∆R

e−ik·(∆R+τ1−τ2)
∑
i′

Uτ1,gτ1
g fτ1τ2,i′(∆R+ τ 1 − τ 2)

[
Uτ2,gτ2
g

]†
Rii′

=
∑
τ1τ2

δτ ′
1,τ1,g

δτ ′
2,τ2,g

∑
∆R

e−iRk·R(∆R+τ1−τ2)fτ1,gτ2,g,i(R∆R+∆Rτ1,g −∆Rτ2,g + τ 1,g − τ 2,g)

=
∑
τ1τ2

δτ ′
1,τ1,g

δτ ′
2,τ2,g

∑
∆R

e−iRk·(R∆R+∆Rτ1,g−∆Rτ2,g+τ1,g−τ2,g)fτ1,gτ2,g,i(R∆R+∆Rτ1,g −∆Rτ2,g + τ 1,g − τ 2,g)

=
∑
τ1τ2

δτ ′
1,τ1,g

δτ ′
2,τ2,g

∑
∆R

e−iRk·(∆R+τ1,g−τ2,g)fτ1,gτ2,g,i(∆R+ τ 1,g − τ 2,g)

=
∑
τ1τ2

δτ ′
1,τ1,g

δτ ′
2,τ2,g

fτ1,gτ2,g,i(Rk)

= fτ ′
1τ

′
2,i
(Rk) for any values of τ ′

1 and τ ′
2 ,

(C29)
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resulting in ∑
i′

Ugfi′(k)U
†
gRii′ = fi(Rk) , (C30)

where τ 1,g − τ 2,g = R(τ 1 − τ 2) − (∆Rτ1,g − ∆Rτ2,g) according to Eq. (B2), and we used τ ′
1 and τ ′

2 because we
include the case where τ ′

1 ̸= τ 1,g and τ ′
2 ̸= τ 2,g, for which the equation trivially holds as both sides are zero.

Suppose the system has TR symmetry T . According to Eq. (B70) and Eq. (C2), we have

Uτ1τ1

T
[
f iR1+τ1,R2+τ2

]∗
[Uτ2τ2

T ]
†

=
1

2
Uτ1τ1

T
[
F i
R1+τ1,R2+τ2,R1+τ1

]∗
[Uτ2τ2

T ]
† − 1

2
Uτ1τ1

T
[
F i
R1+τ1,R2+τ2,R2+τ2

]∗
[Uτ2τ2

T ]
†

=
1

2
F i
R1+τ1,R2+τ2,R1+τ1

− 1

2
F i
R1+τ1,R2+τ2,R2+τ2

= f iR1+τ1,R2+τ2
,

(C31)

which, combined with the lattice translations (Eq. (C6)) and the definition of fτ1τ2,i(R1+ τ 1−R2− τ 2) in Eq. (C8),
leads to

Uτ1τ1

T [fτ1τ2,i(R1 + τ 1 −R2 − τ 2)]
∗
[Uτ2τ2

T ]
†
= fτ1τ2,i(R1 + τ 1 −R2 − τ 2) . (C32)

Then, combining Eq. (C32) with Eq. (C12) and Eq. (B21), we obtain∑
τ1τ2

U
τ ′

1τ1

T f∗τ1τ2,i(k)
[
U

τ ′
2τ2

T

]†
=
∑
τ1τ2

δτ ′
1,τ1

δτ ′
2,τ2

Uτ1τ1

T f∗τ1τ2,i(k) [U
τ2τ2

T ]
†

=
∑
τ1τ2

δτ ′
1,τ1

δτ ′
2,τ2

∑
∆R

eik·(∆R+τ1−τ2)Uτ1τ1

T f∗τ1τ2,i(∆R+ τ 1 − τ 2) [U
τ2τ2

T ]
†

=
∑
τ1τ2

δτ ′
1,τ1

δτ ′
2,τ2

∑
∆R

eik·(∆R+τ1−τ2)fτ1τ2,i(∆R+ τ 1 − τ 2)

=
∑
τ1τ2

δτ ′
1,τ1

δτ ′
2,τ2

fτ1τ2,i(−k)

= fτ ′
1τ

′
2,i
(−k) ,

(C33)

resulting in

UT f
∗
i (k)U

†
T = fi(−k) . (C34)

The symmetry properties of fτ1τ2,i(R1 + τ 1 −R2 − τ 2) are summarized in

f†τ2τ1,i
(R2 + τ 2 −R1 − τ 1) = −fτ1τ2,i(R1 + τ 1 −R2 − τ 2) for Hermiticity∑

i′

Uτ1,gτ1
g fτ1τ2,i′(R1 + τ 1 −R2 − τ 2)

[
Uτ2,gτ2
g

]†
Rii′ = fτ1,gτ2,g,i(R1,τ1,g + τ 1,g −R2,τ2,g − τ 2,g) for g = {R|d}

Uτ1τ1

T [fτ1τ2,i(R1 + τ 1 −R2 − τ 2)]
∗
[Uτ2τ2

T ]
†
= fτ1τ2,i(R1 + τ 1 −R2 − τ 2) for T ,

(C35)

where U
τgτ
g is defined in Eq. (B3), Uττ

T is defined in Eq. (B5), Rτ ,g and τ g are defined in Eq. (B2), and

R1,τ1,g + τ 1,g −R2,τ2,g − τ 2,g = R(R1 + τ 1 −R2 − τ 2) (C36)

owing to Eq. (B2). The symmetry properties of fi(k) are summarized in

fi(k)
† = −fi(k) for Hermiticity∑

i′

Ugfi′(k)U
†
gRii′ = fi(Rk) for g = {R|d}

UT f
∗
i (k)U

†
T = fi(−k) for T ,

(C37)
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where Ug is defined in Eq. (B19) and UT is defined in Eq. (B21).
Finally, from Eq. (C13), we can clearly see that for any generic reciprocal lattice vector G,

fi(k +G) = V †
Gfi(k)VG , (C38)

where VG is the embedding matrix defined in Eq. (B26). This means that fi(k) has the same transformation rule
as the matrix Hamiltonian h(k) of the electrons in Eq. (B23) under the shifts of the reciprocal lattice vectors. We
emphasize that the appearance of only two embedding matrices of Eq. (C38) relies on the two-center approximation
of the EPC Hamiltonian (Eq. (C10)).

Appendix D: Symmetry-Rep Method: Geometric Contribution to the EPC Constant λ

In supplementary informationA, we have shown that under the GA, we can identify the geometric contribution
to λ. In this section, we will discuss an alternative way of defining the geometric contribution to λ, which we call
the symmetry-rep method. We emphasize that unlike the GA, the symmetry-rep method is just a formal way of
defining the geometric contribution. The symmetry-rep method repeatedly uses the fact that two functions of the
same symmetry properties can be expressed in terms of the same combinations of irreps. As a result, the symmetry-rep
method would need the explicit function form of the electron Hamiltonian in terms of not only the momentum but also
the hopping parameters as discussed in supplementary informationD3. In practice, when we use the symmetry-rep
method, we always need to combine it with the short-range nature of the hoppings, since the symmetry-rep method
does not involve any information of locality; when combined with short-range nature of the hoppings, the number of
basis functions would be dramatically reduced, allowing us to obtain explicit results. Then, in graphene and MgB2,
we find that the symmetry-rep method combined with the short-range hoppings give exactly the same results as the
GA, as discussed in supplementary informationF and supplementary informationH.

Before going into details, let us discuss more generally what the geometric contribution to λ means. First, the
geometric part of EPC means the part of fi(k) in Eq. (C17) that relies on the geometric properties of the electron
Bloch states. Here the geometric properties of the electron Bloch states refer to the momentum dependence of the
projection operator P̂n(k) = |un,k⟩⟨un,k| on the periodic part of the Bloch state |un,k⟩ (which is defined in Eq. (B57)).

More explicitly, the momentum derivatives of P̂n(k) characterize the momentum dependence of P̂n(k). Owing to the

tight-binding approximation that we use, Eq. (B58) suggests that the momentum dependence of P̂n(k) is all in the
projection matrix Pn(k) defined in Eq. (B80) for the convention Eq. (B14). Therefore, in this work, the geometric part
of EPC specifically means the part of fi(k) in Eq. (C17) that relies on the momentum derivatives of the projection
matrix Pn(k) defined in Eq. (B80) for the convention Eq. (B14). Furthermore, we can also define the energetic part of
fi(k) in Eq. (C17), which is just the part of fi(k) in Eq. (C17) that relies on the momentum derivatives of the electron
bands En(k) Eq. (B24) but not on the momentum derivatives of Pn(k). The energetic (geometric) contribution to λ
is the part of λ that solely depends on the energetic (geometric) part of fi(k).
In the following, we will present more details on the symmetry-rep method. We will only discuss certain 2D systems.

It is nontrivial to define the geometric part of EPC in generic dimensions based on the symmetry-rep method, which
we leave to the future. Yet, the physical relation between EPC and the quantum geometry has been revealed by the
GA.

1. Momentum Derivatives

As discussed in the above introductory part of this section, the final expressions of the geometric contribution to λ
should contain momentum derivatives of Pn(k). In the GA discussed in supplementary informationA, the momentum
derivatives naturally appear because of the Gaussian form of the hopping function. In this part, we will show where
the momentum derivatives originate from in the symmetry-rep method. We note that unlike the GA discussed in
supplementary informationA, the discussion in this part is just a re-formulation of fi(k) in Eq. (C17).
First, we should start from real space by using Eq. (C12). Owing to Eq. (C9), Eq. (C12) becomes

fτ1τ2,i(k) =
∑
∆R

e−ik·(∆R+τ1−τ2)fτ1τ2,i(∆R+ τ 1 − τ 2)

=

∆R+τ1−τ2 ̸=0∑
∆R

e−ik·(∆R+τ1−τ2)fτ1τ2,i(∆R+ τ 1 − τ 2) .

(D1)
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Eq. (C9) shows that the terms for ∆R+ τ 1 − τ 2 = 0 vanish and thus can be safely omitted. For simplicity, we only
consider the 2D systems that do not have two atoms with the same in-plane coordinates, i.e., τ 1 = τ 2 ⇔ |τ 1−τ 2| = 0

with |(x, y, z)| =
√
x2 + y2. Equivalently, we have

R1 + τ 1 = R2 + τ 2 ⇔ |R1 + τ 1 −R2 − τ 2| = 0 , (D2)

since R1 and R2 only have the in-plane components.
To proceed, we will use the following expression

δii′ =

(
r

|r|

)
i

(
r

|r|

)
i′
+

(
ez × r

|r|

)
i

(
ez × r

|r|

)
i′

∀ i, i′ ∈ {x, y} and |r| ̸= 0 , (D3)

where r = (rx, ry, rz)
T , and ez is the unit vector in the z direction. Combined with Eq. (D2), we can rewrite fτ1τ2,i(k)

with i = x, y as

fτ1τ2,i=x,y(k)

=

∆R+τ1−τ2 ̸=0∑
∆R

e−ik·(∆R+τ1−τ2)
∑

i′=x,y

fτ1τ2,i′(∆R+ τ 1 − τ 2)δii′

=

∆R+τ1−τ2 ̸=0∑
∆R

e−ik·(∆R+τ1−τ2)
∑

i′=x,y

fτ1τ2,i′(∆R+ τ 1 − τ 2)

×
[(

∆R+ τ 1 − τ 2

|∆R+ τ 1 − τ 2|

)
i

(
∆R+ τ 1 − τ 2

|∆R+ τ 1 − τ 2|

)
i′
+

(
ez × (∆R+ τ 1 − τ 2)

|∆R+ τ 1 − τ 2|

)
i

(
ez × (∆R+ τ 1 − τ 2)

|∆R+ τ 1 − τ 2|

)
i′

]

=

∆R+τ1−τ2 ̸=0∑
∆R

e−ik·(∆R+τ1−τ2)
(
f̃τ1τ2, (∆R+ τ 1 − τ 2) [∆R+ τ 1 − τ 2]i

+ f̃τ1τ2,⊥(∆R+ τ 1 − τ 2) [ez × (∆R+ τ 1 − τ 2)]i

)
=
∑
∆R

e−ik·(∆R+τ1−τ2)
(
f̃τ1τ2, (∆R+ τ 1 − τ 2) [∆R+ τ 1 − τ 2]i

+ f̃τ1τ2,⊥(∆R+ τ 1 − τ 2) [ez × (∆R+ τ 1 − τ 2)]i

)

(D4)

where we use Eq. (D2) for the second equality, we define

f̃τ1τ2, (∆R+ τ 1 − τ 2 ̸= 0) =
∑

i′=x,y

fτ1τ2,i′(∆R+ τ 1 − τ 2)

(
∆R+ τ 1 − τ 2

|∆R+ τ 1 − τ 2|2

)
i′

f̃τ1τ2,⊥(∆R+ τ 1 − τ 2 ̸= 0) =
∑

i′=x,y

fτ1τ2,i′(∆R+ τ 1 − τ 2)

(
ez × (∆R+ τ 1 − τ 2)

|∆R+ τ 1 − τ 2|2

)
i′

(D5)

for the third equality, and we define

f̃ττ , (0) = f̃ττ ,⊥(0) = 0 (D6)

for the last equality. By further defining

f̃τ1τ2,β(k) =
∑
∆R

e−ik·(∆R+τ1−τ2)f̃τ1τ2,β(∆R+ τ 1 − τ 2) ∀ β = ,⊥ , (D7)

we eventually have

fi(k) =

i∂ki f̃ (k) + i
∑

i′=x,y

ϵi′i∂ki′ f̃⊥(k)

 (δix + δiy) + δizfz(k) , (D8)

where [
f̃β(k)

]
τ1ατ1

,τ2α′
τ2

=
[
f̃τ1τ2,β(k)

]
ατ1

α′
τ2

∀ β = ,⊥ . (D9)

So we have rewritten the form of fi(k) (Eq. (C17)) to make momentum derivatives explicit in it, since the quantities
that capture quantum geometry rely on the momentum derivatives as shown, e.g., in Eq. (A12).
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2. Symmetry properties of f̃τ1τ2,β(∆R+ τ 1 − τ 2) and f̃β(k)

To reveal the geometric part of the EPC, the symmetry properties of f̃τ1τ2,β(∆R+ τ 1− τ 2) in Eq. (D5) and f̃β(k)
in Eq. (D9) are particularly important, since the method described in this section relies on the symmetry reps. Here

β = ,⊥. f̃τ1τ2, (∆R+ τ 1 − τ 2) and f̃τ1τ2,⊥(∆R+ τ 1 − τ 2) in Eq. (D5) can be rewritten into one expression:

f̃τ1τ2,β(∆R+ τ 1 − τ 2 ̸= 0) =
∑

i,i′=x,y

fτ1τ2,i(∆R+ τ 1 − τ 2)S
β
ii′

(∆R+ τ 1 − τ 2)i′

|∆R+ τ 1 − τ 2|2
, (D10)

where

S =

(
1 0

0 1

)
, S⊥ =

(
0 1

−1 0

)
. (D11)

First, let us discuss the Hermiticity. Eq. (C35) gives

f̃†τ2τ1,β
(−∆R+ τ 2 − τ 1 ̸= 0) = −

∑
i,i′=x,y

f†τ2τ1,i
(−∆R− τ 1 + τ 2)S

β
ii′

(∆R+ τ 1 − τ 2)i′

|∆R+ τ 1 − τ 2|2

=
∑

i,i′=x,y

fτ1τ2,i(∆R+ τ 1 − τ 2)S
β
ii′

(∆R+ τ 1 − τ 2)i′

|∆R+ τ 1 − τ 2|2

= f̃τ1τ2,β(∆R+ τ 1 − τ 2 ̸= 0) .

(D12)

In addition, f†ττ ,β(0) = 0 = fττ ,β(0). Then, we have

f̃†τ2τ1,β
(−∆R+ τ 2 − τ 1) = f̃τ1τ2,β(∆R+ τ 1 − τ 2) . (D13)

Combined with Eq. (D7), we further have the Hermiticity of f̃β(k), which reads

f̃†τ2τ1,β
(k) =

∑
∆R

eik·(∆R+τ2−τ1)f̃†τ2τ1,β
(∆R+ τ 2 − τ 1)

=
∑
∆R

e−ik·(∆R+τ1−τ2)f̃τ1τ2,β(∆R+ τ 1 − τ 2)

= f̃τ1τ2,β(k) ,

(D14)

resulting in

f̃†β(k) = f̃β(k) . (D15)

The Hermiticity requirement of f̃β can be summarized as

f̃†τ2τ1,β
(−∆R+ τ 2 − τ 1) = f̃τ1τ2,β(∆R+ τ 1 − τ 2)

f̃†β(k) = f̃β(k) .
(D16)

Based on Eq. (D10), if the Hamiltonian preserves a crystalline symmetry g = {R|d}, we have

Uτ1,gτ1
g f̃τ1τ2,β(R1 + τ 1 −R2 − τ 2 ̸= 0)

[
Uτ2,gτ2
g

]†
=

∑
i,i′=x,y

Uτ1,gτ1
g fτ1τ2,i(R1 + τ 1 −R2 − τ 2)

[
Uτ2,gτ2
g

]†
Sβ
ii′

(R1 + τ 1 −R2 − τ 2)i′

|R1 + τ 1 −R2 − τ 2|2

=
∑

i,i′=x,y

∑
i1,i′1

fτ1,gτ2,g,i1(R(R1 + τ 1 −R2 − τ 2))Ri1iS
β
ii′Ri′1i

′

(R(R1 + τ 1 −R2 − τ 2))i′1
|R1 + τ 1 −R2 − τ 2|2

,

(D17)
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where we have used the fact that R is a real orthogonal matrix. Since we are considering 2D systems, Rxz = Ryz = 0
for any crystalline symmetry g preserved by the system, i.e.,

R =

(
R2D

Rzz

)
with R2D a 2× 2 real orthogonal matrix and Rzz = ±1 . (D18)

Therefore, we have

|R1 + τ 1 −R2 − τ 2| = |R(R1 + τ 1 −R2 − τ 2)|∑
i,i′=x,y

Ri1iSii′Ri′1i
′ =

∑
i=x,y

Ri1iRi′1i
= δi1i′1 = zR, Si1i′1

∀ i1, i′1 = x, y

∑
i,i′=x,y

Ri1iS
⊥
ii′Ri′1i

′ =
∑

i,i′=x,y

ϵii′(R2D)i1i(R2D)i′1i′ = ϵi1i′1 det(R2D) = zR,⊥S
⊥
i1i′1

∀ i1, i′1 = x, y

∑
i,i′=x,y

Ri1iS
β
ii′Ri′1i

′ = 0 if i1 = z or i′1 = z ,

(D19)

where

zR, = 1 , zR,⊥ = det(R2D) , (D20)

g = {R|d}, and R2D is in Eq. (D18). Then, with Eq. (D18) and Eq. (D19), Eq. (D17) becomes

Uτ1,gτ1
g f̃τ1τ2,β(R1 + τ 1 −R2 − τ 2 ̸= 0)

[
Uτ2,gτ2
g

]†
=

∑
i1,i′1=x,y

fτ1,gτ2,g,i1(R(R1 + τ 1 −R2 − τ 2))zR,βS
β
i1i′1

(R(R1 + τ 1 −R2 − τ 2))i′1
|R(R1 + τ 1 −R2 − τ 2)|2

=
∑

i,i′=x,y

fτ1,gτ2,g,i(R1,τ1,g + τ 1,g −R2,τ2,g − τ 2,g))S
β
ii′

(R1,τ1,g + τ 1,g −R2,τ2,g − τ 2,g)i′

|R1,τ1,g + τ 1,g −R2,τ2,g − τ 2,g|2

= zR,β f̃τ1,gτ2,g,β(R1,τ1,g + τ 1,g −R2,τ2,g − τ 2,g) .

(D21)

On the other hand, we have

Uτgτ
g f̃ττ ,β(0)

[
Uτgτ
g

]†
= 0 = f̃τgτg,β(0) . (D22)

Hence, if we require the Hamiltonian to have the symmetry g, f̃τ1τ2,β(∆R1 + τ 1 −R2 − τ 2) must satisfy

Uτ1,gτ1
g f̃τ1τ2,β(R1 + τ 1 −R2 − τ 2)

[
Uτ2,gτ2
g

]†
= zR,β f̃τ1,gτ2,g,β(R1,τ1,g + τ 1,g −R2,τ2,g − τ 2,g) , (D23)

where zR,β is defined in Eq. (D20). For f̃β(k), we use Eq. (D7) and Eq. (B19) to convert Eq. (D23) to momentum
space and obtain ∑

τ1τ2

U
τ ′

1τ1
g f̃τ1τ2,β(k)

[
U

τ ′
2τ2

g

]†
=
∑
τ1τ2

δτ ′
1τ1,g

δτ ′
2τ2,g

Uτ1,gτ1
g f̃τ1τ2,β(k)

[
Uτ2,gτ2
g

]†
=
∑
τ1τ2

δτ ′
1τ1,g

δτ ′
2τ2,g

∑
∆R

e−ik·(∆R+τ1−τ2)Uτ1,gτ1
g f̃τ1τ2,β(∆R+ τ 1 − τ 2)

[
Uτ2,gτ2
g

]†
=
∑
τ1τ2

δτ ′
1τ1,g

δτ ′
2τ2,g

∑
∆R

e−iRk·(R∆R+∆Rτ1,g−∆Rτ2,g+τ1,g−τ2,g)

× zR,β f̃τ1,gτ2,g,β(R∆R+∆Rτ1,g −∆Rτ2,g + τ 1,g − τ 2,g)

= zR,β

∑
τ1τ2

δτ ′
1τ1,g

δτ ′
2τ2,g

∑
∆R

e−iRk·(∆R+τ1,g−τ2,g) f̃τ1,gτ2,g,β(∆R+ τ 1,g − τ 2,g)

= zR,β

∑
τ1τ2

δτ ′
1τ1,g

δτ ′
2τ2,g

f̃τ1,gτ2,g,β(Rk)

= zR,β f̃τ ′
1τ

′
2,β

(Rk) ,

(D24)
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which, combined with Eq. (D9), leads to

Ug f̃β(k) [Ug]
†
= zR,β f̃β(Rk) . (D25)

Based on Eq. (D10), if the Hamiltonian preserves TR symmetry, we have

Uτ1τ1

T f̃∗τ1τ2,β(R1 + τ 1 −R2 − τ 2 ̸= 0) [Uτ2τ2

T ]
†

=
∑

i,i′=x,y

Uτ1τ1

T f∗τ1τ2,i(R1 + τ 1 −R2 − τ 2) [U
τ2τ2

T ]
†
Sβ
ii′

(R1 + τ 1 −R2 − τ 2)i′

|R1 + τ 1 −R2 − τ 2|2

=
∑

i,i′=x,y

fτ1τ2,i(R1 + τ 1 −R2 − τ 2)S
β
ii′

(R1 + τ 1 −R2 − τ 2)i′

|R1 + τ 1 −R2 − τ 2|2

= f̃τ1τ2,β(R1 + τ 1 −R2 − τ 2 ̸= 0) .

(D26)

where we have used the fact that R is a real orthogonal matrix. In addition, we have

Uττ
T f̃∗ττ ,β(0) [U

ττ
T ]

†
= 0 = f̃ττ ,β(0) . (D27)

Eventually, we have the symmetry requirement of f̃τ1τ2,β(∆R1 + τ 1 −R2 − τ 2) under T :

Uτ1τ1

T f̃∗τ1τ2,β(R1 + τ 1 −R2 − τ 2 ̸= 0) [Uτ2τ2

T ]
†
= f̃∗τ1τ2,β(R1 + τ 1 −R2 − τ 2) . (D28)

For f̃β(k), we use Eq. (D7) and Eq. (B21) to convert Eq. (D28) to momentum space and obtain

Uτ1τ1

T f̃∗τ1τ2,β(k) [U
τ2τ2

T ]
†

=
∑
∆R

eik·(∆R+τ1−τ2)Uτ1τ1

T f̃∗τ1τ2,β(∆R+ τ 1 − τ 2) [U
τ2τ2

T ]
†

=
∑
∆R

eik·(∆R+τ1−τ2)f̃τ1τ2,β(∆R+ τ 1 − τ 2)

= f̃τ1τ2,β(−k) ,

(D29)

which, combined with Eq. (D9), leads to

UT f̃∗β(k) [UT ]
†
= f̃β(−k) . (D30)

In sum, the symmetry properties of f̃β are

f̃†τ2τ1,β
(−∆R+ τ 2 − τ 1) = f̃τ1τ2,β(∆R+ τ 1 − τ 2)

f̃†β(k) = f̃β(k)

Uτ1,gτ1
g f̃τ1τ2,β(R1 + τ 1 −R2 − τ 2)

[
Uτ2,gτ2
g

]†
= zR,β f̃τ1,gτ2,g,β(R1,τ1,g + τ 1,g −R2,τ2,g − τ 2,g)

Ug f̃β(k) [Ug]
†
= zR,β f̃β(Rk)

Uτ1τ1

T f̃∗τ1τ2,β(R1 + τ 1 −R2 − τ 2 ̸= 0) [Uτ2τ2

T ]
†
= f̃∗τ1τ2,β(R1 + τ 1 −R2 − τ 2)

UT f̃∗β(k) [UT ]
†
= f̃β(−k) ,

(D31)

where g = {R|d} is a crystalline symmetry, zR, is defined in Eq. (D20), U
τgτ
g is defined in Eq. (B3), Uττ

T is defined
in Eq. (B5), Rτ ,g and τ g are defined in Eq. (B2), Ug is defined in (B19), UT is defined in (B21), and we have assumed
that the system preserves T and g.

3. Symmetry-Rep Method

With the preparation in supplementary informationD1 and supplementary informationD2, we now introduce the
symmetry-rep method to define the geometric part of fi(k) (in Eq. (C17)). In this part, we will just present the
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symmetry-rep method in an abstract way. Applications of the symmetry-rep method to explicit examples (i.e.,
graphene and MgB2) are in supplementary informationF and supplementary informationH, where, we find that the
symmetry-rep method combined with the short-range hoppings give exactly the same results as the GA.

Our strategy is to replace terms in f̃β(k) (Eq. (D9)) by terms that involve the electron Hamiltonian h(k), which
will become the terms that involve ∂kx

h(k) or ∂ky
h(k) in fi(k), based on the symmetry properties. Then, ∂ih(k)

contains ∂ki
Pn(k) which corresponds to the geometric property of the Bloch wavefunction, where Pn(k) is the electron

projection matrix defined in Eq. (B80). As mentioned at the beginning of supplementary informationD, the part of
fi(k) that involves ∂ki

Pn(k) is just the geometric part, while the part of fi(k) that involves ∂ki
En(k) is the energetic

part, where En(k) is the electron band defined in Eq. (B24).
Let us be more specific in the following. By comparing Eq. (D31) to Eq. (B63), Eq. (B67) and (B69), we find that

f̃τ1τ2, (R1+τ 1−R2−τ 2) in Eq. (D5) has the same symmetry properties as the electron hopping tτ1τ2(R1+τ 1−R2−
τ 2) in Eq. (B6), and f̃ (k) has the same symmetry properties as the electron matrix Hamiltonian h(k) in Eq. (B6).
In principle, we can always find the most general symmetry-allowed form of h(k), which reads

h(k) =
∑
a

taĥa(k) with
1

N

1BZ∑
k

Tr[ĥ†a(k)ĥa′(k)] = 0 for a ̸= a′ , (D32)

where ta labels all the independent free parameters, and ĥa(k) is non-vanishing and has no tuning parameters in it.

Then, we know the most general symmetry-allowed form of f̃ (k) under the same approximations reads

f̃ (k) =
∑
a

γ̂ ,aĥa(k) . (D33)

Comparing Eq. (D33) to Eq. (D32), it is straightforward to see that

f̃ (k) = L [h(k)] , (D34)

where

L [x] =
∑
a

γ̂ ,a∂tax . (D35)

Moreover, the linear operator L in Eq. (D35) does not depend on the choice of ĥa(k). Specifically, if we change the

choice of ĥa(k) to ĥ
′
a(k), then ĥ

′
a(k) must be related to ĥa(k) by

ĥa(k) =
∑
a′

ĥ′a′(k)Xa′a , (D36)

where X is a invertible matrix since ĥa(k) and ĥ
′
a(k) are nonvanishing in 1BZ. As a result, according to

h(k) =
∑
a′

t′aĥ
′
a(k)

f̃ (k) =
∑
a′

γ̂ ,a′ ĥ′a(k) ,
(D37)

we have

t′a′ =
∑
a

taXa′a

γ̂′ ,a′ =
∑
a

γ̂ ,aXa′a ,
(D38)

leading to

L′ =
∑
a′

γ̂′a′∂t′
a′

=
∑
a′

∑
a1

γ̂ ,a1
Xa′a1

∑
a2

∂ta2

∂t′a′
∂ta2

=
∑
a′

∑
a1

γ̂ ,a1
Xa′a1

∑
a2

∂
∑

a′
1
[X−1]a2a′

1
t′a′

1

∂t′a′
∂ta2

=
∑
a′

∑
a1

γ̂ ,a1Xa′a1

∑
a2

[X−1]a2a′∂ta2
=
∑
a1

∑
a2

γ̂ ,a1∂ta2
δa1a2 =

∑
a

γ̂ ,a∂ta = L .

(D39)
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Therefore, we can choose any ĥa(k) to use Eq. (D34), as long as the choice of ĥa(k) is the same for both Eq. (D32)
and Eq. (D33).

Now, we move on to f̃⊥(k). Due to the factor zR,⊥ (defined in Eq. (D20)) of the symmetry requirement of f̃⊥(k)

in Eq. (D31), we should study f̃⊥(k) in two cases: (i) all spatial symmetries have det(R2D) = 1 for Eq. (D20) (e.g.,

rotations along z), and (ii) there are spatial symmetries that have det(R2D) = −1 for Eq. (D20). In case (i), f̃⊥(k)
has the same form as Eq. (D32):

f̃⊥(k) =
∑
a

γ̂⊥,aĥa(k) , (D40)

which means that

f̃⊥(k) = L⊥[h(k)] , (D41)

where

L⊥[x] =
∑
a

γ̂⊥,a∂tax . (D42)

Similar to Eq. (D35), L⊥ in Eq. (D42) is independent of the choice of ĥa(k).

In case (ii), we cannot use L⊥ in Eq. (D42), because none of the terms in Eq. (D32) can appear in f̃⊥(k) due to
the different transformation properties for symmetries with det(R2D) = −1. Nevertheless, we can still try to express

f̃⊥(k) in the following form:

f̃⊥(k) = L⊥[h(k)] + ∆f̃⊥(k) , (D43)

where L⊥ is different from Eq. (D42) but L⊥ is still a k-independent linear operator. Here ∆f̃⊥(k) includes the terms
beyond L⊥[h(k)], and is zero in case (i). Unfortunately, we currently cannot give a universal expression for the L⊥ in
case (ii), which we leave as the future work. Let us only focus on L⊥ for graphene and MgB2, both of which belong to
the case (ii). As will be discussed in supplementary informationF and supplementary informationH, both graphene
and MgB2 can be viewed as special cases of the TR-invariant systems that satisfy

1

N

1BZ∑
k

Tr[(Qlĥa(k) + ĥa(k)Q
†
l )(Ql′ ĥa′(k) + ĥa′(k)Q†

l′)] = 0 for (l, a) ̸= (l′, a′), (D44)

where Ql are TR-invariant constant matrices that satisfy UgQlU
†
g = QlzR,⊥ for any crystalline symmetry g = {R|d}

of the system,

Tr[Q†
lQl′ ] = 0 for l′ ̸= l , (D45)

and ĥa(k) satisfies Eq. (D32). We can see (Qlĥa(k) + ĥa(k)Q
†
l ) should appear in f̃⊥(k) since they have the same

symmetry properties. Then, we have

f̃⊥(k) =
∑
l,a

γ̂⊥,l,a(Qlĥa(k) + ĥa(k)Q
†
l ) + ∆f̃⊥(k) , (D46)

where γ̂⊥,l,a = 0 is required if Qlĥa(k) + ĥa(k)Q
†
l = 0, and ∆f̃⊥(k) is the term in f̃⊥(k) that does not involve

Qlĥa(k) + ĥa(k)Q
†
l . As a result, Eq. (D46) infers

L⊥[x] =
∑
l,a

γ̂⊥,l,a(Ql∂tax+ ∂taxQ
†
l ) , (D47)

and ta satisfies Eq. (D32).

In sum, for f̃⊥(k), we have Eq. (D43) with L⊥ having the expression of Eq. (D42) in case (i) or Eq. (D47) for the
special TR-invariant systems considered in the case (ii).
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Once Eq. (D34) and Eq. (D43) are achieved, we can re-write fi(k) and obtain

fi(k) =

i∂ki
L [h(k)] + i

∑
i′=x,y

ϵi′i∂ki′L⊥[h(k)] + i
∑

i′=x,y

ϵi′i∂ki′∆f⊥(k)

 (δix + δiy) + δizfz(k)

=

iL [∂kih(k)] + i
∑

i′=x,y

ϵi′iL⊥[∂ki′h(k)]

 (δix + δiy) + ∆fi(k)

=

iL [∂ki

∑
n

En(k)Pn(k)] + i
∑

i′=x,y

ϵi′iL⊥[∂ki′

∑
n

En(k)Pn(k)]

 (δix + δiy) + ∆fi(k)

= fEi (k) + fgeoi (k) + ∆fi(k) ,

(D48)

where

∆fi(k) = i
∑

i′=x,y

ϵi′i∂ki′∆f⊥(k)(δix + δiy) + δizfz(k) , (D49)

fEi (k) =

iL [
∑
n

Pn(k)∂ki
En(k)] + i

∑
i′=x,y

ϵi′iL⊥[
∑
n

Pn(k)∂ki′En(k)]

 (δix + δiy)

fgeoi (k) =

iL [
∑
n

En(k)∂ki
Pn(k)] + i

∑
i′=x,y

ϵi′iL⊥[
∑
n

En(k)∂ki′Pn(k)]

 (δix + δiy) ,

(D50)

L is in Eq. (D35), L⊥ defined in Eq. (D42) or Eq. (D47) (or in other ways depending on the system), and we have
used the fact that [∂ki ,L ] = 0 and [∂ki ,L⊥] = 0. We call fEi (k) the energetic part of fi(k) since f

E
i (k) vanishes for

systems with all electron bands exactly flat. We call fgeoi (k) the geometric part of fi(k). Eventually, we arrive at

λ = λE + λgeo + λE−geo +∆λ , (D51)

where λE , λgeo and λE−geo are defined in Eq. (A29), Eq. (A30), and Eq. (A31), respectively, and ∆λ is the additional
term given by a nonvanishing ∆fi(k) in Eq. (D49).
Eq. (D50) is just a formal way of defining the energetic and geometric parts of the EPC based on the symmetry

properties of EPC and the Hamiltonian. Based on Eq. (D35) and Eq. (D42) (or Eq. (D47)), we can clearly see that
Eq. (D50) needs explicit information on the t-dependence of the Hamiltonian, not just the momentum dependence. In
other words, without further approximations, knowing the Hamiltonian at the fixed values of the hopping parameters
(ta in Eq. (D32)) is not enough for using Eq. (D50), because Eq. (D50) does not involve any information of the
locality. Therefore, in practice, Eq. (D50) needs to be used together with other local approximations (like short-range
approximation for the hopping). In graphene and MgB2, we find that the symmetry-rep method combined with
the short-range hoppings give exactly the same results as the GA, as discussed in supplementary informationF and
supplementary informationH.

Appendix E: Two properties of λ

In this section, we discuss two properties of λ. In the first part, we will discuss how λ bounds the mean-field
superconducting Tc in TR-invariant 2D or 3D systems if neglecting Coulomb. (The mean-field theory fails in 1D.) In
the second part, we show that for systems with negligible spin-orbit coupling, we can directly neglect the spin index
in the evaluation of λ in Eq. (B71), and obtain the right value without any missing factors such as 2.

1. Lower Bound of the Mean-field Superconducting Critical Temperature from λ

To show the lower bound, let us first introduce the expression of the effective electron-electron interaction induced
by phonons in general. The effective interaction is derived by performing the Schrieffer-Wolff transformation [112] eS
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with S having the following expression

S =
1√
N

∑
k,k1,l,n,m

γ†k,nγk1,m
G̃nml(k,k1)

(En(k)− Em(k1))2 − ℏ2ω2
l (k1 − k)

[
(En(k)− Em(k1))ũ

†
k1−k,l + iℏP̃ †

k1−k,l

]
, (E1)

where ũ†k1−k,l and P̃ †
k1−k,l are defined right below Eq. (B27), G̃nml(k,k1 − k) is defined in Eq. (B46), γ†k,n is the

creation operator for the electron Bloch states, En(k) is the electron bands, ωl(k1 − k) is the phonon band, and
(k,k1 − k, l, n,m) that satisfies (En(k)− Em(k1))

2 − ℏ2ω2
l (k1 − k) = 0 is excluded from the sum since they usually

occur in zero-measure regions and do not give Dirac-delta-type contributions. Since S† = −S, eS is a unitary operator.
Then, imposing the unitary transformation eS on the Hamiltonian H gives

eSHe−S = Hel +Hph +Heff−int + ... , (E2)

where

Heff−int =
1

N

∑
k1,l

∑
nn′mm′

∑
k,k′

Gn′m′l(k
′,k′ + k − k1)Gnml(k,k1)ℏωl(k1 − k)

(En(k)− Em(k1))2 − (ℏωl(k1 − k))2
γ†k,nγk1,mγ

†
k′,n′γk′+k−k1,m′ , (E3)

and “...” does not contain the terms in the form Hel−ph and only contains higher-order terms. Eq. (E3) suggests that
the induced interaction must be attractive when both En(k) and Em(k1) are equal to the Fermi energy.
With the effective interaction among electrons in Eq. (E3), we now discuss the mean-field superconducting critical

temperature Tc. The mean-field Tc is determined by solving the linearized gap equation [59]. More specifically, we
solve the linearized gap equation for the temperature T and the nonvanishing pairing gap function. The highest T
given by the solutions is Tc. Let us consider a subset of solutions whose pairing gap functions correspond to the
zero-total-momentum Cooper pairings, and label the highest T given by this subset of solutions as TZTM

c . Then, we
know

Tc ≥ TZTM
c . (E4)

Tc > TZTM
c happens if the system enters a pairing-density-wave phase when T goes right below Tc. According to

Eq. (E4), the lower bound of TZTM
c is the lower bound of Tc. In the following, we focus on the TZTM

c , which is for
the zero-total-momentum Cooper pairings.

Since we only focus on the zero-total-momentum Cooper pairings, we only consider the channel of the attractive
interaction in Eq. (E3) that accounts for such pairings, resulting in the following total Hamiltonian

HZTM =
∑

k,n1,n2

γ†k,n1
γk,n2

hn1n2
(k) +

1

2

∑
k,k1

∑
n1,n2,n3,n4

Un1n2n3n4
(k,k1)γ

†
k,n1

γ†−k,n2
γ−k1,n3

γk1,n4
, (E5)

where

Un1n2n3n4
(k,k1) =

2

N

∑
l

Gn2n3l(−k,−k1)Gn1n4l(k,k1)ℏωl(k1 − k)

(En1
(k)− En4

(k1))2 − (ℏωl(k1 − k))2
, (E6)

and we have neglect the Coulomb interaction. Hermiticity gives that

U∗
n4n3n2n1

(k1,k) = Un1n2n3n4
(k,k1) (E7)

Generally, neglecting the Coulomb interaction is only valid in the low energies after the renormalization, which means
that Eq. (E5) is only valid within certain energy cutoff ϵc. From the interacting Hamiltonian Eq. (E5), the mean-field
Hamiltonian reads

HZTM,MF =
∑

k,n1,n2

γ†k,n1
γk,n2(hn1n2(k)−µδn1n2)+

1

2

∑
k

∑
n1,n2

∆n1n2(k)γ
†
k,n1

γ†−k,n2
+
1

2

∑
k

∑
n1,n2

∆∗
n2n1

(k)γ−k,n1γk,n2 ,

(E8)
where the order parameter ∆n1n2

(k) satisfies the following self-consistent equation

∆n1n2
(k) =

∑
k1,n3n4

Un1n2n3n4
(k,k1)

Tr
[
e−βHZTM,MF γ−k1,n3γk1,n4

]
Tr [e−βHZTM,MF ]

, (E9)
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β = 1/(kBT ), kB is the Boltzmann constant, and T is the temperature. As the superconductivity transition in 3D is
normally a second-order phase transition near which ∆n1n2

(k) is infinitesimally small, we can expand the right-hand
side of the self-consistent equation (Eq. (E9)) in series of ∆n1n2

(k) and only keep terms to first order in ∆n1n2
(k),

resulting in the linearized gap equation [113]

∆n1n2
(k) =

1

β

∑
k1,ω,n3,n4

Un1n2n3n4
(k,k1)

1

iω − En4(k1) + µ

1

iω + En3(−k1)− µ
∆n4n3

(k1)

⇔ ∆n1n2
(k) = −

∑
k1,n3,n4

Un1n2n3n4
(k,k1)ζ(En4

(k1)− µ,−En3
(−k1) + µ)∆n4n3

(k1) ,
(E10)

where ω ∈ (2Z+ 1)πβ is the fermionic Matsubara frequency, and

ζ(a, b) =
1

eβb+1
− 1

eβa+1

a− b
(E11)

which is derived from [114]

1

β

∑
ω

1

iω − E
=

1

eβE + 1
. (E12)

The mean-field superconducting critical temperature TZTM
c is determined by the linearized gap equation (Eq. (E10)).

Explicitly, we solve the linearized gap equation for the temperature T and the nonvanishing pairing gap function, and
the highest T given by the solutions is TZTM

c .
ζ(a, b) in the linearized gap equation (Eq. (E11)) is always positive for finite β > 0 and finite a, b, since 1

eβb+1
> 1

eβa+1
for a > b, and

lim
ϵ→0

ζ(a, a+ ϵ) = − lim
ϵ→0

1
eβ(a+ϵ)+1

− 1
eβa+1

ϵ
=

βeβa

(eβa + 1)2
> 0 . (E13)

Therefore, the linearized gap equation in Eq. (E10) is equivalent to

∆n1n2
(k)
√
ζ(En1

(k)− µ,−En2
(−k) + µ)

= −
∑

k1,n3,n4

√
ζ(En1

(k)− µ,−En2
(−k) + µ)Un1n2n3n4

(k,k1)ζ(En4
(k1)− µ,−En3

(−k1) + µ)∆n4n3
(k1) .

(E14)

The form of the linearized gap equation in Eq. (E14) is useful for our discussion. Inspired by Eq. (E14), let us define
a vector X and a matrix M to be

Xn1n2k = ∆n1n2
(k)
√
ζ(En1(k)− µ,−En2(−k) + µ)

Mn1n2k,n4n3k1
= −

√
ζ(En1

(k)− µ,−En2
(−k) + µ)Un1n2n3n4

(k,k1)
√
ζ(En4

(k1)− µ,−En3
(−k1) + µ) .

(E15)

With Eq. (E15), Eq. (E14) becomes

X =MX . (E16)

Hermiticity of U in Eq. (E7) gives that

M∗
n4n3k1,n1n2k = −

√
ζ(En4(k1)− µ,−En3(−k1) + µ)U∗

n4n3n2n1
(k1,k)

√
ζ(En1(k)− µ,−En2(−k) + µ)

= −
√
ζ(En1

(k)− µ,−En2
(−k) + µ)Un1n2n3n4

(k,k1)
√
ζ(En4

(k1)− µ,−En3
(−k1) + µ)

=Mn1n2k,n4n3k1
,

(E17)

meaning that M is Hermitian.
With the reformulated linearized gap equation Eq. (E15) and the fact that M is Hermitian, we now have a direct

equation for the critical temperature:

det(M − 1) = 0 , (E18)
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which is solved for the temperature T . More explicitly, M has real eigenvalues, labelled as m0 ≥ m1 ≥ m2.... Each
eigenvalue of M should be a continuous function of T , since M continuously depends on the temperature (Eq. (E15)).
When a certain eigenvalue ofM intersects with 1, the corresponding temperature at the intersection point is a solution
to Eq. (E18). The largest T that satisfies Eq. (E18) is TZTM

c .

Now we show TZTM
c is the largest T that satisfies m0 = 1, where m0 is the largest eigenvalue ofM . To see this, first

note that ζ(a, b) in Eq. (E11) limits to zero as T → ∞, and thus M limits to zero as T → ∞ according to Eq. (E15).
So all eigenvalues of M limit to zero as T → ∞. Suppose T ′ is a generic solution to det(M − 1) = 0, then there exists
an eigenvalue ml of M such that T ′ satisfies ml = 1. Since ml ≤ m0, we have m0 ≥ 1 at T ′. Combined with the fact
that limT→∞m0 = 0 and m0 is a continuous function of T ′, m0 = 1 will happen in [T ′,∞), which means that T ′ is
no larger than the largest T that satisfies m0 = 1. Therefore, the largest T that satisfies m0 = 1 is the largest T that
satisfies det(M − 1) = 0, which is equal to TZTM

c .

With this preparation, now we show how TZTM
c is bounded from below by λ in Eq. (B71) for TR-invariant systems.

As a good approximation for many mean-field superconductors, we assume that the cutoff ϵc of the model is much
larger than the temperature of interest ϵc ≫ kBT , and the electron bands are dispersive with a large Fermi velocity.
(With this approximation, our results cannot be applied to flat-band superconductors.) The TR symmetry acts on
γn,k as

T γn,kT −1 = γn,−ke
iϕn(k) for k not at TR-invariant points , (E19)

and then the EPC Gnml(k,k1) satisfies

eiϕn(k)G∗
nml(k,k1)e

−iϕm(k1) = Gnml(−k,−k1) for k and k1 not at TR-invariant points , (E20)

owing to the phonon TR transformation that we choose in Eq. (B37). Next we will use the fact that for any nonvan-
ishing Y , we always have the variational principle

Y †MY

Y †Y
≤ m0 , (E21)

where recall that m0 is the largest eigenvalue of M . To relate to λ, let us choose a special Y = X ′, where

X ′
n1n2k = δn1n2

eiϕn1 (k)
√
ζ(En1

(k)− µ,−En2
(−k) + µ) . (E22)

Note that we have En(k) = En(−k) for TR-invariant system, and we have

ζ(a,−a) = tanh(βa/2)

2a
. (E23)

The TR-invariant points are just measure zero subset of 1BZ, and thus can be ruled out from the summation of k.
Then, we obtain

(X ′)†X ′ =
∑

n1n2k

δn1n2ζ(En1(k)− µ,−En2(−k) + µ) =
∑
nk

tanh(β(En(k)− µ)/2)

2(En(k)− µ)

=

∫ ϵc

−ϵc

dξ
tanh(βξ/2)

2ξ

∑
nk

δ(En(k)− µ− ξ) ≈
∫ ϵc

−ϵc

dξ
tanh(βξ/2)

2ξ

∑
nk

δ(En(k)− µ) ≈ log

[
2eγEulerϵc
πkBT

]
D(µ) ,

(E24)

where γEuler = 0.5772... is the Euler constant, and we have used the assumption that the electron bands are dispersive
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with a large Fermi velocity for the first “≈”, and used ϵc ≫ kBT for the second “≈”. Moreover,

(X ′)†MX ′ =
∑

n1n2k

∑
n4n3k1

(X ′
n1n2k)

∗Mn1n2k,n4n3k1X
′
n4n3k1

= −
∑

n1n2k

∑
n4n3k1

δn1n2
eiϕn1

(k)ζ(En1
(k)− µ,−En2

(−k) + µ)Un1n2n3n4
(k,k1)

× ζ(En4
(k1)− µ,−En3

(−k1) + µ)δn4n3
e−iϕn4

(k1)

= −
∑
n1k

∑
n4k1

eiϕn1 (k)
tanh(β(En1(k)− µ)/2)

2(En1
(k)− µ)

Un1n1n4n4
(k,k1)

tanh(β(En4(k1)− µ)/2)

2(En4
(k1)− µ)

e−iϕn4 (k1)

= −
∫ ϵc

−ϵc

dξ1
tanh(βξ1/2)

2ξ1

∫ ϵc

−ϵc

dξ2
tanh(βξ1/2)

2ξ2
(−)

∑
n1k

∑
n4k1

δ(En1(k)− µ− ξ1)δ(En4(k1)− µ− ξ4)

× eiϕn1
(k)Un1n1n4n4

(k,k1)e
−iϕn4

(k1)

≈ −
(
log

[
2eγEulerϵc
πkBT

])2∑
n1k

∑
n4k1

δ(En1
(k)− µ)δ(En4

(k1)− µ)

× 2

N

∑
l

Gn1n4l(−k,−k1)Gn1n4l(k,k1)ℏωl(k1 − k)

(En1
(k)− En4

(k1))2 − (ℏωl(k1 − k))2
eiϕn1

(k)e−iϕn4
(k1) ,

(E25)

where we again have used the approximation that the electron bands are dispersive with a large Fermi velocity for
the first “≈” and used ϵc ≫ kBT . Combined with Eq. (E20) and Eq. (B71), we arrive at

(X ′)†MX ′ ≈
(
log

[
2eγEulerϵc
πkBT

])2∑
n1k

∑
n4k1

δ(En1(k)− µ)δ(En4(k1)− µ)
2

N

∑
l

|Gn1n4l(k,k1)|2

ℏωl(k1 − k)

=

(
log

[
2eγEulerϵc
πkBT

])2

λD(µ) .

(E26)

Therefore, we have

(X ′)†MX ′

(X ′)†X ′ = log

[
2eγEulerϵc
πkBT

]
λ . (E27)

Owing to m0 ≥ (X′)†MX′

(X′)†X′ , the solution to (X′)†MX′

(X′)†X′ = 1 must be no larger than the largest T that satisfies m0 = 1,

which is TZTM
c . As (X′)†MX′

(X′)†X′ = 1 gives

T =
2eγEulerϵc
πkB

e−
1
λ , (E28)

we arrive at

Tc ≥ TZTM
c ≥ 2eγEulerϵc

πkB
e−

1
λ = 1.13

ϵc
kB

e−
1
λ . (E29)

We note that in the lower bound Eq. (E29), Tc can be given by any kind of pairing form, even if it is not a uniform
s-wave pairing (like pairing density waves). It is because we never assume any pairing form for Tc, although we choose
a special Y = X ′ in the variational principle (Eq. (E21)) to derive the lower bound Eq. (E29).

2. Neglecting spin for evaluating λ in the presence of spin SU(2) symmetry

The discussion in supplementary informationB, supplementary informationC and supplementary informationD
holds for both spinful and spinless fermions. However, in reality, we cannot have spinless fermions due to spin
statistics [115]. At best, what we have is spinful fermions with spin SU(2) symmetry, i.e., the spin-orbit coupling is
negligible. In this part, we will discuss λ (Eq. (B71)) in the presence of spin SU(2) symmetry (i.e., the spin-orbit
coupling is negligible).
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When the system has spin SU(2) symmetry, we can neglect the spin when evaluating λ in Eq. (B71) and
〈
ω2
〉
in

Eq. (B76). Based on the general form of the EPC Hamiltonian Eq. (B44), spin SU(2) symmetry means that the spinful
band index nspinful can be split to the spinless band index nspinless and the spin index s, i.e., nspinful = (nspinless, s).
Then, the spinful EPC matrix reduces as

Gspinful
nspinfulmspinfull

(k,k′) = Gspinful
nspinlesssmspinlesss′l

(k,k′) = Gspinless
nspinlessmspinlessl

(k,k′)δss′ . (E30)

Combined with the spin-double degeneracy of the electron bands, we obtain

λspinful = λspinless〈
ω2
〉
spinful

=
〈
ω2
〉
spinless

.
(E31)

For graphene and MgB2 discussed in supplementary informationF and supplementary informationH, the spin-orbit
coupling is always negligible, and we will always use spinless models.

Appendix F: Geometric and Topological Contributions to EPC Constant in Graphene

In this section, we discuss the EPC in graphene. We neglect the spin-orbit coupling in graphene and assume spin
SU(2) symmetry. Therefore, we will use a spinless model throughout this section. As a result, all the symmetry
operations that we consider are spinless.

1. Review: Electron Hamiltonian and Electron Band Topology

In this part, we review the electron Hamiltonian of graphene and electron band topology in it following Ref. [80]
and Ref. [95].

a. Review: Electron Hamiltonian of Graphene

Besides the charge U(1) symmetry and 2D lattice translations, the relevant symmetry group of the spinless model
for graphene is generated by the six-fold rotation C6, the mirror my that flips the y direction, the mirror mz with
mirror plane lying in the plane of graphene, and TR symmetry T , where the spatial symmetries form the space group
P6/mmm. The model of graphene is constructed from C6, my, mz and T .

Graphene has two atoms per unit cell, and at low energies, we only need to consider one pz-like orbital at each
atom. pz-like means that the orbital behaves the same as a pz orbital under the symmetry operations of interest.
Specifically, according to the convention defined in supplementary informationB 1, we have τ ∈ {τA, τB} for the
sublattice and the orbital index ατ can be omitted since it only takes one value—pz, where

τA =
a√
3
(

√
3

2
,−1

2
, 0)T

τB =
a√
3
(

√
3

2
,
1

2
, 0)T ,

(F1)

and a is the lattice constant of graphene. Then, the creation operators for electrons are labelled as c†R+τ , where
R ∈ a1Z+ a2Z with

a1 = a(
1

2
,

√
3

2
, 0)T

a2 = a(−1

2
,

√
3

2
, 0)T .

(F2)
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The symmetry reps furnished by c†R+τ are

C6c
†
R+τC

−1
6 = c†C6(R+τ ) = c†RC6,τ+τC6

myc
†
R+τm

−1
y = c†my(R+τ ) = c†myR+τmy

mzc
†
R+τm

−1
z = −c†R+τ

T c†R+τT
−1 = c†R+τ ,

(F3)

where

τC6
= τmy

=

{
τB if τ = τA

τA if τ = τB

RC6,τ =

{
C6R if τ = τA

C6R+ a2 if τ = τB

.

(F4)

According to the convention in Eq. (B3), we know

UτAτB

C6
= UτBτA

C6
= 1 ⇒ UC6

= τx

UτAτB
my

= UτBτA
my

= 1 ⇒ Umy
= τx

Uττ
mz

= −1 ⇒ Umz = −τ0
Uττ
T = 1 ⇒ UT = τ0 ,

(F5)

where τ0 is the identity matrix in the sublattice space, and τx, τy and τz are the Pauli matrices in the sublattice space.
By using Eq. (B14), we have the electron basis in momentum space as

c†k = (c†k,τA
, c†k,τB

) , (F6)

and the symmetry reps read

C6c
†
kC

−1
6 = c†C6k

τx

myc
†
km

−1
y = c†myk

τx

mzc
†
km

−1
z = −c†k

T c†kT
−1 = c†−k .

(F7)

According to Eq. (B6), the electron Hamiltonian of graphene in general reads

Hel =
∑
R1R2

∑
τ1τ2

tτ1τ2(R1 + τ 1 −R2 − τ 2)c
†
R1+τ1

cR2+τ2 . (F8)

In this work, we only consider the electron hopping up to the nearest neighbors for graphene, i.e.,

tτ1τ2
(R1 + τ 1 −R2 − τ 2) = 0 ∀ |R1 + τ 1 −R2 − τ 2| >

a√
3
, (F9)

where tτ1τ2
(R1 + τ 1 −R2 − τ 2) is defined in Eq. (B6). Then, the terms that are allowed to be zero are tττ (0) (the

onsite energy), tτAτB
(δj) and tτBτA

(−δj), where

δj = Cj
3

a√
3
(0,−1, 0)T with j = 0, 1, 2 , (F10)

and C3 = C2
6 .

Deriving the forms of tττ (0), tτAτB
(δj) and tτBτA

(−δj) based on symmetries has been well-described in the
literature (e.g., Ref. [80]). Here we will recap it as a comparison to the later derivation for EPC. By using Eq. (B67),
Eq. (B69) and Eq. (F5), we obtain

C6 : tτAτA
(0) = tτBτB

(0)

my : tτAτA
(0) = tτBτB

(0)

mz : no constraints

T : tτAτA
(0) , tτBτB

(0) ∈ R
h.c. : tτAτA

(0) , tτBτB
(0) ∈ R

(F11)
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and

C6 : tτAτB
(δ0) = tτBτA

(−δ2) = tτAτB
(δ1) = tτBτA

(−δ0) = tτAτB
(δ2) = tτBτA

(−δ1)

my : tτAτB
(δ0) = tτBτA

(−δ0), tτAτB
(δ1) = tτBτA

(−δ2), tτAτB
(δ2) = tτBτA

(−δ1)

mz : no constraints

T : tτAτB
(δj) , tτBτA

(−δj) ∈ R
h.c. : tτAτB

(δj) = t∗τBτA
(−δj) ,

(F12)

resulting in

tτAτA
(0) = tτBτB

(0) = ϵ0 ∈ R
tτAτB

(δj) = tτBτA
(−δj) = t ∈ R .

(F13)

Then, based on the Eq. (B22), Hel for graphene in momentum space becomes

Hel =
∑
k

c†kh(k)ck , (F14)

where

h(k) = ϵ0τ0 + t
∑
j

(
0 e−iδj ·k

eiδj ·k 0

)
, (F15)

and δj is defined in Eq. (F10).

b. Review: Electron Band Topology in Graphene

Now we turn to the topological invariants in the low-energy model of graphene.
Let us first consider a generic 2D or 3D PT -invariant spinless Bloch Hamiltonian Hk

Hk = eik·r̂Hele
−ik·r̂ (F16)

with r̂ the position operator, where P is the inversion symmetry and Hel is a generic single-particle electron Hamil-
tonian with lattice translation symmetries. Suppose two bands (whose Bloch states are labelled as eik·r̂|uk,1⟩ and
eik·r̂|uk,2⟩) are isolated in a regionD ∈ 1BZ. Then, owing to (PT )2 = 1, we can always choose |uk⟩ = (|uk,1⟩, |uk,2⟩)Rk

such that |uk⟩ is smooth in D and PT |uk⟩ = |uk⟩τx. The rep of PT requires the projected Hamiltonian on |uk⟩ to
have the following form

⟨uk|Hk|uk⟩ = d0(k)τ0 + dx(k)τx + dy(k)τy , (F17)

where d0(k), dx(k) and dy(k) are smooth in D. Then, for any closed 1D loop L in D such that dx(k)
2 + dy(k)

2 ̸=
0 ∀k ∈ L, a winding number can be defined as

WL =
1

2π

∫
L
dk · ieiθ(k)∇ke

−iθ(k) . (F18)

In general, only |WL| is well-defined since |uk⟩ → |uk⟩τx leads to WL → −WL. Nevertheless, if we have two loops
L1 and L2, the relative signs between WL1

and WL2
are also well-defined. Eq. (F18) is the PT protected winding

number proposed in Ref. [95]. Nonzero |WL| indicates that L encloses at least a gapless point for 2D or a gapless line
in 3D. A numerical method to calculate Eq. (F18) can be found in Ref. [116, 117].

Going back to Eq. (F15) explicitly for graphene, PT is equivalent to C2T symmetry for 2D spinless system (if we
neglect the z direction). For graphene, C2T is represented as

C2T c†k (C2T )
−1

= c†kτx (F19)

with c†k = (c†k,τA
, c†k,τB

). Owing to the C2T , h(k) in Eq. (F14) always have the form of

h(k) = d0(k)τ0 + dx(k)τx + dy(k)τy = d0(k)τ0 +
∆E(k)

2

(
e−iθ(k)

eiθ(k)

)
, (F20)
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∆E(k) = 2
√
d2x(k) + d2y(k) is the electron gap, and

eiθ(k) =
dx(k) + idy(k)√
d2x(k) + d2y(k)

. (F21)

In addition, because of C2T symmetry, we also have the following useful relations

∆E(k) = 2
√
d2x(k) + d2y(k) , En(k) = d0(k) + (−)n

∆E(k)

2

Pn(k) =
1

2

1 + (−)n
dx(k)τx + dy(k)τy√

d2x(k) + d2y(k)

 =
1

2

[
1 + (−)n

(
e−iθ(k)

eiθ(k)

)]
⇒ τzPn(k)τz = 1− Pn(k) ,

(F22)

where n = 1, 2.
Explicitly for graphene, we have

d0(k) = ϵ0 , dx(k) = t
∑
j

cos (iδj · k) , dy(k) = t
∑
j

sin (iδj · k) . (F23)

Clearly, we have two bands that are isolated over the entire 1BZ, which means D = 1BZ. In particular, there are two
gapless points at ±K, where

K =
4π

3a
(1, 0, 0)T . (F24)

If the loop L only encloses K or −K once, the winding in Eq. (F18) has the value |WL| = 1. We label WK = WL
for any loop L that encloses K once, and label W−K = WL for any loop L that encloses −K once, meaning that
|WK| = |W−K| = 1. Specifically, since D = 1BZ, the relative sign between WK and W−K is well-defined, and we have
WK = −W−K, featuring the opposite chiralities. In sum, we know graphene is a topological semimetal according to
the definition in Ref. [3].

2. EPC Hamiltonian of Graphene

The EPC Hamiltonian of graphene has been derived in Ref. [118] based on symmetries. In this part, we will
rederive the EPC Hamiltonian by using the formalism in supplementary informationD, since the resultant form will
be convenient for our further study of geometric and topological contributions.

According to Eq. (D8), what we need to derive are f̃β(k) and fz(k). First, owing to Eq. (C37) and Eq. (F5), mz

requires fz(k) to be zero, i.e.,

fz(k) = −fz(k) ⇒ fz(k) = 0 . (F25)

Therefore, Eq. (D8) for graphene becomes

fi(k) =

i∂ki
f̃ (k) + i

∑
i′=x,y

ϵi′i∂ki′ f̃⊥(k)

 (δix + δiy) , (F26)

meaning that we only need to consider f̃β(k).
Similar to the electron hopping, we again assume that

fτ1τ2,i(R1 + τ 1 −R2 − τ 2) = 0 ∀ |R1 + τ 1 −R2 − τ 2| >
a√
3
, (F27)

which means

fτ1τ2,β(R1 + τ 1 −R2 − τ 2) = 0 ∀ |R1 + τ 1 −R2 − τ 2| >
a√
3
. (F28)
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According to Eq. (D31), f̃τ1τ2, (R1+τ 1−R2−τ 2) should have the same symmetry properties as tτ1τ2
(R1+τ 1−

R2 − τ 2) in Eq. (F11)-(F12). Specifically, the constraints on f̃τ1τ2, (R1 + τ 1 −R2 − τ 2 ̸= 0) reads

C6 : f̃τAτB , (δ0) = f̃τBτA, (−δ2) = f̃τAτB , (δ1) = f̃τBτA, (−δ0) = f̃τAτB , (δ2) = f̃τBτA, (−δ1)

my : f̃τAτB , (δ0) = f̃τBτA, (−δ0), f̃τAτB , (δ1) = f̃τBτA, (−δ2), f̃τAτB , (δ2) = f̃τBτA, (−δ1)

mz : no constraints

T : f̃τAτB , (δj) , f̃τBτA, (−δj) ∈ R

h.c. : f̃τAτB , (δj) = f̃∗τBτA, (−δj) ,

(F29)

resulting in

f̃τAτB , (δj) = f̃τBτA, (−δj) = γ̂ ∈ R . (F30)

In addition, according to Eq. (D31), the symmetry constraints of f̃τ1τ2,⊥(R1 + τ 1 − R2 − τ 2) only differ by a
minus sign for my from those of tτ1τ2(R1 + τ 1 − R2 − τ 2) in Eq. (F11)-(F12). Specifically, the constraints on

f̃τ1τ2,⊥(R1 + τ 1 −R2 − τ 2 ̸= 0) read

C6 : f̃τAτB ,⊥(δ0) = f̃τBτA,⊥(−δ2) = f̃τAτB ,⊥(δ1) = f̃τBτA,⊥(−δ0) = f̃τAτB ,⊥(δ2) = f̃τBτA,⊥(−δ1)

my : f̃τAτB ,⊥(δ0) = −f̃τBτA,⊥(−δ0), f̃τAτB ,⊥(δ1) = −f̃τBτA,⊥(−δ2), f̃τAτB ,⊥(δ2) = −f̃τBτA,⊥(−δ1)

mz : no constraints

T : f̃τAτB ,⊥(δj) , f̃τBτA,⊥(−δj) ∈ R

h.c. : f̃τAτB ,⊥(δj) = f̃∗τBτA,⊥(−δj) .

(F31)

From C6, we know f̃τAτB ,⊥(δj) = f̃τBτA,⊥(−δj) = fNN,⊥ for all j = 0, 1, 2. From my, we know f̃τAτB ,⊥(δ0) =

−f̃τBτA,⊥(−δ0), which, combined with C6, means fNN,⊥ = 0. Therefore, we have

f̃τAτB ,⊥(δj) = f̃τBτA,⊥(−δj) = 0 . (F32)

In addition, according to the convention that we choose in Eq. (D6), we have f̃τAτA,β(0) = f̃τBτB ,β(0) = 0. By
substituting Eq. (F30) and Eq. (F32) with Eq. (D7), we obtain

f̃ (k) = γ̂
∑
j

(
0 e−iδj ·k

eiδj ·k 0

)
f̃⊥(k) = 0 .

(F33)

fi(k) in Eq. (F26) now becomes

fi(k) = i∂ki
f̃ (k)(δix + δiy) . (F34)

By using Eq. (B40), Eq. (C19) and Eq. (F34), Hel−ph for graphene in momentum space becomes

Hel−ph =
1√
N

∑
τ ,i

1BZ∑
k1,k2

c†k1
Fτ i(k1,k2)ck2

u†k2−k1,τ ,i
, (F35)

where

Fτ i(k1,k2) = iχτ∂k2,i f̃ (k2)− i∂k1,i
f̃ (k1)χτ , (F36)

and f̃ (k) is in Eq. (F33).
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3. Symmetry-Rep Method: Energetic and Geometric Parts of EPC Hamiltonian of Graphene

Now we identify the energetic and geometric parts of fi(k) in Eq. (F34). First, for L⊥ in Eq. (D43), we try to find
the constant matrices Ql (labelled by l) that (i) are TR-invariant constant, (ii) satisfy UgQlU

†
g = QlzR,⊥ for any

crystalline symmetry g = {R|d} of graphene, and (iii) given rise to Eq. (D44). Based on the expressions of Ug in
Eq. (F5), we find that the only Ql that satisfies the condition is Ql = 0 with l only taking one value. Therefore, we

have L⊥ = 0 for Eq. (D43). Combined with f̃⊥(k) = 0 as shown in Eq. (F33), we also have ∆f̃⊥ = 0 in Eq. (D43).

Since we also show fz(k) = 0 in Eq. (F25), we have ∆fi(k) = 0 in Eq. (D49). Thus, we only need to care about f̃ (k).

According to Eq. (D34), we try to re-write f̃ (k) in Eq. (F34) as

f̃ (k) = γ̂0∂ϵ0h(k) + γ̂∂th(k) , (F37)

where h(k) is the electron Hamiltonian in Eq. (F15). By comparing Eq. (F33) to Eq. (F15), γ̂0 in f̃ (k) is zero, and
then we obtain

f̃ (k) = γ̂∂th(k) . (F38)

For all k with ∆E(k) ̸= 0 (∆E(k) is the difference between two electron bands of the system defined in Eq. (F22)),
Eq. (F22) and Eq. (F23) show that both

∑
n ∂kiEn(k)Pn(k)(δix + δiy) and

∑
nEn(k)∂kiPn(k)(δix + δiy) are propor-

tional to t. Explicitly,∑
n

∂ki
En(k)Pn(k)(δix + δiy)

=
∑
n

∂ki

[
ϵ0 + (−)n

√
d2x(k) + d2y(k)

] 1
2

1 + (−)n
dx(k)τx + dy(k)τy√

d2x(k) + d2y(k)

 (δix + δiy)

=
∑
n

∂ki

[
(−)n

√
d2x(k) + d2y(k)

] 1
2

(−)n
dx(k)τx + dy(k)τy√

d2x(k) + d2y(k)

 (δix + δiy)

(F39)

is proportional to t since dx(k) and dy(k) are proportional to t as shown by Eq. (F23), and∑
n

En(k)∂kiPn(k)(δix + δiy)

=
∑
n

[
ϵ0 + (−)n

√
d2x(k) + d2y(k)

] 1
2
∂ki

1 + (−)n
dx(k)τx + dy(k)τy√

d2x(k) + d2y(k)

 (δix + δiy)

=
∑
n

[
(−)n

√
d2x(k) + d2y(k)

] 1
2
∂ki

(−)n
dx(k)τx + dy(k)τy√

d2x(k) + d2y(k)

 (δix + δiy)

(F40)

is proportional to t since dx(k) and dy(k) are proportional to t as shown by Eq. (F23). Then, we can directly replace
∂t by 1/t in fEi and fgeoi in Eq. (D50), resulting in

fEi (k) = iγ̂∂t
∑
n

∂ki
En(k)Pn(k)(δix + δiy)

= i
γ̂

t

∑
n

∂kiEn(k)Pn(k)(δix + δiy)

= iγ
∑
n

∂ki
En(k)Pn(k)(δix + δiy)

(F41)

fgeoi (k) = iγ̂∂t
∑
n

En(k)∂kiPn(k)(δix + δiy)

= i
γ̂

t

∑
n

En(k)∂kiPn(k)(δix + δiy)

= iγ
∑
n

En(k)∂ki
Pn(k)(δix + δiy) ,

(F42)
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where we define

γ =
γ̂

t
. (F43)

As a result, we obtain

fi(k) = fEi (k) + fgeoi (k) , (F44)

where

fEi (k) = iγ
∑
n

∂kiEn(k)Pn(k)(δix + δiy)

fgeoi (k) = iγ
∑
n

En(k)∂ki
Pn(k)(δix + δiy) .

(F45)

We emphasize that we have used the fact that the hopping in graphene is nearest-neighboring (NN). In supplemen-
tary informationF 10, we will show that the symmetry-rep method can still separate the EPC fi into f

E
i + fgeoi with

the hopping derivatives replaced by coefficients even if we include the next-nearest-neighboring (NNN) hopping, but
will fail if we have 3rd NN hopping.

4. Gaussian Approximation: Energetic and Geometric Parts of EPC Hamiltonian of Graphene

In supplementary informationF 3, we have derived the energetic and geometric parts of EPC Hamiltonian of
graphene using the symmetry-rep method. In this part, we will show that Eq. (F44) can also be derived from the GA
introduced in supplementary informationA.

As shown in Eq. (F25), it is clear that the out-of-plane motions of ions cannot couple to electrons, and thus we only
need to consider the in-plane motions of ions. This means that we can safely treat pz orbitals as s-like orbitals for
graphene, since pz behaves the same as s orbital in the 2D x − y plane. Combined with the fact that we only have
one kind of atoms for graphene, the hopping function t(r) has no sublattice or orbital indices. As a result, under the
tight-binding and the Frohlich two-center approximation, the EPC Hamiltonian is the same as Eq. (A3). Then, with

the GA t(r) = t0 exp[γ
x2+y2

2 ], Eq. (A17) shows that fi(k) in Eq. (F34) should read

fi(k) = iγ∂kih(k)(δix + δiy) , (F46)

where h(k) is the electron matrix Hamiltonian for graphene, and (δix + δiy) comes from the fact that all atoms of the
graphene lie in the x− y plane. As a result, Eq. (A20) and Eq. (A21) suggest that the GA gives the same expression
for the energetic and geometric parts of EPC as those in Eq. (F44).

5. General Symmetry-Allowed Hopping Form: Consistent with Gaussian Approximation

Now We show that even if we use generic hopping function t(r) instead of GA, we would give the same expression as
Eq. (F46). To see this, we use the idea of linear combinations of atomic orbitals proposed in Ref. [119]. Nevertheless,
instead of using O(3) symmetry in Ref. [119], let us use O(2) and mz symmetries, since pz is not a rep of O(3) group
but an irrep of O(2) and mz symmetries. Since the electron do not couple to the ion motions along z to the linear
order, we only look at (x, y). As a result, owing to O(2) symmetry, we get

t(r) = t(
√
x2 + y2) . (F47)

As a result, we have

∂it(r) =
ri
r
∂r t(r ) (δix + δiy) , (F48)

where r =
√
x2 + y2. As we know, the decay of the hopping is very strong in graphene, and thus we only keep the

nearest-neighboring term, i.e.,
√
x2 + y2 = a√

3
. Then, we eventually have

∂it(r) =
1

r
∂r log (|t(r )|) rit(r ) (δix + δiy) ≈ γrit(r) (δix + δiy) , (F49)
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where

γ =
1

r
∂r log (|t(r )|)

∣∣∣∣
r = a√

3

. (F50)

Therefore, we obtain the same form of ∂it(r) as Eq. (A5) derived from Gaussian approximation, and eventually leads
to the ∂ki

h(k) form of fi(k) in Eq. (F46), as well as the energetic and geometric parts of EPC as those in Eq. (F44).

6. Analytical Geometric and Topological Contributions to EPC constant in Graphene

With Eq. (F44), we are now ready to analytically derive the geometric contribution to EPC constant λ in graphene,
as well as the topological lower bound of the geometric contribution. For this purpose, we choose µ ̸= ϵ0, meaning
that two energy bands do not touch (i.e., ∆E(k) ̸= 0) on the Fermi surface, i.e., the Fermi surface does not include
the Dirac points. (Recall that ϵ0 is the onsite energy of the electron as shown in Eq. (F15).)

Before deriving the bounds, let us first simplify ⟨Γ⟩ in Eq. (C23) for graphene. First, Eq. (F5), we have

C3c
†
kC

−1
3 = c†C3k

, (F51)

which means

Pn(C3k) = Pn(k) , En(C3k) = En(k) (F52)

for all k such that ∆E(k) ̸= 0 (i.e., k not at ±K), according to Eq. (F22). Furthermore, based on the second line of
Eq. (C37), we have

∑
i′=x,y

fi′(k)

(
−1
2 −

√
3
2√

3
2

−1
2

)
ii′

= fi(C3k) ∀i = x, y , (F53)

where

(
−1
2 −

√
3
2√

3
2

−1
2

)
is the 2D part of the rotation matrix of C3. Then, combined with the fact that we choose µ not

at the Dirac point (meaning that ∆E(k) ̸= 0 on the Fermi surface), we obtain

1BZ∑
k

∑
n

δ (µ− En(k))χτfi(k)Pn(k)

=

∆E(k)̸=0∑
k∈1BZ

∑
n

δ (µ− En(C3k))χτfi(C3k)Pn(C3k)

=
∑

i′=x,y

∆E(k) ̸=0∑
k∈1BZ

∑
n

δ (µ− En(k))χτfi′(k)Pn(k)

(
−1
2 −

√
3
2√

3
2

−1
2

)
ii′

(F54)

for i = x, y, which means that

1BZ∑
k

∑
n

δ (µ− En(k))χτfi(k)Pn(k) = 0 . (F55)

χτ is the projection matrix to the τ sublattice defined in Eq. (C18). In addition, owing to Eq. (F22), we have

∑
τ

χτPn(k)χτ =
1

2
(χτA

+χτB
)Pn(k)(χτA

+χτB
)+

1

2
(χτA

−χτB
)Pn(k)(χτA

−χτB
) =

1

2
Pn(k)+

1

2
τzPn(k)τz =

1

2
,

(F56)
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for all k such that ∆E(k) ̸= 0, which comes from the fact that the electron Hamiltonian (besides the identity term)
has the sublattice chiral symmetry. By substituting Eq. (F25), Eq. (F55) and Eq. (F56) into Eq. (C23), we arrive at

⟨Γ⟩ = − ℏ
D2(µ)

∑
τ

∑
i=x,y

1

mτ

1BZ∑
k1,k2

∑
n,m

δ (µ− En(k1)) δ (µ− Em(k2)) Tr [fi(k1)Pn(k1)fi(k1)χτPm(k2)χτ ]

= − ℏ
D2(µ)mC

∑
i=x,y

∆E(k1 )̸=0∑
k1∈1BZ

∆E(k2) ̸=0∑
k2∈1BZ

∑
n,m

δ (µ− En(k1)) δ (µ− Em(k2))

× Tr

[
fi(k1)Pn(k1)fi(k1)

∑
τ

χτPm(k2)χτ

]

= − ℏ
2D(µ)mC

∑
i=x,y

∆E(k)̸=0∑
k∈1BZ

∑
n

δ (µ− En(k)) Tr [fi(k)Pn(k)fi(k)] ,

(F57)

where mC is the mass of the carbon atom, and we used Eq. (B72) for the third equality.
Now we substitute Eq. (F44) into Eq. (F57) and obtain

⟨Γ⟩ = ⟨Γ⟩E−E
+ ⟨Γ⟩E−geo

+ ⟨Γ⟩geo−geo
, (F58)

where

⟨Γ⟩E−E
= − ℏ

2D(µ)mC

∑
i=x,y

∆E(k) ̸=0∑
k∈1BZ

∑
n

δ (µ− En(k)) Tr
[
fEi (k)Pn(k)f

E
i (k)

]
⟨Γ⟩E−geo

= − ℏ
2D(µ)mC

∑
i=x,y

∆E(k)̸=0∑
k∈1BZ

∑
n

δ (µ− En(k)) Tr
[
fEi (k)Pn(k)f

geo
i (k)

]
+ c.c.

⟨Γ⟩geo−geo
= − ℏ

2D(µ)mC

∑
i=x,y

∆E(k)̸=0∑
k∈1BZ

∑
n

δ (µ− En(k)) Tr [f
geo
i (k)Pn(k)f

geo
i (k)] .

(F59)

Let us first analyze ⟨Γ⟩E−geo
, which reads

⟨Γ⟩E−geo

= γ2
ℏ

2D(µ)mC

∑
i=x,y

∆E(k)̸=0∑
k∈1BZ

∑
n

δ (µ− En(k)) Tr

[∑
n1

∂kiEn1(k)Pn1(k)Pn(k)
∑
n2

En2(k)∂kiPn2(k)

]
+ c.c.

= γ2
ℏ

2D(µ)mC

∑
i=x,y

∆E(k)̸=0∑
k∈1BZ

∑
n

δ (µ− En(k)) Tr

[
∂kiEn(k)Pn(k)

∑
n2

En2(k)∂kiPn2(k)

]
+ c.c.

= γ2
ℏ

2D(µ)mC

∑
i=x,y

∆E(k)̸=0∑
k∈1BZ

∑
n

δ (µ− En(k)) ∂ki
En(k)

∑
n2

En2
(k) Tr [Pn(k)∂ki

Pn2
(k)] + c.c. .

(F60)

For Tr [Pn(k)∂ki
Pn2

(k)], we have

Tr [Pn(k)∂ki
Pn2

(k)]

= Tr
[
Pn(k)(∂kiUn2(k))U

†
n2
(k)
]
+Tr

[
Pn(k)Un2(k)(∂kiU

†
n2
(k))

]
= δn,n2

Tr
[
(∂ki

Un2
(k))U†

n2
(k)
]
+ δn,n2

Tr
[
Un2

(k)(∂ki
U†
n2
(k))

]
= δn,n2

∂ki
1 = 0 ,

(F61)

resulting in

⟨Γ⟩E−geo
= 0 . (F62)
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Eq. (F62) means that the geometric part of EPC does not couple with the energetic part of EPC in λ. The underlying
reasons of Eq. (F62) are the C3 symmetry (Eq. (F53)) and the sublattice chiral symmetry (Eq. (F56)). Eq. (F58) is
simplified to

⟨Γ⟩ = ⟨Γ⟩E−E
+ ⟨Γ⟩geo−geo

. (F63)

Now we turn to ⟨Γ⟩E−E
.

⟨Γ⟩E−E

= − ℏ
2D(µ)mC

∑
i=x,y

∆E(k)̸=0∑
k∈1BZ

∑
n

δ (µ− En(k)) Tr
[
fEi (k)Pn(k)f

E
i (k)

]
= γ2

ℏ
2D(µ)mC

∑
i=x,y

∆E(k)̸=0∑
k∈1BZ

∑
n

δ (µ− En(k)) Tr

[∑
n1

∂ki
En1

(k)Pn1
(k)Pn(k)

∑
n2

∂ki
En2

(k)Pn2
(k)

]

= γ2
ℏ

2D(µ)mC

∆E(k) ̸=0∑
k∈1BZ

∑
n

δ (µ− En(k)) |∇kEn(k)|2 Tr [Pn(k)]

= γ2
ℏ

2D(µ)mC

∆E(k) ̸=0∑
k∈1BZ

∑
n

δ (µ− En(k)) |∇kEn(k)|2

= γ2
ℏ

2D(µ)mC

A
(2π)2

∫
FS

dσk
1

|∇kEnF
(k)|

|∇kEnF
(k)|2

= γ2
ℏ

2D(µ)mC

A
(2π)2

∫
FS

dσk|∇kEnF
(k)| ,

(F64)

resulting in

⟨Γ⟩E−E
= γ2

ℏ
2D(µ)mC

A
(2π)2

∫
FS

dσk|∇kEnF
(k)| , (F65)

where EnF
(k) is the electron band that is cut by the chemical potential, nF = 1 for µ < ϵ0 and nF = 2 for µ > ϵ0

according to Eq. (F22), dσk is the measure on the Fermi surface, A is the area of the sample, and we have used
Eq. (B73).

For ⟨Γ⟩geo−geo
, we first note that fgeoi (k) can be simplified by Eq. (F22):

fgeoi (k) = iγ
∑
n′

En′(k)∂ki
Pn′(k)(δix + δiy)

= iγ

[
d0(k)

∑
n′

∂ki
Pn′(k) + (−)n

∆E(k)

2
∂ki

(Pn(k)− 1 + Pn(k))

]
(δix + δiy)

= iγ(−)n∆E(k)∂ki
Pn(k)(δix + δiy) ,

(F66)

for any n. By substituting Eq. (F66) in to ⟨Γ⟩geo−geo
in Eq. (F58), we obtain

⟨Γ⟩geo−geo
= γ2

ℏ
2D(µ)mC

∑
i=x,y

∆E(k) ̸=0∑
k∈1BZ

∑
n

δ (µ− En(k)) Tr [(−)n∆E(k)∂ki
Pn(k)Pn(k)(−)n∆E(k)∂ki

Pn(k)]

= γ2
ℏ

2D(µ)mC

A
(2π)2

∑
i=x,y

∫
FS

dσk
∆E2(k)

|∇kEnF
(k)|

Tr [∂kiPnF
(k)PnF

(k)∂kiPnF
(k)]

= γ2
ℏ

2D(µ)mC

A
(2π)2

∑
i=x,y

∫
FS

dσk
∆E2(k)

|∇kEnF
(k)|

1

2
Tr [∂ki

PnF
(k)∂ki

PnF
(k)] ,

(F67)

resulting in

⟨Γ⟩geo−geo
= γ2

ℏ
2D(µ)mC

A
(2π)2

∫
FS

dσk
∆E2(k)

|∇kEnF
(k)|

Tr [gnF
(k)] , (F68)
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where

[gn(k)]j1j2 =
1

2
Tr[∂kj1

Pn(k)∂kj2
Pn(k)] (F69)

is the FSM according to Eq. (B61). By substituting Eq. (F65) , Eq. (F62) and Eq. (F68) into Eq. (F58), we obtain

⟨Γ⟩ = γ2
ℏ

2D(µ)mC

A
(2π)2

∫
FS

dσk

{
|∇kEnF

(k)|+ ∆E2(k)

|∇kEnF
(k)|

Tr [gnF
(k)]

}
. (F70)

Now we go back to λ in Eq. (B77). Recall that according to Eq. (D51), λ in general has four contributions:
the energetic contribution λE in Eq. (A29), the geometric contribution λgeo in Eq. (A30), the cross contribution

λE−geo in Eq. (A31), and the other contribution ∆λ. Based on Eq. (F58) and∆f̃⊥ = 0 shown by Eq. (F33), we have
λE−geo = ∆λ = 0, and we arrive at

λ = λE + λgeo (F71)

with

λE =
Ωγ2

(2π)2mC ⟨ω2⟩

∫
FS

dσk|∇kEnF
(k)|

λgeo =
Ωγ2

(2π)2mC ⟨ω2⟩

∫
FS

dσk
∆E2(k)

|∇kEnF
(k)|

Tr [gnF
(k)] =

Ωγ2|2(µ− ϵ0)|2

(2π)2mC ⟨ω2⟩

∫
FS

dσk
1

|∇kEnF
(k)|

Tr [gnF
(k)] ,

(F72)

where Ω is the area of the unit cell, and ∆E(k) = |2(µ− ϵ0)| for k on the Fermi surface. Based on the discussion of
the GA (supplementary informationA), we can see the direct appearance of the FSM in the geometric contribution
to λ can be understood as

aτ =
1

D(µ)

∑
m

1BZ∑
k2

δ (µ− Em(k2)) [Pm(k2)]ττ =
1

2
, (F73)

(derived from the C2T symmetry Eq. (F22) and aτ is defined in Eq. (A38)), and λgeo,2 = 0 from the C3 symmetry.
Now we show that the geometric part λgeo in Eq. (F71) is bounded by band topology from below. First, Eq. (F22)

yields

[gn(k)]j1j2 =
1

2
Tr[∂kj1

Pn(k)∂kj2
Pn(k)]

=
1

2
Tr[∂kj1

1

2
(−)n

(
e−iθ(k)

eiθ(k)

)
∂kj2

1

2
(−)n

(
e−iθ(k)

eiθ(k)

)
]

=
1

8

[
∂kj1

e−iθ(k)∂kj2
eiθ(k) + ∂kj1

eiθ(k)∂kj2
e−iθ(k)

]
,

(F74)

resulting in

Tr[gn(k)] =
1

4

∑
i=x,y

∣∣∣ieiθ(k)∂kie
−iθ(k)

∣∣∣2 , (F75)

where θ is defined in Eq. (F21). Then, Eq. (F75) leads to∫
FS

dσk
∆E2(k)

|∇kEnF
(k)|

Tr[gnF
(k)] =

∫
FS

dσk
∆E2(k)

|∇kEnF
(k)| Tr [gnF

(k)]
∫
FS

dσk1
|∇k1

EnF
(k1)|/∆2(k1)∫

FS
dσk2

|∇k2
EnF

(k2)|/∆2(k2)

≥

[∫
FS

dσk
√

Tr [gnF
(k)]

]2∫
FS

dσk2
|∇k2

EnF
(k2)|/∆2(k2)

=

[∑
L
∫
L dσk

√∑
j |ieiθ(k)∂kje

−iθ(k)|2
]2

4
∫
FS

dσk2
|∇k2

EnF
(k2)|/∆2(k2)

≥ (2π)2
[
∑

L |WL|]2

4
∫
FS

dσk|∇kEnF
(k)|/∆E2(k)

,

(F76)

where L ranges over the connected loop that form the Fermi surface, WL is the winding number defined in Eq. (F18),
and the first inequality is derived from the Hölder’s inequality which reads(∫

|f(x)g(x)|dx
)2

≤
∫

|f(x)|2dx
∫

|g(x)|2dx . (F77)
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By further defining

λtopo =
Ωγ2

4mC ⟨ω2⟩
(
∑

L |WL|)2∫
FS

dσk|∇kEn(k)|/∆E2(k)
=

Ωγ2|2(µ− ϵ0)|2

4mC ⟨ω2⟩
(
∑

L |WL|)2∫
FS

dσk|∇kEn(k)|
, (F78)

we have

λ = λE + λgeo ≥ λE + λtopo (F79)

and

λ ≥ λgeo ≥ λtopo , (F80)

where the later is the geometric and topological lower bounds of λ.

7. Analytical Geometric and Topological Contributions to EPC constant in Graphene: (µ− ϵ0) → 0

To estimate the ratio among λ, λE , λgeo, and λtopo, let us consider |µ− ϵ0| → 0 limit. In this limit, we can perform
the linear approximation for the electron Hamiltonian:

Hel = HK
el +H−K

el , (F81)

where

H±K
el =

Λ∑
p

γ†±K+p [ϵ0 + v(±pxτx + pyτy)] γ
†
±K+p , (F82)

and v = −
√
3
2 at. From the linear approximation for the electron Hamiltonian, we have the dispersion as

En(±K+ p) = (−)n|v||p| ⇒ |∇pEn(±K+ p)| = |v| (F83)

and have the Fermi surface as FS = FS+ ∪ FS− with

FS± = {p±K | |p| = |µ− ϵ0|/|v|} , (F84)

which means that (∑
L

|WL|

)2

= 4 , (F85)

and ∫
FS

dσk|∇kEnF
(k)| =

∑
α=±

∫
FSα

dσk|∇kEnF
(k)|

=
∑
α=±

|µ− ϵ0|
|v|

∫ 2π

0

dϕ|∇pEnF
(αK+ p)|

= 2
|µ− ϵ0|

|v|
2π|v|

= 4π|µ− ϵ0| ,

(F86)

where p = |p|(cos(ϕ), sin(ϕ)).
Based on Eq. (F23), e−iθ(k) in Eq. (F22) now becomes

e−iθ(±K+p) =
±px − ipy

|p|
, (F87)
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which gives

Tr[gn(±K+ p)] =
1

4

∑
i=x,y

∣∣∣ieiθ(±K+p)∂pie
−iθ(±K+p)

∣∣∣2 =
1

4

∑
i=x,y

∣∣∣∣i±px − ipy
|p|

∂pi

±px + ipy
|p|

∣∣∣∣2

=
1

4

∑
i=x,y

∣∣∣∣i±px − ipy
|p|

[
(∂pi

1

|p|
)(±px + ipy) +

1

|p|
∂pi

(±px + ipy)

]∣∣∣∣2

=
1

4

∑
i=x,y

∣∣∣∣[|p|(∂pi

1

|p|
) +

1

|p|2
(±px − ipy)∂pi

(±px + ipy)

]∣∣∣∣2

=
1

4

∣∣∣∣− px
|p|2

+
1

|p|2
px ∓ i

1

|p|2
py

∣∣∣∣2 + 1

4

∣∣∣∣− py
|p|2

+
1

|p|2
(±ipx + py)

∣∣∣∣2
=

1

4

1

|p|2

(F88)

for n = 1, 2.
Now we look at λE , λgeo, and λtopo. By substituting Eq. (F86) and Eq. (F84) into Eq. (F71), we obtain

λE =
Ωγ2

(2π)2mC ⟨ω2⟩

∫
FS

dσk|∇kEnF
(k)| = Ωγ2|µ− ϵ0|

πmC ⟨ω2⟩
, (F89)

where nF = 1 for µ < ϵ0 and nF = 2 for µ > ϵ0 according to Eq. (F22). By substituting Eq. (F83), Eq. (F88) and
Eq. (F84) into Eq. (F71), we obtain

λgeo =
Ωγ2|2(µ− ϵ0)|2

(2π)2mC ⟨ω2⟩

∫
FS

dσk
1

|∇kEnF
(k)|

Tr [gnF
(k)]

=
Ωγ2|2(µ− ϵ0)|2

(2π)2mC ⟨ω2⟩
∑
α=±

∫
FSα

dσk
1

|∇kEnF
(k)|

Tr [gnF
(k)]

=
Ωγ2|2(µ− ϵ0)|2

(2π)2mC ⟨ω2⟩
∑
α=±

|µ− ϵ0|
|v|

∫ 2π

0

dϕ
1

|v|
1

4

|v|2

|µ− ϵ0|2

=
Ωγ2|µ− ϵ0|
πmC ⟨ω2⟩

.

(F90)

By substituting Eq. (F85), Eq. (F86) and Eq. (F84) into Eq. (F78), we obtain

λtopo =
Ωγ2|(µ− ϵ0)|
mC ⟨ω2⟩π

. (F91)

Therefore,

µ→ 0 : λE = λgeo = λtopo =
1

2
λ . (F92)

8. Numerical Calculations

In this part, we test our model against ab initio calculations in order to check whether our approximations, i.e.,
tight-binding approximation, two-center approximation (Asm. 1), and nearest-neighbor approximations (Eq. (F9) and
(F27)), are reasonable.

In total, we have four key independent parameters: ϵ0 and t in the electron Hamiltonian Eq. (F14), γ̂ in the EPC
Hamiltonian Eq. (F34) (or equivalently γ = γ̂/t in Eq. (F43)), and

〈
ω2
〉
in Eq. (B76). Without loss of generality, we

can always choose

ϵ0 = 0 . (F93)

As well discussed in the literature (e.g., Ref. [80]), the electron bands in [−1eV, 1eV] can be well captured by the
model in Eq. (F14) for

t = −2.751eV , (F94)
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FIG. 4. (a) The black dots are the ab initio data of ℏ
√

⟨ω2⟩, and the blue line is given by the analytical expression of
〈
ω2

〉
in Eq. (F115) (derived for µ → ϵ0 = 0) with Tab. II. (b) The plot of λ for the ab initio calculation and for the Eq. (F71) from
our model with Tab. II. (c) The plot of ⟨Γ⟩ for the ab initio calculation and for the Eq. (F70) from our model with Tab. II. (d)
The plot of λ = λgeo + λE , λtopo + λE , λgeo, and λtopo for graphene according to Eq. (F71) and Eq. (F78) with Tab. II. (e) The
plot of λtopo/λ with λ = λgeo + λE for graphene according to Eq. (F71) and Eq. (F78) with Tab. II.

which is obtained by fitting the electron band structure.
For

〈
ω2
〉
in Eq. (B76), the ab initio calculation shows a ℏ

√
⟨ω2⟩ = 0.1615eV that is almost independent of µ as

shown in Fig. 4(a), though in general the dependence of µ is possible for
〈
ω2
〉
due to the dependence of µ in the

Eliashberg function.
For the remaining γ̂ in EPC Hamiltonian, we can directly determine its value from the EPC Hamiltonian in the

real space from the ab initio calculation (detailed procedure in supplementary information I). Basically, pz orbitals
are also Wannier functions of graphene, and we can project the EPC Hamiltonian onto those Wannier functions to
get the matrix elements in the real space. As a result, we get

γ̂ = 20.11eV/a2 , (F95)

which, combined with the value of t in Eq. (F94), leads to

γ =
γ̂

t
= −7.308a−2 . (F96)

We note that the value of γ determined in this way depends on the Wannier function obtained during the Wannier-
ization, and thus different Wannier functions might give slightly different values of γ, but the error should be small.
All relevant parameter values of the models are summarized in Tab. II.

To check the value of γ or γ̂, we look at Fτ i(K,K) and Fτ i(K,−K), since the approximations that we make should
be the best for the low-energy electrons at ±K, where Fτ i(k1,k2) in Eq. (F36) and K is defined in Eq. (F24). The
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a ϵ0 t γ mC ℏ
√

⟨ω2⟩ ℏωE2g (Γ) ℏωA′
1
(K)

2.46 Å 0 −2.751eV −7.308a−2 12 amu 0.1615eV 0.1935eV 0.1622eV

TABLE II. The values of the parameters for graphene. a is the lattice constant. ϵ0 and t are in Eq. (F14), and γ is in Eq. (F43).
mC is the mass of the Carbon atom, and amu = 1.67377× 10−27kg.

concise expression of Fτ i(K,±K) within our approximation is in Eq. (F108). Specifically, we have

Fτ i(K,K) = −iγ̂

√
3a

2
(χτ τi − τiχτ ) (δix + δiy)

Fτ i(K,−K) = −iγ̂

√
3a

2

(
χτ (−)iτi − τiχτ

)
(δix + δiy) ,

(F97)

where (−)x = −(−)y = −1, leading to

FτAx(K,K) = γ̂

√
3a

2
τy , FτAy(K,K) = γ̂

√
3a

2
(−τx) , FτBx(K,K) = γ̂

√
3a

2
(−τy) , FτBy(K,K) = γ̂

√
3a

2
τx

Fτz(K,K) = 0

FτAx(K,−K) = γ̂

√
3a

2
iτx , FτAy(K,−K) = γ̂

√
3a

2
(−τx)

FτBx(K,−K) = γ̂

√
3a

2
(iτx) , FτBy(K,−K) = γ̂

√
3a

2
τx , Fτz(K,−K) = 0 ,

(F98)

where

γ̂

√
3a

2
= 17.41eV/a , (F99)

based on Eq. (F95).
On the other hand, by using Eq. (B49), the ab initio calculation gives

F ab initio
τAx (K,K) = β1τy , F

ab initio
τAy (K,K) = β1(−τx) , F ab initio

τBx (K,K) = β1(−τy) , F ab initio
τBy (K,K) = β1τx

F ab initio
τz (K,K) = 0

F ab initio
τAx (K,−K) = β2iτx + iβ3(χτA

− 1) , F ab initio
τAy (K,−K) = β2(−τx) + β3(χτA

− 1)

F ab initio
τBx (K,−K) = β2(iτx) + iβ3(χτB

− 1) , F ab initio
τBy (K,−K) = β2τx − β3(χτB

− 1) , F ab initio
τz (K,−K) = 0 ,

(F100)

where

β1 = 16.37eV/a , β2 = 16.54eV/a , β3 = 6.138eV/a , (F101)

and the procedure of the calculation is explained in supplementary information I. By comparing Eq. (F100) to
Eq. (F98), our approximations require β1 = β2 and β3 = 0. Therefore, only the mean value of β1 and β2, i.e.,
β1+β2

2 is within the our approximations, which gives

γ̂alternative
√
3a

2
=
β1 + β2

2
= 16.46eV/a . (F102)

By comparing the value of γ̂alternative
√
3a
2 to γ̂

√
3a
2 in Eq. (F99), the relative error is smaller than 6%, which should

come from the larger-range terms that are still within the two-center approximation.
We note that β1−β2

2 and β3 in Eq. (F100) are beyond our approximations, and the ratios are |β1−β2

2 |/|β1+β2

2 | ≈ 0.005

and |β3|/|β1+β2

2 | ≈ 1/3. Clearly, we can neglect β1−β2

2 , since it is small compared to β1+β2

2 . β3 is beyond the two-

center approximation, because the symmetries would require Fτ i(K,−K) = −iβ2
(
χτ (−)iτi − τiχτ

)
(δix+ δiy) as long

as we adopt the tight-binding and two-center approximations (Eq. (C1)), no matter whether we assume the hopping

only appears between nearest neighbors. In terms of the EPC strengthes, |β3| ≈ 0.35|γ̂
√
3a
2 |. In Fig. 5 and Fig. 6, we

compare the EPC matrix elements from the ab initio calculation and from our model Eq. (F36) for phonon momentum
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away from Γ or K with parameter values in Tab. II. For the dominant matrix elements (i.e., those that have maximum
absolute values about 18eV/a), the model matches the ab initio calculation very well, although the mismatch occurs
for the subdominant matrix elements (i.e., those that have maximum absolute values about 6eV/a). Therefore, even
if we go away from q = Γ,K, the EPC matrix elements beyond the our model are roughly 1/3 of the EPC matrix
elements within our model.

Yet, we don’t see a 1/3 mismatch in the plot of λ in Fig. 4. The reason lies in the behavior of ⟨Γ⟩ as a function
of the chemical potential µ. For µ = 0, β3 in Eq. (F100) is the only term that is beyond our model. In this case,

β3 in Eq. (F100) contributes to ⟨Γ⟩µ→0 as β2
3 ∼ |β1+β2

2 |2/9 ∼ |γ̂
√
3a
2 |2/10, since β3 couples to different matrices than

γ̂; this is consistent with the numerical results in Fig. 4(b), which shows that the difference between ⟨Γ⟩µ→0 from

the ab initio calculation and that from Eq. (F70) is no larger than 10%. Furthermore, as shown by the numerical
calculation, the difference in ⟨Γ⟩ caused by the mismatch decreases as µ decreaes from 0, and becomes nearly zero for
µ = −1eV. As a result, the absolute error of λ, which reads

λ− λab initio =
2D(µ)

N ⟨ω2⟩
(⟨Γ⟩ − ⟨Γ⟩ab initio

) , (F103)

should be small for both large negative µ (due to the small | ⟨Γ⟩−⟨Γ⟩ab initio |) and small negative µ (due to small elec-
tron density of states D(µ)/N). Indeed, as shown in Fig. 4(c), the difference between λ from the ab initio calculation
and that from Eq. (F71) is quite small. Therefore, our approximations are good for the study of λ for µ ∈ [−1, 0]eV.

In Fig. 4(d), we plot λ = λgeo + λE , λtopo + λE , λgeo, and λtopo for graphene according to Eq. (F71) and Eq. (F78)
with Tab. II. We can see the topological and geometric contributions to λ are very close to each other. As shown in
Eq. (4)(e), the topological contribution to λ is roughly half of the total value and limits to exactly half as (µ−ϵ0) → 0,
which is consistent with the analysis in supplementary informationF 7.

9.
〈
ω2

〉
Approximated by ωE2g (Γ) and ωA′

1
(K)

In supplementary informationF 8, we directly use the value of
〈
ω2
〉
from the ab initio calculation. In this part, we

will show that
〈
ω2
〉
can be well approximated by the combinations of the frequencies of the E2g phonons at Γ (i.e.,

ωE2g
(Γ)) and the A′

1 phonon at K (i.e., ωA′
1
(K)).

To show this, we derive an analytical expression for
〈
ω2
〉
in the (µ− ϵ0) → 0 limit. We note that we only consider

small but nonzero |µ−ϵ0|, which means that only one electron band is cut by the chemical potential. In the (µ−ϵ0) → 0
limit, the expression of α2F (ω) in Eq. (B75) is simplified to

α2F (ω)

=
1

D(µ)N

1BZ∑
k,k′

∑
nml

|Gnml(k,k
′)|2

ℏ
δ (µ− En(k)) δ

(
µ− Em(k′)

)
δ(ω − ωl(k

′ − k))

=
N

D(µ)

[
Ω

(2π)2

]2 ∫
FS

dσk

∫
FS

dσk′
1

|∇kEnF
(k)|

1

|∇k′EnF
(k′)|

∑
l

|GnFnF l(k,k
′)|2

ℏ
δ(ω − ωl(k

′ − k))

=
N

D(µ)

[
Ω

(2π)2

]2 ∑
α,α′=±

∫
FSα′K

dσk

∫
FSαK

dσk′
1

|∇kEnF
(k)|

1

|∇k′EnF
(k′)|

∑
l

|GnFnF l(k,k
′)|2

ℏ
δ(ω − ωl(k

′ − k))

=
2N

D(µ)

[
Ω

(2π)2

]2 ∑
α=±

∫
FSK

dσk

∫
FSαK

dσk′
1

|∇kEnF
(k)|

1

|∇k′EnF
(k′)|

∑
l

|GnFnF l(k,k
′)|2

ℏ
δ(ω − ωl(k

′ − k))

=
2N

D(µ)ℏ

[
Ω

(2π)2

]2 ∑
α=±

|µ|2

|v|4

∫ 2π

0

dθ

∫ 2π

0

dθ′
∑
l

× |GnFnF l(K + pFnθ, αK+ pFnθ′)|2δ(ω − ωl(αK−K+ pFnθ − pFnθ′))

=
2N

D(µ)ℏ

[
Ω

(2π)2

]2 ∑
α=±

|µ|2

|v|4

∫ 2π

0

dθ

∫ 2π

0

dθ′
∑
l

|GnFnF l(K + pFnθ, αK+ pFnθ′)|2δ(ω − ωl(αK−K)) ,

(F104)

where FS±K is the Fermi surface around ±K, the 4th equality comes from TR symmetry, pF = |µ − ϵ0|/|v|, nθ =
(cos(θ), sin(θ), 0), and we use pF → 0 for ωl(αK − K + pFnθ − pFnθ′). To proceed, let us simplify |GnFnF l(K +
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FIG. 5. The values of [Fτ i(K,K + q)]τ1τ2
(Eq. (F35)) for τ = τA and i = x, y. In the cation of each plot, “A” means it is

for τ = τA, and “x” and “y” means i = x and i = y, respectively. “Re” and “Im” mean the real and imaginary parts of
[Fτ i(K,K + q)]τ1τ2

, and 11, 12, 21 and 22 correspond to τ 1τ 2 = τAτA, τAτB , τBτA, τBτB , respectively. The red dots are

the ab initio data, while the blue lines come from the model Eq. (F36) with the parameter values in Tab. II.

pFnθ, αK + pFnθ′)|2. According to the expression of Gnml(k,k
′) in Eq. (B47) (as well as Eq. (B45) and Eq. (B46)),

we have

|GnFnF l(K + pFnθ, αK+ pFnθ′)|2

=
ℏTr[PnF

(K + pFnθ)F̃l(K + pFnθ, αK+ pFnθ′)PnF
(αK+ pFnθ′)F̃ †

l (K + pFnθ, αK+ pFnθ′)]

2ωl(αK+ pFnθ′ −K− pFnθ)

=
ℏ

2ωl(αK−K)
Tr[PnF ,K(θ)F̃l(K, αK)PnF ,αK(θ

′)F̃ †
l (K, αK)] ,

(F105)

where

F̃l(K, αK) =
1

√
mC

∑
τ ,i

Fτ i(K, αK) [v∗l (αK−K)]τ i (F106)

according to Eq. (B45), vl(q) is the phonon eigenvector for the lth phonon band,

Pn,αK(θ) = Pn(αK+ pFnθ) =
1

2
+

(−1)n

2
[α cos(θ)τx + sin(θ)τy] (F107)
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FIG. 6. The values of [Fτ i(K,K + q)]τ1τ2
(Eq. (F35)) for τ = τB and i = x, y. In the cation of each plot, “B” means it is

for τ = τB , and “x” and “y” means i = x and i = y, respectively. “Re” and “Im” mean the real and imaginary parts of
[Fτ i(K,K + q)]τ1τ2

, and 11, 12, 21 and 22 correspond to τ 1τ 2 = τAτA, τAτB , τBτA, τBτB , respectively. The red dots are

the ab initio data, while the blue lines come from the model Eq. (F36) with the parameter values in Tab. II.

for the linear Hamiltonian Eq. (F82), and we have used pF → 0 for the last equality.

The expression of F̃l(αK,K) in Eq. (F113) are derived from Fτ i(K,±K) and the phonon eigenvectors. From
Eq. (F36) and Eq. (F33), we can derive the expression of Fτ i(K,±K), which reads

Fτ i(K,K) = −iγ̂

√
3a

2
(χτ τi − τiχτ ) (δix + δiy)

Fτ i(K,−K) = −iγ̂

√
3a

2

(
χτ (−)iτi − τiχτ

)
(δix + δiy) ,

(F108)

where (−)x = −(−)y = −1.
For Fτ i(K,K), we care about the phonon modes at q = K−K = 0, which have eigenvectors

v1(Γ) =
1√
2



1

0

0

1

0

0


, v2(Γ) =

1√
2



0

1

0

0

1

0


, v3(Γ) =

1√
2



1

0

0

−1

0

0


, v4(Γ) =

1√
2



0

1

0

0

−1

0


, (F109)
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where the basis is

(τA, x), (τA, y), (τA, z), (τB , x), (τB , y), (τB , z) , (F110)

and v1(Γ) and v2(Γ) are two acoustic modes with ω1(Γ) = ω2(Γ) = 0. v3(Γ) and v4(Γ) are two optical modes that
form the E2g irrep of the point group D6h, and they have the same frequency ω3(Γ) = ω4(Γ) = ωE2g

(Γ).

For Fτ i(K,−K), we care about the phonon modes at q = −K−K = −2K (note that −2K and K are related by a
reciprocal lattice vector), which have eigenvectors

v1(−2K) =
1

2



1

i

0

1

−i

0


, v2(−2K) =

1

2



1

−i

0

−1

−i

0


, v3(−2K) =

1

2



1

−i

0

1

i

0


, v4(−2K) =

1

2



−i

1

0

i

1

0


, (F111)

where v1(−2K) furnishes the A′
1 irrep with frequency ω1(−2K) = ωA′

1
(K), v2(−2K) furnishes the A′

2 irrep with
frequency ω2(−2K) = ωA′

2
(K), and v3(−2K) and v4(−2K) furnish the E′ irrep with frequency ω3(−2K) = ω4(−2K) =

ωE′(K). Here A′
1, A

′
2 and E′ are irreps of D3h point group that leaves K invariant up to reciprocal lattice vectors.

Here we only consider the phonon modes with in-plane ion motions, since (i) the EPC is zero for the out-of-plane
modes (Eq. (F25)), and (ii) the out-of-plane modes are decoupled from the in-plane modes in the phonon Hamiltonian
owing to mz symmetry. By substituting Eq. (F108), Eq. (F109) and Eq. (F111) into Eq. (F106), we arrive at

F̃1(K,K) =
1√
2mC

(−i)γ̂

√
3a

2
(τx − τx) = 0

F̃2(K,K) =
1√
2mC

(−i)γ̂

√
3a

2
(τy − τy) = 0

F̃3(K,K) =
1√
2mC

(−i)γ̂

√
3a

2
(τzτx − τxτz) =

a
√
3√

2mC
γ̂τy

F̃4(K,K) =
1

√
mC

(−i)γ̂

√
3a

2
(τzτy − τyτz) = −

√
3a√

2mC
γ̂τx

F̃1(K,−K) =
1

2
√
mC

(−i)γ̂

√
3a

2
(−τx − τx − iτzτy + iτyτz) = i

√
3a

√
mC

γ̂τx

F̃2(K,−K) =
1

2
√
mC

(−i)γ̂

√
3a

2
(−τzτx − τxτz + iτy − iτy) = 0

F̃3(K,−K) =
1

2
√
mC

(−i)γ̂

√
3a

2
(−τx − τx + iτzτy − iτyτz) = 0

F̃4(K,−K) = −i
1

2
√
mC

(−i)γ̂

√
3a

2
(−iτzτx − iτxτz + τy − τy) = 0 .

(F112)

Eq. (F112) clearly shows that only the optical phonon at Γ and the A′
1 phonon at K have nonzero contribution to

F̃l(K,±K).
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With Eq. (F112), nonzero |GnFnF l|2 in Eq. (F105) becomes

|GnFnF 3(K + pFnθ,K+ pFnθ′)|2 =
3ℏa2γ̂2

4mCωE2g
(Γ)

Tr[PnF ,K(θ)τyPnF ,K(θ
′)τy]

=
3ℏa2γ̂2

8mCωE2g
(Γ)

(1− cos(θ) cos(θ′) + sin(θ) sin(θ′))

|GnFnF 4(K + pFnθ,K+ pFnθ′)|2 =
3ℏa2γ̂2

4mCωE2g (Γ)
Tr[PnF ,K(θ)τxPnF ,K(θ

′)τx]

=
3ℏa2γ̂2

8mCωE2g
(Γ)

(1 + cos(θ) cos(θ′)− sin(θ) sin(θ′))

|GnFnF 1(K + pFnθ,−K+ pFnθ′)|2 =
3ℏa2γ̂2

2mCωA′
1
(K)

Tr[PnF ,K(θ)τxPnF ,−K(θ
′)τx]

=
3ℏa2γ̂2

4mCωA′
1
(K)

(1 + cos(θ) cos(θ′)− sin(θ) sin(θ′)) .

(F113)

Then, we have

α2F (ω) =
2N

D(µ)ℏ

[
Ω

(2π)2

]2 ∑
α=±

|µ|2

|v|4

∫ 2π

0

dθ

∫ 2π

0

dθ′
∑
l

|GnFnF l(K + pFnθ, αK+ pFnθ′)|2δ(ω − ωl(αK−K))

=
2N

D(µ)ℏ

[
Ω

(2π)2

]2 |µ|2

|v|4

∫ 2π

0

dθ

∫ 2π

0

dθ′

∑
l=3,4

|GnFnF l(K + pFnθ,K+ pFnθ′)|2δ(ω − ωE2g
(Γ))

+|GnFnF 1(K + pFnθ,−K+ pFnθ′)|2δ(ω − ωA′
1
(K))

]
=

2N

D(µ)ℏ
Ω2

(2π)2
|2πµ|2

|v|4
3ℏa2γ̂2

4mC

[
δ(ω − ωE2g

(Γ))

ωE2g
(Γ)

+
δ(ω − ωA′

1
(K))

ωA′
1
(K)

]
=
D(µ)

2N

3a2γ̂2

4mC

[
δ(ω − ωE2g

(Γ))

ωE2g
(Γ)

+
δ(ω − ωA′

1
(K))

ωA′
1
(K)

]
(F114)

As a result, we arrive at the following approximated expression of
〈
ω2
〉
for graphene in the (µ− ϵ0) → 0 limit:

〈
ω2
〉
=

2
1

ω2
A′

1
(K)

+ 1
ω2

E2g
(Γ)

=
2ω2

E2g
(Γ)ω2

A′
1
(K)

ω2
E2g

(Γ) + ω2
A′

1
(K)

, (F115)

which is independent of the EPC. The expression is approximated because we neglect the acoustic phonons in the
denominator, which is justified by the fact that acoustic phonons only contribute about 17% of the total EPC constant
for µ = −0.02eV suggested by the ab initio numerical calculations.
The ab initio calculation shows that ℏωE2g (Γ) = 0.1935eV and ℏωA′

1
(K) = 0.1622eV. Then, according to the

expression of
〈
ω2
〉
(Eq. (F115)) derived from our model for µ→ 0, we have an approximate value ℏ

√
⟨ω2⟩ = 0.1758eV,

which only has about 9% error for µ ∈ [−1eV,−0.1eV], according to the ab initio value of
〈
ω2
〉
show in Fig. 4(a).

The fact that the expression of
〈
ω2
〉
in Eq. (F115) approximately holds up to µ = −1eV means that the linear

approximation is good even if µ− ϵ0 is away from zero but not too far.

10. Further-Range Hopping

In supplementary informationF 3, we have discussed how the symmetry-rep method can separate the EPC Hamil-
tonian into a energetic and geometric parts, if we only include terms up to the nearest neighbors. In this part, we
will show that the separation will work (with the hopping derivatives replaced by coefficients) if we include the NNN
hoppings, but will fail if we include 3rd NN hoppings.

We first include the NNN terms in the electron Hamiltonian and the EPC Hamiltonian. The NNN hoppings have
the form as tττ (C

l
6a1) with a1 the primitive lattice vector in Eq. (F2) and l = 0, 1, ..., 5. By using the symmetry
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properties of the hoppings Eq. (B67), Eq. (B69) and the symmetry rep Eq. (F5), we obtain

C6 : tτAτA
(a1) = tτBτB

(C6a1) = tτAτA
(C2

6a1) = tτBτB
(C3

6a1) = tτAτA
(C4

6a1) = tτBτB
(C5

6a1)

C6 : tτBτB
(a1) = tτAτA

(C6a1) = tτBτB
(C2

6a1) = tτAτA
(C3

6a1) = tτBτB
(C4

6a1) = tτAτA
(C5

6a1)

my : tτAτA
(Cl

6a1) = tτBτB
(myC

l
6a1) for l=0,1,...,5

mz : no constraints

T : tττ (C
l
6a1) ∈ R for τ = τA, τB and l = 0, 1, ..., 5

h.c. : tττ (C
l
6a1) = t∗ττ (−Cl

6a1) for τ = τA, τB and l = 0, 1, ..., 5 ,

(F116)

resulting in

tττ (C
l
6a1) = t1 ∈ R (F117)

for τ = τA, τB and n = 0, 1, ..., 5. Then, the matrix h(k) in Hel for graphene in momentum space (Eq. (F14)) becomes

h(k) =

(
ϵ0 + t1

5∑
l=0

e−ik·Cl
6a1

)
τ0 + t

∑
j

(
0 e−iδj ·k

eiδj ·k 0

)
, (F118)

where δj is defined in Eq. (F10). The bands and projection matrices still have the form in Eq. (F22) with

d0(k) = ϵ0 + t1

5∑
l=0

e−ik·Cl
6a1 , dx(k) = t

∑
j

cos (iδj · k) , dy(k) = t
∑
j

sin (iδj · k) , (F119)

which has a different d0(k) compared to Eq. (F23).
Now we include the NNN terms in the EPC Hamiltonian. As shown in Eq. (D4), the EPC fi(k) is determined

by f̃τ1τ2, (∆R + τ 1 − τ 2) and f̃τ1τ2,⊥(∆R + τ 1 − τ 2). The NNN terms in the EPC Hamiltonian are given by

f̃ττ ,β= /⊥(C
l
6a1) with l = 1, ..., 5. According to Eq. (D31), f̃ττ , (Cl

6a1) should have the same symmetry properties

as tττ (C
l
6a1) in Eq. (F116), resulting in

f̃ττ , (Cl
6a1) = γ̂1 . (F120)

On the other hand, Eq. (D31) also shows that the symmetry constraints of f̃ττ ,⊥(C
l
6a1) differ by a minus sign for my

from those of tττ (C
l
6a1) in Eq. (F116), leading to

C6 : f̃τAτA,⊥(a1) = f̃τBτB ,⊥(C6a1) = f̃τAτA,⊥(C
2
6a1) = f̃τBτB ,⊥(C

3
6a1) = f̃τAτA,⊥(C

4
6a1) = f̃τBτB ,⊥(C

5
6a1)

C6 : f̃τBτB ,⊥(a1) = f̃τAτA,⊥(C6a1) = f̃τBτB ,⊥(C
2
6a1) = f̃τAτA,⊥(C

3
6a1) = f̃τBτB ,⊥(C

4
6a1) = f̃τAτA,⊥(C

5
6a1)

my : f̃τAτA,⊥(C
l
6a1) = −f̃τBτB ,⊥(myC

l
6a1) for l=0,1,...,5

mz : no constraints

T : f̃ττ ,⊥(C
l
6a1) ∈ R for τ = τA, τB and l = 0, 1, ..., 5

h.c. : f̃ττ ,⊥(C
l
6a1) = f̃∗ττ ,⊥(−Cl

6a1) for τ = τA, τB and l = 0, 1, ..., 5 .

(F121)

According to Eq. (F121), Hermiticity, T and C6 together give f̃ττ ,⊥(C
l
6a1) = γ̂′ for all τ and l. Combined with my,

we know γ̂′ = 0. Therefore, we know

f̃ττ ,⊥(C
l
6a1) = 0 . (F122)

By substituting Eq. (F120) and Eq. (F122) into Eq. (D7), we obtain

f̃ (k) = γ̂1

5∑
l=0

e−ik·Cl
6a1τ0 + γ̂

∑
j

(
0 e−iδj ·k

eiδj ·k 0

)
f̃⊥(k) = 0 ,

(F123)
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and thus fi(k) still has the form in Eq. (F34) but with the expression of f̃ (k) in Eq. (F123).

Now we identify the energetic and geometric parts of fi(k) in Eq. (F34). Same as supplementary informationF 3,

L⊥ = 0 still holds. Since f̃⊥(k) = 0 still holds as shown in Eq. (F123), we still have ∆f̃⊥ = 0 in Eq. (D43). ∆fi(k) = 0

still holds in Eq. (D49) owing to fz(k) = 0 in Eq. (F25). Therefore, we still only need to care about f̃ (k).

According to Eq. (D34), we try to re-write f̃ (k) in Eq. (F123) as

f̃ (k) = γ̂0∂ϵ0h(k) + γ̂∂th(k) + γ̂1∂t1h(k) , (F124)

where h(k) is the electron Hamiltonian in Eq. (F118). By comparing Eq. (F123) to Eq. (F118), γ̂0 in f̃ (k) should still
be zero, and then we obtain

f̃ (k) = γ̂∂th(k) + γ̂1∂t1h(k) , (F125)

resulting in

fi(k) = fEi (k) + fgeoi (k) , (F126)

where

fEi (k) = i(γ̂∂t + γ̂1∂t1)
∑
n

Pn(k)∂ki
En(k)(δix + δiy)

fgeoi (k) = i(γ̂∂t + γ̂1∂t1)
∑
n

En(k)∂ki
Pn(k)(δix + δiy)

(F127)

according to Eq. (D50).

To address the hopping derivatives, note that

∑
n

(−1)n

2
∂ki

∆E(k)Pn(k)(δix + δiy)

=
∑
n

∂ki

[
(−)n

√
d2x(k) + d2y(k)

] 1
2

1 + (−)n
dx(k)τx + dy(k)τy√

d2x(k) + d2y(k)

 (δix + δiy)

=
∑
n

∂ki

[
(−)n

√
d2x(k) + d2y(k)

] 1
2

(−)n
dx(k)τx + dy(k)τy√

d2x(k) + d2y(k)

 (δix + δiy)

(F128)

is proportional to t since dx(k) and dy(k) are proportional to t as shown by Eq. (F119),

∑
n

∂ki
d0(k)Pn(k)(δix + δiy) = ∂ki

d0(k)(δix + δiy) (F129)

is proportional to t1 according to Eq. (F119), and∑
n

En(k)∂kiPn(k)(δix + δiy)

=
∑
n

[
d0(k) + (−)n

√
d2x(k) + d2y(k)

] 1
2
∂ki

1 + (−)n
dx(k)τx + dy(k)τy√

d2x(k) + d2y(k)

 (δix + δiy)

=
∑
n

[
(−)n

√
d2x(k) + d2y(k)

] 1
2
∂ki

(−)n
dx(k)τx + dy(k)τy√

d2x(k) + d2y(k)

 (δix + δiy)

(F130)
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is proportional to t since dx(k) and dy(k) are proportional to t as shown by Eq. (F23). Then, we have

fEi (k) = i(γ̂∂t + γ̂1∂t1)
∑
n

∂kiEn(k)Pn(k)(δix + δiy)

= i(γ̂∂t + γ̂1∂t1)

[∑
n

∂kid0(k)Pn(k) +
∑
n

(−1)n

2
∂ki∆E(k)Pn(k)

]
(δix + δiy)

= i

[
γ̂1
t1
∂ki

d0(k) +
γ̂

t

∑
n

(−1)n

2
∂ki

∆E(k)Pn(k)

]
(δix + δiy)

= i

[
γ1∂ki

d0(k) + γ
∑
n

(−1)n

2
∂ki

∆E(k)Pn(k)

]
(δix + δiy)

(F131)

fgeoi (k) = iγ̂∂t
∑
n

En(k)∂ki
Pn(k)(δix + δiy)

= i
γ̂

t

∑
n

En(k)∂ki
Pn(k)(δix + δiy)

= iγ
∑
n

En(k)∂ki
Pn(k)(δix + δiy) ,

(F132)

where γ is defined in Eq. (F43), and

γ1 =
γ̂1
t1

. (F133)

As a result, we obtain

fi(k) = fEi (k) + fgeoi (k) , (F134)

where

fEi (k) =

[
iγ1∂ki

d0(k) + iγ
∑
n

(−1)n

2
∂ki∆E(k)Pn(k)

]
(δix + δiy)

fgeoi (k) = iγ
∑
n

En(k)∂ki
Pn(k)(δix + δiy) .

(F135)

Thus, even with NNN terms, we can still split fi(k) into fEi (k) + fgeoi (k) with the hopping derivatives replaced by
coefficients in fEi (k) and fgeoi (k).
If we have 3rd NN hopping in addition to onsite and NN terms, then electron matrix Hamiltonian h(k) would

become

h(k) = ϵ0τ0 + t
∑
j

(
0 e−iδj ·k

eiδj ·k 0

)
+ t′

∑
j

(
0 ei2δj ·k

e−i2δj ·k 0

)
. (F136)

Then,
∑

n ∂kiEn(k)Pn(k)(δix + δiy) and
∑

nEn(k)∂ki
Pn(k)(δix + δiy) cannot be proportional to just t or t′. As a

result, we cannot replace ∂t by 1/t in Eq. (F41) and Eq. (F42), and we cannot derive Eq. (F45).

11. Quantum Geometry, EPC and Mean-field Superconducting Critical Temperature in Magic-Angle
Twisted Bilayer Graphene

In this part, we will briefly discuss the case of the magic-angle twisted bilayer graphene (MATBG), and we will
estimate the mean-field superconducting critical temperature of MATBG based on EPC and quantum geometry. For
convenience, we will choose the unit system (unless specified otherwise) as

ℏ = 1 , ϵ0 = 1 , kθ = 1 , v0 = 1 , (F137)
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where kθ = 4π
3a2 sin(

θ
2 ), ϵ0 is the vacuum permittivity, a is the lattice constant of graphene, v0 is the Fermi velocity of

the monolayer graphene, and θ is the twist angle.
We will focus on the Bistritzer-MacDonald (BM) model [86] in the first chiral limit [83–85], which, in the + valley,

reads

H0,+ =

∫
d2r ψ̃†

+,r

(
−iσ ·∇ T (r)

T †(r) −iσ ·∇

)
⊗ s0 ψ̃+,r , (F138)

where ψ†
+,r,l = (ψ†

+,r,l,A,↑, ψ
†
+,r,l,A,↓, ψ

†
+,r,l,B,↑, ψ

†
+,r,l,B,↓) with l = t, b labelling the layer. Since we are considering

the first chiral limit, there is only one term in the interlayer coupling T (r), which reads T (r) =
∑

j=1,2,3 Tje
ir·qj ,

Tj = w1

[
cos(

2π

3
(j − 1))σx + sin(

2π

3
(j − 1))σy

]
(F139)

with q1 = (0, 1)T , q2 = (−
√
3
2 ,−

1
2 )

T , q3 = (
√
3
2 ,−

1
2 )

T , and σx,y,z and s0,x,y,z are Pauli matrices for sublattice and
spin, respectively. The model in the − valley can be obtained by the TR symmetry.
In the first chiral limit, the model has two exactly flat bands per spin per valley, and two flat bands in one valley

and one spin has well-defined but different Chern numbers eY = ±1. Therefore, we can use γ†k,eY ,η,s to label the
creation operators for the flat bands, where η = ± and s =↑, ↓ label the valley and spin, respectively. The expression

of γ†k,eY ,η,s is most straightforward to express in the topological heavy-fermion basis [87]. As discussed in Ref. [87],
the topological heavy-fermion model in the first chiral limit for the η valley reads

hTHF
η (k) =

02×2 γτ0 02×2

γτ0 02×2 v⋆(ηkxτ0 + ikyτz)

02×2 v⋆(ηkxτ0 − ikyτz) 02×2

⊗ s0 , (F140)

where the basis is (f†η,k, c
†
η,k,Γ3

, c†η,k,Γ1Γ2
) with

f†η,k = (f†η,k,1,↑, f
†
η,k,1,↓, f

†
η,k,2,↑, f

†
η,k,2,↓)

c†η,k,Γ3
= (c†η,k,1,↑, c

†
η,k,1,↓, c

†
η,k,2,↑, c

†
η,k,2,↓)

c†η,k,Γ1Γ2
= (c†η,k,Γ1,↑, c

†
η,k,Γ1,↓, c

†
η,k,Γ2,↑, c

†
η,k,Γ2,↓) ,

(F141)

and Γ1, Γ2 and Γ3 are irreps of D3 group to indicate the symmetry properties of the c modes, and s0,x,y,z are identity
and Pauli matrices for spin. Here γ is the coupling between f and c, and v∗ is the velocity of the c modes. As a

result, the expression of γ†k,eY ,η,s in the η = + valley reads [88]

γ†k,−,+,s =
1√

|k|2 + b2

(
−bkx − iky

|k|
c†Γ1,k,+,s + |k|f†1,k,+,s

)
γ†k,+,+,s =

1√
|k|2 + b2

(
−bkx + iky

|k|
c†Γ2,k,+,s + |k|f†2,k,+,s

)
,

(F142)

where b = γ/v⋆. The flat-band wavefunction in Eq. (F142) has FSM

Tr[gk] =
2b2

(|k|2 + b2)
2 , (F143)

and the gap between the flat band and the remote bands are ∆Ek =
√

|k|2v2⋆ + γ2.
We only consider the inter-valley EPC, which is experimentally shown to be strong [120]; the dominant contribution

to this is the intralayer EPC of graphene for the phonons at K or K′, i.e., F̃1,...,4(K,−K) in Eq. (F112) and its TR

related F̃1,...,4(−K,K), which only couples to the A′
1 phonons at K or K′. After projecting to the flat bands, Ref. [88]

shows that the EPC is diagonal in the Chern basis and has the following form

HEPC =
1√
NM

∑
l,s

∑
k,k′,eY

∑
Q∈Ql̄,η

GηeY l
k,k′,Qγ

†
k,eY ,η,sγk′,eY ,−η,s(b−ηK+k−k′−Q,l + b†ηK−k+k′+Q,l) , (F144)
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where NM is the number of moiré unit cells, k,k′ are sumed over the Moiré BZ, Ql,η = {GM + η(−1)lq1}, (−)t =
−(−)b = 1, G ∈ bM,1Z + bM,2Z are the moiré reciprocal lattice vectors with bM,1 = q3 − q1 and bM,2 = q3 − q2,

l̄ = t, b for l = b, t, and the phonon creation operators correspond to A′
1 phonons at K/K′. The expression of GηeY l

k,k′,Q

reads
Ref. [88] shows that the intervalley-Cooper-pairing channel of effective attractive interaction mediated by EPC reads

Hee = − 1

NM

∑
k,k′,s,s′,eY ,e′Y

V
η,eY ,e′Y
k,k′ γ†k,eY ,η,sγ

†
−k,e′Y ,−η,s′γ−k′,e′Y ,η,s′γk′,eY ,−η,s, (F145)

where

V
η,eY ,e′Y
k,k′ =

1

N0ℏωA′
1

∑
GM ,l

Gη,eY ,l
k,k′,−(−)lηq1+GM

G
−η,e′Y ,l

−k,−k′,(−)lηq1−GM (F146)

with N0 the number of atoms in one moiré unit cell and ωA′
1
is the frequency of the A′

1 phonon at K/K′. To estimate
the critical temperature, let us consider the inter-Chern pairing, for which the corresponding leading-order term of
the interaction reads [88]

V η,eY ,−eY
k,k′ = A

{
b2

|k|2 + b2
b2

|k′|2 + b2
+

|k|2

|k|2 + b2
|k′|2

|k′|2 + b2

}
, (F147)

where

A =
a2γ̂2

mCω2
A′

1
(K)N0

(F148)

with N0 is the number of the graphene unit cell in the moiré unit cell and γ̂ in Eq. (F95). For 1.1◦ twist angle, we
estimate

A ≈ 0.33meV . (F149)

(Ref. [88] has a slightly larger estimate of A being 0.44meV, since they choose a largeer γ̂ than our Eq. (F95).) Based
on the interacting Hamiltonian, the mean-field critical temperature can be determined by the following linearized gap
equation [88] [43]

2kBT∆
η,iS
k,eY ,e′Y

=
1

NM

∑
k′

V
ηeY e′Y
k,k′ ∆−η,iS

k′,eY ,e′Y
, (F150)

where ∆η,iS
k;eY1

eY2
is the pairing order parameter, and iS labels the spin channel (one spin-singlet components or three

spin-triplet components). Reducing to the inter-Chern channel, the linearized gap equation becomes

2kBT∆
η,iS
k,+,− =

1

NM

∑
k′

V η+−
k,k′ ∆−η,iS

k′,+,−

⇔ 2kBT

(
∆+,iS

k,+,−
∆−,iS

k,+,−

)
=

1

NM

∑
k′

(
0 V ++−

k,k′

V −+−
k,k′ 0

)(
∆+,iS

k′,+,−
∆−,iS

k′,+,−

)

⇔ 2kBT


∆1

∆2

∆3

∆4

 = A


0 f00 0 f01
f00 0 f01 0

0 f10 0 f11
f10 0 f11 0



∆1

∆2

∆3

∆4


(F151)

with

f00 =
1

NM

∑
k

b4

(|k|2 + b2)2

f01 = f10 =
1

NM

∑
k

b2|k|2

(|k|2 + b2)2

f11 =
1

NM

∑
k

|k|4

(|k|2 + b2)2
.

(F152)
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To derive a lower bound for Tc, we consider(
∆1 ∆2 ∆3 ∆4

)
=

1√
3

(
1 1 1 0

)
, (F153)

and then

2kBTc ≥ 2kBT = A


∆1

∆2

∆3

∆4


†

0 f00 0 f01
f00 0 f01 0

0 f10 0 f11
f10 0 f11 0



∆1

∆2

∆3

∆4


=
A

3
(2f00 + 2f01) =

A

3

1

NM

∑
k

2b2

(b2 + |k|2)2
(b2 + |k|2) = A

3

1

NMv2⋆

∑
k

∆E2
k Tr[gk] ,

(F154)

since Tc corresponds to the largest eigenvalue of the matrix. As a result, we have

kBTc ≥ kBT =
A

6

1

NMv2⋆

∑
k

∆E2
k Tr[gk] . (F155)

For γ ≈ 100meV in the first chiral limit and v⋆ ≈ v0, T gives an estimate of

T ≈ 0.6K , (F156)

which is close to the experimental Tc around 1 ∼ 2K [43]. For the estimate, we use the form of FSM in Eq. (F143)
and the expression of ∆Ek below it, and we perform the integration over |k| ≤ 1.

Appendix G: Orbital-Selective FSM

Before discussing MgB2, we first discuss the Orbital-selective FSM (OFSM), which will be useful for the discussion
of MgB2.
Recall that the conventional FSM has the following two equal expressions:

[gn(k)]ij =
1

2
Tr
[
∂kiPn(k)∂kjPn(k)

]
=

1

2
Tr
[
∂kiPn(k)Pn(k)∂kjPn(k)

]
+ (i↔ j) ,

(G1)

where Pn(k) is the projection matrix on the nth band of an generic electron matrix Hamiltonian h(k) in the basis
Eq. (B14). If the nth electron band is degenerate in a region of the 1BZ, Pn(k) would have rank more than 1 in that
region. According to the definition, gn(k) must be a real symmetric positive semi-definite matrix. Often in realistic
materials, gn(k) does not have zero eigenvalues, and thus is positive definite. That’s why gn(k) is called a metric.
The two ways of writing the FSM in Eq. (G1) inspire us to define the OFSM in two ways.

1. Orbital-Selective FSM: Version 1

For the first version of the OFSM, we are inspired by the first line of Eq. (G1), i.e., by

[gn(k)]ij =
1

2
Tr
[
∂ki

Pn(k)∂kj
Pn(k)

]
. (G2)

OFSM is given by inserting matrix in the trace operation in Eq. (G2). The most general way of inserting matrix is
the following

[Qn(k, A,B)]ij =
1

2
Tr
[
A∂ki

Pn(k)B∂kj
Pn(k)

]
, (G3)
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where A,B are two matrices. In general, Qn(k, A,B) is not symmetric, i.e., QT
n (k, A,B) ̸= Qn(k, A,B). Since we

care about metric in this work, let us consider the symmetric part of Qn(k, A,B), which reads

[g̃n(k, A,B)]ij =
1

2
[Qn(k, A,B)]ij + (i↔ j)

=
1

4
Tr
[
A∂ki

Pn(k)B∂kj
Pn(k)

]
+ (i↔ j) .

(G4)

For generic matrices A and B, the symmetric g̃n(k, A,B) is not guaranteed to be real and positive semidefinite, and
thus is not necessarily a metric. However, g̃n(k, A,B) can always be expressed as the linear combination of metrics,
which will be the OFSM. To see this, we note that A = A1 + iA2 and B = B1 + iB2, where A1, A2, B1 and B2 are
Hermitian matrices. Then, [g̃n(k, A,B)]ij becomes

[g̃n(k, A,B)]ij =
1

4
Tr
[
A1∂ki

Pn(k)B1∂kj
Pn(k)

]
+ i

1

4
Tr
[
A1∂ki

Pn(k)B2∂kj
Pn(k)

]
+ i

1

4
Tr
[
A2∂kiPn(k)B1∂kjPn(k)

]
− 1

4
Tr
[
A2∂kiPn(k)B2∂kjPn(k)

]
+ (i↔ j) .

(G5)

We now use the spectral decomposition of Hermitian matrices, i.e.,

X =
∑
αX

aαX
ξαX

ξ†αX
(G6)

for X = A1, A2, B1, B2, where ξαX
is the eigenvector of X with the eigenvalue aαX

, and αX labels all the orthonormal
eigenvectors of X. ξαX

corresponds to a linear combination of electron degrees of freedom in one unit cell including
orbitals and spins. With Eq. (G6), g̃n(k, A,B) becomes

[g̃n(k, A,B)]ij =
∑

αA1
αB1

aαA1
aαB1

1

4
Tr
[
ξαA1

ξ†αA1
∂ki

Pn(k)ξαB1
ξ†αB1

∂kj
Pn(k)

]
+ i

∑
αA1

αB2

aαA1
aαB2

1

4
Tr
[
ξαA1

ξ†αA1
∂ki

Pn(k)ξαB2
ξ†αB2

∂kj
Pn(k)

]
+ i

∑
αA2

αB1

aαA2
aαB1

1

4
Tr
[
ξαA2

ξ†αA2
∂ki

Pn(k)ξαB1
ξ†αB1

∂kj
Pn(k)

]
−

∑
αA2

αB2

aαA2
aαB2

1

4
Tr
[
ξαA2

ξ†αA2
∂ki

Pn(k)ξαB2
ξ†αB2

∂kj
Pn(k)

]
+ (i↔ j) .

(G7)

Now we define

[gn,αα′(k)]ij =
1

4
Tr
[
ξαξ

†
α∂kiPn(k)ξα′ξ†α′∂kjPn(k)

]
+ (i↔ j) , (G8)

where ξα is a normalized vector that represents certain linear combination of the electronic degrees of freedom in one
unit cell. Finally, we arrive at

[g̃n(k, A,B)]ij =
∑

αA1
αB1

aαA1
aαB1

[
gn,αA1

αB1
(k)
]
ij
+ i

∑
αA1

αB2

aαA1
aαB2

[
gn,αA1

αB2
(k)
]
ij

+ i
∑

αA2
αB1

aαA2
aαB1

[
gn,αA2

αB1
(k)
]
ij
−

∑
αA2

αB2

aαA2
aαB2

[
gn,αA1

αB1
(k)
]
ij
.

(G9)

Therefore, we can see the general expression g̃n(k, A,B) can always be expressed as linear combinations of a set of
gn,αα′(k).

Now we show gn,αα′(k) in Eq. (G8) with fixed values of α, α′ is real symmetric and positive semidefinite. According
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to Eq. (G8), it is obvious that gn,αα′(k) is symmetric. gn,αα′(k) is a positive semidefinite matrix since∑
i,j

v∗i vj [gn,αα′(k)]ij

=
1

4
Tr

ξαξ†α∑
i

v∗i ∂ki
Pn(k)ξα′ξ†α′

∑
j

vj∂kj
Pn(k)

+
1

4
Tr

ξαξ†α∑
j

vj∂kj
Pn(k)ξα′ξ†α′

∑
i

v∗i ∂ki
Pn(k)


=

1

4
Tr

ξ†α∑
i

v∗i ∂ki
Pn(k)ξα′ξ†α′

∑
j

vj∂kj
Pn(k)ξα

+
1

4
Tr

ξ†α∑
j

vj∂kj
Pn(k)ξα′ξ†α′

∑
i

v∗i ∂ki
Pn(k)ξα


=

1

4
Tr

ξ†α∑
i

v∗i ∂kiPn(k)ξα′(ξ†α
∑
j

v∗j ∂kjPn(k)ξα′)†


+

1

4
Tr

ξ†α∑
j

vj∂kjPn(k)ξα′(ξ†α
∑
i

v∗i ∂kiPn(k)ξα′)†


≥ 0 .

(G10)

gn,αα′(k) is a real matrix since

[gn,αα′(k)]
∗
ij =

1

4
Tr
[
∂kj

Pn(k)ξα′ξ†α′∂ki
Pn(k)ξαξ

†
α

]
+ (i↔ j)

=
1

4
Tr
[
ξαξ

†
α∂kjPn(k)ξα′ξ†α′∂kiPn(k)

]
+ (i↔ j)

=
1

4
Tr
[
ξαξ

†
α∂kiPn(k)ξα′ξ†α′∂kjPn(k)

]
+ (i↔ j)

= [gn,αα′(k)]ij .

(G11)

Therefore, it is highly possible that gn,αα′(k) becomes real symmetric positive definite in realistic cases, and thus
gn,αα′(k) can be called a metric.
We call gn,αα′(k) the OFSM. If we sum OFSM over a complete set of all orthonormal combinations of the orbitals,

we obtain the normal FSM in Eq. (B59):∑
α,α′

[gn,αα′(k)]ij =
∑
α,α′

1

4
Tr
[
ξαξ

†
α∂ki

Pn(k)ξα′ξ†α′∂kj
Pn(k)

]
+ (i↔ j)

=
1

4
Tr
[
∂ki

Pn(k)∂kj
Pn(k)

]
+ (i↔ j)

=
1

2
Tr
[
∂ki

Pn(k)∂kj
Pn(k)

]
= [gn(k)]ij ,

(G12)

where α, α′ are summed over complete sets of all orthonormal combinations of the electron degrees of freedom in one
unit cell. The OFSM proposed in Ref. [9] is compartible with the version of OFSM in Eq. (G8).

2. Orbital-Selective FSM: Version 2

For the second version of the OFSM, we are inspired by the second line of Eq. (G1), i.e., by

[gn(k)]ij =
1

2
Tr
[
∂ki

Pn(k)Pn(k)∂kj
Pn(k)

]
+ (i↔ j) . (G13)

More directly, we are inspired by the term in the two-band λgeo shown in Eq. (A41), which contains a matrix insertion
as

[g̃n(k,M)]ij =
1

2
Tr
[
M∂ki

Pn(k)Pn(k)∂kj
Pn(k)

]
+ (i↔ j) , (G14)
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where M is a generic matrix. Similar to the discussion on the version 1, we define M = M1 + iM2 with M1,M2

Hermitian, and use the spectral decomposition to get

[g̃n(k,M)]ij =
∑
αM1

aαM1

1

2
Tr
[
ξαM1

ξ†αM1
∂kiPn(k)Pn(k)∂kjPn(k)

]
+ i
∑
αM2

aαM2

1

2
Tr
[
ξαM2

ξ†αM2
∂ki

Pn(k)Pn(k)∂kj
Pn(k)

]
+ (i↔ j) ,

(G15)

where ξαX
is the eigenvector of X with the eigenvalue aαX

for X =M1,M2.
We can then define

[gn,α(k)]ij =
1

2
Tr
[
ξαξ

†
α∂ki

Pn(k)Pn(k)∂kj
Pn(k)

]
+ (i↔ j) , (G16)

resulting in

g̃n(k,M) =
∑
αM1

aαM1
gn,αM1

(k) + i
∑
αM2

aαM2
gn,αM2

(k) . (G17)

It means that Eq. (G14) (contained in Eq. (A41) in two-band λgeo) must be linear combination of gn,α(k) defined in
Eq. (G16).

As gn,α(k) can be derived by replacing ξα′ξ†α′ in Eq. (G8) by Pn(k), gn,α(k) must a real symmetric positive-
semidefinite matrix for any fixed values of n and α. Since ξα in Eq. (G16) again represents a certain combination of
the electron degrees of freedom in one unit cell, we also call gn,α(k) a OFSM. Again, summing OFSM over a complete
set of α restores the original FSM:∑

α

[gn,α(k)]ij =
1

2
Tr
[
∂ki

Pn(k)Pn(k)∂kj
Pn(k)

]
+

1

2
Tr
[
Pn(k)∂kiPn(k)∂kj

Pn(k)
]

=
1

2
Tr
[
∂kiPn(k)∂kjPn(k)

]
= [gn(k)]ij .

(G18)

Owing to the close relation between gn,α(k) in Eq. (G16) and λgeo shown in Eq. (A41), we will use Eq. (G16) in the
following.

Appendix H: Geometric and Topological Contributions to EPC Constant in MgB2

MgB2 becomes a superconductor under 39K [73], and the superconductivity should mainly originate from EPC as
indicated by the significant isotope effect [74, 75]. In this section, we discuss the EPC in MgB2. Again, we focus on the
EPC constant defined based on the many-body electron-phonon-coupled Hamiltonian of MgB2 (not the mean-field
Hamiltonian in the superconducting phase). Similar to graphene, it is reasonable for us to neglect the spin-orbit
coupling in MgB2 and assume spin SU(2) symmetry, in order to study the physics not too far away from the Fermi
level, since both Mg and B are light atoms. Therefore, we will use a spinless model throughout this section. As a
results, all the symmetry operations that we consider are spinless.

1. Electron Hamiltonian and Electron Band Topology in MgB2

In this part, we will discuss the electron Hamiltonian of MgB2 and its electron band topology. Since we only
consider the EPC constant eventually, we will not consider the Coulomb interaction among electrons, although the
Coulomb interaction is crucial for the study of superconductivity.

a. Electron Hamiltonian of MgB2

MgB2 has the same symmetries as graphene—space group P6/mmm and TR symmetry, along with the charge U(1)
symmetry. The model of graphene is constructed from C6, my, mz and T in addition to the lattice translations and
the charge U(1) symmetry.
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𝒂3

𝒂1𝒂2

𝜹0

𝜹1

𝜹2

B1

B2

B

Mg

FIG. 7. The structure of MgB2. Expressions of a1, a2 and a3 are in Eq. (H3). Expressions of δ0, δ1 and δ2 are in Eq. (F10).
B1 and B2 label two B atoms in one unit cell. The gray arrows show one type of ion motions of the E2g phonon at Γ.

MgB2 has two B atoms at the 2c Wykoff position and one Mg at the 1b position per unit cell [73], as shown in
Fig. 7. We choose the sublattice vectors to be

τB1 =
a√
3
(

√
3

2
,−1

2
, 0)T

τB2 =
a√
3
(

√
3

2
,
1

2
, 0)T

τMg = c(0, 0,
1

2
)T ,

(H1)

where a is the lattice constant in the x-y plane, and c is the lattice constant along z. According to the orbital
projection in Ref. [121], in order to study the low-energy physics, we only need to consider s, px, py and pz orbitals at
each B atom, and an s orbital at each Mg atom. Therefore, although each B layer in MgB2 arranges like a sheet of
graphene, we need to include more orbitals (extra s, px, py orbitals) for B than for graphene. Specifically, according to
the convention defined in supplementary informationB 1, we have τ ∈ {τB1, τB2, τMg}, ατB1

, ατB2
∈ {s, px, py, pz},

and ατMg
can be omitted since it only takes one value—s. Then, the creation operators for electrons are labelled as
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c†R+τ , where

c†R+τB1
= (c†R+τB1,s

, c†R+τB1,px
, c†R+τB1,py

, c†R+τB1,pz
)

c†R+τB2
= (c†R+τB2,s

, c†R+τB2,px
, c†R+τB2,py

, c†R+τB2,pz
) ,

(H2)

and R ∈ a1Z+ a2Z+ a3Z with

a1 = a(
1

2
,

√
3

2
, 0)T

a2 = a(−1

2
,

√
3

2
, 0)T

a3 = c(0, 0, 1)T .

(H3)

According to Eq. (B3) and Eq. (B5), the symmetry reps furnished by c†R+τ are determined by τ g, Rτ ,g, U
τgτ
g and

Uττ
T , where g = C6,my,mz. Specifically, we have

τC6
= τmy

=


τB2 if τ = τB1

τB1 if τ = τB2

τMg if τ = τMg

τmz
= τ

RC6,τ =


C6R if τ = τB1

C6R+ a2 if τ = τB2

C6R if τ = τMg

Rmy,τ = R

Rmz,τ =

{
mzR if τ = τB1, τB2

mzR+ a3 if τ = τMg

,

(H4)

and

UτB1τB2

C6
= UτB2τB1

C6
=


1

1
2 −

√
3
2√

3
2

1
2

1

 & U
τMgτMg

C6
= 1 ⇒ UC6

=

 U
τMgτMg

C6

UτB1τB2

C6

UτB2τB1

C6



UτB1τB2
my

= UτB2τB1
my

=


1

1

−1

1

 & UτMgτMg
my

= 1 ⇒ Umy
=

 U
τMgτMg
my

UτB1τB2
my

UτB2τB1
my



UτB1τB1
mz

= UτB2τB2
mz

=


1

1

1

−1

 & UτMgτMg
mz

= 1 ⇒ Umz
=

 U
τMgτMg
mz

UτB1τB1
mz

UτB2τB2
mz



UτB1τB1

T = UτB2τB2

T =


1

1

1

1

 & U
τMgτMg

T = 1 ⇒ UT =

 U
τMgτMg

T
UτB1τB1

T
UτB2τB2

T

 ,

(H5)

where the basis for Ug and UT is

c†k = (c†k,τMg
, c†k,τB1,s

, c†k,τB1,px
, c†k,τB1,py

, c†k,τB1,pz
, c†k,τB2,s

, c†k,τB2,px
, c†k,τB2,py

, c†k,τB2,pz
) . (H6)

In this work, we choose the following approximations for the electron hopping. MgB2 can be viewed as stacking B
layers and Mg layers alternatively along the z direction. Between two atoms of the same kind, the hopping occurs
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(i) only if the two atoms are in the same layer (B layer or Mg layer) and are nearest neighbors or (ii) only if the two
atoms are in different layers and are separated by ±a3. (See Fig. 7 for a3.) Between one B atom and one Mg atom,
the hopping occurs only if they are the nearest neighbors. Specifically, by using the convention in Eq. (B6), we have
the following constraints

tτ1τ2
(R1 + τ 1 −R2 − τ 2) = 0 if τ 1, τ 2 ∈ {τB1, τB2} & |R1 + τ 1 −R2 − τ 2| ≥

√
a2

3
+ c2

tτ1τMg
(R1 + τ 1 −R2 − τMg) = 0 if τ 1 ∈ {τB1, τB2} & |R1 + τ 1 −R2 − τMg| >

√
a2

3
+
c2

4

tτMgτ1
(R1 + τMg −R2 − τ 2) = 0 if τ 2 ∈ {τB1, τB2} & |R1 + τMg −R2 − τ 2| >

√
a2

3
+
c2

4

tτMgτMg(R1 −R2) = 0 if |R1 −R2| ≥
√
a2 + c2 ,

(H7)

meaning that we only consider tττ (0), tττ (±a3), tτB1τB2
(δj), tτB2τB1

(−δj), tτMgτMg
(Cn

6 a1) with n = 0, 1, 2, ..., 5,
tτB1τMg

(−δj ± a3/2), tτB2τMg
(δj ± a3/2), tτMgτB1

(δj ± a3/2), and tτMgτB2
(−δj ± a3/2), where δj with j = 0, 1, 2 is

defined in Eq. (F10) and a1,2,3 are defined in Eq. (H3). In the following, we derive the form of those terms.
By using Eq. (B67), Eq. (B69) and Eq. (H5), we obtain the symmetry properties of the onsite terms for B atoms:

C6 : UτB2τB1

C6
tτB1τB1

(0)
[
UτB2τB1

C6

]†
= tτB2τB2

(0)

my : UτB2τB1
my

tτB1τB1
(0)
[
UτB2τB1
my

]†
= tτB2τB2

(0)

mz : UτB1τB1
mz

tτB1τB1
(0)
[
UτB1τB1
mz

]†
= tτB1τB1

(0) , UτB2τB2
mz

tτB2τB2
(0)
[
UτB2τB2
mz

]†
= tτB2τB2

(0)

T : tτB1τB1
(0) , tτB2τB2

(0) ∈ R4×4

h.c. : tτB1τB1
(0) , tτB2τB2

(0) are Hermitian

(H8)

for tτB1τB1
(0) and tτB2τB2

(0), which gives

tτB1τB1
(0) = tτB2τB2

(0) =


EB,s,0

EB,pxpy,0

EB,pxpy,0

Epz

 ; (H9)

we obtain the symmetry properties of the onsite terms and NN hopping along z for Mg atoms:

C6 : no constraints

my : no constraints

mz : tτMgτMg(a3) = tτMgτMg(−a3)

T : tτMgτMg(0), tτMgτMg(±a3) ∈ R
h.c. : tτMgτMg

(0) ∈ R, tτMgτMg
(a3) = t∗τMgτMg

(−a3)

(H10)

for tτMgτMg(0), which gives

tτMgτMg(0) = EMg,s , tτMgτMg(±a3) = tMg,s,z; (H11)

we obtain the symmetry properties of the NN hopping terms along z for B atoms:

C6 : UτB2τB1

C6
tτB1τB1

(±a3)
[
UτB2τB1

C6

]†
= tτB2τB2

(±a3)

UτB1τB2

C6
tτB2τB2

(±a3)
[
UτB1τB2

C6

]†
= tτB1τB1

(±a3)

my : UτB2τB1
my

tτB1τB1(±a3)
[
UτB2τB1
my

]†
= tτB2τB2(±a3)

UτB1τB2
my

tτB2τB2(±a3)
[
UτB1τB2
my

]†
= tτB1τB1(±a3)

mz : UτB1τB1
mz

tτB1τB1(±a3)
[
UτB1τB1
mz

]†
= tτB1τB1(∓a3) , U

τB2τB2
mz

tτB2τB2(±a3)
[
UτB2τB2
mz

]†
= tτB2τB2(∓a3)

T : tτB1τB1(±a3) , tτB2τB2(±a3) ∈ R4×4

h.c. : t†τB1τB1
(a3) = tτB1τB1

(−a3) , t
†
τB2τB2

(a3) = tτB2τB2
(−a3)

(H12)
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for tτB1τB1
(±a3) and tτB2τB2

(±a3), which gives

tτB1τB1
(a3) = tτB2τB2

(a3) = t†τB1τB1
(−a3) = t†τB2τB2

(−a3) =


tB,s,z tB,s−pz,z

tB,pxpy,z

tB,pxpy,z

−tB,s−pz,z tpz,z

 ; (H13)

we obtain the symmetry properties of the NN hopping terms in x− y plane for B atoms:

C6 : UτB2τB1

C6
tτB1τB2

(δ0)
[
UτB1τB2

C6

]†
= tτB2τB1

(−δ2) , U
τB1τB2

C6
tτB2τB1

(−δ2)
[
UτB2τB1

C6

]†
= tτB1τB2

(δ1)

UτB2τB1

C6
tτB1τB2

(δ1)
[
UτB1τB2

C6

]†
= tτB2τB1

(−δ0) , U
τB1τB2

C6
tτB2τB1

(−δ0)
[
UτB2τB1

C6

]†
= tτB1τB2

(δ2)

UτB2τB1

C6
tτB1τB2

(δ2)
[
UτB1τB2

C6

]†
= tτB2τB1

(−δ1) , U
τB1τB2

C6
tτB2τB1

(−δ1)
[
UτB2τB1

C6

]†
= tτB1τB2

(δ0)

my : UτB2τB1
my

tτB2τB1
(δ0)

[
UτB1τB2
my

]†
= tτB2τB1

(−δ0)

UτB2τB1
my

tτB2τB1
(δ1)

[
UτB1τB2
my

]†
= tτB2τB1

(−δ2)

UτB2τB1
my

tτB2τB1
(δ2)

[
UτB1τB2
my

]†
= tτB2τB1

(−δ1)

mz : UτB1τB1
mz

tτB1τB2
(δj)U

τB2τB2
mz

= tτB1τB2
(δj) , U

τB2τB2
mz

tτB2τB1
(δj)U

τB1τB1
mz

= tτB2τB1
(−δj)

T : tτB1τB2
(δj) , tτB2τB1

(−δj) ∈ R4×4

h.c. : tτB1τB2(δj) = t†τB2τB1
(−δj) ,

(H14)

for tτB1τB2
(δj) and tτB2τB1

(−δj), which gives

tτB1τB2(δ0) =


t1 t4

t2 + t3
−t4 t2 − t3

tpz

 , UτB1τB1

C3
tτB1τB2(δj)U

τB2τB2

C3
= tτB1τB2(δj+1)

tτB1τB2
(δj) = t†τB2τB1

(−δj) with U
τB1τB1

C3
= UτB1τB2

C6
UτB2τB1

C6
and UτB1τB1

C3
= UτB2τB2

C3
;

(H15)

we obtain the symmetry properties of the NN hopping terms in the x− y plane for Mg atoms:

C6 : tτMgτMg(C
0
6a1) = tτMgτMg(C

1
6a1) = tτMgτMg(C

2
6a1) = tτMgτMg(C

3
6a1) = tτMgτMg(C

4
6a1) = tτMgτMg(C

5
6a1)

my : tτMgτMg(C
0
6a1) = tτMgτMg(C

4
6a1) , tτMgτMg(C

3
6a1) = tτMgτMg(C

1
6a1)

mz : no constraints

T : tτMgτMg(C
n
6 a1) ∈ R

h.c. : tτMgτMg
(Cn

6 a1) ∈ R
(H16)

for tτMgτMg
(Cn

6 a1), which gives

tτMgτMg
(Cn

6 a1) = tMg,s ; (H17)



87

we obtain the symmetry properties of the NN hopping terms from a Mg atom to a B atom:

C6 : UτB2τB1

C6
tτB1τMg(−δ0 ± a3/2) = tτB2τMg(δ2 ± a3/2) , U

τB1τB2

C6
tτB2τMg(δ2 ± a3/2) = tτB1τMg(−δ1 ± a3/2)

UτB2τB1

C6
tτB1τMg(−δ1 ± a3/2) = tτB2τMg(δ0 ± a3/2) , U

τB1τB2

C6
tτB2τMg(δ0 ± a3/2) = tτB1τMg(−δ2 ± a3/2)

UτB2τB1

C6
tτB1τMg(−δ2 ± a3/2) = tτB2τMg(δ1 ± a3/2) , U

τB1τB2

C6
tτB2τMg(δ1 ± a3/2) = tτB1τMg(−δ0 ± a3/2)

my : UτB2τB1
my

tτB1τMg
(−δ0 ± a3/2) = tτB2τMg

(δ0 ± a3/2)

UτB2τB1
my

tτB1τMg(−δ1 ± a3/2) = tτB2τMg(δ2 ± a3/2)

UτB2τB1
my

tτB1τMg
(−δ2 ± a3/2) = tτB2τMg

(δ1 ± a3/2)

mz : UτB1τB1
mz

tτB1τMg
(−δj ± a3/2) = tτB1τMg

(−δj ∓ a3/2) , U
τB2τB2
mz

tτB2τMg
(δj ± a3/2) = tτB2τMg

(δj ∓ a3/2)

T : tτB1τMg
(−δj ± a3/2) , tτB2τMg

(δj ± a3/2) ∈ R4×1

h.c. : tτB1τMg(−δj ± a3/2) = t†τMgτB1
(δj ∓ a3/2) , tτB2τMg(δj ± a3/2) = t†τMgτB2

(−δj ∓ a3/2) ,

(H18)

for tτB1τMg
(−δj ± a3/2), tτB2τMg

(δj ± a3/2), tτMgτB1
(δj ± a3/2), and tτMgτB2

(−δj ± a3/2), which gives

tτB1τMg(−δ0 + a3/2) = (tMg-B,1, 0, tMg-B,2, tMg-B,3)
T , UτB1τB1

C3
tτB1τMg(−δj + a3/2) = tτB1τMg(−δj+1 + a3/2)

tτB2τMg(δj + a3/2) = UτB2τB1

C2
tτB1τMg(−δj + a3/2) with U

τB2τB1

C2
= diag(1,−1,−1, 1)

tτB1τMg
(−δj − a3/2) = UτB1τB1

mz
tτB1τMg

(−δj + a3/2) , tτB2τMg
(δj − a3/2) = UτB2τB2

mz
tτB2τMg

(δj + a3/2)

tτMgτB1(δj ± a3/2) = t†τB1τMg
(−δj ∓ a3/2) , t†τMgτB2

(−δj ± a3/2) = tτB2τMg(δj ∓ a3/2) .

(H19)

In sum, we have 17 real parameters for the electron Hamiltonian:

EB,s,0, EB,pxpy,0, Epz , t1, t2, t3, t4, tpz , tB,pxpy,z, tpz,z, tB,s−pz,z, EMg,s, tMg,s, tB,s,z, tMg-B,1, tMg-B,2, tMg-B,3 . (H20)

By substituting Eq. (H9), Eq. (H11), Eq. (H13), Eq. (H15), Eq. (H17) and Eq. (H19) into Eq. (B22), we arrive at Hel

for MgB2 in momentum space:

Hel = H
B,spxpy

el +HB,pz

el +HMg
el +H

B,spxpy−pz

el +HMg-B
el . (H21)

In the following, we show the forms of H
B,spxpy

el , HB,pz

el , HMg
el , H

B,spxpy−pz

el and HMg-B
el .

First, the form of H
B,spxpy

el in Eq. (H21) reads

H
B,spxpy

el =

1BZ∑
k

c†k,B,spxpy
hspxpy

(k)ck,B,spxpy
, (H22)

where c†k,B,spxpy
= (c†k,τB1,s

, c†k,τB1,px
, c†k,τB1,py

, c†k,τB2,s
, c†k,τB2,px

, c†k,τB2,py
),

hspxpy
(k) =

(
hB1−B1,spxpy

(k) hB1−B2,spxpy
(k)

hB2−B1,spxpy (k) hB2−B2,spxpy (k)

)
, (H23)

hB1−B1,spxpy
(k) =

EB,s,0

EB,pxpy,0

EB,pxpy,0

+

tB,s,z2 cos(a3 · k)
tB,pxpy,z2 cos(a3 · k)

tB,pxpy,z2 cos(a3 · k)


hB2−B2,spxpy

(k) =

1

−1

−1

hB1−B1,spxpy
(−k)

1

−1

−1



hB1−B2,spxpy
(k) = h†B2−B1,spxpy

(k) =
∑

j=0,1,2

e−iδj ·k

1

− 1
2 −

√
3
2√

3
2 − 1

2


j t1 t4

t2 + t3
−t4 t2 − t3


1

− 1
2 −

√
3
2√

3
2 − 1

2


−j

,

(H24)
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and δj is defined in Eq. (F10).

Second, the form of HB,pz

el in Eq. (H21) reads

HB,pz

el =

1BZ∑
k

c†k,B,pz
hpz

(k)ck,B,pz
, (H25)

where c†k,B,pz
= (c†k,τB1,pz

, c†k,τB2,pz
),

hpz (k) =

(
hB1−B1,pz (k) hB1−B2,pz (k)

hB2−B1,pz
(k) hB2−B2,pz

(k)

)
, (H26)

and

hB1−B1,pz
(k) = Epz

+ tpz,z2 cos(k · a3)

hB2−B2,pz (k) = hB1−B1,pz (−k)

hB1−B2,pz (k) = h†B2−B1,pz
(k) =

∑
j=0,1,2

e−iδj ·ktpz .
(H27)

We note that Eq. (H25) was used in Ref. [93] to fit the pz electron bands.

Third, the form of HMg
el in Eq. (H21) reads

HMg
el =

1BZ∑
k

c†k,MghMg(k)ck,Mg , (H28)

where

hMg(k) = EMg,s + 2tMg,s,z cos(k · a3) + tMg,s

∑
n=0,1,..,5

e−i(Cn
6 a1)·k , (H29)

a1,2,3 are defined in Eq. (H3), and recall that each layer of Mg forms a triangular lattice.

Fourth, the form of H
B,spxpy−pz

el in Eq. (H21) reads

H
B,spxpy−pz

el =

1BZ∑
k

c†k,B,spxpy

(
hB1−B1,spxpy−pz (k) hB1−B2,spxpy−pz (k)

hB2−B1,spxpy−pz
(k) hB2−B2,spxpy−pz

(k)

)
ck,B,pz + h.c. , (H30)

where

hB1−B1,spxpy−pz
(k) =

2(−i)tB,s−pz,z sin(a3 · k)
0

0


hB1−B2,spxpy−pz

(k) = 0

hB2−B1,spxpy−pz
(k) = −

1

−1

−1

hB1−B2,spxpy−pz
(−k)

hB2−B2,spxpy−pz
(k) = −

1

−1

−1

hB1−B1,spxpy−pz
(−k) ,

(H31)

and a1,2,3 are defined in Eq. (H3).

Fifth, the form of HMg-B
el in Eq. (H21) reads

HMg-B
el =

1BZ∑
k

c†k,Mg

(
hMg−B1(k) hMg−B2(k)

)
ck,B + h.c. , (H32)
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c†k,B = (c†k,τB1,s
, c†k,τB1,px

, c†k,τB1,py
, c†k,τB1,pz

, c†k,τB2,s
, c†k,τB2,px

, c†k,τB2,py
, c†k,τB2,pz

),

hMg−B1(k) =
∑

j=0,1,2

∑
α=0,1

e−ik·(δj−(−1)αa3/2)
(
tMg-B,1 0 tMg-B,2 tMg-B,3

)
1

− 1
2

√
3
2

−
√
3
2 − 1

2

1


j

1

1

1

−1


α

hMg−B2(k) = hMg−B1(−k)


1

−1

−1

−1

 ,

(H33)

δj is defined in Eq. (F10), and a1,2,3 are defined in Eq. (H3).
We plot the band structure of Eq. (H21) as the blue line in Fig. 8(a) for

EB,s,0 = −1.68 , EB,pxpy,0 = 3.68 , Epz
= 0 , t1 = −3.5 , t2 = 1.022 , t3 = −2.66 , t4 = 3.8 , tpz

= −1.7

tB,s,z = −0.085 , tB,pxpy,z = −0.089 , tpz,z = 1 , tB,s−pz,z = 0 , EMg,s = 4.2 , tMg,s = −0.35 , tMg,s,z = −0.1

tMg-B,1 = 0 , tMg-B,2 = 0.5 , tMg-B,3 = 0.9 ,

(H34)

which matches with the ab initio calculation quite well within 0.5eV from the Fermi level. Eq. (H34) is in unit of eV.
However, Eq. (H21) is too complicated for later analytical study. We now simplify Eq. (H21). First, in the fitting,

we directly fix tB,s−pz,z = 0, since we find that the tB,s−pz,z mainly affects the bands far (∼ 2eV) away from the Fermi
energy, which is consistent with orbital projection in Ref. [75]. Indeed, we see that the band structure given by fixing

tB,s−pz,z = 0 is good near the Fermi level. Thus, we can safely neglect H
B,spxpy−pz

el in Eq. (H21) for the study of the
states near the Fermi energy.

Furthermore, according to the orbital projection in Ref. [121], the electron orbitals near the Fermi level are mainly

B boron orbitals, which mean we should also be able to safely neglect HMg
el and HMg-B

el in Eq. (H21). To show this,
we consider the following simplified Hamiltonian

Hel = H
B,spxpy

el +HB,pz

el (H35)

and plot the band structure in Fig. 8(b) with

EB,s,0 = −1.68 , EB,pxpy,0 = 3.68 , Epz = 0 , t1 = −3.5 , t2 = 1.022 , t3 = −2.66 , t4 = 3.8 , tpz = −1.7

tB,s,z = −0.085 , tB,pxpy,z = −0.089 , tpz,z = 1 ,
(H36)

which are in the unit of eV. We find that within 0.5eV from the Fermi level, the band structure of Eq. (H35) matches
the ab initio calculation quite well except for the pz band along L-H. However, this change only causes a small change
of the Fermi surface as shown in Fig. 8(c-d), and a small change of the density of states at the Fermi level—0.37eV−1

and 0.38eV−1 per unit cell for Eq. (H21) and Eq. (H35), respectively, which are both close to the ab initio value
0.35eV−1 per unit cell.
We note that the values of EB,s, t1 and tB,s,z in Eq. (H36) might not be quantitatively reliable. This is because

as shown in Ref. [121], the electron states of H
B,spxpy

el near the Fermi level should be dominated by the px and py
orbitals of B atoms, while the bands dominated by the s orbitals of B atoms are at high energies (larger than > 5eV
away from the Fermi level) [121]. Therefore, we do not need to have precise values of EB,s, t1 and tB,s,z in Eq. (H36)
to describe the physics near the Fermi level. Nevertheless, we still need to include the s orbitals in the model for the

study of topology, since lowest three bands (that involve s and pxpy) of H
B,spxpy

el in Eq. (H35) are connected. Then,
for the study of topology, the values of EB,s, t1 and tB,s,z in Eq. (H36) are good enough since topology is robust
against small changes of the parameters that leave the gap (in Eq. (9)(a)) open.

We will always use the simplified model in Eq. (H35) instead of the full model in Eq. (H21).

b. Electron Band Geometry and Topology in MgB2: pz

As discussed in Ref. [93], the pz part of the Hamiltonian (HB,pz

el in Eq. (H25)) there are two PT -protected nodal
lines along

line±K = {±K+ (0, 0, kz)|kz ∈ (−π/c, π/c]} . (H37)
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(a) (b)

(c) (d)

E/eVE/eV

K

HA

M
𝑝𝑧

𝑝𝑥/𝑝𝑦

FIG. 8. In both (a) and (b), the ab initio band structure is plotted as the black dashed lines, and the Fermi level is at

zero energy. The high-symmetry points are defined as Γ = (0, 0, 0), K = ( 4π
3a

, 0, 0), M = 2π(
√
3

2a
, 1
2a
, 0), A = (0, 0, π/c),

H = ( 4π
3a

, 0, π/c), and L = ( 2π
√
3

2a
, π
a
, π/c), (a) We plot the band structure of the full tight-binding model (Eq. (H21)) with

the parameter values in Eq. (H34) as blue lines. (b) We plot the band structure of the simplified full tight-binding model

(Eq. (H35)) with the parameter values in Eq. (H36) as solid lines, where the red lines are from H
B,spxpy
el and the orange lines

are from HB,pz
el (i.e., the pz orbitals of the B atoms). The crossings of the orange lines at K and H are two Dirac points. (c)

We plot Fermi surface of the full tight-binding model (Eq. (H21)) with the parameter values in Eq. (H34). (d) We plot Fermi
surface of the simplified full tight-binding model (Eq. (H35)) with the parameter values in Eq. (H36). The Fermi surface around
K-H (and its TR partner) mainly comes from the pz orbital, while the cylindrical Fermi surfaces around Γ-A mainly originate
from px/py orbitals.

Since HB,pz

el is nothing but the graphene model Eq. (F15) with an extra dispersion along kz, the nodal lines are just the
graphene Dirac cones dispersing along kz. Specifically, by expanding Eq. (H25) around ±K, the effective Hamiltonian
around the nodal lines reads

hpz
(±K+ (px, py, kz)) = (Epz,0 + tpz,z2 cos(kzc))τ0 +

−
√
3tpz

a

2
(±pxτx + pyτy) . (H38)

Therefore, the nodal lines they have PT -protected winding number WL = 1 if the small loop L is enclosing lineK
or line−K once, where WL is defined in Eq. (F18). We define WK = WL if the small loop L is enclosing lineK once,
and define W−K =WL if the small loop L is enclosing line−K once. So we have |W±K| = 1. The nontrivial topology
of the nodal lines is detectable on the Fermi surface near line±K, because the Fermi lines for fixed kz would become
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(a) (b)
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= ⨁
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𝑚𝑧
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+

FIG. 9. (a) We plot the bands of H
B,spxpy
el in Eq. (H21) at kz = 0, which are all in the mz-even subspace. The isolated set

of lowest three bands in (a) are labelled as Iso-3
m+

z
kz=0, which contains an EBR (A1g@1a) and a rank-2 topological subspace

Sub-2
m+

z
kz=0. The color indicates the probability of the corresponding eigenstates in the subspace Sub-2

m+
z

kz=0. (b), (c) and (d)

are the Wilson loop spectrum of Iso-3
m+

z
kz=0, A1g@1a and Sub-2

m+
z

kz=0, respectively. The Wilson loop is defined as W (k) =

⟨ukb1 |
∏

k2∈[0,1] P (kb1 + k2b2)|ukb1+b2⟩, where b1 = 4π√
3
(
√
3

2
, 1/2, 0), b2 = 4π√

3
(−

√
3

2
, 1/2, 0), |uk⟩ = (|uk,1⟩, ...) is the basis of the

k-dependent Hilbert space of interest, and Pk = |uk⟩⟨uk|. In (b), (c) and (d), phases of the eigenvalues of W (k) are plotted.

disconnected close loops that enclose lineK or line−K when kz is close to the values where the nodal lines intersect
the Fermi level. More concretely, Epz,0 + 2tpz,z cos(kzc) = 0 in Eq. (H38) happens at kzc = ±π/2 based on the
parameter values in Eq. (H34). So the Fermi surface around the K−H and its TR partner should be like Dirac cones
at kzc = ±π/2, as shown in Fig. 9(c-d). Therefore, the Fermi lines for fixed kz would become disconnected close loops
that enclose lineK or line−K when kz is at kzc = ±π/2. The geometric properties of the electron wavefunctions are
constrained by the winding numbers |W±K| similar to the discussion for graphene in supplementary informationF.

(See details in supplementary informationH3.) Although the topology is discussed within the model HB,pz

el , the nodal
lines still exist even if we include other parts of the Hamiltonian, since the other parts of the Hamiltonian do not
influence much the states near the nodal lines. After including other parts of the Hamiltonian, W±K can still be
defined using Wilson lines [95, 116, 117].

c. Electron Band Geometry and Topology in MgB2: spxpy

Besides line±K from the pz orbitals (Eq. (H38)), we now discuss topological properties of the electron wavefunctions
(different from the nodal lines) of the spxpy orbitals.

Let us consider the kz = 0 plane, on which momenta are invariant under mz. Then, we can split the states with
kz = 0 into two subspaces: mz-even and mz-odd; in our model, the two subspaces contain different numbers of bands.

For the tight-binding model without Mg (Eq. (H35)), the mz-even subspace at kz = 0 is governed by H
B,spxpy

el , while

the mz-odd subspace at kz = 0 is governed by HB,pz

el In the following, we focus on the mz-even subspace at kz = 0,

and thus we will use H
B,spxpy

el . Nevertheless, our topological discussion will be valid even if we include the Mg atoms,
since (i) the mz-even subspace at kz = 0 is well-defined after including Mg and (ii) including Mg atoms does not
affect the band gap (in Fig. 9(a)).

As shown in Fig. 9(a), the lowest three bands of H
B,spxpy

el in Eq. (H35) at kz = 0 are isolated. We label the isolated

set of three bands as Iso-3
m+

z

kz=0. The symmetry reps of the isolated set of three bands are

Γ : Γ+
1 ⊕ Γ+

5 , M : M+
1 ⊕M−

3 ⊕M−
4 , K : K1 ⊕K5 , (H39)

where the symmetry reps are labelled according to the Bilbao Crystallographic Server [94], Γ+
5 and K5 are 2D irreps

while others are 1D irreps, “Iso” in Iso-3
m+

z

kz=0 means the states are eigenstates of an isolated set of bands, “3” in

Iso-3
m+

z

kz=0 means it has three bands, “kz = 0” in Iso-3
m+

z

kz=0 means it is on the kz = 0 plane, and “m+
z ” in Iso-3

m+
z

kz=0
means its states are even under mz. By comparing to the symmetry reps of the elementary band representations

(EBR) of P6/mmm in Bilbao Crystallographic Server, we can see Iso-3
m+

z

kz=0 has the same symmetry irreps as kz = 0

part of the EBR A1g@3f. We use Wannier90 [122] and numerically verify that there is a smooth gauge with physical

reps for Iso-3
m+

z

kz=0, meaning that Iso-3
m+

z

kz=0 is an obstructed atomic set of bands (topologically equivalent to the kz = 0
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part of the EBR A1g@3f). The topologically-trivial nature of Iso-3
m+

z

kz=0 is also reflected in the gapped Wilson loop

spectrum in Fig. 9(b). Nevertheless, the numbers of π crossing in Fig. 9(b) is 1. Combined with the fact that the

berry phases along any close loop are zero for Iso-3
m+

z

kz=0, Iso-3
m+

z

kz=0 has nonzero PT -protected second Stiefel-Whitney

class w2 = 1. (See general discussion on the second Stiefel-Whitney class in Ref. [123].)

The nonzero w2 = 1 of Iso-3
m+

z

kz=0 (which is A1g@3f) can be understood as the EBR (A1g ⊕E1u)@1a having a band

inversion at Γ with the EBR (B1u ⊕E2g)@1a. To show this, we first decompose Iso-3
m+

z

kz=0 into two subspaces. Specif-

ically, according to Bilbao Crystallographic Server, the symmetry reps of Iso-3
m+

z

kz=0 do not prevent the decomposition

into well-defined subspaces (i.e., it can be a split EBR), though the bands of Iso-3
m+

z

kz=0 are connected. Indeed, we find

that the obstructed atomic Iso-3
m+

z

kz=0 can be split into a rank-1 obstructed atomic EBR and a rank-2 topological set of

bands. Specifically, we use Wannier90 [122] to find that the rank-1 subspace of Iso-3
m+

z

kz=0 is topologically equivalent to

obstructed atomic A1g@1a of irreps Γ+
1 , M

+
1 and K1. So the rank-1 subspace is just the A1g@1a EBR. The remaining

rank-2 subsapce, labelled as Sub-2
m+

z

kz=0 where “Sub” means subspace, carries the following reps

Γ : Γ+
5 , M :M−

3 ⊕M−
4 , K : K5 , (H40)

which indicates its nontrivial topology. Since Iso-3
m+

z

kz=0 is an atomic limit, the nontrivial topology of Sub-2
m+

z

kz=0 is

fragile [124, 125].. In short, we have

Iso-3
m+

z

kz=0 = (A1g@1a)⊕ Sub-2
m+

z

kz=0 . (H41)

We note that the states in A1g@1a or Sub-2
m+

z

kz=0 may not be energy eigenstates, as the bands of Iso-3
m+

z

kz=0 are connected.

As an illustration, we show the the overlap between Sub-2
m+

z

kz=0 with the energy eigenstates in Fig. 9(a).

The nontrivial topology of the rank-2 set of bands can also be seen from the Wilson loop. In Fig. 9(c) and (d), we

plot the Wilson loop spectrum of A1g@1a and Sub-2
m+

z

kz=0, respectively. Fig. 9(c) has no π crossing, consistent of the

trivial nature of A1g@1a. The number of π crossing in Fig. 9(d) is 1. Combined with the fact that the berry phases

along any close loop are zero for Sub-2
m+

z

kz=0, we know that Sub-2
m+

z

kz=0 has nonzero PT -protected Euler number N = 1.

The Euler number N = 1 is consistent with the fact that Sub-2
m+

z

kz=0 is fragile topological.

If we replace the pxpy states of Sub-2
m+

z

kz=0 near Γ by the pxpy states around 7eV near Γ, we will get an EBR E1u@1a,

which has zero Euler number, as shown in Fig. 10(a-b). Thus, replacing the pxpy states of Iso-3
m+

z

kz=0 (which is A1g@3f)

near Γ by the pxpy states around 7eV near Γ leads to (A1g ⊕ E1u)@1a, as shown in Fig. 10(c). The complement of

(A1g ⊕ E1u)@1a in the entire kz = 0 and mz-even space of H
B,spxpy

el is (B1u ⊕ E2g)@1a. Therefore, Iso-3
m+

z

kz=0 (which

is A1g@3f) can be understood as the band inversion between (A1g ⊕ E1u)@1a and (B1u ⊕ E2g)@1a.

The band inversion can also be captured by an effective model under the basis of (A1g⊕E1u)@1a and (B1u⊕E2g)@1a,
which is not the atomic basis in Eq. (B14). Explicitly, we use a 6× 6 unitary matrix R(k ) to label the Bloch vectors
(B1u ⊕E2g)@1a and (A1g ⊕E1u)@1a, where the first three columns of R(k ) correspond to (B1u ⊕E2g)@1a and the
last three columns of R(k ) correspond to (A1g⊕E1u)@1a. Since (B1u⊕E2g)@1a and (A1g⊕E1u)@1a are equivalent

to EBRs, R(k) is smooth. Then, we get a new basis c̃†k ,B,spxpy
by transforming the basis c†k,B,spxpy

at kz = 0 of

H
B,spxpy

el in Eq. (H22):

c̃†k = (c̃†k ,1, c̃
†
k ,2, c̃

†
k ,3, c̃

†
k ,4, c̃

†
k ,5, c̃

†
k ,6) = c†k ,kz=0,B,spxpy

R(k ) , (H42)
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and the symmetry representation of furnished by c̃†k reads

C6c̃
†
k C−1

6 = c̃†C6k


−1

−e−iσy2π/6

1

e−iσy2π/6

 , my c̃
†
k m−1

y = c̃†myk


−1

−σz
1

σz

 ,

P c̃†k P−1 = c̃†−k


−1

σ0
1

−σ0

 , T c̃†k T −1 = c̃†−k .

(H43)

We can then transforms the matrix Hamiltonian at kz = 0 to h̃(k ) = R†(k )hspxpy
(k , kz = 0)R(k ), where hspxpy

(k)

is defined in Eq. (H22). Since h̃(0) = diag(8.77, 0.51, 0.51,−12.35, 6.43, 6.43)eV, c̃†k =0 create eigenstates of H
B,spxpy

el .

Therefore, the band inversion can be seen by expanding h̃(k ) to the second order in k and project out c̃†k ,1 and

c̃†k ,4 via second-order perturbation theory, leading to a 4× 4 effective matrix Hamiltonian that reads

h̃4×4(k ) =

(
(ϵ++ + b++(k a)2)σ0 ic+−(kyaσz + kxaσx)

−ic+−(kyaσz + kxaσx) (ϵ−− + b−−(k a)2)σ0

)

+

(
c++

[
((kxa)

2 − (kya)
2)σz + 2(kxakya)σx

]
c−−

[
((kxa)

2 − (kya)
2)σz + 2(kxakya)σx

] ) (H44)

with ϵ++ = 0.52eV, ϵ−− = 6.43eV, b++ = 6.06eV, b−− = −6.04eV, c+− = −6.69eV, c++ = 0.04eV and c−− =
−0.03eV. Clearly, ϵ−− − ϵ++ has opposite signs as b−− − b++ while c++ and c−− are negligible, indicating the band

inversion, and the lower 2 bands of h̃4×4(k ) have Euler number ∆N = 1, which we call the effective Euler number.

The discussion on the effective Euler number relies on the transformed basis c̃†k which is not the atomic basis in

Eq. (B14) (or the linear combination of them with k-independent coefficients). However, the discussion on EPC uses
the atomic basis, and thus it is better to connect the effective Euler number to the quantities in the atomic basis
(or the linear combination of them with k-independent coefficients). To do so, we first note that the effective Euler

number must equal to the difference between the Euler numbers of Sub-2
m+

z

kz=0 and the E1u@1a, since (i) the two states

only differ from each other around Γ point according to Fig. 9(a) and Fig. 10(a), and (ii) the vector representations of

E1u@1a have zero Euler number in both the atomic basis c†k ,kz=0,B,spxpy
and the non-atomic transformed basis c̃†k .

Therefore, we have

∆N = |N −NE1u@1a| = 1 , (H45)

where N −NE1u@1a is calculated in the atomic basis.
N −NE1u@1a can be understood from an effective model with the basis being the linear combination of the atomic

basis with k-independent coefficients. Explicitly, we construct an effective model around Γ−A for only the px/py
orbitals on B atoms, since the states near Fermi level around Γ are mainly from the px/py orbitals on B atoms
according to Ref. [121]. We choose the basis to be parity eigenstates:

c†k,eff =
1√
2
(c†k,B1,px

− c†k,B2,px
, c†k,B1,py

− c†k,B2,py
, c†k,B1,px

+ c†k,B2,px
, c†k,B1,py

+ c†k,B2,py
) . (H46)

The symmetry reps in the basis Eq. (H46) read

C6c
†
k,effC

−1
6 = c†C6k,eff

(
−e−iσy2π/6

e−iσy2π/6

)

myc
†
k,effm

−1
y = c†myk,eff

(
−σz

σz

)

Pc†k,effP
−1 = c†−k,eff

(
σ0

−σ0

)
T c†k,effT

−1 = c†−k,eff ,

(H47)
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where we replacemz by the inversion symmetry P = C3
6mz. We project the spxpy Hamiltonian Eq. (H35) to c†k,eff , and

expand the resultant projected model to the first order in k , resulting in the following effective matrix Hamiltonian:

heff (k) = ϵ0(kz) +mτzσ0 + dx(k )τyσx + dy(k )τyσz , (H48)

where

dx(k ) = vkxa , dy(k ) = vkya , (H49)

E+ = EB,pxpy
− 3t2 , E− = EB,pxpy

+ 3t2 , v = −
√
3

2
t3

ϵ0(kz) = (E+ + E−)/2 + 2tB,pxpy,z cos(kzc) , m = (E+ − E−)/2 .

(H50)

The eigenvalues of Eq. (H48) read

Eeff,n(k) = ϵ0(kz) + (−1)n
√
m2 + |d(k )|2 , (H51)

where |d(k )|2 = d2x(k ) + d2y(k ), and Eeff,n(k) is doubly degenerate. The projection matrices for Eeff,n(k) read

Peff,n(k ) =
1

2
+ (−1)n

mτzσ0 + dx(k )τyσx + dy(k )τyσz

2
√
m2 + |d(k )|2

. (H52)

With the parameter values in Eq. (H36), Eeff,2(k) at kz = 0 corresponds to the second and third bands counted
from the top around Γ in Fig. 9(a), and Eeff,1(k) at kz = 0 corresponds to the the two bands that are closest to
the Fermi level around Γ in Fig. 9(a). Note that the double degenerate Eeff,±(k) cannot capture the splitting of the

corresponding bands in Fig. 9(a), since the splitting happens at k2 order. Nevertheless, O(k ) order is good enough
for our study for N −NE1u@1a as shown in the following.
The two eigenvectors for Eeff,1(k ) should well capture the states that are closest to the Fermi level around Γ-A

in Fig. 9(a). Explicitly, we can choose the eigenvectors for Eeff,1(k) to have the following form

U1,1(k ) =
1√
2

 dx(k )

|d(k )|

√
1− m√

|d(k )|2 +m2
,− dy(k )

|d(k )|

√
1− m√

|d(k )|2 +m2
, 0,−i

√
m√

|d(k )|2 +m2
+ 1

T

U1,2(k ) =
1√
2

 dy(k )

|d(k )|

√
1− m√

|d(k )|2 +m2
,
dx(k )

|d(k )|

√
1− m√

|d(k )|2 +m2
,−i

√
m√

|d(k )|2 +m2
+ 1, 0

T

.

(H53)

Clearly, the eigenvectors for Eeff,1(k) around Γ-A (U1,1(k ) and U1,2(k )) do not depend on the momentum along
kz to first order in k .
With all of these preparation, we now discuss how to understand |N −NE1u@1a| in Eq. (H45) from the effective

model heff (k) in Eq. (H48). According to the form of d (Eq. (H49)) in heff (k), d(k ) must have nonzero winding
number along any loop L around Γ unless fine tuned, i.e.,

Wd =

∣∣∣∣ 12π
∫
L
dk · ∇k θd(k )

∣∣∣∣ = 1 , (H54)

where

d(k ) = |d(k )|(cos(θd(k )), sin(θd(k ))) . (H55)

The nonzero winding number of d(k ) in Eq. (H49) must equal to the difference between the Euler numbers of

Sub-2
m+

z

kz=0 and E1u@1a, as discussed in the following. According to Eq. (H36), we have m < 0. We first show that

if the mass m in Eq. (H48) hypothetically changes sign, the Euler number of Sub-2
m+

z

kz=0 in the space of the lowest

three bands of H
B,spxpy

el would change by Wd in Eq. (H54), which is 1. According to Fig. 9(a), the states of Sub-2
m+

z

kz=0

close to Γ point near Fermi level should be well-captured by the eigenvectors for Eeff,1(k) in Eq. (H53). Based on
symmetry reps Eq. (H47), the sign flipping of the massm in Eq. (H48) would change the inversion parities of two states
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of Sub-2
m+

z

kz=0 at Γ, which means the sign flipping must change the Euler number of Sub-2
m+

z

kz=0 by an odd number [95].

To show that this odd number is precisely Wd, let us consider the effective model heff (k) in Eq. (H48) at kz = 0 in
the space of (m, kx, ky). We know heff (k , kz = 0) is zero at (m, kx, ky) = 0. Let us consider a cylindrical surface

M = {(m, kx, ky)|m ∈ (−∞,∞), |k | = ϵ > 0} (H56)

that encloses (m, kx, ky) = 0, and the Euler number for U1,1(k ) and U1,2(k ) on M is just the change of the Euler
number induced by the sign flipping of m. U1,1(k ) and U1,2(k ) in Eq. (H53) are invariant under the PT symmetry
and are smooth on M except form→ −∞. Then, by defining k = |k |(cos(θ), sin(θ)), the Euler number for U1,1(k )
and U1,2(k ) on M reads

NM =

∣∣∣∣ 12π
∫ ∞

−∞
dm

∫ 2π

0

dθ
[
∂mU

†
1,1(k )∂θU1,2(k )− ∂θU

†
1,1(k )∂mU−,2(k )

]∣∣∣∣
=

∣∣∣∣∣ 12π
∫ ∞

−∞
dm

∫ 2π

0

dθ
dy(k )∂θdx(k )− dx(k )∂θdy(k )

2 (dx(k )2 + dy(k )2 +m2)
3/2

∣∣∣∣∣
=

∣∣∣∣ 12π
∫ 2π

0

dθ
dy(k )∂θdx(k )− dx(k )∂θdy(k )

dx(k )2 + dy(k )2

∣∣∣∣
=

∣∣∣∣∣ 12π
∫
|k |=ϵ

dk · ∇k θd(k )

∣∣∣∣∣ = Wd .

(H57)

where we used Eq. (H55). Combined with the fact that the hypothetical sign flipping of m would turn Sub-2
m+

z

kz=0 in

the space of the lowest three bands of H
B,spxpy

el into E1u@1a, we arrive at

Wd = ∆N = |N −NE1u@1a| . (H58)

We emphasize that the validity of Eq. (H58) relies on the existence of band inversion. If the band is not inverted (i.e.,

m > 0), Sub-2
m+

z

kz=0 is just E1u@1a, and we have ∆N = |N −NE1u@1a| = 0, while Wd = 1. In this case, we would have

Wd > ∆N = |N −NE1u@1a|. Therefore, for both m > 0 and m < 0, we always have Wd ≥ ∆N = |N −NE1u@1a|.
In the study of EPC, we will use the effective model heff (k) in Eq. (H48). Since we care about the winding number

of d(k ), we will always keep the label d(k ) instead of directly using its explicit form Eq. (H49) in order to keep track
of the winding number of d(k ), unless specified otherwise. Specifically, unless specified otherwise, we keep d(k )
and only use two properties of d(k ): (i) d(k ) is linear in k and (ii) d(k ) has winding number being 1 as shown
in Eq. (H54). We will use Eq. (H57) to derive the topological contribution to the EPC constant in supplementary
informationH6.

From Eq. (H50) for the effective model in Eq. (H48), we can see the momentum dependence of the Hamiltonian
near Γ-A for pxpy only comes from two hopping terms: t3 and tB,pxpy,z in Eq. (H35). In particular, only t3 accounts
for the geometric properties of the Bloch states in Eq. (H48) to first order in |k a|. To understand this, we recall that
as shown in Eq. (H24), there are only four parameters that are completely in the pxpy subspace: namely the onsite
EB,pxpy,0, the a3 hopping tB,pxpy,z, and two hoppings t2 and t3 among pxpy orbitals on NN hopping. In the Bloch
Hamiltonian, any hopping term is the symmetry-invariant combination of the momentum functions and the matrices;
nevertheless, the momentum functions of a hopping term can form a high-dimensional irrep of the symmetry group.
The momentum functions for EB,pxpy,0, tB,pxpy,z and tB,pxpy,z and t2 are all C3-invariant, and they cannot have any
O(|k a|) term. Specifically, the momentum function for the on-site term EB,pxpy,0 is constant, and the momentum
function for tB,pxpy,z only depends on kz. Moreover, since t2 is equal hopping for px and py, its matrix is invariant
under C3, and thus its momentum function is C3-invariant. Therefore, only t3, which is the difference between the
hopping for px and py along y, can appear in the off-diagonal part of Eq. (H48) at first order in |k a|. This fact is
very important for the discussion of the EPC in supplementary informationH6.

2. EPC Hamiltonian of MgB2

In this part, we discuss the form of the EPC Hamiltonian.
As mentioned in Eq. (H35), neglecting Mg atoms has little effect on the electron states near the Fermi level. For

the EPC Hamiltonian, we adopt the same approximation—we neglect the Mg components in the electron basis for
the EPC Hamiltonian (Eq. (C10)). Under this approximation, the two-center approximation Eq. (C1) shows that the
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FIG. 10. (a) The colors show the probability of the eigenstates in the E1u@1a space on the bands of H
B,spxpy
el in Eq. (H21)

at kz = 0, which are all in the mz-even subspace. (b) is the Wilson loop spectrum of the E1u@1a space. Similar to Fig. 9, k is

again along b1. (c) The colors show the probability of the eigenstates in the (A1g ⊕ E1u)@1A space on the bands of H
B,spxpy
el

in Eq. (H21) at kz = 0, which are all in the mz-even subspace.

motions of Mg atoms do not affect the electron states, i.e., τ 1, τ 2 in fτ1τ2,i(R1 + τ 1 − R2 − τ 2) only ranges over
the two B atoms in one unit cell. The approximation is supported by the experimental observation that the isotope
effect of Mg atoms is much smaller than that of the B atoms [75]. Another reason for our approximation is two-fold:
(i) the key phonon modes for the EPC consist of the E2 phonons along Γ-A (enhanced to E2g at Γ and A) and the
phonons near Γ-A that are similar to E2 phonons [91], and (ii) the E2 phonons do not involve Mg atoms at all—E2

solely comes from the in-plane motion of the B atoms.
Besides neglecting Mg atoms, since the dominant phonons for EPC are around Γ-A (mainly E2 phonons along Γ-A),

those dominant phonons have small in-plane momenta. (We note that the K-phonons which are specially important
in graphene are not special here anymore since the Fermi surfaces of pz are not always close to ±K.) However, the
pz Fermi surfaces (around K-H and its TR-partner) have large in-plane momentum difference from the pxpy Fermi
surface (around Γ-A), as shown in Fig. 8(b). Therefore, the cross contribution to λ that involve both pxpy and pz
should be negligible. In other words, we should be able to use a EPC Hamiltonian that has no coupling between
spxpy and pz. In the following, we will construct such an EPC Hamiltonain.
As discussed in supplementary informationH1 a, we only consider the NN terms for the in-plane (in x − y plane)

hopping and the terms along ±a3 for the out-of-plane (along z) hopping. We adopt the same approximation for the
EPC Hamiltonian, i.e., fτ1τ2,i(∆r) is allowed to be nonzero only if (i) (∆r ∈ {±δj |j = 0, 1, 2} & τ 1 ̸= τ 2) or (ii)
(∆r ∈ {±a3} & τ 1 = τ 2), where δj is defined in Eq. (F10).

For the in-plane ion motions, we only need to consider their effect on the in-plane hoppings, as discussed in the
following. First, the a3-hopping among px/py orbitals is very small due to the small dispersion along Γ-A near the
Fermi level in Fig. 8(a), and the a3-hopping among pz orbitals does not couple to the in-plane motions owing to C3

symmetry, where a3 is shown in Fig. 7. Second, the a3-hopping that involves s orbitals does not affect the electron
states around the Fermi level. Finally, although a3-hopping between the px/py orbitals and pz orbital is restricted to
zero by C3 symmetry, the in-plane ion motions can still change the hopping away from zero. However, the hopping
change should be small for the combinations of px/py orbitals near the Fermi level, since the combinations should be
strongly localized within each B layer. Therefore, we only consider the effect of the in-plane motions of the B atoms
on the in-plane hopping, which should take into account the main contribution to the EPC strength.

We further include the effect of the out-of-plane motions on the a3-hopping, since the out-of-plane motions can
change the considerable a3-hopping among the pz orbital. Such consideration is just for completeness, since the
out-of-plane motions only have sub-leading contributions to the EPC strength. We will not consider the effect of the
out-of-plane motions on the in-plane hopping term, since we have already considered the effect of the in-plane motions
on the in-plane hopping term, which is the major effect. As a result, we have the following approximation

fτ1τ2,x(±a3) = fτ1τ2,y(±a3) = 0

fττ ,z(±δj) = 0 ,
(H59)

leaving only fτ1τ2,x(±δj), fτ1τ2,y(±δj) and fττ ,z(±a3) allowed to be nonzero.
In the following, we will transform the EPC fi to the momentum space. Let us consider fτ1τ2,i=x,y(R1+τ 1−R2−τ 2)

first. Since fτ1τ2,i=x,y(R1 + τ 1 − R2 − τ 2) = 0 if (R1 + τ 1 − R2 − τ 2)z = 0, fτ1τ2,i=x,y(R1 + τ 1 − R2 − τ 2) is
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effectively 2D, and thus we can use the methodology in supplementary informationD to rewrite the form of the
fτ1τ2,i=x,y(R1 + τ 1 − R2 − τ 2). Specifically, we can replace ∆R in Eq. (D4) by ∆R ∈ a1Z + a2Z, and obtain
∀i = x, y,

fτ1τ2,i(k )

=

∆R +τ1−τ2 ̸=0∑
∆R

e−ik ·(∆R +τ1−τ2)fτ1τ2,i(∆R + τ 1 − τ 2)

=

∆R +τ1−τ2 ̸=0∑
∆R

e−ik ·(∆R +τ1−τ2)
∑

i′=x,y

fτ1τ2,i′(∆R + τ 1 − τ 2)δii′

=

∆R +τ1−τ2 ̸=0∑
∆R

e−ik ·(∆R +τ1−τ2)
∑

i′=x,y

fτ1τ2,i′(∆R + τ 1 − τ 2)

×
[(

∆R + τ 1 − τ 2

|∆R + τ 1 − τ 2|

)
i

(
∆R + τ 1 − τ 2

|∆R + τ 1 − τ 2|

)
i′
+

(
ez × (∆R + τ 1 − τ 2)

|∆R + τ 1 − τ 2|

)
i

(
ez × (∆R + τ 1 − τ 2)

|∆R + τ 1 − τ 2|

)
i′

]

=

∆R +τ1−τ2 ̸=0∑
∆R

e−ik ·(∆R +τ1−τ2)
(
f̃τ1τ2, (∆R + τ 1 − τ 2) [∆R + τ 1 − τ 2]i

+ f̃τ1τ2,⊥(∆R + τ 1 − τ 2) [ez × (∆R + τ 1 − τ 2)]i

)
=
∑
∆R

e−ik ·(∆R +τ1−τ2)
(
f̃τ1τ2, (∆R + τ 1 − τ 2) [∆R + τ 1 − τ 2]i

+ f̃τ1τ2,⊥(∆R + τ 1 − τ 2) [ez × (∆R + τ 1 − τ 2)]i

)
,

(H60)

where we have used Eq. (C9), k = (kx, ky, 0), and

f̃τ1τ2, (∆R + τ 1 − τ 2 ̸= 0) =
∑

i′=x,y

fτ1τ2,i′(∆R + τ 1 − τ 2)

(
∆R + τ 1 − τ 2

|∆R + τ 1 − τ 2|2

)
i′

f̃τ1τ2,⊥(∆R + τ 1 − τ 2 ̸= 0) =
∑

i′=x,y

fτ1τ2,i′(∆R + τ 1 − τ 2)

(
ez × (∆R + τ 1 − τ 2)

|∆R + τ 1 − τ 2|2

)
i′

f̃ττ , (0) = f̃ττ ,⊥(0) = 0 .

(H61)

By further defining

f̃τ1τ2,β(k ) =
∑
∆R

e−ik ·(∆R +τ1−τ2)f̃τ1τ2,β(∆R + τ 1 − τ 2) ∀ β = ,⊥ , (H62)

we eventually have

∀i = x, y , fi(k ) = i∂ki
f̃ (k ) + i

∑
i′=x,y

ϵi′i∂ki′ f̃⊥(k ) . (H63)

where [
f̃β(k)

]
τ1ατ1 ,τ2α′

τ2

=
[
f̃τ1τ2,β(k)

]
ατ1α

′
τ2

∀ β = ,⊥ . (H64)

For the convenience of later discussion, we choose the basis for the matrix f̃β(k) to be

(c†k,B,spxpy
, c†k,B,pz

) (H65)

with c†k,B,spxpy
right below Eq. (H22) and c†k,B,pz

defined right below Eq. (H25); then

f̃β(k) =

(
fβ,spxpy

(k) fβ,spxpy−pz
(k)

fβ,pz−spxpy
(k) fβ,pz

(k)

)
. (H66)
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To further derive the expression of f̃τ1τ2,β(k), we note that P6/mmm of MgB2 is compatible with 2D systems, and

thus f̃τ1τ2,β(∆R + τ 1 − τ 2) should have the symmetry constraints specified in Eq. (D31). Then, f̃τB1τB2, (δj) and

f̃τB2τB1, (−δj) should have the same expressions as tτB1τB2
(δj) and tτB2τB1

(−δj) in Eq. (H15), respectively, leading
to

f̃ ,spxpy
(k) =


∑

j=0,1,2 e
−iδj ·k

1

− 1
2 −

√
3
2√

3
2 − 1

2


j γ̂1 γ̂4

γ̂2 + γ̂3
−γ̂4 γ̂2 − γ̂3


1

− 1
2 −

√
3
2√

3
2 − 1

2


−j

h.c.


f̃ ,pz (k) =

(
0

∑
j=0,1,2 e

−iδj ·kγ̂5

h.c. 0

)
f̃ ,spxpy−pz

(k) = 0

f̃ ,pz−spxpy
(k) = 0

(H67)

with γ̂1, γ̂2, γ̂3, γ̂4 and γ̂5 being real parameters. On the other hand, based on the zR,⊥ defined in Eq. (D20), we know

zC6,⊥ = −zmy,⊥ = zmz,⊥ = 1, and thus f̃τB1τB2,⊥(δj) and f̃τB2τB1,⊥(−δj) satisfies

C6 : UτB2τB1

C6
f̃τB1τB2,⊥(δ0)

[
UτB1τB2

C6

]†
= f̃τB2τB1,⊥(−δ2) , U

τB1τB2

C6
f̃τB2τB1,⊥(−δ2)

[
UτB2τB1

C6

]†
= f̃τB1τB2,⊥(δ1)

UτB2τB1

C6
f̃τB1τB2,⊥(δ1)

[
UτB1τB2

C6

]†
= f̃τB2τB1,⊥(−δ0) , U

τB1τB2

C6
f̃τB2τB1,⊥(−δ0)

[
UτB2τB1

C6

]†
= f̃τB1τB2,⊥(δ2)

UτB2τB1

C6
f̃τB1τB2,⊥(δ2)

[
UτB1τB2

C6

]†
= f̃τB2τB1,⊥(−δ1) , U

τB1τB2

C6
f̃τB2τB1,⊥(−δ1)

[
UτB2τB1

C6

]†
= f̃τB1τB2,⊥(δ0)

my : UτB2τB1
my

f̃τB1τB2,⊥(δ0)
[
UτB1τB2
my

]†
= −f̃τB2τB1,⊥(−δ0)

UτB2τB1
my

f̃τB1τB2,⊥(δ1)
[
UτB1τB2
my

]†
= −f̃τB2τB1,⊥(−δ2)

UτB2τB1
my

f̃τB1τB2,⊥(δ2)
[
UτB1τB2
my

]†
= −fτB2τB1,⊥(−δ1)

mz : UτB1τB1
mz

f̃τB1τB2,⊥(δj)U
τB2τB2
mz

= f̃τB1τB2,⊥(δj) , U
τB2τB2
mz

f̃τB2τB1,⊥(−δj)U
τB1τB1
mz

= f̃τB2τB1,⊥(−δj)

T : f̃τB1τB2,⊥(δj) , f̃τB2τB1,⊥(−δj) ∈ R4×4

h.c. : f̃τB1τB2,⊥(δj) = f̃†τB2τB1
(−δj) ,

(H68)

leading to

f̃τB1τB2,⊥(δ0) =


0 γ̂6 0 0

−γ̂6 0 γ̂7 0

0 γ̂7 0 0

0 0 0 0

 for basis (s, px, py, pz) , (H69)

resulting in

f̃⊥,spxpy (k) =


∑

j=0,1,2 e
−iδj ·k

1

− 1
2 −

√
3
2√

3
2 − 1

2


j 0 γ̂6 0

−γ̂6 0 γ̂7
0 γ̂7 0


1

− 1
2 −

√
3
2√

3
2 − 1

2


−j

h.c.


f̃ ,pz (k) = 0

f̃ ,spxpy−pz
(k) = 0

f̃ ,pz−spxpy (k) = 0 ,

(H70)

with γ̂6 and γ̂7 being real parameters.
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Now we move to fττ ,z(±a3). According to Eq. (C13), we have

fττ ,z(kz) =
∑
w=±

fττ ,z(wa3)e
−iwckz

=
∑
w=±

w

c
fττ ,z(wa3)i∂kz

e−iwckz

= i∂kz
f̃ ′ττ , (kz) ,

(H71)

where

f̃ ′ττ , (kz) =
∑
w=±

f̃ ′ττ , (wa3)e
−iwckz . (H72)

and

f̃ ′ττ , (wa3) =
w

c
fττ ,z(wa3) =

(wa3) · ec
c2

fττ ,z(wa3) (H73)

To derive the form of f̃ ′ττ , (kz), let us first specify the symmetry properties of f̃ ′ττ , (wa3) according to Eq. (C35).

C6 : UτB2τB1

C6
f̃ ′τB1τB1, (wa3)

[
UτB2τB1

C6

]†
= f̃ ′τB2τB2, (wa3)

UτB1τB2

C6
f̃ ′τB2τB2, (wa3)

[
UτB1τB2

C6

]†
= f̃ ′τB1τB1, (wa3)

my : UτB2τB1
my

f̃ ′τB1τB1, (wa3)
[
UτB2τB1
my

]†
= f̃ ′τB2τB2, (wa3)

UτB1τB2
my

f̃ ′τB2τB2, (wa3)
[
UτB1τB2
my

]†
= f̃ ′τB1τB1, (wa3)

mz : Uττ
mz
f̃ ′ττ , (wa3)

[
Uττ
mz

]†
= f̃ ′ττ , (−wa3)

T : f̃ ′ττ , (wa3) ∈ R4×4

h.c. : f̃ ′ττ , (wa3) =
[
f̃ ′ττ , (−wa3)

]†
,

(H74)

which means that f̃ ′ττ , (wa3) has the same symmetry constraints as tττ (wa3) in Eq. (H12), resulting in

f̃ ′τB1τB1, (a3) = f̃ ′τB2τB2, (a3) =
[
f̃ ′τB1τB1, (−a3)

]†
=
[
f̃ ′τB2τB2, (−a3)

]†
=


γ̂8 γ̂11

γ̂9
γ̂9

−γ̂11 γ̂10

 (H75)

for basis (s, px, py, pz), where γ̂8, γ̂9, γ̂10 and γ̂11 are real parameters. As shown in Eq. (H34), the hopping between
s and pz can be neglected along ±a3 without changing the physics near the Fermi level much (Fig. 8(a-b)), since
the states near the Fermi level have little dependence on the s orbital [121]. In the evaluation of λ in Eq. (B71), we
eventually will project the EPC Hamiltonian to the Fermi surface. Therefore, we can still choose γ̂11 = 0 to neglect

the coupling between s and pz for f̃ ′ττ , (wa3). (In principle, we may neglect any terms in the EPC Hamiltonian that
involves the s orbital in the Hamiltonian without changing λ much. But we do not choose to do so for our purpose
here, since completely neglecting s orbitals in the electron Hamiltonian may change the topology of the occupied bands
as the mz-even 3 occupied bands in the kz = 0 plane contains a rank-2 subspace with fragile topology.) Therefore,

by defining
[
f̃ ′ (kz)

]
τατ ,τα′

τ

=
[
f̃ ′ττ , (kz)

]
ατα′

τ

and
[
f̃ ′ (kz)

]
τ1ατ1

,τ2α′
τ2

= 0 ∀τ 1 ̸= τ 2, f̃
′
ττ , (kz) should have the

following form as

f̃ ′ (kz) =

(
f̃ ′ ,spxpy

(kz) 0

0 f̃ ′ ,pz
(kz)

)
, (H76)

where the basis is chosen to be

(c†k,B,spxpy
, c†k,B,pz

) (H77)
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with c†k,B,spxpy
defined right below Eq. (H22) and c†k,B,pz

defined right below Eq. (H25),

f̃ ′ ,spxpy
(kz) =



γ̂82 cos(kzc) γ̂92 cos(kzc)

γ̂92 cos(kzc)

 03×3

03×3

γ̂82 cos(kzc) γ̂92 cos(kzc)

γ̂92 cos(kzc)




(H78)

and

f̃ ′ ,pz
(kz) = γ̂102 cos(kzc)τ0 . (H79)

In sum, fi(k) in Eq. (C19) has the following form

fi(k) =

i∂ki
f̃ (k ) + i

∑
i′=x,y

ϵi′i∂ki′ f̃⊥(k )

 (δix + δiy) + i∂kz
f̃ ′ (kz)δiz , (H80)

where f̃ (k ) is given in Eq. (H67), f̃⊥(k ) is given in Eq. (H70), and f̃ ′ (k ) is given in Eq. (H76). According to
Eq. (H67), Eq. (H70) and Eq. (H76), fi(k) is block-diagonal:

fi(k) =

(
fi,spxpy (k)

fi,pz
(k)

)
, (H81)

where the basis is again

(c†k,B,spxpy
, c†k,B,pz

) (H82)

with c†k,B,spxpy
defined right below Eq. (H22) and c†k,B,pz

defined right below Eq. (H25), and

fi,X(k) =

i∂ki
f̃ ,X(k ) + i

∑
i′=x,y

ϵi′i∂ki′ f̃⊥,X(k )

 (δix + δiy) + i∂kz
f̃ ′ ,X(kz)δiz , (H83)

in the basis c†k,B,X for X ∈ {spxpy, pz}, f̃ ,X(k ) is given in Eq. (H67), f̃⊥,X(k ) is given in Eq. (H70), and f̃ ′ ,X(kz) is

given in Eq. (H76). The block-diagonal fi(k) mainly comes from three approximations: (i) we only keep the short-range
terms for the EPC Hamiltonian, (ii) we only choose in-plane/out-of-plane motions to affect only in-plane/out-of-plane
hoppings, and (iii) we choose s − pz coupling to be zero along z. Then, Eq. (C19) shows that Fτ ,i(k1,k2) is also
block-dagonal in the basis:

Fτ ,i(k1,k2) =

(
Fτ ,i,spxpy

(k1,k2)

Fτ ,i,pz (k1,k2)

)
, (H84)

where

Fτ ,i,X(k1,k2) = χX
τ fi,X(k2)− fi,X(k1)χ

X
τ for X = spxpy, pz , (H85)

χ
spxpy
τB1 =

(
13

03×3

)
, χ

spxpy
τB2 =

(
03×3

13

)
, (H86)

and

χpz
τB1

=

(
1

0

)
, χpz

τB2
=

(
0

1

)
. (H87)
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As the electron Hamiltonian in Eq. (H35) is also block-diagonal in the basis Eq. (H82), we can define the projection

matrix PX,,n(k) for the band EX,n(k) of the Hamiltonian HB,X
el in Eq. (H35), where X ∈ {spxpy, pz}. Then, we can

further define ΓX
nm according to Eq. (B79) for the X block:

ΓX
nm(k1,k2) =

ℏ
2

∑
τ∈{B1,B2},i

1

mτ
Tr
[
PX,n(k1)Fτ i,X(k1,k2)PX,m(k2)F

†
τ i,X(k1,k2)

]
, (H88)

and define

⟨Γ⟩pz =
1

D2
π(µ)

1BZ∑
k1,k2

∑
n,m

δ (µ− Epz,n(k1)) δ (µ− Epz,m(k2)) Γ
pz
nm(k1,k2)

⟨Γ⟩spxpy =
1

D2
σ(µ)

1BZ∑
k1,k2

∑
n,m

δ
(
µ− Espxpy,n(k1)

)
δ
(
µ− Espxpy,m(k2)

)
Γspxpy
nm (k1,k2) ,

(H89)

where

Dπ(µ) =
∑
n

δ (µ− Epz,n(k))

Dσ(µ) =
∑
n

δ
(
µ− Espxpy,n(k)

) (H90)

are the electron density of states at the Fermi level for the pz and spxpy blocks, respectively. Here π stands for the π
bonding among the pz orbital since the π bonding mainly accounts for the pz electron states near the Fermi energy,
and σ stands for the σ bonding among the pxpy orbitals since the σ-bonding mainly accounts for the pxpy electron
states near the Fermi energy. With Eq. (H89), we split the total ⟨Γ⟩ in Eq. (B77) into two terms according to the two
blocks:

⟨Γ⟩ = D2
π(µ)

D2(µ)
⟨Γ⟩pz +

D2
σ(µ)

D2(µ)
⟨Γ⟩spxpy , (H91)

where D(µ) is the total electron density of states at the Fermi level. Eventually, we can define

λσ =
2

N

1

ℏ ⟨ω2⟩
Dσ(µ)

Dσ(µ)

D(µ)
⟨Γ⟩spxpy

λπ =
2

N

1

ℏ ⟨ω2⟩
Dπ(µ)

Dπ(µ)

D(µ)
⟨Γ⟩pz ,

(H92)

and have

λ = λσ + λπ . (H93)

Clearly, under our approximations, λ does not have the cross contribution that involve both spxpy and pz, consistent
with Ref. [91] which numerically shows that the cross contribution should be small. In the following, we will study λσ
and λπ separately.

3. Analytical Geometric and Topological Lower Bounds of EPC constant in MgB2: λπ

In this part, we derive the analytical geometric and topological lower bounds of λπ in Eq. (H92). The derivation
has a lot of similarity compared to that on graphene in supplementary informationF. According to the discussion in
supplementary informationB 4, the key quantity that we will bound is ⟨Γ⟩pz in Eq. (H92), where Γpz

npzmpz
(k1,k2) is

defined in Eq. (H89) together with Eq. (H85) and Eq. (H83).

a. Symmetry-Rep Method: Energetic and Geometric parts of the EPC

To derive the geometric and topological lower bounds of ⟨Γ⟩pz , we should first find the energetic and geometric
parts of the EPC. In this part, we use the symmetry-rep method, while the GA will be used in the next part. To do
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so, let us first recall the electron matrix Hamiltonian of pz orbitals of B atoms, which reads

hpz
(k) = Epz,0 + tpz,z2 cos(kzc) + tpz

( ∑
j=0,1,2 e

−iδj ·k∑
j=0,1,2 e

iδj ·k

)
(H94)

as shown in Eq. (H25) with δj defined in Eq. (F10). Compared to Eq. (F14), Eq. (H94) is nothing but the Hamiltonian
of graphene with an extra kz dispersion. Then, similar to graphene, hpz

(k) has the form

hpz (k) = (Epz,0 + ϵpz,0(kz))τ0 + dpz,x(k )τx + dpz,y(k )τy , (H95)

where ϵpz,0(kz) = tpz,z2 cos(kzc), and

dpz,x(k )− idpz,y(k ) = tpz

∑
j=0,1,2

e−iδj ·k . (H96)

As a result, the bands Epz,n(k) of hpz (k) and the corresponding projection matrices Ppz,n(k) have the forms

∆Epz (k ) = 2
√
d2pz,x(k ) + d2pz,y(k ) , Epz,n(k) = ϵpz,0(kz) + E2D

pz,n(k ) , E2D
pz,n(k ) = Epz,0 + (−)n

∆Epz
(k )

2

Ppz,n(k ) =
1

2

1 + (−)n
dpz,x(k )τx + dpz,y(k )τy√

d2pz,x(k ) + d2pz,y(k )

⇒ τzPpz,n(k )τz = 1− Ppz,n(k ) ,

(H97)

where τzPpz,n(k )τz = 1−Ppz,n(k ) can be chosen to hold even if ∆Epz
(k ) = 0. We note that E2D

pz,n(k ), ∆Epz
(k )

and Ppz,n(k ) have the same forms as En(k), ∆E(k ) and Pn(k ) in Eq. (F22) for graphene, respectively.

Now we are ready to specify the energetic and geometric parts of the EPC. Following the same spirit of supplemen-
tary informationD, we have used the momentum derivative to carry the i index in fi(k) in terms of the momentum

derivatives as shown in Eq. (H83), and we just need to reexpress f̃ ,pz
(k ), f̃⊥,pz

(k ) and f̃ ′ ,pz
(kz). By comparing

Eq. (H94) to Eq. (H67), Eq. (H70) and Eq. (H79), we have

f̃ ,pz (k ) = γ̂5∂tpzhpz (k)

f̃⊥,pz
(k ) = 0

f̃ ′ ,pz
(kz) = γ̂10∂tpz,z

hpz
(k) ,

(H98)

resulting in

fi,pz
(k) =

[
i∂ki

(
γ̂5
2tpz

[hpz
(k)− τzhpz

(k)τz])

]
(δix + δiy) + i∂kz

(
γ̂10

2tpz,z
[hpz

(k) + τzhpz
(k)τz − 2Epz

])δiz

=
γ̂5
2tpz

i∂ki

∑
n=1,2

Epz,n(k)(Ppz,n(k )− τzhpz
(k)τz)(δix + δiy) + i∂kz

γ̂10
2tpz,z

∑
n=1,2

Epz,n(k)(Ppz,n(k ) + τzhpz
(k)τz)δiz

= γ̂5∂tpz i∂ki

∑
n=1,2

Epz,n(k)Ppz,n(k )(δix + δiy) + iγ̂10∂tpz,z
∂kz

∑
n=1,2

Epz,n(k)Ppz,n(k )δiz ,

(H99)

where we used Eq. (H97). As discussed in supplementary informationD3, the derivatives with respect to hopping
parameters in Eq. (H98) is in general very hard to deal with. However, owing to the short-range nature of the electron
Hamiltonian (Eq. (H94)), the momentum dependence of the electron Hamiltonian only comes from two hopping
parameters, tpz,z and tpz

, and they have different matrix forms. As a result, the derivatives with respect to hopping
parameters in Eq. (H98) can eventually be converted to 1/tpz

or 1/tpz,z. Explicitly, after incorporating the form of
the electron Hamiltonian in Eq. (H94), the energetic and geometric parts of fi,pz

(k) read

fi,pz
(k) = fEi,pz

(k) + fgeoi,pz
(k) , (H100)
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where

fEi,pz
(k) = γ̂5∂tpz i

∑
n=1,2

∂ki
Epz,n(k)Ppz,n(k )(δix + δiy) + iγ̂10∂tpz,z

∑
n=1,2

∂kz
Epz,n(k)Ppz,n(k )δiz

=
γ̂5
tpz

i∂ki

∆Epz (k )

2

∑
n=1,2

(−1)nPpz,n(k )(δix + δiy) + i
γ̂10
tpz,z

∑
n=1,2

∂kz
ϵpz,0(kz)δiz

= γπ, i∂ki

∆Epz (k )

2

∑
n=1,2

(−1)nPpz,n(k )(δix + δiy) + iγπ,z
∑
n=1,2

∂kzϵpz,0(kz)δiz

(H101)

fgeoi,pz
(k) = γ̂5∂tpz i

∑
n=1,2

Epz,n(k)∂ki
Ppz,n(k )(δix + δiy)

=
γ̂5
tpz

∆Epz (k )

2
i
∑
n=1,2

(−1)n∂kiPpz,n(k )(δix + δiy)

= γπ,
∆Epz

(k )

2
i
∑
n=1,2

(−1)n∂ki
Ppz,n(k )(δix + δiy) ,

(H102)

γπ, =
γ̂5
tpz

, γπ,z =
γ̂10
tpz,z

, (H103)

∆Epz
(k ) and ϵpz,0(kz) are defined in Eq. (H97), and we heavily used Eq. (H97) and Eq. (H96). We note that

fEi,pz
(k) = fEi,pz

(k ) , fgeoi,pz
(k) = fgeoi,pz

(k ) , fi,pz
(k) = fi,pz

(k ) for i = x, y , (H104)

and fEi=x,y,pz
(k ) and fgeoi=x,y,pz

(k ) have the same forms as fEi=x,y(k ) and fgeoi=x,y(k ) in Eq. (F44) for graphene,
respectively, after replacing γπ, by γ.

b. Gaussian Approximation: Energetic and Geometric parts of the EPC

In this part, we will show that the energetic and geometric parts of the EPC in Eq. (H100) have exactly the same
forms as those derived from the GA with extra constraints in Eq. (H97).

Since we are now considering pz orbitals in a 3D system, they differ from s-like orbitals. We need to first study the
form of the hopping function t(r) between any two pz orbitals separated by r in 3D. To do so, we use the idea of linear
combinations of atomic orbitals proposed in Ref. [119]. Nevertheless, instead of using O(3) symmetry in Ref. [119],
let us use O(2) and mz symmetries, since pz is not a rep of O(3) group but an irrep of O(2) and mz symmetries.
Explicitly, O(2) and mz symmetries give that

t(r) = t(Cθr) = t(myr) = t(mzr) , (H105)

where Cθ labels the continuous rotation symmetry along the z axis. As a result,

t(r) = t(
√
x2 + y2, 0, |z|) , (H106)

where r = (x, y, z). Then, since the dominant phonon modes are in-plane ion motions, we choose the GA for the
in-plane directions:

t(r) = t(
√
x2 + y2, 0, |z|) = t0F (z

2) exp
[
γπ, (x2 + y2)

]
, (H107)

which leads to

∇rt(r) =
[
γπ, (xex + yey) + γ̃(z2)zez

]
t(r) , (H108)

where

γ̃(z2) =
1

z
∂z log(|F (z2)|) = 2∂z2 log(|F (z2)|) . (H109)



104

Nevertheless, as shown in Eq. (H94), we only consider the ±a3 hopping for B atoms in different layers. Thus, as a
good approximation, we can replace γ̃(z2) in Eq. (H108) by

γπ,z = γ̃(c2) , (H110)

leading to

∇rt(r) = [γπ, (xex + yey) + γπ,zzez] t(r) . (H111)

Here c is the lattice constant along z.
By following the derivation in supplementary informationA, we know the electron Hamiltonian reads

HB,pz

el =

1BZ∑
k

c†k,B,pz
hpz

(k)ck,B,pz
, (H112)

where c†k,B,pz
= (c†k,τB1,pz

, c†k,τB2,pz
) and

[hpz
(k)]ττ ′ =

∑
R

e−i(R+τ−τ ′)·kt(R+ τ − τ ′) . (H113)

With Eq. (H111), the EPC Hamiltonian reads

Hel−ph =
1√
N

1BZ∑
k1

1BZ∑
k2

∑
τ∈{B1,B2},i

c†k1,B,pz
[χτfi(k2)− fi(k1)χτ ] ck2,B,pzu

†
k2−k1,τ ,i

, (H114)

where

[fi(k)]τ1τ2

=
∑
R

e−ik·(R+τ1−τ2) ∂rit(r)|r=R+τ1−τ2

=
∑
R

e−ik·(R+τ1−τ2) [γπ, (R+ τ 1 − τ 2)xδix + γπ, (R+ τ 1 − τ 2)yδiy + γπ,z(R+ τ 1 − τ 2)zδiz] t(R+ τ 1 − τ 2)

= i
[
δixγπ, ∂kx + δiyγπ, ∂ky + δizγπ,z∂kz

]
[hpz (k)]τ1τ2

⇔ fi(k) = i
[
δixγπ, ∂kx

+ δiyγπ, ∂ky
+ δizγπ,z∂kz

]
hpz

(k) ,

(H115)

and i = x, y, z labels the spatial direction. As a result, we have

fi(k) = fEi (k) + fgeoi (k) , (H116)

where

fEi (k) =
∑
n

iPn(k)
[
δixγπ, ∂kx + δiyγπ, ∂ky + δizγπ,z∂kz

]
En(k)

fgeoi (k) =
∑
n

iEn(k)
[
δixγπ, ∂kx

+ δiyγπ, ∂ky
+ δizγπ,z∂kz

]
Pn(k) .

(H117)

Eq. (H117) are the forms of the energetic and geometric parts of EPC derived from the GA Eq. (H107). Now we
include the extra constraints of the electron bands and electron projection matrices in Eq. (H97). As a result, we have

fEi (k) =
∑
n

iPn(k)
[
δixγπ, ∂kx

+ δiyγπ, ∂ky
+ δizγπ,z∂kz

]
En(k)

=
∑
n

iPn(k )

[
(−1)n

2
δixγπ, ∂kx∆Epz (k ) +

(−1)n

2
δiyγπ, ∂ky∆Epz (k ) + δizγπ,z∂kzϵpz,0(kz)

]
= iγπ,

∑
n

(−1)nPn(k )∂ki

∆Epz
(k )

2
(δix + δiy) + iδizγπ,z∂kzϵpz,0(kz)

(H118)
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and

fgeoi (k) =
∑
n

iEn(k)
[
δixγπ, ∂kx + δiyγπ, ∂ky

]
Pn(k )

= iγπ,
∆Epz

(k )

2

∑
n

(−1)n∂kiPn(k ) (δix + δiy) ,
(H119)

which are the same as the energetic and geometric parts of the EPC in Eq. (H100).

c. General Symmetry-Allowed Hopping Form: Consistent with Gaussian Approximation

We now show that similar to the discussion on graphene in supplementary informationF 4, even if we use generic
symmetry-allowed hopping function t(r) instead of GA, we would give the same expression as the energetic and
geometric parts of the EPC in Eq. (H100). Without GA, we should use the generic symmetry-allowed hopping form
(instead of the last expression in Eq. (H107)), which reads

t(r) = t(r , 0, |z|) , (H120)

where r =
√
x2 + y2. Then, ∇rt(r) becomes

∇rt(r) = [γ̃π, (r , |z|)(xex + yey) + γ̃π,z(r , |z|)zez] t(r) , (H121)

where

γ̃π, (r , |z|) = 1

r
∂r log(|t(r , 0, |z|)|)

γ̃π,z(r , |z|) =
1

z
∂z log(|t(r , 0, |z|)|) = 2∂z2 log(|t(r , 0, |z|)|) .

(H122)

As shown in Eq. (H94), we only consider the NN hopping for B atoms in the same layer and the ±a3 hopping for B
atoms in different layers. Thus, as a good approximation, we can approximate Eq. (H121) as

∇rt(r) =

[
γ̃π, (

a√
3
, 0)(xex + yey) + γ̃π,z(0, c)zez

]
t(r) = [γπ, (xex + yey) + γπ,zzez] t(r) , (H123)

where

γπ, = γ̃π,

(
a√
3
, 0

)
γπ,z = γ̃π,z (0, c) .

(H124)

Therefore, we have obtained exactly the same form of ∇rt(r) in Eq. (H111) which is for GA, and by following the
rest of the derivation for the GA, we would obtain the same expression as the energetic and geometric parts of the
EPC in Eq. (H100).
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d. Geometric and Topological Lower Bounds of λπ

Now we are ready to move to ⟨Γ⟩pz . By substituting Eq. (H88) and Eq. (H85) into Eq. (C23), we obtain the following
expression for ⟨Γ⟩pz :

⟨Γ⟩pz =
1

D2
pz
(µ)

1BZ∑
k1,k2

∑
n,m

δ (µ− Epz,n(k1)) δ (µ− Epz,m(k2)) Γ
pz
nm(k1,k2)

= −2
1

D2
pz
(µ)

1BZ∑
k1,k2

∑
n,m

δ (µ− Epz,n(k1)) δ (µ− Epz,m(k2))
ℏ

2mB

×
∑
i

Tr

fi,pz (k1)Ppz,n(k1)fi,pz (k1)
∑

τ∈{B1,B2}

χpz
τ Ppz,n(k2)χ

pz
τ


+

1

D2
pz
(µ)

1BZ∑
k1,k2

∑
n,m

δ (µ− Epz,n(k1)) δ (µ− Epz,m(k2))
ℏ

2mB

×
∑

τ∈{B1,B2},i

(Tr [χpz
τ fi,pz

(k1)Ppz,n(k1)χ
pz
τ fi,pz

(k2)Ppz,m(k2)] + c.c.) ,

(H125)

where mB is the mass of the B atom.
To further simplify Eq. (H125), we note that owing to the symmetry representation in Eq. (H5), we have

C3c
†
k,B,pz

C−1
3 = c†C3k,B,pz

mzc
†
k,B,pz

m−1
z = c†mzk,B,pz

(−) ,
(H126)

where c†k,B,pz
is defined in Eq. (H25). Then, combined with Eq. (C37), we have

fi,pz (C3k) =
∑
i′

fi′,pz (k)(C3)i′i , Ppz,n(k) = Ppz,n(C3k) , Epz,n(k) = Epz,n(C3k)

fi,pz (mzk) =
∑
i′

fi′,pz (k)(mz)i′i , Ppz,n(k) = Ppz,n(mzk) , Epz,n(k) = Epz,n(mzk) ,
(H127)

leading to

1BZ∑
k1

∑
n

δ (µ− Epz,n(k1))χ
pz
τ fi,pz

(k1)Ppz,n(k1) =
∑
i′

1BZ∑
k1

∑
n

δ (µ− Epz,n(k1))χ
pz
τ fi′,pz

(k1)Ppz,n(k1)(C3)i′i

1BZ∑
k1

∑
n

δ (µ− Epz,n(k1))χ
pz
τ fi,pz (k1)Ppz,n(k1) =

∑
i′

1BZ∑
k1

∑
n

δ (µ− Epz,n(k1))χ
pz
τ fi′,pz (k1)Ppz,n(k1)(mz)i′i

(H128)

which means that

1BZ∑
k1

∑
n

δ (µ− Epz,n(k1))χ
pz
τ fi,pz

(k1)Ppz,n(k1) = 0 . (H129)

Eq. (H129) for i = x, y is the same as Eq. (F55) for graphene. In addition, owing to the PT symmetry, the matrix
Hamiltonian for pz in Eq. (H94) only has two Pauli matrices besides the identity part; as a result, we have another
simplification similar to Eq. (F56), which reads∑

τ∈{B1,B2}

χpz
τ Ppz,n(k )χpz

τ =
1

2
Ppz,n(k ) +

1

2
τzPpz,n(k )τz =

1

2
. (H130)

Substitute Eq. (H129) and Eq. (H130) into Eq. (H125), we arrive at

⟨Γ⟩pz = − ℏ
2mB

1

Dπ(µ)

1BZ∑
k

∑
n

δ (µ− Epz,n(k))
∑
i

Tr [fi,pz
(k)Ppz,n(k )fi,pz

(k)] . (H131)
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Based on Eq. (H100), we can split ⟨Γ⟩pz into three terms

⟨Γ⟩pz = ⟨Γ⟩pz,E−E
+ ⟨Γ⟩pz,E−geo

+ ⟨Γ⟩pz,geo−geo
, (H132)

where

⟨Γ⟩pz,E−E
= (−)

ℏ
2mB

1

Dπ(µ)

1BZ∑
k

∑
n

δ (µ− Epz,n(k))
∑
i

Tr
[
fEi,pz

(k)Ppz,n(k )fEi,pz
(k)
]

⟨Γ⟩pz,geo−geo
= (−)

ℏ
2mB

1

Dπ(µ)

1BZ∑
k

∑
n

δ (µ− Epz,n(k))
∑
i=x,y

Tr
[
fgeoi,pz

(k )Ppz,n(k )fgeoi,pz
(k )

]
⟨Γ⟩pz,E−geo

= (−)
ℏ

2mB

1

Dπ(µ)

1BZ∑
k

∑
n

δ (µ− Epz,n(k))
∑
i=x,y

Tr
[
fEi,pz

(k )Ppz,n(k )fgeoi,pz
(k )

]
+ c.c. .

(H133)

Similar to Eq. (F62) for graphene, we have

⟨Γ⟩pz,E−geo
= 0 (H134)

since Tr
[
fEi,pz

(k )Ppz,n(k )fgeoi,pz
(k )

]
has the same form as Tr

[
fEi, (k)Pn(k)f

geo
i (k)

]
in Eq. (F58) for graphene and for

i = x, y.
For E − E part, we have ∑

i=x,y

Tr[fEi,pz
(k )Ppz,n(k )fEi,pz

(k )] = −γ2π, |∇k Epz,n(k)|2 (H135)

and

Tr[fEz,pz
(k )Ppz,n(k )fEz,pz

(k )] = −γ2π,z|∂kz
ϵkz,0(kz)|2 (H136)

resulting in

⟨Γ⟩pz,E−E
=

ℏ
2mB

1

Dπ(µ)

1BZ∑
k

∑
n

δ (µ− Epz,n(k))
[
γ2π, |∇k Epz,n(k)|2 + γ2π,z|∂kz

ϵkz,0(kz)|2
]

=
ℏ

2mB

V
(2π)3Dπ(µ)

∑
n

∫
FSpz,n

dσk
1

|∇kEpz,n(k)|
[
γ2π, |∇k Epz,n(k)|2 + γ2π,z|∂kz

∇k Epz,n(k)|2
]
,

(H137)

where V is the volume of the system, and FSpz,n is the FS surface given by the nth band. Compared to the expression

of ⟨Γ⟩E−E
in graphene (supplementary informationF 6), the major difference in ⟨Γ⟩pz,E−E

is the appearance of the
kz-derivative of the energy dispersion.

For geo− geo part, we have

⟨Γ⟩pz,geo−geo
= (−)

ℏ
2mB

1

Dπ(µ)

1BZ∑
k

∑
n

δ (µ− Epz,n(k))
∑
i=x,y

Tr
[
fgeoi,pz

(k )Ppz,n(k )fgeoi,pz
(k )

]
= γ2π,

ℏ
2mB

1

Dπ(µ)

1BZ∑
k

∑
n

δ (µ− Epz,n(k))∆E
2
pz
(k )

∑
i=x,y

Tr [Ppz,n(k )∂ki
Ppz,n(k )∂ki

Ppz,n(k )]

= γ2π,
ℏ

2mB

V
(2π)3Dπ(µ)

∑
n

∫
FSpz,n

dσk
∆E2

pz
(k )

|∇kEpz,n(k)|
Tr[gpz,n(k )] ,

(H138)

where ∆E2
pz
(k ) is the absolute difference between two pz bands defined in Eq. (H97), and

[gpz,n(k )]ij =
1

2
Tr
[
∂ki

Ppz,n(k )∂kj
Ppz,n(k )

]
. (H139)
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Compared to the expression of ⟨Γ⟩geo−geo
in graphene (supplementary informationF 6), the major difference in

⟨Γ⟩pz,geo−geo
is again the appearance of the kz-derivative of the energy dispersion in |∇kEpz,n(k)|.

Eventually, by substituting Eq. (H134), Eq. (H137), Eq. (H138) into Eq. (H92), we arrive at

λπ = λπ,E + λπ,geo , (H140)

where

λπ,E =
2

N

1

ℏ ⟨ω2⟩
Dπ(µ)

Dπ(µ)

D(µ)
⟨Γ⟩pz,E−E

=
Dπ(µ)

D(µ)

1

mB ⟨ω2⟩
Ω

(2π)3

∑
n

∫
FSpz,n

dσk
1

|∇kEpz,n(k)|
[
γ2π, |∇k Epz,n(k)|2 + γ2π,z|∂kz

Epz,n(k)|2
] (H141)

is the energetic contribution, and

λπ,geo =
2

N

1

ℏ ⟨ω2⟩
Dπ(µ)

Dπ(µ)

D(µ)
⟨Γ⟩pz,geo−geo

=
1

mB ⟨ω2⟩
Ω

(2π)3
Dπ(µ)

D(µ)
γ2π,

∑
n

∫
FSpz,n

dσk
∆E2

pz
(k )

|∇kEpz,n(k)|
Tr[gpz,n(k )]

(H142)

is the geometric contribution. Compared to the expression of λE and λgeo in graphene (Eq. (F71)), the major change
in λπ,E is the appearance of the γπ,z term that involves the kz-derivative of the energy dispersion, while the form of
λπ,geo does not change much.

Similar to Eq. (F75), we have

Tr[gpz,n(k )] =
1

4

∑
i=x,y

∣∣∣ieiθpz (k )∂ki
e−iθpz (k )

∣∣∣2 , (H143)

where

e−iθpz (k ) =
dpz,x(k )− idpz,y(k )

|dpz,x(k )− idpz,y(k )|
(H144)

with dpz,x(k )− idpz,y(k ) defined in Eq. (H96). Then,

∫
FSpz,n

dσk
∆E2

pz
(k )

|∇kEpz,n(k)|
Tr[gpz,n(k )] ≥

(∫
FSpz,n

dσk
∣∣ieiθpz (k )∇k e−iθpz (k )

∣∣)2
4
∫
FSpz,n

dσk
|∇kEpz,n(k)|
∆E2

pz
(k )

=

∫ π/c

−π/c
dkz

(∫
FS2D,kz

pz,n
dσk |ieiθpz (k )∇k e−iθpz (k )|

)2
4
∫
FSpz,n

dσk
|∇kEpz,n(k)|
∆E2

pz
(k )

,

(H145)

where FS2D,kz
pz,n is the intersection between FSpz,n and the fixed-kz plane, and the first inequality is derived in a similar

way to Eq. (F76) by using the Hölder’s inequality in Eq. (F77). According to Eq. (F18) and Eq. (H94), if FS2D,kz
pz,n

consists of two disconnected TR-related loops with each loop enclosing one nodal line in Eq. (H37),∫
FS2D,kz

pz,n

dσk |ieiθpz (k )∇k e−iθpz (k )| ≥ 2π(|WK|+ |W−K|) = 4π , (H146)

where W±K are the winding numbers of the nodal lines Eq. (H37). Suppose FS2D,kz
pz,n consists of two disconnected

TR-related loops with each loop enclosing one nodal line in Eq. (H37) if and only if kz ∈ Sn. We can then label the
length of Sn by |Sn|, and have∫

FSpz,n

dσk
∆E2

pz
(k )

|∇kEpz,n(k)|
Tr[gpz,n(k )] ≥ |Sn|(π)2(|WK|+ |W−K|)2∫

FSpz,n
dσk

|∇kEpz,n(k)|
∆E2

pz
(k )

. (H147)
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Eventually, we can can define

λπ,topo =
1

mB ⟨ω2⟩
Ω

(2π)3
Dπ(µ)

D(µ)
γ2π,

∑
n

|Sn|(π)2∫
FSpz,n

dσk
|∇kEpz,n(k)|
∆E2

pz
(k )

(|WK|+ |W−K|)2 , (H148)

which satisfies

λπ,geo ≥ λπ,topo . (H149)

Numerical calculations of λπ,E , λπ,geo and λπ,topo are in supplementary informationH7.

4. pxpy-Gaussian Approximation: Analytical Geometric and Topological Contributions to λσ

In this part, we derive the energetic and geometric contributions to λσ from the GA. We will only consider px and
py orbitals, since we know the electron states near the Fermi level around Γ-A mainly originates from the px and py
orbitals. Therefore, we consider a 2×2 hopping matrix function t(r), whose basis are (px, py) of B atoms. Specifically,
tα1α2

(r) labels the hopping from the α1 orbital at r1 to the α2 orbital at r1 + r, where α1, α2 takes values of px and
py orbitals. From the hopping function, the electron matrix Hamiltonian reads[

hpxpy (k)
]
τ1α1,τ2α2

=
∑
R

e−i(R+τ1−τ2)·ktα1α2(R+ τ 1 − τ 2) , (H150)

where the basis is

c†pxpy,k
= (c†k,B1,px

, c†k,B1,py
, c†k,B2,px

, c†k,B2,py
) . (H151)

With only px and py orbitals, the EPC Fτ i,pxpy
(general definition is in Eq. (B40)) reads

Fτ i,pxpy (k1,k2) = χ
pxpy
τ fi,pxpy (k2)− fi,pxpy (k1)χ

pxpy
τ , (H152)

where

χ
pxpy
τB1 =

(
12

02×2

)
, χ

pxpy
τB2 =

(
02×2

12

)
, (H153)

and [
fi,pxpy (k)

]
τ1α1,τ2α2

=
∑
R

e−i(R+τ1−τ2)·k
[
∂rit(r)|r=R+τ1−τ2

]
α1α2

. (H154)

Now we introduce the GA. Similar to supplementary informationH3b, we use the idea of the linear combinations
of atomic orbitals to derive the form of the hopping function t(r). Since px and py orbitals do not form a rep of O(3),
we again consider O(2) and mz symmetries for t(r). Then, O(2) and mz symmetries gives

SO(2) :

(
cos(θ) − sin(θ)

sin(θ) cos(θ)

)
t(r)

(
cos(θ) sin(θ)

− sin(θ) cos(θ)

)
= t(Cθr)

my :

(
1 0

0 −1

)
t(r)

(
1 0

0 −1

)
= t(myr)

mx :

(
−1 0

0 1

)
t(r)

(
−1 0

0 1

)
= t(mxr)

mz : t(r) = t(mzr) ,

(H155)

where

Cθ =

cos(θ) − sin(θ) 0

sin(θ) cos(θ) 0

0 0 1

 . (H156)
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Combined with the Hermitian condition that t†(r) = t(−r), we arrive at

t(r) =

 −y√
x2+y2

−x√
x2+y2

x√
x2+y2

−y√
x2+y2

 t(0,−
√
x2 + y2, |z|)

 −y√
x2+y2

x√
x2+y2

−x√
x2+y2

−y√
x2+y2

 , (H157)

where

t(0,−
√
x2 + y2, |z|) =

(
pp1(

√
x2 + y2, |z|) + pp2(

√
x2 + y2, |z|) 0

0 pp1(
√
x2 + y2, |z|)− pp2(

√
x2 + y2, |z|)

)
,

(H158)

where pp1 and pp2 have the meaning of (ppπ + ppσ)/2 and (ppπ − ppσ)/2 bonding, respectively, t(0,−
√
x2 + y2, |z|)

is along y since two B atoms in our chosen unit cell are on the y axis, ppπ and ppσ are respectively the π bonding
and σ bonding among p orbitals defined in Ref. [119]. More explicitly,

t(r) = pp1(
√
x2 + y2, |z|)

(
1 0

0 1

)
+ pp2(

√
x2 + y2, |z|)

(
y2−x2

x2+y2
−2xy
x2+y2

−2xy
x2+y2

x2−y2

x2+y2

)
. (H159)

Based on Eq. (H159), we use the Gaussian function for the hopping decay in the x−y plane owing to the fact that the
dominant phonons originate from the in-plane ion motions, and introduce the following expression for the hopping
function:

pp1(
√
x2 + y2, |z|) = t0F (z

2) exp

[
γ
x2 + y2

2

]
pp2(

√
x2 + y2, |z|) = t′0F (z

2)
x2 + y2

a2
exp

[
γ
x2 + y2

2

]
,

(H160)

where the prefactor x2 + y2 in pp2(
√
x2 + y2, |z|) are included to makes sure t(r) is smooth, and F (z2) is the

decay function along z. We note that we cannot choose F (z2) to be Gaussian, because t2 = pp1(a/
√
3, 0) and

tB,pxpy,z = pp1(0, c) have different sign according to Eq. (H36).

Next we derive ∇rt(r). To do so, first we note that

∂ri

 −y√
x2+y2

−x√
x2+y2

x√
x2+y2

−y√
x2+y2


=

 −δiy√
x2+y2

−δix√
x2+y2

δix√
x2+y2

−δiy√
x2+y2

− ri
x2 + y2

(δix + δiy)

 −y√
x2+y2

−x√
x2+y2

x√
x2+y2

−y√
x2+y2


= δix

1

x2 + y2

 xy√
x2+y2

−y2√
x2+y2

y2√
x2+y2

xy√
x2+y2

+ δiy
1

x2 + y2

 −x2√
x2+y2

xy√
x2+y2

−xy√
x2+y2

−x2√
x2+y2


= δix

−y
x2 + y2

 −x√
x2+y2

y√
x2+y2

−y√
x2+y2

−x√
x2+y2

+ δiy
x

x2 + y2

 −x√
x2+y2

y√
x2+y2

−y√
x2+y2

−x√
x2+y2


= (δix + δiy)

(ez × r)i
x2 + y2

(
0 −1

1 0

) −y√
x2+y2

−x√
x2+y2

x√
x2+y2

−y√
x2+y2


= (δix + δiy)

(ez × r)i
x2 + y2

(−i)σy

 −y√
x2+y2

−x√
x2+y2

x√
x2+y2

−y√
x2+y2

 .

(H161)
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Furthermore,

∂rit(0,−
√
x2 + y2, |z|) = (δixγ + δiyγ + δiz γ̃(z

2))ri

(
pp1(

√
x2 + y2, |z|) 0

0 pp1(
√
x2 + y2, |z|)

)

+ (δixγ + δiyγ + δiz γ̃(z
2))ri

(
pp2(

√
x2 + y2, |z|) 0

0 −pp2(
√
x2 + y2, |z|)

)

+ 2(δix + δiy)
ri

x2 + y2

(
pp2(

√
x2 + y2, |z|) 0

0 −pp2(
√
x2 + y2, |z|)

)
= (δixγ + δiyγ + δiz γ̃(z

2)) ri t(0,−
√
x2 + y2, |z|)

+ (δix + δiy)
ri

x2 + y2

[
t(0,−

√
x2 + y2, |z|)− σyt(0,−

√
x2 + y2, |z|)σy

]
,

(H162)

where

γ̃(z2) = 2∂z2 log(|F (z2)|) . (H163)

Combined with the fact that σy,
 −y√

x2+y2

−x√
x2+y2

x√
x2+y2

−y√
x2+y2

 = 0 , (H164)

we arrive at

∂rit(r) =

∂ri
 −y√

x2+y2

−x√
x2+y2

x√
x2+y2

−y√
x2+y2

 t(0,−√x2 + y2, |z|)

 −y√
x2+y2

x√
x2+y2

−x√
x2+y2

−y√
x2+y2


+

 −y√
x2+y2

−x√
x2+y2

x√
x2+y2

−y√
x2+y2

 t(0,−
√
x2 + y2, |z|)

∂ri
 −y√

x2+y2

x√
x2+y2

−x√
x2+y2

−y√
x2+y2


+

 −y√
x2+y2

−x√
x2+y2

x√
x2+y2

−y√
x2+y2

[∂rit(0,−√x2 + y2, |z|)
] −y√

x2+y2

x√
x2+y2

−x√
x2+y2

−y√
x2+y2


= (δixγ + δiyγ + δiz γ̃(z

2)) ri t(r) + (δix + δiy)
(ez × r)i
x2 + y2

(−i)[σy, t(r)]

+ (δix + δiy)
ri

x2 + y2
[t(r)− σyt(r)σy] .

(H165)

From Eq. (H165), now we can derive fi,pxpy
(k), which reads[

fi,pxpy (k)
]
τ1α1,τ2α2

=
∑
R

e−i(R+τ1−τ2)·k
[
∂rit(r)|r=R+τ1−τ2

]
α1α2

= i(δix + δiy)γi∂ki

[
hpxpy

(k)
]
τ1α1,τ2α2

+ fz,pxpy
(k) +

[
∆fi,pxpy

(k)
]
τ1α1,τ2α2

,

(H166)

where

γx = γy = γσ, , (H167)

fz,pxpy
(k)

=
∑
R

e−i(R+τ1−τ2)·k
[
δiz γ̃(z

2)z t(r)
∣∣
r=R+τ1−τ2

]
α1α2

(H168)

and[
∆fi,pxpy

(k)
]
τ1α1,τ2α2

=
∑
R

e−i(R+τ1−τ2)·k
[
(ez × r)i
x2 + y2

(−i[σy, t(r)])α1α2
+

(x, y, 0)i
x2 + y2

(t(r)− σyt(r)σy)α1α2

]
r=R+τ1−τ2

.

(H169)
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In Eq. (H166), the ∂ki
hpxpy

(k) term comes from the Gaussian factor of the hopping in Eq. (H159), while fz,pxpy
(k)

and ∆fi,pxpy
(k) do not. As the final step of the in-plane GA, we need to neglect ∆fi,pxpy

(k). Next we will show that
(i) under the short-ranged hopping approximation, fz,pxpy

(k) will have the ∂kz
hpxpy

(k) form, and (ii) if we further
adopt small |k | approximation, ∆fi,pxpy

(k) is negligible.

a. Short-range Hopping and Small |k | Approximation

As discussed in supplementary informationH1 a, the short-ranged hopping approximation works well for electron
states near the Fermi energy in MgB2. Explicitly, we only need to consider hopping among B atoms along in-plane
±δj in Eq. (F10) and out-of-plane ±a3 (Fig. 7). Within the GA, it means that γσ, and γσ,z in Eq. (H159) are so large
that longer-range hopping are very close to zero and are negligible.

Let us discuss fz,pxpy
(k) first. From the expression of fz,pxpy

(k) in Eq. (H168), fz,pxpy
(k) cannot have contribution

from ±δj , since ±δj have zero z components. So fz,pxpy
(k) only has contribution from ±a3 = ±(0, 0, c). As a result,

we can safely replace γ̃(z2) in Eq. (H168) by γ̃(c2), and obtain

fz,pxpy
(k) =

∑
R

e−i(R+τ1−τ2)·k
[
δiz γ̃(z

2)z t(r)
∣∣
r=R+τ1−τ2

]
α1α2

=
∑
R

e−i(R+τ1−τ2)·k
[
δiz γ̃(c

2)z t(r)
∣∣
r=R+τ1−τ2

]
α1α2

= δizγσ,zi∂kz

[
hpxpy (k)

]
τ1α1,τ2α2

,

(H170)

where

γσ,z = γ̃(c2) . (H171)

Now we discuss ∆fi,pxpy
(k) first. According to the form of the hopping function in Eq. (H157) and Eq. (H159),

[t(r), σy] and t(r)− σyt(r)σy approach zero as x2 + y2, when x2 + y2 limits to zero. Then, we have

lim
x2+y2→0

[
(ez × r)i
x2 + y2

[σy, t(r)] +
(x, y, 0)i
x2 + y2

(t(r)− σyt(r)σy)

]
= 0 , (H172)

meaning that ∆fi,pxpy
(k) cannot have contribution from ±a3. So the only contribution to Eq. (H169) comes from the

in-plane ±δj hopping terms. Since ±δj all give x2 + y2 = a2/3, we can safely replace the 1
x2+y2 factor in Eq. (H169)

by 3/a2, resulting in[
∆fi,pxpy

(k)
]
τ1α1,τ2α2

=
∑
R

e−i(R+τ1−τ2)·k
[
(ez × r)i
x2 + y2

(−i[σy, t(r)])α1α2
+

(x, y, 0)i
x2 + y2

(t(r)− σyt(r)σy)α1α2

]
r=R+τ1−τ2

=
∑
R

e−i(R+τ1−τ2)·k
[
(ez × r)i
a2/3

(−i[σy, t(r)])α1α2
+

(x, y, 0)i
a2/3

(t(r)− σyt(r)σy)α1α2

]
r=R+τ1−τ2

=
3i

a3

[
(ez ×∇k)i

(
−i[σy,

[
hpxpy

(k)
]
τ1τ2

]
)
α1α2

+ (∂kx
, ∂ky

, 0)i

([
hpxpy (k)

]
τ1τ2

− σy
[
hpxpy (k)

]
τ1τ2

σy

)
α1α2

]
,

(H173)

where hpxpy
(k) is defined in Eq. (H150), and

[
hpxpy

(k)
]
τ1τ2

is the τ 1τ 2 block (2×2) of hpxpy
(k). In the matrix form,

we have

∆fi,pxpy (k) =
3i

a3
[
−i (ez ×∇k)i [τ0σy, hpxpy

(k)] + (∂kx
, ∂ky

, 0)i
(
hpxpy

(k)− τ0σyhpxpy
(k)τ0σy

)]
, (H174)

where τ0 is the identity matrix in the sublattice subspace.
Now we adopt the small |k | approximation. As discussed in supplementary informationH1 a, the Fermi surfaces of

the σ-binding electron states are around Γ-A, which have small |k |. Then, we consider hpxpy
(k) to first order in k ,

which is related to the effective Hamiltonian heff (k) in Eq. (H48) by a basis transformation Reff . (The reason for us
to use different basis for hpxpy

(k) and heff (k) is that the atomic basis (Eq. (H151)) for hpxpy
(k) is convenient for the
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study of EPC since EPC cares about atomic motions, while the parity-eigenbasis (Eq. (H46)) for heff (k) is convenient
for band topology and band geometry since the parity-eigenbasis are energy eigenstates for k = 0.) Explicitly, under
the first-order |k | perturbation, we have

hpxpy
(k) = Reffheff (k)R

†
eff , (H175)

where heff (k) is in Eq. (H48),

Reff =


1√
2

0 1√
2

0

0 1√
2

0 1√
2

− 1√
2

0 1√
2

0

0 − 1√
2

0 1√
2

 =
1√
2
[τ0σ0 + iτyσ0] , (H176)

and c†pxpy,k
Reff = c†eff,k with c†pxpy,k

in Eq. (H151) and c†eff,k in Eq. (H46). Then, ∆fi,pxpy
(k) in Eq. (H174) becomes

R†
eff∆fi,pxpy

(k)Reff =
3i

a3
[
−i (ez ×∇k)i [τ0σy, heff (k)] + (∂kx

, ∂ky
, 0)i (heff (k)− τ0σyheff (k)τ0σy)

]
=

3i

a3
(δix + δiy)

−i
∑

i′=x,y

ϵi
′i∂ki′ [τ0σy, va(kxτyσx + kyτyσz)] + 2va∂ki

(kxτyσx + kyτyσz)


=

3i

a3
(δix + δiy)

−i
∑

i′=x,y

ϵi
′iva[τ0σy, (τyσx, τyσz)i′ ] + 2va(τyσx, τyσz)i


=

i6va

a3
(δix + δiy)

 ∑
i′=x,y

ϵi
′i(−τyσz, τyσx)i′ + (τyσx, τyσz)i


=

i6va

a3
(δix + δiy) [−(τyσx, τyσz)i + (τyσx, τyσz)i]

= 0 .

(H177)

Therefore, under the short-range hopping and small |k | approximation, ∆fi,pxpy
(k) in Eq. (H166) can be neglected

owing to the form of the GA that we choose (Eq. (H160)). Combined with Eq. (H170), we arrive at

fi,eff (k) = R†
efffi,pxpy

(k)Reff = iγi∂ki
heff (k) , (H178)

where γi=x,y is in Eq. (H167), γσ,z is in Eq. (H171), Reff is in Eq. (H176), and heff (k) is in Eq. (H48).
We now show that the GA in Eq. (H160) reproduces exactly the electron and EPC Hamiltonian under the short-

ranged hopping and small-|k | approximations. Specifically, the parameters in the electron and EPC Hamiltonian
should be related to the parameters in the GA Eq. (H160), and the question is whether Eq. (H160) imposes any extra
constraints on the hopping after adopting the short-ranged-hopping and small-|k | approximations. In Eq. (H48),
there are three independent parameters besides the global energy shift: tB,pxpy,z, m, v. They are related to the
parameters in Eq. (H160) by

tB,pxpy,z = t0F (c
2) , m = −3t2 = t0F (0) exp[

γσ,
6
a2] , v = −

√
3

2
t3 = − 1

2
√
3
t′0F (0) exp[

γσ,
6
a2] . (H179)

On the other hand, for EPC, the GA gives

fi,eff (k) = i2cγσ,ztB,pxpy,z sin(kzc)δiz + iγσ, vaτyσxδix + iγσ, vaτyσzδiy . (H180)

By projecting the EPC fi,spxpy (k) in Eq. (H83) to the basis Eq. (H46) and by only considering the zeroth order of k ,
we obtain

fi,eff (k) = −i2cγ̂9 sin(kzc)δiz + (−i)

√
3

2
a(γ̂3 − γ̂7)τyσxδix + (−i)

√
3

2
a(γ̂3 − γ̂7)τyσzδiy , (H181)
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meaning that

γ̂9 = −γσ,zt0F (c2) , γ̂3 − γ̂7 =
1

3
γσ, t

′
0F (0) exp[

γσ,
6
a2] . (H182)

Since γσ, , γσ,z, F (c
2), F (0), t′0 are independent parameters, the GA Eq. (H160) does not impose any extra constraints

on the Hamiltonian and EPC after adopting the short-ranged-hopping and small-|k | approximations. Therefore, the
GA Eq. (H160) is exact after adopting the short-ranged-hopping and small-|k | approximations, meaning that the
electron Hamiltonian and EPC can always be precisely reproduced by GA after adopting the short-ranged-hopping
and small-|k | approximations. From Eq. (H182), we have the following relations:

γσ,z =
γ̂9

tB,pxpy,z
(H183)

and

γσ, =
γ̂3 − γ̂7
t3

. (H184)

Based on the form of fi,eff (k) in Eq. (H178), we can define the energetic and geometric parts of fi,eff (k), which
read

fEi,eff (k) = iγi
∑
n=1,2

[∂kiEeff,n(k)]Peff,n(k )

fgeoi,eff (k) = iγi
∑
n=1,2

Eeff,n(k)[∂ki
Peff,n(k )] ,

(H185)

where Eeff,n(k) are the doubly degenerate bands in Eq. (H51), and Peff,n(k) are the projection matrices in Eq. (H52).
To define the energetic and geometric contributions to λ, let us first look at the expression of ⟨Γ⟩spxpy in Eq. (H89) un-
der the Gaussian, short-ranged-hopping and small-|k | approximation with basis of heff (k) in Eq. (H46). Specifically,
under the Gaussian, short-ranged-hopping and small-|k | approximation, we have

⟨Γ⟩spxpy =
1

D2
σ(µ)

1BZ∑
k1,k2

δ (µ− Eeff,1(k1)) δ (µ− Eeff,1(k2)) Γ
eff
11 (k1,k2) , (H186)

where

Dσ(µ) = 2

1BZ∑
k

δ (µ− Eeff,1(k)) (H187)

with the factor 2 comes from the double degeneracy,

Γeff
11 (k1,k2) =

ℏ
2mB

∑
δ=±,i

Tr
[
Peff,1(k1, )Fδi,eff (k1,k2)Peff,1(k2, )F †

δi,eff (k1,k2)
]
, (H188)

and

Fδi,eff (k1,k2) = χeff
δ fi,eff (k2)− fi,eff (k1)χ

eff
δ . (H189)

Moreover, χeff
± = R†

eff
1√
2
(χ

pxpy

B1 ± χ
pxpy

B2 )Reff , meaning that

χeff
+ =

1√
2
, χeff

− =
1√
2
τxσ0 . (H190)
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Then, we have

Γeff,E−E
11 (k1,k2)

=
ℏ

2mB

∑
δ=±,i

Tr
[
Peff,1(k1, )(χeff

δ fEi,eff (k2)− fEi,eff (k1)χ
eff
δ )Peff,1(k2, )(χeff

δ fEi,eff (k1)− fEi,eff (k2)χ
eff
δ )

]
Γeff,E−geo
11 (k1,k2)

=
ℏ

2mB

∑
δ=±,i

Tr
[
Peff,1(k1, )(χeff

δ fEi,eff (k2)− fEi,eff (k1)χ
eff
δ )Peff,1(k2, )(χeff

δ fgeoi,eff (k1)− fgeoi,eff (k2)χ
eff
δ )

]
+ c.c.

Γeff,geo−geo
11 (k1,k2)

=
ℏ

2mB

∑
δ=±,i

Tr
[
Peff,1(k1, )(χeff

δ fgeoi,eff (k2)− fgeoi,eff (k1)χ
eff
δ )Peff,1(k2, )(χeff

δ fgeoi,eff (k1)− fgeoi,eff (k2)χ
eff
δ )

]
,

(H191)

resulting in

⟨Γ⟩spxpy,label =
1

D2
σ(µ)

1BZ∑
k1,k2

δ (µ− Eeff,1(k1)) δ (µ− Eeff,1(k2)) Γ
eff,label
11 (k1,k2) , (H192)

where label = E − E,E − geo, geo− geo.

Finally, we arrive at

λσ = λσ,E + λσ,geo + λσ,E−geo , (H193)

where

λσ,E =
2

N

1

ℏ ⟨ω2⟩
Dσ(µ)

Dσ(µ)

D(µ)
⟨Γ⟩spxpy,E−E

λσ,E−geo =
2

N

1

ℏ ⟨ω2⟩
Dσ(µ)

Dσ(µ)

D(µ)
⟨Γ⟩spxpy,E−geo

λσ,geo =
2

N

1

ℏ ⟨ω2⟩
Dσ(µ)

Dσ(µ)

D(µ)
⟨Γ⟩spxpy,geo−geo

,

(H194)

and Dσ(µ)
D(µ) represents the portion of the electron DOS at the Fermi level for spxpy orbitals.

As shown in Eq. (H180), the EPC coupling fi,eff (k) does not depend on k . On the other hand, fEi,eff (k)

and fgeoi,eff (k) defined in Eq. (H185) have k dependence, since the expression of the energy bands (Eq. (H51))

and the projection matrix (Eq. (H52)) involves infinite order of k . Nevertheless, the |k |-independent fi,eff (k)
means that f

E/geo
i,eff (k) as well as Γ

eff,E−E/E−geo/geo−geo
11 (k1,k2) in Eq. (H191) are only reliable to zeroth order

in k , since the high-order-k correction of fi,eff (k) would change the higher-order-k terms in f
E/geo
i,eff (k) and

Γ
eff,E−E/E−geo/geo−geo
11 (k1,k2).

In the following, we may use the full expression of fEi,eff (k) and f
geo
i,eff (k) in Eq. (H185) to derive Γ

eff,E−E/E−geo/geo−geo
11 (k1,k2)

as intermediate steps. But eventually, we will only keep the energetic and geometric contributions to λσ from the

zeroth-order-|k | part of Γeff,E−E/E−geo/geo−geo
11 (k1,k2).

b. λσ,E

To address Γeff,E−E
11 , we first note that

χeff
− Peff,1(k ) = Peff,2(k)χ

eff
− , (H195)
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according to the expression of χeff
− in Eq. (H190) and Peff,n(k ) in Eq. (H52). The simple reason for Eq. (H195) is

that χeff
− anti-commutes with the matrix part of heff (k) in Eq. (H48). Then, we have

Γeff,E−E
11 (k1,k2)

=
ℏ

2mB

∑
δ=±,i

Tr
[
Peff,1(k1, )(χeff

δ fEi,eff (k2)− fEi,eff (k1)χ
eff
δ )Peff,1(k2, )(χeff

δ fEi,eff (k1)− fEi,eff (k2)χ
eff
δ )

]

=

− ℏ
2mB

∑
δ=±,i

Tr
[
Peff,1(k1, )fEi,eff (k1)χ

eff
δ Peff,1(k2, )χeff

δ fEi,eff (k1)
]
+ (k1 ↔ k2)


+

 ℏ
2mB

∑
δ=±,i

Tr
[
Peff,1(k1, )fEi,eff (k1)χ

eff
δ Peff,1(k2, )fEi,eff (k2)χ

eff
δ

]
+ c.c.

 .

(H196)

Combined with ∑
δ=±

χeff
δ Peff,n(k )χeff

δ =
1

2
(H197)

from Eq. (H195) and

Peff,n(k)f
E
i,eff (k) = fEi,eff (k)Peff,n(k) = iγi[∂kiEeff,n(k)]Peff,n(k) , (H198)

we further obtain

Γeff,E−E
11 (k1,k2)

=
ℏ

2mB

∑
i

γ2i [∂k1,i
Eeff,1(k1)]

2 +
ℏ

2mB

∑
i

γ2i [∂k2,i
Eeff,1(k2)]

2

− γ2i

 ℏ
2mB

∑
δ=±,i

[∂k1,i
Eeff,1(k1)][∂k2,i

Eeff,1(k2)] Tr
[
Peff,1(k1, )χeff

δ Peff,1(k2, )χeff
δ

]
+ c.c.


=

ℏ
2mB

∑
i

γ2i [∂k1,iEeff,1(k1)]
2 +

ℏ
2mB

∑
i

γ2i [∂k2,iEeff,1(k2)]
2

−
∑
i

γ2i
2ℏ

2mB
[∂k1,iEeff,1(k1)][∂k2,iEeff,1(k2)]

=
ℏ

2mB
γ2σ,z[∂k1,z

Eeff,1(k1)]
2 +

ℏ
2mB

γ2σ,z[∂k2,z
Eeff,1(k2)]

2

− γ2σ,z
2ℏ

2mB
[∂k1,zEeff,1(k1)][∂k2,zEeff,1(k2)] +O(|k |2) ,

(H199)

where ∂kzEeff,1(k) = ∂kzϵ0(kz) as shown in Eq. (H51) is independent of k . As a result, by only keeping the zeroth-

order-|k | term of Γeff,E−E
11 (k1,k2), we obtain

⟨Γ⟩spxpy,E−E
=

1

D2
σ(µ)

1BZ∑
k1,k2

δ (µ− Eeff,1(k1)) δ (µ− Eeff,1(k2)) Γ
eff,E−E
11 (k1,k2)

=
1

D2
σ(µ)

1BZ∑
k1,k2

δ (µ− Eeff,1(k1)) δ (µ− Eeff,1(k2))
ℏ
mB

γ2σ,z[∂k1,z
Eeff,1(k1)]

2

− 1

D2
σ(µ)

γ2σ,z
2ℏ

2mB

[
1BZ∑
k1

δ (µ− Eeff,1(k1)) ∂k1,z
Eeff,1(k1)

]2

=
ℏ

2mB

1

Dσ(µ)

1BZ∑
k

δ (µ− Eeff,1(k)) γ
2
σ,z[∂kz

Eeff,1(k)]
2 ,

(H200)
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where we used

1BZ∑
k1

δ (µ− Eeff,1(k1)) ∂k1,iEeff,1(k1) = 0 (H201)

for the second equality, which is derived from both C3 and mz symmetries. Eventually, we have

⟨Γ⟩spxpy,E−E
=

ℏ
2mB

1

Dσ(µ)

V
(2π)3

∫
FSeff,1

dσk
γ2σ,z[∂kzEeff,1(k)]

2

|∇kEeff,1(k)|
, (H202)

and

λσ,E =
2

N

1

ℏ ⟨ω2⟩
Dσ(µ)

Dσ(µ)

D(µ)

ℏ
2mB

1

Dσ(µ)

V
(2π)3

∫
FSeff,1

dσk
γ2σ,z[∂kz

Eeff,1(k)]
2

|∇kEeff,1(k)|

=
Dσ(µ)

D(µ)

γ2σ,z
mB ⟨ω2⟩

Ω

(2π)3

∫
FSeff,1

dσk
[∂kzEeff,1(k)]

2

|∇kEeff,1(k)|

(H203)

c. λσ,E−geo

For Γeff,E−geo
11 , we have

Γeff,E−geo
11 (k1,k2)

=
ℏ

2mB

∑
δ=±,i

Tr
[
Peff,1(k1, )(χeff

δ fEi,eff (k2)− fEi,eff (k1)χ
eff
δ )Peff,1(k2, )(χeff

δ fgeoi,eff (k1)− fgeoi,eff (k2)χ
eff
δ )

]
+ c.c.

=
ℏ

2mB

∑
δ=±,i

iγi[∂k2,i
Eeff,1(k2)− ∂k1,i

Eeff,1(k1)]

× Tr
[
Peff,1(k1, )χeff

δ Peff,1(k2, )(χeff
δ fgeoi,eff (k1)− fgeoi,eff (k2)χ

eff
δ )

]
+ c.c.

=
ℏ

2mB

∑
δ=±,i

iγi[∂k2,i
Eeff,1(k2)− ∂k1,i

Eeff,1(k1)]

× Tr
[
Peff,1(k1, )χeff

δ Peff,1(k2, )(χeff
δ fgeoi,eff (k1)− fgeoi,eff (k2)χ

eff
δ )

]
+ c.c.

=
ℏ

4mB

∑
i

iγi[∂k2,iEeff,1(k2)− ∂k1,iEeff,1(k1)] Tr
[
Peff,1(k1, )fgeoi,eff (k1)− Peff,1(k2, )fgeoi,eff (k2)

]
+ c.c. .

(H204)

Combined with

Tr[Peff,1(k)f
geo
i,eff (k)] = iγi

∑
n=1,2

Eeff,n(k) Tr[Peff,1(k)∂ki
Peff,n(k )] = 0 , (H205)

we arrive at

Γeff,E−geo
11 (k1,k2) = 0, (H206)

resulting in

λσ,E−geo = 0 . (H207)

The results stay the same if we only keep the zeroth-order-|k | term.

d. λσ,geo

Now we discuss λσ,geo. Since f
geo
i,eff in Eq. (H185) is nonzero only for i = x, y, the contribution to λσ,geo comes from

the in-plane motions of B atoms. In fact, to the zeroth-order of k , the in-plane motions of B atoms only contribute to
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Γeff,geo−geo
11 in Eq. (H191), since the zeroth-order-k part of Γeff,E−E

11 only comes from the motion along z as shown

in Eq. (H199) and Γeff,E−geo
11 is zero as shown in Eq. (H205).

In Γeff,geo−geo
11 in Eq. (H191), χeff

+ and χeff
− correspond to the same and opposite motions of two NN B atoms,

respectively, according to Eq. (H190) and the meaning of χτ shown in Eq. (C17). Then, let us split Γeff,geo−geo
11 into

two parts:

Γeff,geo−geo
11 (k1,k2) = Γeff,geo−geo

11,+ (k1,k2) + Γeff,geo−geo
11,− (k1,k2) , (H208)

where

Γeff,geo−geo
11,+ (k1,k2)

=
ℏ

2mB

∑
δ=±,i

Tr
[
Peff,1(k1, )(χeff

+ fgeoi,eff (k2)− fgeoi,eff (k1)χ
eff
+ )Peff,1(k2, )(χeff

+ fgeoi,eff (k1)− fgeoi,eff (k2)χ
eff
+ )

]
+ c.c.

(H209)

corresponds to the contribution from the same motions of two NN B atoms, and

Γeff,geo−geo
11,− (k1,k2)

=
ℏ

2mB

∑
δ=±,i

Tr
[
Peff,1(k1, )(χeff

− fgeoi,eff (k2)− fgeoi,eff (k1)χ
eff
− )Peff,1(k2, )(χeff

− fgeoi,eff (k1)− fgeoi,eff (k2)χ
eff
− )

]
+ c.c.

(H210)

corresponds to the contribution from the opposite motions of two NN B atoms. Recall that the dominant phonons to
the EPC constant λ are the E2 phonons along Γ-A (enhanced to E2g at Γ and A), which originate from the opposite

in-plane motions of NN B atoms. Therefore, for small |k |, we should expect that Γeff,geo−geo
11,+ (k1,k2) must be small

while Γeff,geo−geo
11,− (k1,k2) is large. Indeed, we will show that to zeroth order in |k |, Γeff,geo−geo

11,+ (k1,k2) is zero, while

Γeff,geo−geo
11,− (k1,k2) saturates to its nonzero upper bound.

Start from Γeff,geo−geo
11,+ (k1,k2). Since χ+ = 14/

√
2, we have

Γeff,geo−geo
11,+ (k1,k2)

=
ℏ

4mB

∑
δ=±,i

Tr
[
Peff,1(k1, )(fgeoi,eff (k2)− fgeoi,eff (k1))Peff,1(k2, )(fgeoi,eff (k1)− fgeoi,eff (k2))

]
+ c.c.

= O(|k1, |, |k2, |) .

(H211)

So we can neglect Γeff,geo−geo
11,+ (k1,k2).

Now we discuss Γeff,geo−geo
11,− . From Eq. (H210), we have

Γeff,geo−geo
11,− (k1,k2) = −ℏ

2

1

mB

∑
i

Tr
[
Peff,1(k1, )χeff

− fgeoi,eff (k2)Peff,1(k2, )fgeoi,eff (k2)χ
eff
−

]
− ℏ

2

1

mB

∑
i

Tr
[
Peff,1(k1, )fgeoi,eff (k1)χ

eff
− Peff,1(k2, )χeff

− fgeoi,eff (k1)
]

+
ℏ
2

1

mB

∑
i

Tr
[
χeff
− fgeoi,eff (k2)Peff,1(k2, )χeff

− fgeoi,eff (k1)Peff,1(k1, )
]

+
ℏ
2

1

mB

∑
i

Tr
[
χeff
− Peff,1(k2, )fgeoi,eff (k2)χ

eff
− Peff,1(k1, )fgeoi,eff (k1)

]
= Z(k1,k2) + Y (k1,k2) ,

(H212)

where

Z(k1,k2) =

{
−ℏ
2

1

mB

∑
i

Tr
[
χeff
− fgeoi,eff (k1)Peff,1(k1, )fgeoi,eff (k1)χ

eff
− Peff,1(k2, )

]
+ (k1 ↔ k2)

}

Y (k1,k2) =

{
ℏ
2

1

mB

∑
i

Tr
[
χeff
− Peff,1(k2, )fgeoi,eff (k2)χ

eff
− Peff,1(k1, )fgeoi,eff (k1)

]
+ c.c.

}
.

(H213)
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We separate Γeff,geo−geo
11,− (k1,k2) into Z(k1,k2) and Y (k1,k2) because Z(k1,k2) is always non-negative and provides

an upper bound of Y (k1,k2). Specifically, non-negative Z(k1,k2) is given by

Z(k1,k2)

=

ℏ
2

1

mB

∑
i,mn

U†
1,m(k2)χ

eff
− fgeoi,eff (k1)U1,n(k1)U1,n(k1)

†(−fgeoi,eff (k1))χ
eff
− U1,m(k2) + (k1 ↔ k2)


=

ℏ
2

1

mB

∑
i,mn

∣∣∣U†
1,m(k2)χ

eff
− fgeoi,eff (k1)U1,n(k1)

∣∣∣2 + (k1 ↔ k2)

 ≥ 0 ,

(H214)

where Peff,1(k) =
∑

n U1,n(k)U
†
1,n(k) with U1,n(k) in Eq. (H53), and we have used

[fgeoi,eff (k)]
† = −fgeoi,eff (k) (H215)

given by Eq. (H185). Then, we have

Z(k1,k2)− Y (k1,k2)

= −ℏ
2

1

mB

∑
i

Tr
[
Peff,1(k1, )χeff

− fgeoi,eff (k2)Peff,1(k2, )fgeoi,eff (k2)χ
eff
−

]
− ℏ

2

1

mB

∑
i

Tr
[
Peff,1(k1, )fgeoi,eff (k1)χ

eff
− Peff,1(k2, )χeff

− fgeoi,eff (k1)
]

− ℏ
2

1

mB

∑
i

Tr
[
χeff
− fgeoi,eff (k2)Peff,1(k2, )χeff

− fgeoi,eff (k1)Peff,1(k1, )
]

− ℏ
2

1

mB

∑
i

Tr
[
χeff
− Peff,1(k2, )fgeoi,eff (k2)χ

eff
− Peff,1(k1, )fgeoi,eff (k1)

]
= −ℏ

2

1

mB

∑
i

Tr
[
Peff,1(k1, )(χeff

δ fgeoi,eff (k2) + fgeoi,eff (k1)χ
eff
δ )

Peff,1(k2, )(χeff
δ fgeoi,eff (k1) + fgeoi,eff (k2)χ

eff
δ )

]
=

ℏ
2

1

mB

∑
i,mn

∣∣∣U†
1,n(k1)(χ

eff
− fgeoi,eff (k2) + fgeoi,eff (k1)χ

eff
− )U1,m(k2)

∣∣∣2 ≥ 0 ,

(H216)

where we have used Eq. (H215) for the last equality. Therefore, we arrive at

Γeff,geo−geo
11,− (k1,k2) ≤ 2Z(k1,k2) , (H217)

where Z(k1,k2) is defined in Eq. (H285).
Now we show that to zeroth order in |k |, the upper bound in Eq. (H217) would saturate. First, note that

fgeoi,eff (k) = iγi(−)∆Eeff (k )∂ki
Peff,1(k) , (H218)

where

∆Eeff (k ) = Eeff,2(k)− Eeff,1(k) = 2
√
m2 + |d(k )|2 . (H219)

Then, combined with Eq. (H195), we know χeff
− would anti-commute with fgeoi,eff (k):

χeff
− fgeoi,eff (k) = iγi(−)∆Eeff (k )χeff

− ∂kiPeff,1(k) = iγi(−)∆Eeff (k )∂kiPeff,2(k)χ
eff
−

= iγi(−)∆Eeff (k )(−)∂kiPeff,1(k)χ
eff
− = −fgeoi,eff (k)χ

eff
− .

(H220)

As a result, we know Z(k1,k2)− Y (k1,k2) in Eq. (H216) is zero to zeroth order in |k |:

Z(k1,k2)− Y (k1,k2) =
ℏ
2

1

mB

∑
i

∣∣∣U†
1,n(k1)(χ

eff
− fgeoi,eff (k2) + fgeoi,eff (k1)χ

eff
− )U1,m(k2)

∣∣∣2
=

ℏ
2

1

mB

∑
i

∣∣∣U†
1,n(k1)χ

eff
− (fgeoi,eff (k2)− fgeoi,eff (k1))U1,m(k2)

∣∣∣2 = O(|k1, |, |k2, |) .
(H221)
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Combined with Eq. (H212), we know that the upper bound in Eq. (H217) is saturated to zeroth order in |k |, leading
to

Γeff,geo−geo
11,− (k1,k2) = 2Z(k1,k2)||k1, |=|k2, |=0 +O(|k1, |, |k2, |) . (H222)

Now we derive 2Z(k1,k2)||k1, |=|k2, |=0. From Eq. (H218) and Eq. (H213), we have

2Z(k1,k2)

= ℏ
1

mB
∆E2

eff (k1, )
∑
i

γ2i Tr
[
χeff
− ∂k1,i

Peff,1(k1, )Peff,1(k1, )∂k1,i
Peff,1(k1, )χeff

− Peff,1(k2, )
]
+ (k1 ↔ k2)

=
ℏ
2

1

mB
∆E2

eff (k1, )
∑
i

γ2i Tr
[
∂k1,i

Peff,1(k1, )Peff,1(k1, )∂k1,i
Peff,1(k1, )Peff,2(k2, )

]
+ (k1 ↔ k2) ,

(H223)

meaning that

2Z(k1,k2)||k1, |=|k2, |=0

=
ℏ
2

1

mB
∆E2

eff (k1, )γ2σ,
∑
i=x,y

Tr
[
∂k1,iPeff,1(k1, )Peff,1(k1, )∂k1,iPeff,1(k1, )Peff,2(0)

]∣∣∣∣∣∣
|k1, |=0

+
ℏ
2

1

mB
∆E2

eff (k2, )γ2σ,
∑
i

Tr
[
∂k2,iPeff,1(k2, )Peff,1(k2, )∂k2,iPeff,1(k2, )Peff,2(0)

]∣∣∣∣∣
|k2, |=0

,

(H224)

Since

Peff,2(0) = diag(0, 0, 1, 1) (H225)

owing tom < 0 according to Eq. (H50) and Eq. (H36), Peff,2(0) is the projection matrix to the parity-odd combination
of px/py orbitals according to the basis in Eq. (H46). Then, we have

2Z(k1,k2)||k1, |=|k2, |=0

=
ℏ
2

1

mB
γ2σ,

∑
i=x,y

∑
α∈{(px,−),(py,−)}

{
∆E2

eff (k1, ) [geff,1,α(k1, )]ii
∣∣
|k1, |=0

+ ∆E2
eff (k2, ) [geff,1,α(k2, )]ii

∣∣
|k2, |=0

}
,

(H226)

where

[geff,1,α(k )]ii = Tr
[
∂ki

Peff,1(k )Peff,1(k )∂ki
Peff,1(k )ξeff,αξ

†
eff,α

]
(H227)

is the OFSM according to the definition in Eq. (G16), α ∈ {(px,−), (py,−)}, and

ξeff,px,− =


0

0

1

0

 , ξeff,py,− =


0

0

0

1

 (H228)

are parity-odd combinations of px/py orbitals. Eventually, if we neglect O(|k1, |, |k2, |), we arrive at

Γeff,geo−geo
11,− (k1,k2) =

ℏ
mB

γ2σ,
∑
i=x,y

∑
α∈{(px,−),(py,−)}

∆E2
eff (0) [geff,1,α(0)]ii , (H229)

⟨Γ⟩spxpy,geo−geo
=

ℏ
2mB

1

Dσ(µ)

V
(2π)3

∫
FSeff,1

dσk
γ2σ,

∑
i=x,y

∑
α∈{(px,−),(py,−)} ∆E

2
eff (0) [geff,1,α(0)]ii

|∇kEeff,1(k)|
, (H230)
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and

λσ,geo =
Dσ(µ)

D(µ)

γ2σ,
mB ⟨ω2⟩

Ω

(2π)3

∫
FSeff,1

dσk

∑
i=x,y

∑
α∈{(px,−),(py,−)} ∆E

2
eff (0) [geff,1,α(0)]ii

|∇kEeff,1(k)|
, (H231)

where γσ, is defined in Eq. (H184). As shown in supplementary informationH7, Eq. (H231) is nonzero, meaning that
the upper bound 2Z(k1,k2)||k1, |=|k2, |=0 is non-vanishing.

In the derivation of Eq. (H231), we have used Z(k1,k2) to approximate Y (k1,k2) since they are the same zero
momenta (Eq. (H221)), where Z(k1,k2) and Y (k1,k2) are defined in Eq. (H213). Eventually, the OFSM comes from
the Z(k1,k2) as shown in Eq. (H226). If we do not use Z(k1,k2) to approximate Y (k1,k2), then we would have a
different geometric quantity that comes from Y (k1,k2). Explicitly, Y (k1,k2) can be simplified as

Y (k1,k2)

=
ℏ
2

1

mB

∑
i

Tr
[
χeff
− Peff,1(k2, )fgeoi,eff (k2)χ

eff
− Peff,1(k1, )fgeoi,eff (k1)

]
+ c.c.

=
ℏ
4

1

mB

∑
α,α′∈{1,2,3,4}

∑
i

Tr
[
ζαζ

†
αPeff,1(k2, )fgeoi,eff (k2)ζα′ζ†α′Peff,1(k1, )fgeoi,eff (k1)

]
+ c.c.

= −ℏ
4

1

mB
∆Eeff (k1, )∆Eeff (k2, )

×
∑

α,α′∈{1,2,3,4}

∑
i

γ2i Tr
[
ζαζ

†
αPeff,1(k2, )∂k2,i

Peff,1(k2, )ζα′ζ†α′Peff,1(k1, )∂k1,i
Peff,1(k1, )

]
+ c.c.

= −ℏ
4

1

mB
∆Eeff (k1, )∆Eeff (k2, )

∑
α,α′∈{1,2,3,4}

∑
i

γ2i Aeff,1,αα′,i(k2, )Aeff,1,α′α,i(k1, ) + c.c.

= −ℏ
4

1

mB
∆Eeff (k1, )∆Eeff (k2, )γ2σ,

∑
α,α′∈{1,2,3,4}

∑
i=x,y

[Aeff,1,αα′,i(k2, )Aeff,1,α′α,i(k1, ) + c.c.] ,

(H232)

where

Aeff,1,αα′,i(k ) = ζ†αPeff,1(k )∂ki
Peff,1(k )ζα′ = Tr

[
ζα′ζ†αPeff,1(k )∂ki

Peff,1(k )
]
, (H233)

and

ζ1 =
1√
2


1

0

1

0

 , ζ2 =
1√
2


0

1

0

1

 , ζ3 =
1√
2


1

0

−1

0

 , ζ4 =
1√
2


0

1

0

−1

 . (H234)

Thus,

Γeff,geo−geo
11,− (k1,k2)

∣∣∣
|k1, |=|k2, |=0

= Z(k1,k2)||k1, |=|k2, |=0 + Y (k1,k2)||k1, |=|k2, |=0

=
ℏ
2

γ2σ,
mB

∆E2
eff (0)

∑
i=x,y

∑
α∈{(px,−),(py,−)}

[geff,1,α(0)]ii

− ℏ
4

γ2σ,
mB

∆E2
eff (0)

∑
i=x,y

∑
α,α′∈{1,2,3,4}

[Aeff,1,αα′,i(0)Aeff,1,α′α,i(0) + c.c.] ,

(H235)

resulting in

⟨Γ⟩spxpy,geo−geo
=

ℏ
4mB

1

Dσ(µ)

V
(2π)3

∫
FSeff,1

dσk
γ2σ, ∆E2

eff (0)

|∇kEeff,1(k)|
∑
i=x,y

 ∑
α∈{(px,−),(py,−)}

[geff,1,α(0)]ii

−1

2

∑
α,α′∈{1,2,3,4}

Aeff,1,αα′,i(0)Aeff,1,α′α,i(0)−
1

2

∑
α,α′∈{1,2,3,4}

A∗
eff,1,αα′,i(0)A∗

eff,1,α′α,i(0)

 ,

(H236)
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and

λσ,geo = λσ,geo,−,1 + λσ,geo,−,2 , (H237)

where

λσ,geo,−,1 =
Dσ(µ)

D(µ)

γ2σ,
2mB ⟨ω2⟩

Ω

(2π)3

∫
FSeff,1

dσk
∆E2

eff (0)

|∇kEeff,1(k)|
∑
i=x,y

∑
α∈{(px,−),(py,−)}

[geff,1,α(0)]ii , (H238)

and

λσ,geo,−,2 = −1

2

Dσ(µ)

D(µ)

γ2σ,
4mB ⟨ω2⟩

Ω

(2π)3

∫
FSeff,1

dσk
∆E2

eff (0)

|∇kEeff,1(k)|

×
∑
i=x,y

∑
αα′∈{1,2,3,4}

[Aeff,1,αα′,i(0)Aeff,1,α′α,i(0) + c.c.] .
(H239)

λσ,geo,−,1 and λσ,geo,−,2 have the same meaning as λgeo,1 and λgeo,2 in supplementary informationA except that we
now go beyond two bands and λσ,geo,−,1 and λσ,geo,−,2 are only in the χeff,− channel. Eq. (H237) would be the
expression of λσ,geo if we do not use Z(k1,k2) to approximate Y (k1,k2). Nevertheless, Eq. (H221) shows that∑

i=x,y

∑
α∈{(px,−),(py,−)}

[geff,1,α(0)]ii = −
∑
i=x,y

∑
αα′∈{(px,−),(py,−)}

Aeff,1,αα′,i(0)Aeff,1,α′α,i(0) + c.c. , (H240)

which allows us to merge them in Eq. (H237) and restore Eq. (H231). In other words, λσ,geo,−,1 and λσ,geo,−,2 can be
merged to 2λσ,geo,−,1, and thus we do not explicit use the complex vector field in Eq. (H233).

Before moving onto the topological contribution, we note that by replacing χeff
− to χeff

+ in the derivation of

Eq. (H217), we can also define the upper bound for Γeff,geo−geo
11,+ (k1,k2), which reads

Γeff,geo−geo
11,+ (k1,k2) ≤ 2Z ′(k1,k2) , (H241)

where

Z ′(k1,k2) = −ℏ
2

1

mB

∑
i

Tr
[
χeff
+ fgeoi,eff (k1)Peff,1(k1, )fgeoi,eff (k1)χ

eff
+ Peff,1(k2, )

]
+ (k1 ↔ k2) . (H242)

Nevertheless, explicit evaluation gives that Z ′(k1,k2)||k1, |=|k2, |=0 = 0, which is consistent to the fact that

Γeff,geo−geo
11,+ (k1,k2) is zero to zeroth order in |k |. Therefore, Γeff,geo−geo

11,+ (k1,k2) also saturates to its upper

bound in Eq. (H241), but its upper bound vanishes.

e. λσ,topo

At last, we consider the topological term. First, we evaluate
∑

i=x,y

∑
α∈{(px,−),(py,−)} ∆E

2
eff (0) [geff,1,α(0)]ii from

the expression of geff,1,α(k ) in Eq. (H227) and the expression of ∆E2
eff (k ) in Eq. (H219). Specifically,

∑
i=x,y

∑
α∈{(px,−),(py,−)}

∆E2
eff (0) [geff,1,α(0)]ii = 4m2

∑
i=x,y |∂ki

d(k )|2

2m2
= 2

∑
i=x,y

|∂ki
d(k )|2 . (H243)

Note that

|∂ki
d(k )|2 = |∂ki

|d(k )|eiθ(k )|2 = (∂ki
|d(k )|)2 + |d(k )|2|∂ki

θ(k )|2 ≥ |d(k )|2|∂ki
θ(k )|2 , (H244)
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where d(k ) = |d(k )|(cos(θk ), sin(θk )). Then, combined with the expression of ⟨Γ⟩spxpy,geo−geo
in Eq. (H230), we

arrive at

⟨Γ⟩spxpy,geo−geo
=

ℏ
mB

1

Dσ(µ)

V
(2π)3

∫
FSeff,1

dσk
γ2σ,

∑
i=x,y |∂kid(k )|2

|∇kEeff,1(k)|

≥ ℏ
mB

1

Dσ(µ)

V
(2π)3

∫
FSeff,1

dσk
γ2σ,

∑
i=x,y |d(k )|2|∂ki

θ(k )|2

|∇kEeff,1(k)|

=
ℏγ2σ,
mB

1

Dσ(µ)

V
(2π)3

∫
FSeff,1

dσk
|d(k )|2

|∇kEeff,1(k)|
|∂k θ(k )|2

=
ℏγ2σ,
mB

1

Dσ(µ)

V
(2π)3

∫
FSeff,1

dσk
|d(k )|2

|∇kEeff,1(k)|
|∂k θ(k )|2

≥
ℏγ2σ,
mB

1

Dσ(µ)

V
(2π)3

[∫
FSeff,1

dσk|∂k θ(k )|
]2

∫
FSeff,1

dσk
|∇kEeff,1(k)|

|d(k )|2
,

(H245)

where we have used the Hölder inequality (Eq. (F77)) for the last inequality. The Fermi surface of Eeff,1(k) can be
expressed as FSeff,1 = ∪kzc∈(−π,π]FSeff,1,kz

with FSeff,1,kz
is the intersection between FSeff,1 and the fixed kz

plane. Then,∫
FSeff,1

dσk|∂k θ(k )| =
∫ π/c

−π/c

dkz

∫
FSeff,1,kz

dσk |∂k θ(k )| =
∫ π/c

−π/c

dkz

∫
FSeff,1,kz=0

dσk |∂k θ(k )|

≥
∫ π/c

−π/c

dkz

∣∣∣∣∣
∫
FSeff,1,kz=0

dk · ∂k θ(k )

∣∣∣∣∣ =
∫ π/c

−π/c

dkz2πWd =

∫ π/c

−π/c

dkz2π∆N =
(2π)2

c
∆N ,

(H246)

where we have used the fact that FSeff,1,kz=0 is a closed loop of k that encloses Γ once, Wd is the winding number
in Eq. (H54), and the relation between Wd and the effective Euler number ∆N is in Eq. (H58). As a result, we have

⟨Γ⟩spxpy,geo−geo ≥
ℏγ2σ,
mB

1

Dσ(µ)
V 2π

c2
[∆N ]

2∫
FSeff,1

dσk
|∇kEeff,1(k)|

|d(k )|2
, (H247)

and

λσ,geo ≥ Dσ(µ)

D(µ)

2γ2σ,
mB ⟨ω2⟩

2πΩ

c2
[∆N ]

2∫
FSeff,1

dσk
|∇kEeff,1(k)|

|d(k )|2
(H248)

derived from Eq. (H194). By defining

λσ,topo =
Dσ(µ)

D(µ)

2γ2σ,
mB ⟨ω2⟩

2πΩ

c2
[∆N ]

2∫
FSeff,1

dσk
|∇kEeff,1(k)|

|d(k )|2
, (H249)

we eventually have

λσ,geo ≥ λσ,topo . (H250)

We note that
∑

i=x,y

∑
α∈{(px,−),(py,−)} geff,1,α(0) itself in this case is not bounded from below, because

∑
i=x,y

∑
α∈{(px,−),(py,−)}

geff,1,α(0) =

∑
i=x,y |∂ki

d(k )|2

2m2
=
v2a2

m2
(H251)

relies on the ratio between v2 and m2 owing to the nonzero gap at Γ (which is |2m|) for the σ-bonding states, where
we have used the explicit expression of d(k ) in Eq. (H49). For example, if the gap limits to infinity, we should not
have any geometric effect of Ueff,1(k). Nevertheless, the following quantity is bounded from below:∫

FSeff,1

dσk

√√√√∑
i=x,y

∑
α∈{(px,−),(py,−)}

∆E2
eff (0) [geff,1,α(0)]ii

2|d(k )|2
≥
∫
FSeff,1

dσk|∂kiθ(k )| = 4π2

c
Wd , (H252)

where the expression of Wd in Eq. (H54) is used.
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5. pxpy General Symmetry-Allowed Hopping Form: Consistent with Gaussian Approximation

In this part, we show that even if we use the general symmetry-allowed hopping form for pxpy orbitals, we would get
the same energetic and geometric contributions to λσ from the GA, under the same NN and small k approximation.

We still consider a 2× 2 hopping matrix function t(r), whose basis are (px, py) of B atoms, and will still use O(2)
and mz symmetries for t(r). The part of the derivations in supplementary informationH4 are valid here, and we will
not repeat them. We will focus on the difference brought by the general symmetry-allowed t(r). The first difference
brought by the general symmetry-allowed t(r) is that Eq. (H160) cannot be used, since Eq. (H160) introduces the GA.
Instead, we should use

pp1(
√
x2 + y2, |z|) = F1(

√
x2 + y2, |z|)

pp2(
√
x2 + y2, |z|) = x2 + y2

a2
F2(
√
x2 + y2, |z|) ,

(H253)

with F2(
√
x2 + y2, |z|) a smooth function. Then ∂rit(0,−r , |z|) (with r =

√
x2 + y2) in Eq. (H165) becomes

∂rit(0,−r , |z|) = [δixγ̃ ,1(r , |z|) + δiyγ̃ ,1(r , |z|) + δiz γ̃z,1(r , |z|)] ri

(
pp1(r , |z|) 0

0 pp1(r , |z|)

)

+ [δixγ̃ ,2(r , |z|) + δiyγ̃ ,2(r , |z|) + δiz γ̃z,2(r , |z|)] ri

(
pp2(r , |z|) 0

0 −pp2(r , |z|)

)

+ 2(δix + δiy)
ri

x2 + y2

(
pp2(r , |z|) 0

0 −pp2(r , |z|)

)

=
1

2
[δixγ̃ ,1(r , |z|) + δiyγ̃ ,1(r , |z|) + δiz γ̃z,1(r , |z|)] ri [t(0,−r , |z|) + σyt(0,−r , |z|)σy]

+
1

2
[δixγ̃ ,2(r , |z|) + δiyγ̃ ,2(r , |z|) + δiz γ̃z,2(r , |z|)] ri [t(0,−r , |z|)− σyt(0,−r , |z|)σy]

+ (δix + δiy)
ri
r2

[t(0,−r , |z|)− σyt(0,−r , |z|)σy]

(H254)

where

γ̃ ,l(r , |z|) =
1

r
∂r log [|Fl(r , |z|)|]

γ̃z,l(r , |z|) = 2∂z2 log [|Fl(r , |z|)|] ,
(H255)

and l = 1, 2. Then, ∂rit(r) becomes

∂rit(r) =
1

2
[δixγ̃ ,1(r , |z|) + δiyγ̃ ,1(r , |z|) + δiz γ̃z,1(r , |z|)] ri [t(r) + σyt(r)σy]

+
1

2
[δixγ̃ ,2(r , |z|) + δiyγ̃ ,2(r , |z|) + δiz γ̃z,2(r , |z|)] ri [t(r)− σyt(r)σy]

+ (δix + δiy)
(ez × r)i
x2 + y2

(−i)[σy, t(r)] + (δix + δiy)
ri

x2 + y2
[t(r)− σyt(r)σy] .

(H256)

Since we only care about the NN hopping among the B atoms in one plane and the ±a3 hopping among B atoms in
different layers, we can approximate

γ̃ ,l(r , |z|) ≈ γ̃ ,l(
a√
3
, 0) = γ ,l

γ̃z,l(r , |z|) ≈ γ̃z,l(0, c) = γz,l ,
(H257)

resulting in the following form of fi,pxpy
(k)[

fi,pxpy
(k)
]
τ1α1,τ2α2

=
i

2
[δixγ ,1 + δiyγ ,1 + δizγz,1]

[
∂ki

hpxpy
(k) + τ0σy∂ki

hpxpy
(k)τ0σy

]
τ1α1,τ2α2

+
i

2
[δixγ ,2 + δiyγ ,2 + δizγz,2]

[
∂kihpxpy (k)− τ0σy∂kihpxpy (k)τ0σy

]
τ1α1,τ2α2

+
[
∆fi,pxpy

(k)
]
τ1α1,τ2α2

,

(H258)
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where ∆fi,pxpy
(k) is in Eq. (H169).

Now we adopt the linear k approximation for the electron Hamiltonian. Combined with the short-range hopping,
Eq. (H177) show that ∆fi,pxpy

(k) becomes zero. Moreover, we note that

∂kihpxpy (k) = −2ctB,pxpy,z sin(kzc)δiz + vaReffτyσxR
†
effδix + vaReffτyσzR

†
effδiy , (H259)

where the expression of the 4 × 4 matrix Reff is in Eq. (H176). Combined with the fact that Reff commutes with
τ0σy, we have

∂kihpxpy (k) + τ0σy∂kihpxpy (k)τ0σy = 0 for i = x, y

∂kihpxpy (k)− τ0σy∂kihpxpy (k)τ0σy = 0 for i = z .
(H260)

It means that we can safely tune γ ,1 and γz,2 in Eq. (H258) without changing fi,pxpy
(k) under our approximation.

Moreover, such tuning does not change fEi,pxpy
(k) and fgeoi,pxpy

(k) to the leading order either, as fEi,pxpy
(k) and fgeoi,pxpy

(k)

come from i = z and i = x, y, respectively, to the leading order, because the dispersion is quadratic along x−y and the
eigenstates of hpxpy

(k) is independent of kz. Then, we choose γ ,1 = γ ,2 = γ and γz,1 = γz,2 = γz in Eq. (H258), and
get the same form of fi,pxpy

(k) as Eq. (H178) derived from GA. As a result, the all the later energetic and geometric
contributions to λ are the same as those derived from GA.

6. Symmetry-Rep Method: Analytical Geometric and Topological Contributions to λσ

In supplementary informationH4, we derive the analytical geometric and topological contributions to λσ based on
the GA with a 4-band pxpy model. In this part, we derive the analytical geometric and topological lower contributions
to λσ in Eq. (H92) from the 6-band spxpy model with the symmetry-rep method, in order to check our results. We
will show that the two methods give the same results.

a. Symmetry-Rep Method: Energetic and Geometric parts of the EPC

The key first step is again to specify the energetic and geometric parts of the EPC. Although MgB2 is not strictly a
2D material, we can follow the same spirit of supplementary informationD to identify the energetic and geometric parts

of the EPC. It is mainly because (i) the symmetry group of MgB2 is effectively 2D, (ii) f̃ ,spxpy
(k ) and f̃⊥,spxpy

(k )
only relies on the momentum components in the 2D plane (i.e., xy plane), and (iii) Eq. (H67) is generalizable to

f̃ ′ ,spxpy
(kz). Now we move on to the details.

Since we have used the momentum derivative to the carry i index in fi,spxpy (k) in terms of the momentum derivatives

as shown in Eq. (H83), and we just need to reexpress f̃ ,spxpy (k ), f̃⊥,spxpy (k ) and f̃ ′ ,spxpy
(kz) by using the symmetry-

rep method. To do so, we need to first express hspxpy (k) in terms of ĥa(k) according to Eq. (D32):

hspxpy
(k) =

∑
a=1,...,8

ĥa(k)ta , (H261)

where

ĥa(k) = ∂tahspxpy
(k) , (H262)

hspxpy (k) and t1,2,3,4 are in Eq. (H22), and

t5 = EB,s,0 , t6 = EB,pxpy,0 , t7 = tB,s,z , t8 = tB,pxpy,z . (H263)

We can explicitly verify that

1

N
∑

k∈1BZ

Tr[ĥa(k)ĥa′(k)] = 0 for a ̸= a′ . (H264)

Then, by comparing hspxpy (k) in Eq. (H22) to Eq. (H67), we obtain

f̃ ,spxpy
(k ) =

∑
a=1,2,3,4

γ̂a∂tahspxpy
(k)

f̃ ′ ,spxpy
(kz) = (γ̂8∂tB,s,z

+ γ̂9∂tB,pxpy,z
)hspxpy

(k) ,

(H265)
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where we have generalized Eq. (H67) to f̃ ′ ,spxpy
(kz).

On the other hand, f̃⊥,spxpy
(k ) is nonvanishing for MgB2, there are symmetries such as my that has zmy,⊥ = −1

according to Eq. (D20), and MgB2 is TR invariant. Then, we should try to find Ql that satisfy Eq. (D44). According

to Eq. (H5), the symmetry reps for the basis c†k,B,spxpy
right below Eq. (H22) are

UC6,spxpy
=



0 0 0 1 0 0

0 0 0 0 1
2 −

√
3
2

0 0 0 0
√
3
2

1
2

1 0 0 0 0 0

0 1
2 −

√
3
2 0 0 0

0
√
3
2

1
2 0 0 0



Umy,spxpy =



0 0 0 1 0 0

0 0 0 0 1 0

0 0 0 0 0 −1

1 0 0 0 0 0

0 1 0 0 0 0

0 0 −1 0 0 0


Umz,spxpy

= 16×6

UT ,spxpy
= 16×6 .

(H266)

Then, by choosing Ql to be

Q1 = iLy , Q2 = i



0 0 0 0 0 0

0 0 0 0 0 −i

0 0 0 0 i 0

0 0 0 0 0 0

0 0 −i 0 0 0

0 i 0 0 0 0


(H267)

with

Ly =



0 0 0 0 0 0

0 0 −i 0 0 0

0 i 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 −i

0 0 0 0 i 0


, (H268)

Eq. (D44) is satisfied. Then, we have

f̃⊥,spxpy (k ) = γ̂6

(
Q1ĥ4(k) + ĥ4(k)Q

†
1

)
− 1

2
γ̂7

(
Q1ĥ3(k) + ĥ3(k)Q

†
1

)
, (H269)

which leads to

f̃⊥,spxpy
(k ) = i[Ly, (γ̂6∂t4 −

1

2
γ̂7∂t3)hspxpy

(k)] (H270)

based on Eq. (H267) and Eq. (H262). It means that ∆f̃ (k) = 0 in Eq. (D43). The appearance of Ly is consistent
with the appearance of τ0σy in Eq. (H174) derived from the GA.
By combining Eq. (H265) and Eq. (H270), we arrive at

f̃ ,spxpy
(k ) =

∑
a=1,2,3,4

γ̂a∂tahspxpy
(k)

f̃⊥,spxpy
(k ) = i[Ly, (γ̂6∂t4 −

1

2
γ̂7∂t3)hspxpy

(k)]

f̃ ′ ,spxpy
(kz) = (γ̂8∂tB,s,z

+ γ̂9∂tB,pxpy,z
)hspxpy

(k) ,

(H271)
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where the basis is c†k,B,spxpy
right below Eq. (H22),

χ
spxpy

± = χ
spxpy
τB1 ± χ

spxpy
τB2 (H272)

with χ
spxpy
τ defined in Eq. (H86). As a result, we have

fi,spxpy (k) = fEi,spxpy
(k) + fgeoi,spxpy

(k) , (H273)

where

fEi,spxpy
(k) = (δix + δiy)i

∑
a=1,2,3,4

γ̂a∂ta
∑
n

∂kiEspxpy,n(k)Pspxpy,n(k)

+ (δix + δiy)i
∑

i′=x,y

ϵi′ii[Ly, (γ̂6∂t4 −
1

2
γ̂7∂t3)

∑
n

∂ki′Espxpy,n(k)Pspxpy,n(k)]

+ iδiz(γ̂8∂tB,s,z
+ γ̂9∂tB,pxpy,z

)
∑
n

∂kz
Espxpy,n(k)Pspxpy,n(k) ,

(H274)

fgeoi,spxpy
(k) = (δix + δiy)i

∑
a=1,2,3,4

γ̂a∂ta
∑
n

Espxpy,n(k)∂ki
Pspxpy,n(k)

+ (δix + δiy)i
∑

i′=x,y

ϵi′ii[Ly, (γ̂6∂t4 −
1

2
γ̂7∂t3)

∑
n

Espxpy,n(k)∂ki′Pspxpy,n(k)]

+ iδiz(γ̂8∂tB,s,z
+ γ̂9∂tB,pxpy,z

)
∑
n

Espxpy,n(k)∂kz
Pspxpy,n(k) ,

(H275)

and Espxpy,n(k) and Pspxpy,n(k) are energies and projection matrices of hspxpy (k) satisfying hspxpy (k)Pspxpy,n(k) =
Espxpy,n(k)Pspxpy,n(k). We note that we do not simply include fspxpy,z(k) (Eq. (H83)) in ∆fi(k) in Eq. (D49), since
we have the momentum derivative along z now and thus can obtain the energetic and geometric parts of fspxpy,z(k)
as shown in Eq. (H273).

b. Contributions to λσ

In this part, we will show different contributions to ⟨Γ⟩spxpy in Eq. (H89) and λσ in Eq. (H92). Let us first dis-
cuss Γ

spxpy
nm (k1,k2) defined in Eq. (H88). First, Γ

spxpy
nm (k1,k2) has the following expression according to Eq. (H88),

Eq. (H85) and Eq. (H273):

Γspxpy
nm (k1,k2)

=
ℏ

2mB

∑
τ∈{B1,B2},i

Tr
[
Pspxpy,n(k1)Fτ i,spxpy (k1,k2)Pspxpy,m(k2)F

†
τ i,spxpy

(k1,k2)
]

=
ℏ

2mB

∑
τ∈{B1,B2},i

Tr
[
Pspxpy,n(k1)(χ

spxpy
τ fi,spxpy (k2)− fi,spxpy (k1)

χ
spxpy
τ )Pspxpy,m(k2)(χ

spxpy
τ fi,spxpy

(k1)− fi,spxpy
(k2)χ

spxpy
τ )

]
= Γspxpy,E−E

nm (k1,k2) + Γspxpy,geo−geo
nm (k1,k2) + Γspxpy,E−geo

nm (k1,k2) ,

(H276)

where

Γspxpy,E−E
nm (k1,k2)

=
ℏ

2mB

∑
τ∈{B1,B2}

∑
i

Tr
[
Pspxpy,n(k1)(χ

spxpy
τ fEi,spxpy

(k2)− fEi,spxpy
(k1)χ

spxpy
τ )

Pspxpy,m(k2)(χ
spxpy
τ fEi,spxpy

(k1)− fEi,spxpy
(k2)χ

spxpy
τ )

]
,

(H277)
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Γspxpy,E−geo
nm (k1,k2)

=
ℏ

2mB

∑
τ∈{B1,B2}

∑
i

Tr
[
Pspxpy,n(k1)(χ

spxpy
τ fEi,spxpy

(k2)− fEi,spxpy
(k1)χ

spxpy
τ )

Pspxpy,m(k2)(χ
spxpy
τ fgeoi,spxpy

(k1)− fgeoi,spxpy
(k2)χ

spxpy
τ )

]
+ h.c. ,

(H278)

and

Γspxpy,geo−geo
nm (k1,k2)

=
ℏ

2mB

∑
τ∈{B1,B2}

∑
i

Tr
[
Pspxpy,n(k1)(χ

spxpy
τ fgeoi,spxpy

(k2)− fgeoi,spxpy
(k1)χ

spxpy
τ )

Pspxpy,m(k2)(χ
spxpy
τ fgeoi,spxpy

(k1)− fgeoi,spxpy
(k2)χ

spxpy
τ )

]
.

(H279)

The different contributions to λσ are defined in Eq. (H193).

Before moving on to deriving the expressions of λσ,E , λσ,E−geo and λσ,geo, we rewrite ⟨Γ⟩spxpy,geo−geo
for

the convenience of later discussion. Similar to the discussion in supplementary informationH4d, we can split

Γ
spxpy,geo−geo
nm (k1,k2) into two parts:

Γspxpy,geo−geo
nm (k1,k2) =

∑
δ=±

Γ
spxpy,geo−geo
nm,δ (k1,k2) , (H280)

where

Γ
spxpy,geo−geo
nm,δ (k1,k2) =

ℏ
4

1

mB

∑
i

Tr
[
Pspxpy,n(k1)(χ

spxpy

δ fgeoi,spxpy
(k2)− fgeoi,spxpy

(k1)χ
spxpy

δ )

Pspxpy,m(k2)(χ
spxpy

δ fgeoi,spxpy
(k1)− fgeoi,spxpy

(k2)χ
spxpy

δ )
]
,

(H281)

and χ
spxpy

± are defined in Eq. (H272). Then,

⟨Γ⟩spxpy,geo−geo
= ⟨Γ⟩spxpy,geo−geo

+ + ⟨Γ⟩spxpy,geo−geo
− , (H282)

where

⟨Γ⟩spxpy,geo−geo
± =

1

D2
σ(µ)

1BZ∑
k1,k2

∑
n,m

δ
(
µ− Espxpy,n(k1)

)
δ
(
µ− Espxpy,m(k2)

)
Γ
spxpy,geo−geo
nm,± (k1,k2) , (H283)

and χ
spxpy

± are defined in Eq. (H272) Again, Γ
spxpy,geo−geo
nm,− (k1,k2) has two parts:

Γ
spxpy,geo−geo
nm,− (k1,k2) = Znm,−(k1,k2) + Ynm,−(k1,k2) , (H284)

where

Znm,−(k1,k2) =

{
−ℏ
4

1

mB

∑
i

Tr
[
χ
spxpy

− fgeoi,spxpy
(k1)Pspxpy,n(k1)f

geo
i,spxpy

(k1)χ
spxpy

− Pspxpy,m(k2)
]
+ (k1 ↔ k2)

}

Ynm,−(k1,k2) =

{
ℏ
4

1

mB

∑
i

Tr
[
χ
spxpy

− Pspxpy,m(k2)f
geo
i,spxpy

(k2)χ
spxpy

− Pspxpy,n(k1)f
geo
i,spxpy

(k1)
]
+ c.c.

}
.

(H285)

Again, Znm,−(k1,k2) is always non-negative and provides an upper bound of Ynm,−(k1,k2), i.e.,

Γ
spxpy,geo−geo
nm,− (k1,k2) ≤ 2Znm,−(k1,k2) , (H286)

where Znm,−(k1,k2) is defined in Eq. (H285). Similar upper bound has been derived in Eq. (H217) for the four-band
effective Hamiltonian Eq. (H48), but Eq. (H286) holds to all orders.

We will discuss in supplementary informationH6 c that under the small k approximation, the upper bound in

Eq. (H286) is nonzero and saturated and Γ
spxpy,geo−geo
nm,+ (k1,k2) is negligible, and thus we can use 2Znm,−(k1,k2) as

a good approximation for Γ
spxpy,geo−geo
nm (k1,k2).
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c. Symmetry-Rep Method: Zeroth-Order |k a| Approximation For fi,spxpy (k)

To derive analytic expressions for λσ,E , λσ,E−geo and λσ,geo , we should derive analytic expressions for fEi,spxpy
(k)

in Eq. (H274) and for fgeoi,spxpy
(k) in Eq. (H275). Since the Fermi surface of H

B,spxpy

el in Eq. (H22) is around Γ-A, k a

should be small on the Fermi surface. Therefore, we will only explicitly derive the expressions for fEi,spxpy
(k) and

fgeoi,spxpy
(k) to zeroth order in |k a|. To do so, we only need the explicit forms of the energy bands Espxpy,n(k) and

the projection matrices Pspxpy,n(k) to first order in |k a| in fEi,spxpy
(k) (Eq. (H274)) and in fgeoi,spxpy

(k) (Eq. (H275)).

We emphasize that we will only use the first-order-|k a| approximation for the energy bands and projection ma-

trices Γ
spxpy,E−E
nm (k1,k2), Γ

spxpy,geo−geo
nm (k1,k2) and Γ

spxpy,E−geo
nm (k1,k2) in Eq. (H276), which contain fEi,spxpy

(k)

(Eq. (H274)), fgeoi,spxpy
(k) (Eq. (H275)). We do not need to (and will not) use the first-order-|k a| approximation for

the energy bands and projection matrices in the other parts of λσ (Eq. (H193)), unless specified otherwise.

To derive the expressions of Espxpy,n(k) and Pspxpy,n(k) to first order in |k a|, we can expand hspxpy
(k) in Eq. (H22)

to first order in |k |, resulting in

hspxpy
(k) = Uspxpy

hspxpy,eff (k)U
†
spxpy

+O(|k a|2) , (H287)

where O(|k a|2) include second-order and higher-order terms,

Uspxpy
=



1√
2

0 0 1√
2

0 0

0 1√
2

0 0 1√
2

0

0 0 1√
2

0 0 1√
2

1√
2

0 0 − 1√
2

0 0

0 − 1√
2

0 0 1√
2

0

0 0 − 1√
2

0 0 1√
2


, (H288)

the columns of Uspxpy
are eigenvectors of hspxpy

(k = 0), and

hspxpy,eff (k)

=


E+,s + 2tB,s,z cos(kzc) (0, 0) 0 (iv2kxa, iv2kya)

h.c. [E+ + 2tB,pxpy,z cos(kzc)]σ0

(
−iv1kxa

−iv1kya

)
(−i)(dx(k )σx + dy(k )σz)

h.c. h.c. E−,s + 2tB,s,z cos(kzc) (0, 0)

h.c. h.c. h.c. [E− + 2tB,pxpy,z cos(kzc)]σ0

 .

(H289)

The meaning of d(k ) in Eq. (H289) is the same as that in Eq. (H48); the explicit expression of d(k ) is in Eq. (H49).
As discussed in supplementary informationH1 c, we will keep d(k ) instead of directly writing out its explicit form
in order to keep track of its winding number. The relation between the parameters in Eq. (H36) and those in the
tight-binding model (Eq. (H287)) is

E+ = EB,pxpy
− 3t2 = 0.614eV , E− = EB,pxpy

+ 3t2 = 6.746eV , v = −
√
3

2
t3 = 2.30eV

v1 = −
√
3

2
t4 = −2.86eV , v2 =

√
3

2
t4 = 2.86eV , E+,s = EB,s + 3t1 = −9.78eV , E−,s = EB,s − 3t1 = 6.42eV

tB,s,z = −0.085eV .

(H290)
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Based on Eq. (H287), the energy dispersion reads

Espxpy,1(k) = Es,+(kz) +O(|k a|2)
Espxpy,2(k) = Epxpy,+(kz) +O(|k a|2)
Espxpy,3(k) = Epxpy,+(kz) +O(|k a|2)
Espxpy,4(k) = Es,−(kz) +O(|k a|2)
Espxpy,5(k) = Epxpy,−(kz) +O(|k a|2)
Espxpy,6(k) = Epxpy,−(kz) +O(|k a|2)

(H291)

with

Es,±(kz) = EB,s,0 ± 3t1 + 2tB,s,z cos(kzc)

Epxpy,±(kz) = EB,pxpy,0 ∓ 3t2 + 2tB,pxpy,z cos(kzc) .
(H292)

As a result of Eq. (H291), we have

∇k Espxpy,n(k) = 0 +O(|k a|1) , (H293)

which means that

fEx,spxpy
(k) = fEy,spxpy

(k) = 0 +O(|k a|1) (H294)

for Eq. (H273). We note that we always use Espxpy,n(k) to label the energy bands of the tight-binding model

(Eq. (H22)), and this is why we include O(|k a|2) in Eq. (H291). Therefore, Espxpy,n(k) is in general non-degenerate

away from Γ-A. Clearly, the difference between Espxpy,2(k) and Espxpy,3(k) happens at O(|k a|2); so do Espxpy,4(k)
and Espxpy,5(k). With the parameter values in Eq. (H290), only Espxpy,2(k) and Espxpy,3(k) are cut by the Fermi
surface.

For projection matrices, from Eq. (H287) we obtain

Uspxpy,1(k) = Us,+(k) +O(|k a|2)
Uspxpy,4(k) = Us,−(k) +O(|k a|2)(
Uspxpy,2(k) Uspxpy,3(k)

)
= Upxpy,+(k)

 − ky√
k2
x+k2

y

kx√
k2
x+k2

y

kx√
k2
x+k2

y

ky√
k2
x+k2

y

+O(|k a|2)

(
Uspxpy,5(k) Uspxpy,6(k)

)
= Upxpy,−(k)

 − ky√
k2
x+k2

y

kx√
k2
x+k2

y

kx√
k2
x+k2

y

ky√
k2
x+k2

y

+O(|k a|2) ,

(H295)
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where

Us,+(k) =



1√
2

i
√

3
2kxat4

2(Epxpy,−(kz)−Es,+(kz))

i
√

3
2kyat4

2(Epxpy,−(kz)−Es,+(kz))

1√
2

i
√

3
2kxat4

2(Epxpy,−(kz)−Es,+(kz))

i
√

3
2kyat4

2(Epxpy,−(kz)−Es,+(kz))


, Us,−(k) =



1√
2

− i
√

3
2kxat4

2(Epxpy,+(kz)−Es,−(kz))

− i
√

3
2kyat4

2(Epxpy,+(kz)−Es,−(kz))

− 1√
2

i
√

3
2kxat4

2(Epxpy,+(kz)−Es,−(kz))

i
√

3
2kyat4

2(Epxpy,+(kz)−Es,−(kz))



Upxpy,+(k) =



0 0
1√
2

0

0 1√
2

0 0

− 1√
2

0

0 − 1√
2


+



− i
√

3
2kxat4

2(Epxpy,+(kz)−Es,−(kz))
− i

√
3
2kyat4

2(Epxpy,+(kz)−Es,−(kz))
−idy(k )

6
√
2t2

− idx(k )

6
√
2t2

− idx(k )

6
√
2t2

idy(k )

6
√
2t2

i
√

3
2kxat4

2(Epxpy,+(kz)−Es,−(kz))

i
√

3
2kyat4

2(Epxpy,+(kz)−Es,−(kz))

− idy(k )

6
√
2t2

− idx(k )

6
√
2t2

− idx(k )

6
√
2t2

idy(k ))

6
√
2t2



Upxpy,−(k) =



0 0
1√
2

0

0 1√
2

0 0
1√
2

0

0 1√
2


+



i
√

3
2kxat4

2(Epxpy,−(kz)−Es,+(kz))

i
√

3
2kyat4

2(Epxpy,−(kz)−Es,+(kz))
−idy(k )

6
√
2t2

− idx(k )

6
√
2t2

− idx(k )

6
√
2t2

idy(k )

6
√
2t2

i
√

3
2kxat4

2(Epxpy,−(kz)−Es,+(kz))

i
√

3
2kyat4

2(Epxpy,−(kz)−Es,+(kz))
idy(k )

6
√
2t2

idx(k )

6
√
2t2

idx(k )

6
√
2t2

−idy(k )

6
√
2t2


.

(H296)

The expressions of the projection matrices can be obtained from Pspxpy,n(k) = Uspxpy,n(k)U
†
spxpy,n(k). Again, we

note that we always use Uspxpy,n(k) and Pspxpy,n(k) to respectively label the eigenvectors and projection matrices of

the tight-binding model (Eq. (H22)), and this is why we include O(|k a|2) in Eq. (H295). From the Eq. (H295), we
obtain the following relations for the projection matrices, which read

Pspxpy,1(k) = Ps,+(k) +O(|k a|2)
Pspxpy,4(k) = Ps,−(k) +O(|k a|2)
Pspxpy,2(k) + Pspxpy,3(k) = Ppxpy,+(k) +O(|k a|2)
Pspxpy,5(k) + Pspxpy,6(k) = Ppxpy,−(k) +O(|k a|2) ,

(H297)

where

Ps,+(k) = Us,+(k)U
†
s,+(k) =

1

2



1 0 0 1 0 0

0 0 0 0 0 0

0 0 0 0 0 0

1 0 0 1 0 0

0 0 0 0 0 0

0 0 0 0 0 0


− i

√
3t4P̃1(k )

4(Epxpy,−(kz)− Es,+(kz))
, (H298)

Ps,−(k) = Us,−(k)U
†
s,−(k) =

1

2



1 0 0 −1 0 0

0 0 0 0 0 0

0 0 0 0 0 0

−1 0 0 1 0 0

0 0 0 0 0 0

0 0 0 0 0 0


+

i
√
3t4χ

spxpy

− P̃1(k )χ
spxpy

−
4(Epxpy,+(kz)− Es,−(kz))

, (H299)
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Ppxpy,+(k) = Upxpy,+(k)U
†
pxpy,+(k) =



0 0 0 0 0 0

0 1
2 0 0 − 1

2 0

0 0 1
2 0 0 − 1

2

0 0 0 0 0 0

0 − 1
2 0 0 1

2 0

0 0 − 1
2 0 0 1

2


−

i
√
3t4χ

spxpy

− P̃1(k )χ
spxpy

−
4(Epxpy,+(kz)− Es,−(kz))

+
i

6t2
P̃2(k ) , (H300)

Ppxpy,−(k) = Upxpy,−(k)U
†
pxpy,−(k) =



0 0 0 0 0 0

0 1
2 0 0 1

2 0

0 0 1
2 0 0 1

2

0 0 0 0 0 0

0 1
2 0 0 1

2 0

0 0 1
2 0 0 1

2


+

i
√
3t4P̃1(k )

4(Epxpy,−(kz)− Es,+(kz))
− i

6t2
P̃2(k ) , (H301)

P̃1(k ) =



0 kxa kya 0 kxa kya

−kxa 0 0 −kxa 0 0

−kya 0 0 −kya 0 0

0 kxa kya 0 kxa kya

−kxa 0 0 −kxa 0 0

−kya 0 0 −kya 0 0


, (H302)

P̃2(k ) =



0 0 0 0 0 0

0 0 0 0 dy(k ) dx(k )

0 0 0 0 dx(k ) −dy(k )

0 0 0 0 0 0

0 −dy(k ) −dx(k ) 0 0 0

0 −dx(k ) dy(k ) 0 0 0


, (H303)

and dx(k ) and dy(k ) are defined in Eq. (H49). Eq. (H297) shows that∑
n

Espxpy,n(k)∂kz
Pspxpy,n(k) =

∑
δ=±

[
Es,δ(kz)∂kz

Ps,δ(k) + Epxpy,δ(kz)∂kz
Ppxpy,δ(k)

]
+O(|k a|2) = 0 +O(|k a|1) ,

(H304)
meaning that

fgeoz,spxpy
(k) = 0 +O(|k a|1) (H305)

for Eq. (H273). With Eq. (H294), Eq. (H305) and Eq. (H297), we can write fEi,spxpy
(k) and fgeoi,spxpy

(k) in Eq. (H273)

as the following:

fEi,spxpy
(k)

= iδiz(γ̂8∂tB,s,z
+ γ̂9∂tB,pxpy,z

)
∑
n

∂kz
Espxpy,n(k)Pspxpy,n(k)

= iδiz(γ̂8∂tB,s,z
+ γ̂9∂tB,pxpy,z

)

[∑
δ=±

∂kz
Es,δ(kz)diag(1, 0, 0, 1, 0, 0) +

∑
δ=±

∂kz
Epxpy,δ(kz)diag(0, 1, 1, 0, 1, 1)

]
+O(|k a|1)

= iδiz

[
γ̂8

tB,s,z

∑
δ=±

∂kz
Es,δ(kz)diag(1, 0, 0, 1, 0, 0) +

γ̂9
tB,pxpy,z

∑
δ=±

∂kz
Epxpy,δ(kz)diag(0, 1, 1, 0, 1, 1)

]
+O(|k a|1)

= iδiz

[
γ̂8

tB,s,z

∑
δ=±

∂kzEs,δ(kz)diag(1, 0, 0, 1, 0, 0) + γσ,z
∑
δ=±

∂kzEpxpy,δ(kz)diag(0, 1, 1, 0, 1, 1)

]
+O(|k a|1)

(H306)
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fgeoi,spxpy
(k)

= (δix + δiy)i
∑

a=1,2,3,4

γ̂a∂ta
∑
δ=±

[
Es,δ(kz)∂ki

Ps,δ(k) + Epxpy,δ(kz)∂ki
Ppxpy,δ(k)

]
+ (δix + δiy)i

∑
i′=x,y

ϵi′ii

[
Ly, (γ̂6∂t4 −

1

2
γ̂7∂t3)

∑
δ=±

[
Es,δ(kz)∂ki′Ps,δ(k) + Epxpy,δ(kz)∂ki′Ppxpy,δ(k)

]]
+O(|k a|1) ,

(H307)

where the expression of γσ,z is in Eq. (H183). For fEi,spxpy
(k) in Eq. (H306), we have converted ∂tB,s,z

to 1
tB,s,z

and

converted ∂tB,pxpy,z
to 1

tB,pxpy,z
, which is enabled by the short-ranged nature of the electron Hamiltonian Eq. (H22)

and the small-k approximation. Specifically, owing to the two approximations, the kz dependence of Es,δ(kz) and
Epxpy,δ(kz) only relies on tB,s,z and tB,pxpy,z, respectively, and Es,δ(kz) and Epxpy,δ(kz) couple to different matrices,
which enables the conversion.

On the other hand, the derivatives with respect to hopping parameters still appear in fgeoi,spxpy
(k) (Eq. (H307)). To

address this issue, recall that the states of Eq. (H22) near the Fermi level around Γ-A mainly originate from the pxpy
orbitals of B atoms [91]. Moreover, we eventually project fgeoi,spxpy

(k) to the Fermi surface according to the expression

of the ⟨Γ⟩geo−geo
in Eq. (H192). Therefore, the projection of fgeoi,spxpy

(k) to the pxpy subspace is reasonable. We will

show that the projection will make fgeoi,spxpy
(k) rely on just one hopping parameter and allow the conversion of hopping

derivatives to the normal coefficients in fgeoi,spxpy
(k). To derive the projected fgeoi,spxpy

(k), we define

Upxpy
=
(
Upxpy,+(k = 0) Upxpy,−(k = 0)

)
=



0 0 0 0
1√
2

0 1√
2

0

0 1√
2

0 1√
2

0 0 0 0

− 1√
2

0 1√
2

0

0 − 1√
2

0 1√
2


, (H308)

where Upxpy,±(k) are in Eq. (H296). Then, we consider U†
pxpy

fgeoi,spxpy
(k)Upxpy

, which reads

U†
pxpy

fgeoi,spxpy
(k)Upxpy

= (δix + δiy)i
∑

a=1,2,3,4

γ̂a∂ta
∑
δ=±

[
Es,δ(kz)U

†
pxpy

∂kiPs,δ(k)Upxpy + Epxpy,δ(kz)U
†
pxpy

∂kiPpxpy,δ(k)Upxpy

]
+ (δix + δiy)i

∑
i′=x,y

ϵi′ii

[
U†
pxpy

LyUpxpy
, (γ̂6∂t4 −

1

2
γ̂7∂t3)

∑
δ=±

[
Es,δ(kz)U

†
pxpy

∂ki′Ps,δ(k)Upxpy

]]

+ (δix + δiy)i
∑

i′=x,y

ϵi′ii

[
U†
pxpy

LyUpxpy
, (γ̂6∂t4 −

1

2
γ̂7∂t3)

∑
δ=±

[
Epxpy,δ(kz)U

†
pxpy

∂ki′Ppxpy,δ(k)Upxpy

]]
+O(|k a|1)

= (δix + δiy)i
∑

a=1,2,3,4

γ̂a∂ta

[
(Epxpy,+(kz)− Epxpy,−(kz))U

†
pxpy

∂ki
Ppxpy,+(k)Upxpy

]
+ (δix + δiy)i

∑
i′=x,y

ϵi′ii

[
U†
pxpy

LyUpxpy
, (γ̂6∂t4 −

1

2
γ̂7∂t3)

[
(Epxpy,+(kz)− Epxpy,−(kz))U

†
pxpy

∂k′
i
Ppxpy,+(k)Upxpy

]]
+O(|k a|1)

=
γ̂3
t3

(δix + δiy)i(Epxpy,+(kz)− Epxpy,−(kz))U
†
pxpy

∂ki
Ppxpy,+(k)Upxpy

− γ̂7
2t3

(δix + δiy)i
∑

i′=x,y

ϵi′ii
[
U†
pxpy

LyUpxpy ,
[
(Epxpy,+(kz)− Epxpy,−(kz))U

†
pxpy

∂k′
i
Ppxpy,+(k)Upxpy

]]
+O(|k a|1) ,

(H309)
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where we have used LyUpxpy
= Upxpy

U†
pxpy

LyUpxpy
and U†

pxpy
Ly = U†

pxpy
LyUpxpy

U†
pxpy

for the first equality, the

second equality comes from U†
pxpy

Ps,δ(k)Upxpy = 0 and

U†
pxpy

∂kiPpxpy,−(k)Upxpy = −U†
pxpy

∂kiPpxpy,+(k)Upxpy ∀i = x, y . (H310)

The third equality in Eq. (H309) is derived from

(Epxpy,+(kz)− Epxpy,−(kz))U
†
pxpy

∂ki
Ppxpy,+(k)Upxpy

=


0 0 i∂ki

dy(k ) i∂ki
dx(k )

0 0 i∂ki
dx(k ) −i∂ki

dy(k )

−i∂ki
dy(k ) −i∂ki

dx(k ) 0 0

−i∂kidx(k ) i∂kidy(k ) 0 0

 ∀i = x, y
(H311)

and d(k ) only depends on t3 according to Eq. (H49). So by projecting fgeoi,spxpy
(k) to the pxpy subspace, we have

converted the derivatives with respect to hopping parameters to a scalar factor. The conversion relies on the fact
that within the pxpy subspace, only one hopping parameter t3 is responsible for the geometric properties of the
wavefunction to first order in |k a|, as discussed in supplementary informationH1 c.

To further simplify Eq. (H309), we note that owing to the explicit expression of d(k ) in Eq. (H49), Eq. (H311)
leads to

1

2

∑
i′=x,y

ϵi′ii
[
U†
pxpy

LyUpxpy
,
[
(Epxpy,+(kz)− Epxpy,−(kz))U

†
pxpy

∂k′
i
Ppxpy,+(k)Upxpy

]]
= (Epxpy,+(kz)− Epxpy,−(kz))U

†
pxpy

∂ki
Ppxpy,+(k)Upxpy

,

(H312)

which holds because of the O(|k |) approximation that we made for the electron Hamiltonian. Then, we simplify
Eq. (H309) into

U†
pxpy

fgeoi,spxpy
(k)Upxpy

=
γ̂3 − γ̂7
t3

(δix + δiy)i(Epxpy,+(kz)− Epxpy,−(kz))U
†
pxpy

∂ki
Ppxpy,+(k)Upxpy

+O(|k a|1) .

(H313)

With the expression of γσ, in Eq. (H184), we arrive at

U†
pxpy

fgeoi,spxpy
(k)Upxpy

= iγσ, (δix + δiy)(Epxpy,+(kz)− Epxpy,−(kz))U
†
pxpy

∂ki
Ppxpy,+(k)Upxpy

+O(|k a|1) . (H314)

In principle, one can use the expression in the last line of Eq. (H309) for U†
pxpy

fgeoi,spxpy
(k)Upxpy

instead of Eq. (H314),

which might change the eventual expression of λσ,geo; but it cannot change the value of λσ,geo due to Eq. (H312) under
our approximations. Therefore, we will use Eq. (H314).

In the following, we will discuss λσ,E−geo, λσ,E and λσ,geo in Eq. (H193), one by one.

d. λσ,E−geo

As shown in Eq. (H306) and Eq. (H307), fEi,spxpy
(k) only has i = z component and fgeoi,spxpy

(k) only has i = x, y com-

ponents to zeroth order in |k a|. As a result, Γ
spxpy,E−geo
nm (k1,k2) in Eq. (H278) would be of order O(|k1, a|, |k2, a|),

meaning that

⟨Γ⟩spxpy,E−geo
= O(kF, ) ⇒ λσ,E−geo =

2

N

1

ℏ ⟨ω2⟩
Dσ(µ)

Dσ(µ)

D(µ)
[O(kF, )] , (H315)

where kF, is the largest value of |k | on the Fermi surfaces of the spxpy orbitals.

Eq. (H315) matches Eq. (H207) derived from the GA.
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e. λσ,E

Now we discuss λσ,E . Recall that Espxpy,n=2,3(k) are cut by the Fermi energy µ = 0. Then, for Γ
spxpy,E−E
nm (k1,k2)

in Eq. (H277), we only need to consider n,m ∈ {2, 3}. Since we only care about Γ
spxpy,E−E
nm (k1,k2) to zeroth order in

k1, and k2, , we will need the following expressions

Pspxpy,2(k) = Upxpy,+(0)P+(k )U†
pxpy,+(0) +O(|k |1)

Pspxpy,3(k) = Upxpy,+(0)P−(k )U†
pxpy,+(0) +O(|k |1) ,

(H316)

where

Upxpy,+(0) =



0 0
1√
2

0

0 1√
2

0 0

− 1√
2

0

0 − 1√
2


. (H317)

according to Eq. (H296), and

P±(k ) =
1

2
±

(k2x − k2y)σz + 2kxkyσx

2|k |2
. (H318)

Now we try to simplify Eq. (H277). To do so, first note that

U†
pxpy,+(0)χ

spxpy
τ fEz,spxpy

(k)Upxpy,+(0) = iγσ,z
∑
δ=±

∂kz
Epxpy,δ(kz)U

†
pxpy,+(0)χ

spxpy
τ Upxpy,+(0) +O(|k |1)

U†
pxpy,+(0)f

E
z,spxpy

(k)χ
spxpy
τ Upxpy,+(0) = iγσ,z

∑
δ=±

∂kz
Epxpy,δ(kz)U

†
pxpy,+(0)χ

spxpy
τ Upxpy,+(0) +O(|k |1)

(H319)

according to Eq. (H306) and Eq. (H296). Combined with Eq. (H316), we are ready to deal with ⟨Γ⟩spxpy,E−E
in

Eq. (H192) based on Eq. (H277):

⟨Γ⟩spxpy,E−E

=
1

D2
σ(µ)

1BZ∑
k1,k2

∑
n,m∈{2,3}

δ
(
µ− Espxpy,n(k1)

)
δ
(
µ− Espxpy,m(k2)

)
Γspxpy,E−E
nm (k1,k2)

=
1

D2
σ(µ)

1BZ∑
k1,k2

∑
n,m∈{2,3}

δ
(
µ− Espxpy,n(k1)

)
δ
(
µ− Espxpy,m(k2)

)
×
[
Γspxpy,E−E
nm (k1,k2)

∣∣
|k1, |=|k2, |=0

+O(|k1, a|, |k2, a|)
]

=
1

D2
σ(µ)

ℏ
2mB

1BZ∑
k1,k2

∑
n,m∈{2,3}

δ
(
µ− Espxpy,n(k1)

)
δ
(
µ− Espxpy,m(k2)

)
×

∑
τ∈{B1,B2}

Tr
[
P(−)n(k ,1)U

†
pxpy,+(0)(χ

spxpy
τ fEz,spxpy

(k2)− fEz,spxpy
(k1)χ

spxpy
τ )

Upxpy,+(0)P(−)m(k ,2)U
†
pxpy,+(0)(χ

spxpy
τ fEz,spxpy

(k1)− fEz,spxpy
(k2)χ

spxpy
τ )Upxpy,+(0)

]
+O(|kF, |1) .

(H320)

We note that we only expand Γ
spxpy,E−E
nm (k1,k2) in series of |k |, while leaving Espxpy,n(k) in δ

(
µ− Espxpy,n(k)

)
untouched. Therefore, Espxpy,n(k) in δ

(
µ− Espxpy,n(k)

)
is not generally degenerate with other bands away from

Γ-A.



136

For the integration on the Fermi surfaces, we have

1BZ∑
k

δ
(
µ− Espxpy,n(k)

)
F (k)P±(k )

=
V

(2π)3

∫
FSspxpy,n

dσk
1

|∇kEspxpy,n(k)|
F (k)

[
1

2
± 1

2

k2x − k2y
|k |2

σz +
1

2

2kxky
|k |2

σx

]

=
V

(2π)3

∫
FSspxpy,n

dσk
1

|∇kEspxpy,n(k)|
F (k)

1

2

=

1BZ∑
k

δ
(
µ− Espxpy,n(k)

)
F (k)

1

2

(H321)

for any F such that F (C3k) = F (k) and F (k +G) = F (k) with reciprocal lattice vector G, where FSspxpy,n is the
C3-invariant Fermi surface given by Espxpy,n(k) = µ. We need F (k + G) = F (k) because we need to extend the

domain of k to R3 and then reduce back to 1BZ for the first equality in Eq. (H321), since the Fermi surface in 1BZ
might be disconnected. Then, we obtained

⟨Γ⟩spxpy,E−E

=
1

D2
σ(µ)

ℏ
2mB

1BZ∑
k1,k2

∑
n,m∈{2,3}

δ
(
µ− Espxpy,n(k1)

)
δ
(
µ− Espxpy,m(k2)

)

. ×

[
γσ,z

∑
δ=±

(∂k2,zEpxpy,δ(k2,z)− ∂k1,zEpxpy,δ(k1,z))

]2
×

∑
τ∈{B1,B2}

Tr
[
P(−)n(k ,1)U

†
pxpy,+(0)χ

spxpy
τ Upxpy,+(0)P(−)m(k ,2)U

†
pxpy,+(0)χ

spxpy
τ Upxpy,+(0)

]
+O(|kF, |1) .

(H322)

Combined with the fact that

∑
τ∈{B1,B2}

Tr
[
U†
pxpy,+(0)χ

spxpy
τ Upxpy,+(0)U

†
pxpy,+(0)χ

spxpy
τ Upxpy,+(0)

]
= 1 , (H323)
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we can further simplify Eq. (H277):

⟨Γ⟩spxpy,E−E

=
1

D2
σ(µ)

ℏ
2mB

1BZ∑
k1,k2

∑
n,m∈{2,3}

δ
(
µ− Espxpy,n(k1)

)
δ
(
µ− Espxpy,m(k2)

)

×

[
γσ,z

∑
δ=±

(∂k2,z
Epxpy,δ(k2,z)− ∂k1,z

Epxpy,δ(k1,z))

]2
× 1

4

∑
τ∈{B1,B2}

Tr
[
U†
pxpy,+(0)χ

spxpy
τ Upxpy,+(0)U

†
pxpy,+(0)χ

spxpy
τ Upxpy,+(0)

]
+O(|kF, |1)

=
1

4D2
σ(µ)

ℏ
2mB

1BZ∑
k1,k2

∑
n,m∈{2,3}

δ
(
µ− Espxpy,n(k1)

)
δ
(
µ− Espxpy,m(k2)

)
×
[
γσ,z(∂k2,z

Epxpy,+(k2,z)− ∂k1,z
Epxpy,+(k2,z)))

]2
+O(|kF, |1)

=
1

4D2
σ(µ)

ℏ
2mB

1BZ∑
k1,k2

∑
n,m∈{2,3}

δ
(
µ− Espxpy,n(k1)

)
δ
(
µ− Espxpy,m(k2)

)
(γσ,z)

2

×
[
(∂k2,zEpxpy,+(k2,z))

2 + (∂k1,zEpxpy,+(k2,z))
2 − 2∂k2,zEpxpy,+(k2,z)∂k1,zEpxpy,+(k2,z)

]
+O(|kF, |1)

=
1

4D2
σ(µ)

ℏ
mB

1BZ∑
k1,k2

∑
n,m∈{2,3}

δ
(
µ− Espxpy,n(k1)

)
δ
(
µ− Espxpy,m(k2)

)
(γσ,z)

2(∂k2,zEpxpy,−(k2,z))
2

+O(|kF, |1)

=
1

4Dσ(µ)

ℏ
mB

1BZ∑
k

∑
n∈{2,3}

δ
(
µ− Espxpy,n(k)

)
(γσ,z)

2(∂kzEpxpy,−(kz))
2 +O(|kF, |1)

=
1

4Dσ(µ)

ℏ(γσ,z)2

mB

∑
n∈{2,3}

V
(2π)3

∫
FSspxpy,n

dσk
1

|∇kEspxpy,n(k)|
(∂kz

Epxpy,−(kz))
2 +O(|kF, |1) .

(H324)

Eventually, combined with Eq. (H291) and Eq. (H193), we arrive at

⟨Γ⟩spxpy,E−E
=

1

4Dσ(µ)

ℏ(γσ,z)2

mB

V
(2π)3

∑
n∈{2,3}

∫
FSspxpy,n

dσk
(∂kzEspxpy,n(k = 0, kz))

2

|∇kEspxpy,n(k)|
+O(|kF, |1) (H325)

and

λσ,E =
(γσ,z)

2

2mB ⟨ω2⟩
Dσ(µ)

D(µ)

Ω

(2π)3

∑
n∈{2,3}

∫
FSspxpy,n

dσk
(∂kzEspxpy,n(k))

2

|∇kEspxpy,n(k)|
+O(|kF, |1) , (H326)

where the expression of γσ,z is in Eq. (H183).

Eq. (H326) matches Eq. (H203) derived from the GA, if we neglect the O(|kF, |1) part and take Espxpy,2(k) =
Espxpy,3(k) = Eeff,1(k).

f. λσ,geo

Now we move onto ⟨Γ⟩spxpy,geo−geo
in Eq. (H282) and λσ,geo in Eq. (H193).

As shown in Eq. (H280), Γ
spxpy,geo−geo
nm (k1,k2) is split into two parts—Γ

spxpy,geo−geo
nm,± (k1,k2) in Eq. (H281). In

the following, we will show that Γ
spxpy,geo−geo
nm (k1,k2) can be approximated by the upper bound 2Znm,−(k1,k2) of

Γ
spxpy,geo−geo
nm,− (k1,k2), where Znm,−(k1,k2) in Eq. (H285) and the upper bound is shown in Eq. (H286). To show this,
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we define

∆Γspxpy,geo−geo
nm (k1,k2)

= Γspxpy,geo−geo
nm (k1,k2)− 2Znm,−(k1,k2)

=
ℏ
4

1

mB

∑
i

Tr
[
Pspxpy,n(k1)(f

geo
i,spxpy

(k2)− fgeoi,spxpy
(k1))Pspxpy,m(k2)(f

geo
i,spxpy

(k1)− fgeoi,spxpy
(k2))

]
+

ℏ
4

1

mB

∑
i

Tr
[
Pspxpy,n(k1)(χ

spxpy

− fgeoi,spxpy
(k2) + fgeoi,spxpy

(k1)χ
spxpy

− )

Pspxpy,m(k2)(χ
spxpy

− fgeoi,spxpy
(k1) + fgeoi,spxpy

(k2)χ
spxpy

− )
]
.

(H327)

By substituting Eq. (H307) into Eq. (H327), we obtain

∆Γspxpy,geo−geo
nm (k1,k2)

=
ℏ
4

1

mB

∑
i=x,y

Tr
[
Pspxpy,n(k1)(f

geo
i,spxpy

(k2)− fgeoi,spxpy
(k1))Pspxpy,m(k2)(f

geo
i,spxpy

(k1)− fgeoi,spxpy
(k2))

]
+

ℏ
4

1

mB

∑
i=x,y

Tr
[
Pspxpy,n(k1)χ

spxpy

− (fgeoi,spxpy
(k2)− fgeoi,spxpy

(k1))Pspxpy,m(k2)χ
spxpy

− (fgeoi,spxpy
(k1)− fgeoi,spxpy

(k2))
]

+O(|k1, a|, |k2, a|)
= O(|k1, a|, |k2, a|) ,

(H328)

where we have used the fact that fi=x/y,spxpy
(k) is off-diagonal in the sub-lattice basis as shown in Eq. (H83) with

Eq. (H67) and Eq. (H70). Then, we obtain

Γspxpy,geo−geo
nm (k1,k2)

= −ℏ
2

1

mB

∑
i

Tr
[
χ
spxpy

− fgeoi,spxpy
(k1)Pspxpy,n(k1)f

geo
i,spxpy

(k1)χ
spxpy

− Pspxpy,m(k2)
]
+ (k1 ↔ k2) +O(|k1, a|, |k2, a|)

(H329)

As discussed in supplementary informationH6 c, only n,m ∈ {2, 3} are cut by the Fermi level. Since the deviation of
Pspxpy,2(k) and Pspxpy,3(k) from the pxpy subspace is at the order of |k a| according to Eq. (H316), we have

Pspxpy,2 = UpxpyU
†
pxpy

Pspxpy,2(k)UpxpyU
†
pxpy

+O(|k a|)

Pspxpy,3 = Upxpy
U†
pxpy

Pspxpy,3(k)Upxpy
U†
pxpy

+O(|k a|) ,
(H330)

where Upxpy
is in Eq. (H308). Then, combined with

χ
spxpy

− Upxpy
= Upxpy

U†
pxpy

χ
spxpy

− Upxpy

U†
pxpy

χ
spxpy

− = U†
pxpy

χ
spxpy

− Upxpy
U†
pxpy

(H331)
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which are derived from Eq. (H272) and Eq. (H308), we have for n,m ∈ {2, 3}

Γspxpy,geo−geo
nm (k1,k2)

= −ℏ
2

1

mB

∑
i

Tr
[
χ
spxpy

− fgeoi,spxpy
(k1)Upxpy

U†
pxpy

Pspxpy,n(k1)Upxpy
U†
pxpy

fgeoi,spxpy
(k1)χ

spxpy

− Upxpy
U†
pxpy

Pspxpy,m(k2)Upxpy
U†
pxpy

]
+ (k1 ↔ k2) +O(|k1, a|, |k2, a|)

=
ℏ
2

1

mB

∑
i

Tr
[
χ
spxpy

− UpxpyU
†
pxpy

fgeoi,spxpy
(k1)UpxpyU

†
pxpy

Pspxpy,n(k1)Upxpy

U†
pxpy

fgeoi,spxpy
(k1)UpxpyU

†
pxpy

χ
spxpy

− UpxpyU
†
pxpy

Pspxpy,m(k2)UpxpyU
†
pxpy

]
+ (k1 ↔ k2) +O(|k1, a|, |k2, a|)

=
ℏ
2

γ2σ,
mB

∑
i=x,y

(Epxpy,+(k1,z)− Epxpy,−(k1,z))
2 Tr

[
χ
spxpy

− Upxpy
U†
pxpy

∂ki
Ppxpy,+(k1)Upxpy

U†
pxpy

Pspxpy,n(k1)Upxpy

U†
pxpy

∂ki
Ppxpy,+(k1)Upxpy

U†
pxpy

χ
spxpy

− Upxpy
U†
pxpy

Pspxpy,m(k2)Upxpy
U†
pxpy

]
+ (k1 ↔ k2) +O(|k1, a|, |k2, a|)

=
ℏ
2

γ2σ,
mB

∑
i=x,y

(Epxpy,+(k1,z)− Epxpy,−(k1,z))
2 Tr

[
χ
spxpy

− ∂kiPpxpy,+(k1)Pspxpy,n(k1)

∂kiPpxpy,+(k1)χ
spxpy

− Pspxpy,m(k2)
]
+ (k1 ↔ k2) +O(|k1, a|, |k2, a|) ,

(H332)

where we used Eq. (H314) for U†
pxpy

fgeoi,spxpy
(k1)Upxpy .

With Eq. (H332), we now discuss ⟨Γ⟩spxpy,geo−geo
in Eq. (H192), which reads

⟨Γ⟩spxpy,geo−geo
=

1

D2
σ(µ)

1BZ∑
k1,k2

∑
n,m

δ
(
µ− Espxpy,n(k1)

)
δ
(
µ− Espxpy,m(k2)

)
Γspxpy,geo−geo
nm (k1,k2)

= 2
ℏ
2

γ2σ,
mB

1

D2
σ(µ)

1BZ∑
k1,k2

∑
n,m∈{2,3}

δ
(
µ− Espxpy,n(k1)

)
δ
(
µ− Espxpy,m(k2)

)
(Epxpy,+(k1,z)− Epxpy,−(k1,z))

2

×
∑
i=x,y

Tr
[
χ
spxpy

− ∂kiPpxpy,+(k1)Pspxpy,n(k1)∂kiPpxpy,+(k1)χ
spxpy

− Pspxpy,m(k2)
]
+O(kF, )

= 2
ℏ
2

γ2σ,
mB

1

D2
σ(µ)

1BZ∑
k1,k2

∑
n,m∈{2,3}

δ
(
µ− Espxpy,n(k1)

)
δ
(
µ− Espxpy,m(k2)

)
(Epxpy,+(k1,z)− Epxpy,−(k1,z))

2

×
∑
i=x,y

Tr
[
χ
spxpy

− ∂kiPpxpy,+(k1)Pspxpy,n(k1)∂kiPpxpy,+(k1)χ
spxpy

− Upxpy,+(0)P(−)m(k2, )U†
pxpy,+(0)

]
+O(kF, )

= ℏ
γ2σ,
mB

1

Dσ(µ)

1BZ∑
k

∑
n∈{2,3}

δ
(
µ− Espxpy,n(k)

)
(Epxpy,+(k1,z)− Epxpy,−(k1,z))

2

×
∑
i=x,y

Tr
[
χ
spxpy

− ∂ki
Ppxpy,+(k)Pspxpy,n(k)∂ki

Ppxpy,+(k)χ
spxpy

− Upxpy,+(0)U
†
pxpy,+(0)

]
+O(kF, ) ,

(H333)

where Upxpy,+(0) is in Eq. (H317), we have used Eq. (H316) for the third equality, and used Eq. (H321) for the

fourth equality. Note that again, we only expand Γ
spxpy,geo−geo
nm (k1,k2) in series of |k |, but leave Espxpy,n(k) in

δ
(
µ− Espxpy,n(k)

)
untouched.
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Combined with Eq. (H194), we have

λσ,geo

=
2

N

1

ℏ ⟨ω2⟩
Dσ(µ)

Dσ(µ)

D(µ)
ℏ
γ2σ,
mB

1

Dσ(µ)

1BZ∑
k

∑
n∈{2,3}

δ
(
µ− Espxpy,n(k)

)
∆E2

pxpy,+

×
∑
i=x,y

Tr
[
χ
spxpy

− ∂ki
Ppxpy,+(k)Pspxpy,n(k)∂ki

Ppxpy,+(k)χ
spxpy

− Upxpy,+(0)U
†
pxpy,+(0)

]
+O(kF, )

=
Dσ(µ)

D(µ)

γ2σ,
mB ⟨ω2⟩

Ω

(2π)3

∑
n∈{2,3}

∫
FSspxpy,n

dσk
1

|∇kEspxpy,n(k)|
∆E2

pxpy,+

×
∑
i=x,y

Tr
[
∂kiPpxpy,+(k)Pspxpy,n(k)∂kiPpxpy,+(k)Ppxpy,−(0)

]
+O(kF, ) ,

(H334)

where γσ, is in Eq. (H184),

∆Epxpy,+ = Epxpy,+(k1,z)− Epxpy,−(k1,z) = −6t2 (H335)

based on Eq. (H292), and we, for the last equality, have used

χ
spxpy

− Upxpy,+(0)U
†
pxpy,+(0)χ

spxpy

− = Upxpy,−(0)U
†
pxpy,−(0) = Ppxpy,−(0) (H336)

derived from on Eq. (H272), Eq. (H301) and and Eq. (H317).
Eq. (H334) matches Eq. (H231) derived from the GA if we neglect the O(kF, ) term and take Espxpy,2(k) =

Espxpy,3(k) = Eeff,1(k), since Ppxpy,+/−(k) corresponds to Peff,1/2(k ) if projecting Ppxpy,±(k) to the basis in
Eq. (H46) according to Eq. (H301), Eq. (H300) and Eq. (H52).

g. λσ,topo

At last, we consider the topological term. From Eq. (H316), we have for n ∈ {2, 3} and i = x, y,

Tr
[
χ
spxpy

− ∂ki
Ppxpy,+(k)Pspxpy,n(k)∂ki

Ppxpy,+(k)χ
spxpy

− Upxpy,+(0)U
†
pxpy,+(0)

]
= Tr

[
U†
pxpy,+(0)χ

spxpy

− ∂ki
Ppxpy,+(k)Upxpy,+(0)P(−)n(k )U†

pxpy,+(0)χ
spxpy

− ∂ki
Ppxpy,+(k)Upxpy,+(0)

]
+O(|k a|1)

=
1

2
Tr

[(
U†
pxpy,+(0)χ

spxpy

− ∂ki
Ppxpy,+(k)Upxpy,+(0)

)2]
+ (−)n Tr

[(
U†
pxpy,+(0)χ

spxpy

− ∂kiPpxpy,+(k)Upxpy,+(0)
)2 (k2x − k2y)σz + 2kxkyσx

2|k |2

]
+O(|k a|1) ,

(H337)

where we used the form of the projection matrix in Eq. (H316) and the expression of P± in Eq. (H318). According to
Eq. (H300) with Eq. (H302) and Eq. (H303), we have

U†
pxpy,+(0)χ

spxpy

− ∂kiPpxpy,+(k)Upxpy,+(0) = − i

6t2
∂ki [dx(k )σx + dy(k )σz] . (H338)

Then, for n ∈ {2, 3} and i = x, y, we obtain

(∆Epxpy,+)
2 Tr

[
χ
spxpy

− ∂kiPpxpy,+(k)Pspxpy,n(k)∂kiPpxpy,+(k)χ
spxpy

− Upxpy,+(0)U
†
pxpy,+(0)

]
= −|∂ki

d(k )|2 − (−)n Tr

[
(∂ki

[dx(k )σx + dy(k )σz])
2 (k2x − k2y)σz + 2kxkyσx

2|k |2

]
+O(|k a|1),

(H339)

where we used Eq. (H335), and d(k ) = (dx(k ), dy(k )) is defined in Eq. (H49). As

|∂ki
d(k )|2 = |∂ki

|d(k )|eiθ(k )|2 = (∂ki
|d(k )|)2 + |d(k )|2|∂ki

θ(k )|2 , (H340)



141

where d(k ) = |d(k )|(cos(θk ), sin(θk )). Then, for n ∈ {2, 3} and i = x, y, we obtain

(∆Epxpy,+)
2 Tr

[
χ
spxpy

− ∂ki
Ppxpy,+(k)Pspxpy,n(k)∂ki

Ppxpy,+(k)χ
spxpy

− Upxpy,+(0)U
†
pxpy,+(0)

]
≤ −|d(k )|2|∂ki

θ(k )|2 − (−)n Tr

[
(∂ki

[dx(k )σx + dy(k )σz])
2 (k2x − k2y)σz + 2kxkyσx

2|k |2

]
+O(|k a|1) .

(H341)

Combined with Eq. (H333) and Eq. (H49), we have

⟨Γ⟩spxpy,geo−geo

≥
γ2σ,
Dσ(µ)

ℏ
2mB

1BZ∑
k

∑
n∈{2,3}

δ
(
µ− Espxpy,n(k)

) ∑
i=x,y

|d(k )|2|∂ki
θ(k )|2

+
γ2σ,
Dσ(µ)

ℏ
2mB

1BZ∑
k

∑
n∈{2,3}

δ
(
µ− Espxpy,n(k)

)
×
∑
i=x,y

(−)n Tr

[
(∂ki

[dx(k )σx + dy(k )σz])
2 (k2x − k2y)σz + 2kxkyσx

2|k |2

]
+O(kF, )

=
γ2σ,

2Dσ(µ)

ℏ
mB

V
(2π)3

∑
n∈{2,3}

∫
FSspxpy,n

dσk
|d(k )|2

|∇kEspxpy,n(k)|
|∂k θ(k )|2 +O(kF, )

≥
γ2σ,

2Dσ(µ)

ℏ
mB

V
(2π)3

∑
n∈{2,3}

[∫
FSspxpy,n

dσk |∂k θ(k )|
]2

∫
FSspxpy,n

dσk
|∇kEspxpy,n(k)|

|d(k )|2
+O(kF, ) ,

(H342)

where we have used ∂ki [dx(k )σx + dy(k )σz] = (δixσx + δiyσz)va from Eq. (H49) and

Tr

[
(∂ki

[dx(k )σx + dy(k )σz])
2 (k2x − k2y)σz + 2kxkyσx

2|k |2

]
= 2(va)2(δix + δiy) Tr

[
(k2x − k2y)σz + 2kxkyσx

2|k |2

]
= 0

(H343)
for first equality, we use the Hödal inequallity in Eq. (F77) for the last inequality, and γ2σ, is defined in Eq. (H184).
The spxpy Fermi surface FSspxpy,n can be expressed as FSspxpy,n = ∪kzc∈(−π,π]FSspxpy,n,2D,kz

with FSspxpy,n,2D,kz

is the intersection between FSspxpy,n and the fixed kz plane. Then,∫
FSspxpy,n

dσk|∂k θ(k )| =
∫ π/c

−π/c

dkz

∫
FSspxpy,n,2D,kz

dσk |∂k θ(k )| =
∫ π/c

−π/c

dkz

∫
FSspxpy,n,2D,kz=0

dσk |∂k θ(k )|

≥
∫ π/c

−π/c

dkz

∣∣∣∣∣
∫
FSspxpy,n,2D,kz=0

dk · ∂k θ(k )

∣∣∣∣∣ =
∫ π/c

−π/c

dkz2π∆N =
(2π)2

c
∆N ,

(H344)

where we have used the fact that FSspxpy,n,2D,kz=0 is a closed loop of k that encloses Γ once as shown by the Fermi
surface near Γ-A in Eq. (8)(d), and ∆N is the Euler number difference defined in Eq. (H58). As a result, we have the

following lower bound of ⟨Γ⟩spxpy,geo−geo
:

⟨Γ⟩spxpy,geo−geo ≥
γ2σ,

2Dσ(µ)

ℏ
mB

2πV
c2

∑
n∈{2,3}

1∫
FSspxpy,n

dσk |∇kEspxpy,n(k)|/|d(k )|2
∆N 2 +O(kF, ) . (H345)

By defining

λσ,topo =
Dσ(µ)

D(µ)

γ2σ,
mB ⟨ω2⟩

2πΩ

c2

∑
n∈{2,3}

1∫
FSspxpy,n

dσk |∇kEspxpy,n(k)|/|d(k )|2
∆N 2 . (H346)

This leads to

λσ,geo ≥ λσ,topo +O(kF, ) (H347)

according to Eq. (H345) and Eq. (H193). Eq. (H346) matches Eq. (H249) derived from the GA if we take Espxpy,2(k) =
Espxpy,3(k) = Eeff,1(k).
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FIG. 11. (a) The black dots are the sum of ℏΓab initio
nm (Γ,Γ + (0, 0, kz)) over the two degenerate bands along Γ-A near the

Fermi level, which is obtained from the ab initio calculation. The red line is
∑

n,m∈{2,3} ℏΓ
spxpy
nm (Γ,Γ+(0, 0, kz)) in Eq. (H354)

with parameter values in Eq. (H356). The horizontal axis is Γ + (0, 0, kz), which is the phonon momentum. (b) The black
dots are the sum of Γab initio

nm (K,K + (0, 0, kz)) over the two degenerate bands for the nodal line along K-H. The red line is∑
n,m ℏΓpz

nm(K,K + (0, 0, kz)) in Eq. (H353) with parameter values in Eq. (H356). The horizontal axis is K + (0, 0, kz), which

is K plus the phonon momentum. (c) The Eliashberg function α2F (ω) in Eq. (B76) given by the ab initio calculation. The
dashed line is at frequency of the E2g phonon at Γ, i.e., ℏωE2g (Γ) = 75.2meV.

7. Numerical Calculations of Contributions to λ

In this part, we perform numerical calculations with our model. To do so, we need to determine the values of γ̂
parameters in the EPC Eq. (H80). However, according to the expression of the γ parameters in Eq. (H103), Eq. (H183)
and Eq. (H184), we do not need to know the values of all γ̂. Explicitly, we only need to know the following γ̂ parameters:

γ̂5 , γ̂10 , γ̂9 , γ̂3 − γ̂7 , (H348)

where γ̂5 and γ̂10 are for the λπ, and γ̂9 and γ̂3 − γ̂7 are for the λσ.
Compared to the calculation for graphene in supplementary informationF, the ab initio calculation for MgB2 is

more complicated, and thus we cannot directly give the form of the gauge-dependent EPC Fτ i(k1,k2) for MgB2

due to the random gauges in the numerical calculations. Instead, we will use the gauge-invariant Γpz
nm(k1,k2) and

Γ
spxpy
nm (k1,k2) in Eq. (H88). Specifically, for the pz part, we sum over all pz bands for Γpz

nm(k1,k2), and obtain∑
n,m

Γpz
nm(K,K+ (0, 0, kz)) =

3ℏa2γ̂25
mB

+
4ℏγ̂210c2

mB
(sin(kzc))

2 , (H349)

where we used the form of Γpz
nm(k1,k2) in Eq. (H88). For the spxpy part, we only consider k1 = Γ and k2 along

Γ-A, and n,m of Γ
spxpy
nm (Γ,Γ + (0, 0, kz)) are summed over the two degenerate bands (i.e., n,m ∈ {2, 3} as shown in

Fig. 9(a)) along Γ-A near the Fermi level, resulting in∑
n,m∈{2,3}

Γspxpy
nm (Γ,Γ + (0, 0, kz)) =

3ℏa2

mB
(γ̂3 − γ̂7)

2 + 2ℏγ̂29
c2

mB
(sin(kzc))

2 . (H350)

In the ab initio calculations (procedure described in supplementary information I), we can directly evaluate
Γnm(k1,k2), which we label as Γab initio

nm (k1,k2). Then,
∑

n,m Γpz
nm(K,K + (0, 0, kz)) in Eq. (H349) corresponds

to the sum of Γab initio
nm (K,K + (0, 0, kz)) over the two degenerate bands for the nodal line along K-H, since they

mainly originate from pz orbitals.
∑

n,m∈{2,3} Γ
spxpy
nm (Γ,Γ + (0, 0, kz)) in Eq. (H350) corresponds to the sum of

Γab initio
nm (Γ,Γ + (0, 0, kz)) over the two degenerate bands along Γ-A near the Fermi level, since they mainly originate

from pxpy orbitals. We plot the ab initio data in Fig. 11 as black dots. To test our approximation against the ab initio
data, we derive more general forms of

∑
n,m Γpz

nm(K,K+(0, 0, kz)) in Eq. (H349) and
∑

n,m∈{2,3} Γ
spxpy
nm (Γ,Γ+(0, 0, kz))

in Eq. (H350). Specifically, we allow longer-range hopping terms among B atoms, and then the form of the EPC of
interest becomes

Fpz,τ ,i=x,y(K + (0, 0, kz),K+ (0, 0, k′z)) = [β1 + βz,1(cos(kzc) + cos(k′zc))] (−)τ (τy,−τx)i
Fpz,τ ,z(K + (0, 0, kz),K + (0, 0, k′z)) = iβz,2(sin(kz)− sin(k′z))(τ0 + (−)τ τz) ,

(H351)
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and

U†
pxpy,+(0)Fspxpy,τ ,i=x,y(Γ + (0, 0, kz),Γ + (0, 0, k′z))Upxpy,+(0) = [β3 + βz,3(cos(kzc) + cos(k′zc))] (−)τ (τx, τz)i

U†
pxpy,+(0)Fspxpy,τ ,z(Γ + (0, 0, kz),Γ + (0, 0, k′z))Upxpy,+(0) = iβz,4(sin(kzc)− sin(k′zc))τ0 ,

(H352)

where Upxpy,+(0) is the basis for the parity-even combination of pxpy orbitals at Γ as shown in Eq. (H317). As a

result, the more general forms of
∑

n,m Γpz
nm(K,K+ (0, 0, kz)) and

∑
n,m∈{2,3} Γ

spxpy
nm (Γ,Γ + (0, 0, kz)) read∑

n,m

Γpz
nm(K,K+ (0, 0, kz))

=
ℏ
2

∑
τ∈{B1,B2},i

1

mτ
Tr
[
Fpz,τ ,i(K,K+ (0, 0, kz))F

†
pz,τ ,i

(K,K+ (0, 0, kz))
]

=
4ℏ
mB

[β1 + βz,1(1 + cos(kzc)]
2
+

ℏβ2
z,2

mB
(sin(kzc))

2

(H353)

and ∑
n,m∈{2,3}

Γspxpy
nm (Γ,Γ + (0, 0, kz))

=
ℏ
2

∑
τ∈{B1,B2},i

1

mτ
Tr
[
Upxpy,+(0)U

†
pxpy,+(0)Fspxpy,τ ,i(Γ, (0, 0, kz))

Upxpy,+(0)U
†
pxpy,+(0)F

†
spxpy,τ ,i

(Γ, (0, 0, kz))
]

=
4ℏ
mB

[β3 + βz,3(1 + cos(kzc))]
2
+

2ℏβ2
z,4

mB
(sin(kzc))

2 .

(H354)

Compared to Eq. (H349) and Eq. (H350), we know

γ̂25 =
4

3a2
β2
1 , γ̂

2
10 =

β2
z,2

4c2
, (γ̂3 − γ̂7)

2 =
4β2

3

3a2
, γ̂29 =

β2
z,4

c2
, (H355)

while βz,1 in Eq. (H353) and βz,3 in Eq. (H354) are beyond our approximation. By fitting Eq. (H353) and Eq. (H354)
to the ab initio data Eq. (11)(a-b)), we obtain

|β1| = 0.055

√
eV3mB

ℏ
, |β1,z| = 0.006

√
eV3mB

ℏ
, |β2,z| = 0

√
eV3mB

ℏ

|β3| = 0.13

√
eV3mB

ℏ
, |β3,z| = 0.002

√
eV3mB

ℏ
, |β4,z| = 0

√
eV3mB

ℏ
.

(H356)

Clearly, we can see that β1,z and β3,z that are beyond our approximation are very small, and can be neglected. As a
result, we obtain the values of γ̂ of interests, which read

γ̂25 = 0.004
eV3mB

a2ℏ2
, γ̂210 = 0 , (γ̂3 − γ̂7)

2 = 0.024
eV3mB

a2ℏ2
, γ̂29 = 0 . (H357)

Furthermore, the ab initio value of
〈
ω2
〉
reads

ℏ
√
⟨ω2⟩ = 68meV . (H358)

Combined with

Dπ(µ)

D(µ)
= 0.577 ,

Dσ(µ)

D(µ)
= 0.423 (H359)

given by the numerical calculation in Ref. [91], we can evaluate the values of λπ,E (Eq. (H141)), λπ,geo (Eq. (H142)),
λπ,topo (Eq. (H148)), λσ,E (Eq. (H203)), λσ,geo (Eq. (H231)), and λσ,topo (Eq. (H249)), which are listed in Tab. III.
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λ (λab initio) λE λgeo λtopo

0.78 (0.67) 0.07 0.71 0.32

λπ λπ,E λπ,geo λπ,topo

0.16 0.07 0.09 0.01

λσ λσ,E λσ,geo λσ,topo

0.62 0.00 0.62 0.31

TABLE III. The numerical values of the λ and its various contributions for MgB2. λ
ab initio = 0.67 in the bracket is the ab initio

value for λ.

From Tab. III, λ = 0.78 from our model is close to the ab initio value λab initio = 0.67 verifies the validity of
our approximations. Moreover, λσ is much larger than λπ, which is consistent with the understanding that the σ
bonding under E2g phonon modes accounts for the main contribution to the EPC constant λ in the literature [91].
In particular, we find that the geometric contribution is 91.7% of the total λ, and most geometric contribution comes
from the σ bond. On the other hand, the energetic contribution from the σ bond (λσ,E) is negligible. Therefore, it
is the geometric property of the Bloch states that supports the large EPC constant from the σ bond. The geometric
contribution is further bounded from below by the topological contribution in the bands, indicated by λtopo ≈ 0.44λgeo.

a. Numerical Evidence for the Irrelevance of On-Site EPC Terms for the σ-bond-stretching ion Motions

According to Ref. [90], we know the EPC mainly comes from the bond-stretching ion motions—the ion motions
that stretch the bond between neighboring B atoms, e.g., the E2 modes along Γ-A. In principle, there are two possible
origins of the EPC from the bond-stretching ion motions: (i) the change the hopping between two neighboring ions
from the ion motions and (ii) the change of the on-site potential or coupling between the orbitals from the ion motions.
In this work, we use the two-center approximation to describe the EPC, meaning that we only consider the change of
the hopping induced by the bond-stretching ion motions, while neglecting the on-site terms. We, in this part, provide
numerical evidence for our approximation.

For the bond-stretching motions, the hopping change term (or the term within two-center approximation) reads

HEPC,two−center =
∑
R,i

T̂R,i(uR+τB1,i − uR+τB2,i) +
∑
R,i,j

C3T̂C−1
3 R,iC

−1
3 (uR+a2+τB1,j − uR−a1+a2+τB2,j) (C3)ji

+
∑
R,i,j

C2
3 T̂C−2

3 R,iC
−2
3 (uR−a1+a2+τB1,j − uR−a1+τB2,j)

(
C2

3

)
ji
+ h.c. ,

(H360)

where

T̂R,i =
(
c†R+τB1,px

c†R+τB1,py

)
(β̃3σx, β̃1σ0 + β̃2σz)i

(
cR+τB2,px

cR+τB2,py

)

C3T̂C−1
3 R,iC

−1
3 =

(
c†R+a2+τB1,px

c†R+a2+τB1,py

)
(β̃3e

−iσy
2π
3 σxe

iσy
2π
3 , β̃1σ0 + β̃2e

−iσy
2π
3 σze

iσy
2π
3 )i

(
cR+a2−a1+τB2,px

cR+a2−a1+τB2,py

)

C2
3 T̂C−2

3 R,iC
−2
3 =

(
c†R−a1+a2+τB1,px

c†R−a1+a2+τB1,py

)
(β̃3e

−iσy
4π
3 σxe

iσy
4π
3 , β̃1σ0 + β̃2e

−iσy
4π
3 σze

iσy
4π
3 )i

(
cR−a1+τB2,px

cR−a1+τB2,py

)
,

(H361)

and τB1 and τB2 are defined in Eq. (H1). The onsite term (which is beyond the two-center approximation) reads

HEPC,on−site =
∑
R,i

ŜR,i(uR+τB1,i − uR+τB2,i) +
∑
R,i,j

C3ŜC−1
3 R,iC

−1
3 (uR+a2+τB1,j − uR−a1+a2+τB2,j) (C3)ji

+
∑
R,i,j

C2
3 ŜC−2

3 R,iC
−2
3 (uR−a1+a2+τB1,j − uR−a1+τB2,j)

(
C2

3

)
ji
,

(H362)
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where

ŜR,i =
∑
τ

(
c†R+τ ,px

c†R+τ ,py

)
(β̃′

3σx, β̃
′
1σ0 + β̃′

2σz)i

(
cR+τ ,px

cR+τ ,py

)
(H363)

and C3ŜC−1
3 R,iC

−1
3 and C2

3 ŜC−2
3 R,iC

−2
3 can be obtained from symmetries.

To numerically compare the amplitudes of HEPC,two−center and HEPC,on−site, we adopt the method in Ref. [90]
and distort the lattice with the Γ-E2g bond-stretching motion (i.e., a frozen E2g phonon at Γ):

uR+τB2
= −(cos(ϕ), sin(ϕ), 0)ϵa

uR+τB1
= (cos(ϕ), sin(ϕ), 0)ϵa ,

(H364)

where a is the in plane lattice constant and ϵ measures the distortion. We note that the distortion does not break the
lattice translations. With this distortion (or the frozen phonon), the two-center EPC Hamiltonian becomes

Hfrozen,two−center =
∑
R,i

T̂R,i(cos(ϕ), sin(ϕ), 0)i2ϵa+
∑
R,i,j

C3T̂C−1
3 R,iC

−1
3 (cos(ϕ), sin(ϕ), 0)j2ϵa (C3)ji

+
∑
R,i,j

C2
3 T̂C−2

3 R,iC
−2
3 (cos(ϕ), sin(ϕ), 0)j2ϵa

(
C2

3

)
ji
+ h.c.

=
∑
k

(
c†k,τB1,px

c†k,τB1,py
c†k,τB2,px

c†k,τB2,py

)
htwo−center(k)


c†k,τB1,px

c†k,τB1,py

c†k,τB2,px

c†k,τB2,py

 ,

(H365)

where

htwo−center(k) =

(
02×2 2ϵa

∑
ij

∑2
n=0 e

−iδn·k(β̃3e
−iσy

2πn
3 σxe

iσy
2πn
3 , β̃1σ0 + β̃2e

−iσy
2πn
3 σze

iσy
2πn
3 )i (C

n
3 )ji (cos(ϕ), sin(ϕ), 0)j

h.c. 02×2 .

)
(H366)

On the other hand, the two-center EPC Hamiltonian becomes

Hfrozen,on−site =
∑
R,i

ŜR,i(cos(ϕ), sin(ϕ), 0)i2ϵa+
∑
R,i,j

C3ŜC−1
3 R,iC

−1
3 (cos(ϕ), sin(ϕ), 0)j2ϵa (C3)ji

+
∑
R,i,j

C2
3 ŜC−2

3 R,iC
−2
3 (cos(ϕ), sin(ϕ), 0)j2ϵa

(
C2

3

)
ji

=
∑
k

(
c†k,τB1,px

c†k,τB1,py
c†k,τB2,px

c†k,τB2,py

)
hon−site(k)


c†k,τB1,px

c†k,τB1,py

c†k,τB2,px

c†k,τB2,py

 ,

(H367)

where

hon−site(k) = τ0 ⊗
∑
ij,n

(β̃′
3e

−iσy
2nπ
3 σxe

iσy
2nπ
3 , β̃′

1σ0 + β̃′
2e

−iσy
2nπ
3 σze

iσy
2nπ
3 )i (C

n
3 )ji (cos(ϕ), sin(ϕ), 0)j . (H368)

To compare the effect of Hfrozen,two−center and Hfrozen,on−site, let us focus on the k = Γ point:

htwo−center(0) =
3(β̃2 + β̃3)

2
2ϵaτx(cos(ϕ)σx + sin(ϕ)σz)

hon−site(0) =
3(β̃′

2 + β̃′
3)

2
2ϵaτ0(cos(ϕ)σx + sin(ϕ)σz) .

(H369)

As we can see, only the (β̃2 + β̃3) matters for the two-center EPC at k = Γ, and only the (β̃′
2 + β̃′

3) matters for the
on-site EPC at k = Γ, under the Γ-E2g frozen phonon.
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To specifically compare (β̃2 + β̃3) to (β̃′
2 + β̃′

3), we choose

uR+τB2
= (0, 1, 0)ϵa

uR+τB1
= (0,−1, 0)ϵa ,

(H370)

which means ϕ = −π/2. Without the distortion, the electron Hamiltonian for px and py orbitals at Γ reads

hpxpy (0) = EB,pxpy,0 + 2tB,pxpy,z + 3t2τxσ0 , (H371)

according to Eq. (H22). Then, if only the two-center term matters, we have

hpxpy
(0) + htwo−center(0) = EB,pxpy,0 + 2tB,pxpy,z + τx(3t2σ0 − 3(β̃2 + β̃3)ϵaσz) , (H372)

which has eigenvalues and eigenvectors as

EB,pxpy,0 + 2tB,pxpy,z ± (3t2 − 3(β̃2 + β̃3)ϵa) : (1, 0,±1, 0)/
√
2

EB,pxpy,0 + 2tB,pxpy,z ± (3t2 + 3(β̃2 + β̃3)ϵa) : (0, 1, 0,±1)/
√
2 ,

(H373)

where the values before “:” are eigenvalues and the vectors after “:” are eigenvectors. On the other hand, if only the
on-site term matters, we have

hpxpy
(0) + hon−site(0) = EB,pxpy,0 + 2tB,pxpy,z + 3t2τxσ0 − 3(β̃′

2 + β̃′
3)ϵaτ0σz , (H374)

where

EB,pxpy,0 + 2tB,pxpy,z ± 3t2 − 3(β̃′
2 + β̃′

4)ϵa : (1, 0,±1, 0)/
√
2

EB,pxpy,0 + 2tB,pxpy,z ± 3t2 + 3(β̃′
2 + β̃′

4)ϵa : (0, 1, 0,±1)/
√
2 .

(H375)

From Eq. (H373) and Eq. (H375), both the two-center and the on-site terms can open the gaps at the previ-
ously doubly degenerate energy level EB,pxpy,0 + 2tB,pxpy,z + 3t2 and at the previously doubly degenerate energy

level EB,pxpy,0 + 2tB,pxpy,z − 3t2 . Nevertheless, they open the gaps in different ways. Note that (1, 0, 1, 0)/
√
2

and (1, 0,−1, 0)/
√
2 are respectively the bonding and anti-bonding state of px orbitals, and (0, 1, 0, 1)/

√
2 and

(0, 1, 0,−1)/
√
2 are respectively the anti-bonding state and bonding state of py orbitals. Then, Eq. (H373) suggests

that the bonding and anti-bonding states of the same orbital would have opposite energy shifts for the two-center
term, while Eq. (H375) suggests that the bonding and anti-bonding states of the same orbital would have same energy
shifts for the on-site term. According to Fig. 12, we can see the the bonding and anti-bonding states of the same
orbital indeed have opposite energy shifts, and barely have the equal shifts. In addition, there are two signatures of in
the band structure that come from these opposite energy shifts in Fig. 12 with the frozen E2g phonon in Eq. (H370)
for ϵ < 0: (i) the top two px/py bands cross with each other along Γ−M , while the bottom two px/py bands along
Γ−M have no crossing, and (ii) the bottom two px/py bands cross with each other along Γ−K, while the top two
px/py bands along Γ −K have no crossing The Γ −M signature is shown in Ref. [126], but the Γ −K signature is
missing in Ref. [126]. Moreover, the wavefunctions are not presented in Ref. [126].

To more precisely compare the amplitude, we include the both distortions into the Hamiltonian at Γ and get

hpxpy
(0) + htwo−center(0) + hon−site(0) = EB,pxpy,0 + 2tB,pxpy,z + τx(3t2σ0 − 3(β̃2 + β̃3)ϵaσz)− 3(β̃′

2 + β̃′
3)ϵaτ0σz ,

(H376)

which has eigenvalues and eigenvectors as

E1 = EB,pxpy,0 + 2tB,pxpy,z + 3t2 − 3(β̃2 + β̃3)ϵa− 3(β̃′
2 + β̃′

3)ϵa : (1, 0, 1, 0)/
√
2

E2 = EB,pxpy,0 + 2tB,pxpy,z − 3t2 + 3(β̃2 + β̃3)ϵa− 3(β̃′
2 + β̃′

3)ϵa : (1, 0,−1, 0)/
√
2

E3 = EB,pxpy,0 + 2tB,pxpy,z + 3t2 + 3(β̃2 + β̃3)ϵa+ 3(β̃′
2 + β̃′

3)ϵa : (0, 1, 0, 1)/
√
2

E4 = EB,pxpy,0 + 2tB,pxpy,z − 3t2 − 3(β̃2 + β̃3)ϵa+ 3(β̃′
2 + β̃′

3)ϵa : (0, 1, 0,−1)/
√
2 .

(H377)

From DFT calcualtion for ϵ = −0.004
√
3, we get

E1 = 6.231eV

E2 = 0.7202eV

E3 = 6.899eV

E4 = 0.1675eV ,

(H378)
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𝜖 = 0 𝜖 = −0.004 3

E/eV
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𝑦

𝑥

FIG. 12. On the right, the plot shows the band structures for MgB2 with no frozen phonons (blue) and with frozen E2g phonon
in Eq. (H370) with ϵ = −0.004

√
3. Both Γ−M and Γ−K paths have mirror symmetries, since the former is along y and the

latter is along x. On the left, the 4 plots are the 4 px/py wave-functions at Γ for MgB2 with frozen E2g phonon in Eq. (H370)
with ϵ = −0.004

√
3. The signs of the blue and yellow parts of the wavefunction are opposite. This figure is also shown in

Ref. [127].

which gives

β̃2 + β̃3 = −E1 − E2 + E4 − E3

12ϵa
= −14.68eV/a

β̃′
2 + β̃′

3 =
E1 + E2 − E4 − E3

12ϵa
= −1.387eV/a .

(H379)

Therefore, the effect of the on-site EPC term under the bond-stretching motion in Eq. (H370) contribution is negligible
compared to the two-center EPC term, serving as a numerical evidence for the irrelevance of the on-site EPC term.

By comparing Eq. (H360) to Eq. (H67) and Eq. (H69), we find that γ̂3 = −β̃2
√
3
a and γ̂7 = β̃3

√
3
a , and thus

γ̂3 − γ̂7 = −(β̃2 + β̃3)

√
3

a
= 25.43eV/a2 = 0.1651

eV3/2

a2

√
mBa2

ℏ2
, (H380)

which is close to the value of |γ̂3 − γ̂7| = 0.1549 eV3/2

a2

√
mBa2

ℏ2 given by Eq. (H357), showing the consistency in the

numerical results.

8.
√

⟨ω2⟩ Approximated by ωE2g (Γ)

In supplementary informationH7, we directly use the ab initio value of
〈
ω2
〉
for the calculation. In this part, we

will show that
√

⟨ω2⟩ can be well approximated by the frequency of the E2g phonons at Γ, labelled by ωE2g
(Γ).
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As shown in supplementary informationH7, the main contribution to λ comes from the pxpy σ-bonding states near
Γ-A. Then, let us focus on the EPC for the pxpy σ-bonding states exactly at Γ-A. Moreover, as shown in Fig. 11(a),
the EPC barely changes along with the phonon momentum, and thus we will only look at EPC among the two pxpy
states at Γ point near the Fermi level. As shown in Eq. (H352), the projection of the EPC Fspxpy,τ ,i(Γ,Γ) to the two
pxpy states at Γ point near the Fermi level read

U†
pxpy,+(0)Fspxpy,τ ,i(Γ,Γ)Upxpy,+(0) = β̂(−)τ (τx, τz)i(δix + δiy)(δτ ,τB1

+ δτ ,τB2
) , (H381)

where Upxpy,+(0) is in Eq. (H317) and is formed by the two eigenvectors for the two parity-even pxpy states at Γ
point near the Fermi level, and we include (δτ ,τB1 + δτ ,τB2) because we have neglected the Mg atoms in the EPC
Hamiltonian. Eq. (H381) is in the atomic basis for the ion motions, which are labelled by τ , i according to Eq. (B40).
Now we switch to the phonon eigenstates at Γ. According to Eq. (B45), in the phonon eigenbasis at Γ, we have

U†
pxpy,+(0)F̃spxpy,l(Γ,Γ)Upxpy,+(0) =

∑
τ i

U†
pxpy,+(0)Fspxpy,τ ,i(Γ,Γ)Upxpy,+(0)

1
√
mτ

[v∗l (Γ)]τ i

=
β̂

√
mB

∑
τ∈{τB1,τB2}

∑
i∈{x,y}

(−)τ (τx, τz)i [v
∗
l (Γ)]τ i ,

(H382)

where vl(Γ) is the eigenvector for Γ phonons labelled by l. Eq. (H382) clearly shows that to have a nonzero

U†
pxpy,+(0)F̃spxpy,l(Γ,Γ)Upxpy,+(0), vl(Γ) must have nonzero x, y components that are opposite for B1 and B2 atoms,

which are nothing but the E2g phonons at Γ. Therefore, we should expect the Eliashberg function α2F (ω) in the

definition of
〈
ω2
〉
(Eq. (B76)) to peak at the frequency of E2g Γ phonons, and we should expect

√
⟨ω2⟩ ≈ ωE2g

(Γ).

Indeed, the ab initio calculation shows ℏωE2g (Γ) = 75.3meV, which deviates form the ab initio value of ℏ
√
⟨ω2⟩ in

Eq. (H358) by 11%, i.e. √
⟨ω2⟩ − ωE2g

(Γ)√
⟨ω2⟩

= 11% . (H383)

Consistently, the Eliashberg function α2F (ω) peaks near the frequency of E2g Γ phonons as shown in Fig. 11(c).

Therefore, with 11% error, we can approximate
√

⟨ω2⟩ with ωE2g
(Γ).

Appendix I: Details on ab initio Calculation

In this work, ab initio calculations on MgB2 were carried out with two methods. The two methods are distinguished
by whether the Wannier interpolation is used and by various other aspects like the exchange-correlation functional.
The calculation on graphene was done with only the Wannier-interpolation method. In the following, we will first
present the general discussion that is valid for both methods and then distinguish and compare the two methods. We
will show that the two methods give reasonably similar results.

1. Electron model

For both methods, the electronic states are modeled using a plane-wave basis set on a grid of k-points. Within the
density functional theory (DFT) formalism, the many-body Schrödinger equation can be approximated as a series
of one-particle Kohn-Sham Hamiltonians, which relate to the single-particle Bloch state |ψnk⟩ and energies Enk in a
Schrödinger-like manner:

HKS|ψnk⟩ = Enk|ψnk⟩. (I1)

The Kohn-Sham Hamiltonian has the general form:

HKS =
ℏ2

2me
(−i∇)

2
+ v(r), (I2)

where me is the mass of an electron. The first term is the kinetic energy operator, while the second represents the
potential, which generally has three contributions:

v(r) = ve−i(r) + vH(r) + vxc(r). (I3)
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On the right-hand side of Eq. (I3), the first term denotes the interaction between the electron and the ions in the
system. This interaction is commonly described using pseudopotentials [128, 129].

The potential v(r) in Eq. (I3) is the electrostatic Hartree potential, which accounts for the mean-field interaction
felt by the electron in the presence of the other electrons in the system:

vH(r) = e2
∫
dr′

ρ(r′)

|r − r′|
. (I4)

Here ρ(r) is the electron density and e is the electric charge of an electron. The final term of Eq. (I3) is the exchange-
correlation potential. In general it is challenging to formalize this quantum mechanical electron-electron interaction,
and there have been significant research efforts devoted to finding expressions for this interaction. The specific
approximations that we make for the exchange-correlation potential will be specified in supplementary information I 4
and supplementary information I 5.

Given the Kohn-Sham equation for a single electron in Eq. (I1), and the ingredients for the electronic potential
generally defined in Eq. (I3), one can solve for the single particle states |ψnk⟩ in a self-consistent manner.

2. Phonon model

The motion of atoms in solids is often, to a good approximation, describable within the Harmonic approximation.
In this approximation, phonons can emerge as normal modes of vibration for the system. Analogous to electrons,
these phonons can be labelled by their mode index l and wavevector q. Eigenvectors for phonons modes are given by

diagonalizing the dynamical matrix D̃(q), which is defined in Eq. (B29) for the analytical study. For DFT calculation,

it is more conventional to define the dynamical matrix D̃(q) as:

D̃(q)ττ ′,ii′(q) =
1√

mτm′
τ

∑
R

Φτ ,τ ′

i,i′ (R)e−iq·R, (I5)

where Φ is the interatomic force constant matrix that reads

Φτ ,τ ′

i,i′ (R) =
∂2E

∂uτ ,i∂uR+τ ′,i′
= −∂Fi′,R+τ ′

∂uτ ,i
, (I6)

and recall that uR+τ ,i is the motion of the atom with equilibrium position R+ τ along the direction i. The variable
Fi,R+τ represents the force felt by the atom with equilibrium position R + τ along the direction i. In general the
interatomic force constant matrix can depend on two unit cells, R and R′, but in practice only the difference R−R′

matters for our purposes, and we therefore take one of them zero.
In examining Eq. (I6), the main ingredients involve either the total energy or the forces on each atom. DFT has

been widely used to theoretically study phonons in materials, in part because both of these quantities are readily
available. There have been two popular approaches for describing phonons in materials, both of which we employ in
our work.

The conceptually simpler approach is known as the “frozen-phonon” method, which relies on finite displacements
to evaluate the elements of the interatomic force constant matrix given by Eq. (I6). Specifically, we can write the
force derivative as a discrete derivative:

∂Fi′,R+τ ′

∂uτ ,i
≈ ∆Fi′,R+τ ′

∆uτ ,i
(I7)

In this approach, one can generate an interatomic force constant matrix Φ by perturbing each of the atoms of the
unit cell in different directions and measuring the changes in the forces on the atoms of the system. Using Eq. (I5),
one can also generate the dynamical matrix which can then be used to capture the phonon eigenvector and phonon
frequencies for the system. Note that this approach requires a summation over unit cells R in Eq. (I5). Thus it is
often important to include many unit cells such that all relevant interatomic interactions are captured and also so
that the dynamical matrix can be described at different q-points. The “frozen-phonon” method is used by method I
with Wannier interpolation for graphene as discussed in supplementary information I 4.

An alternative approach to describing the phonons of the system is known as density functional perturbation
theory (DFPT). A comprehensive review of this method can be found in Ref. [70]. The DFPT method is used by
both methods for MgB2 as discussed in supplementary information I 4 and supplementary information I 5.
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3. EPC

As outlined above, the phonon eigenvectors and frequencies are computed on a grid of q-points, along with the
EPC matrix elements g, which read

Gmnl(k + q,k) =

√
ℏ

2M0ωl(q)
gmnl(k, q) (I8)

gmnl(k, q) = ⟨ψm,k+q|∂lqV |ψn,k⟩, (I9)

where Gmnl(k,k
′) is in Eq. (B47). Here g depends on the band indices n and m of the electronic states, the phonon

mode index l, the wavevector of the initial electron state k and the wavevector of the phonon emitted q. The variable
M0 is a reference mass. The electronic states in our cases are obtained from Kohn-Sham DFT (Eq. (I1)). The operator
∂lqV (r) is defined as the follows [130, 131]:

∂qlV (r) =
∑
Rτ

eiq·R
∑
i

[ṽl(q)]τ i ∂uR+τ,i
V (r) , (I10)

where [ṽl(q)]τ i =
√
M0/mτ [vl(q)]τ i. (Note the Fourier transformation is in a different convention than Eq. (B14).)

Essentially, ∂lqV (r) describes how the self-consistent potential V changes as a result of collective ionic motion arising
from a phonon indexed by lq. In the end, we need to compute the Fermi-surface averaged EPC constant λ in Eq. (B71).

The EPC can be evaluated either with Wannier interpolation (method I in supplementary information I 4) or directly
(method II in supplementary information I 5). In the following, we will describe the two methods.

4. Method I: With Wannier Interpolation

In this subsection, we describe the first method, which involves Wannier interpolation. For the electron calculation,
we use open-source DFT codes [132–134]. For EPC, Wannier functions (WFs) are used to represent the ab initio
data in real space [130, 135, 136]. Below we outline the general idea of this approach. The real space electronic
wavefunctions can be expressed using the reciprocal space wavefunctions from DFT as:

|WαR⟩ =
∑
nk

e−ik·RU∗
nα,k|ψnk⟩. (I11)

Here, |WαR⟩ is the real-space Wannier function (WFs) labelled by α and the lattice vector R. The main ingredients
in these expressions are the Bloch states |ψnk⟩ and the unitary matrix Uk. The well-known limitation of this trans-
formation is the fact that Bloch functions have a gauge freedom. This is not an issue in the reciprocal space Bloch
representation, however this freedom causes significant changes to the nature of the real-space Wannier functions.
To mitigate this issue, maximally-localized Wannier functions are used. The unitary matrix Uk is defined such that
the real-space spread of the Wannier functions is minimized and thus the WFs are maximally-localized [135–137].
Within this basis, the WFs are guaranteed to be exponentially localized [138]. This essentially gives us an ab initio
tight-binding description of our system.

With the electron Wannier function, the interpolation in Ref. [130, 131] works as follows. First, we compute
gmnl(k, q) with DFT on a grid of k points, labelled as gDFT

mnl (k, q). Then, we use the following expression to Fourier
transform gDFT

mnl (k, q) into real space:

gαα′,τ i(R,R
′) =

1

N

∑
nml

DFT∑
k,q

e−i(k·R′+q·R)Umα,k+qg
DFT
mnl (k, q)U

∗
nα′,k [ṽl(q)]

∗
τ i

mτ

M0
, (I12)

where k, q are summed over the DFT grid for k and q. gαα′,τ i(R,R
′) is local, i.e., gαα′,τ i(R,R

′) decays
to zero for large |R − R′|, because if k, q are summed over an infinitely-fine grid, we have gαα′,τ i(R,R

′) =
⟨Wα0|∂uR+τ,i

V (r)|Wα′R′⟩. Therefore, we can put a cutoff on |R−R′| for gαα′,τ i(R,R
′) and transform gαα′,τ i(R,R

′)
back to momentum space, resulting in the interpolated gmnl(k, q).

a. Details for graphene

We use the JDFTx software package [132] to calculate the electron-phonon interactions in graphene. For the DFT
calculation, the electronic structure is computed using a 24 × 24 × 1 k-point mesh. The 2D nature of the system is
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captured using a Coulomb truncation scheme [139]. In short, this approach removes long-range Coulomb interactions
in the aperiodic out-of-plane direction to ensure there is no artificial interactions between unit cells. To do this, the
Coulomb potential V (r), which is normally long-ranged, is augmented by a Heaviside function Θ(rz − r) such that
for positions in the out-of-plane direction beyond rz the Coulomb potential goes to zero. We use an in-plane lattice
constant of a = b = 2.46 Å. The electron-ion interaction is described using ultrasoft pseudopotentials [129], and the
exchange-correlation interaction is approximated using the PBEsol functional [140]. The kinetic energy cutoff for the
plane-wave basis set is 40 Hartree. We use a Fermi-Dirac smearing with width of σ = 0.01 Hartree. As the name
suggests, this smearing function is used to describe the occupation Fnk of the Kohn-Sham electronic states |ψnk⟩
using a Fermi-Dirac distribution function centered around the Fermi energy εF:

Fnk =
1

e(Enk−εF)/σ+1
. (I13)

To describe the phonons and EPC, we use the frozen phonon approach (Eq. (I7)) on a 6 × 6 × 1 supercell of the
graphene unit cell. Then, all electronic states and EPC matrix elements are described in the basis of Maximally-
localized Wannier functions, as described above. We use seven trial Wannier centers composed of two carbon pz
orbitals, three Gaussian s-like orbitals located at the midpoint of the C-C bonds, and with two Gaussian s-like
orbitals located above and below the center of the hexagon, respectively.

b. Details for MgB2

In order to describe the electronic and phononic properties of MgB2, we use the Quantum ESPRESSO [133, 134]
code. Calculations are carried out using a 12× 12× 12 k-point grid and the plane-wave cutoff for the kinetic energy
is 40 Hartree. We use a Methfessel-Paxton smearing [141] with a width of 0.01 Hartree. We use norm-conserving
pseudopotentials and the exchange-correlation interaction is described by the LDA. In these conditions we find the
optimized unit cell parameters to be a = b = 3.03 Å and c = 3.47 Å. The phonons are modeled using DFPT [70] on a
6× 6× 6 q-point grid. To interpolate the electron and electron-phonon interactions to much denser k and q grids, we
use the EPW [142] and Wannier90 [122] codes. We describe five energy bands near the Fermi level starting with trial
Wannier centers of two Boron pz orbitals and three s-like orbitals centered at positions (0,0.5,0.5), (0.5,0,0.5) and
(0.5,0.5,0.5) in lattice coordinates of the unit cell. The Eliashberg spectral function (Eq. (B75)) and EPC strength λ
(Eq. (B71)) was then computed in EPW using a dense 60× 60× 60 grid of both k-points and q-points.

5. Method II: No Wannier Interpolation

In this subsection, we describe the second method without Wannier interpolation. We only use this method for MgB2

as a check. For method II, the DFT calculations and linear-response calculations were done using the QUANTUM-
ESPRESSO package [133, 134]. We used optimized norm-conserving pseudpotentials (ONCPSP) [128, 143], with the
Perdew-Burke-Ernzerhof (PBE) parametrization of the generalized gradient approximations (GGA) for the exchange-
correlation functional [144]. A 84 Ry cutoff was used for the plane-wave basis set. The phonon calculation was
performed on a 6 × 6 × 4 mesh of the BZ for the phonon momentum, using the DFPT theory. The electron BZ
integrals involved in DFPT were carried out in a 16× 16× 12 mesh of BZ for the electron momentum. On the other
hand, in order to compute the Fermi-surface average of the deformation potential for the EPC, we discretize the
electron momentum on a finer mesh (60× 60× 60) of the BZ.

6. Comparison of two Methods for MgB2

The two methods give very close values of λ: λab initio,I = 0.67 from the method I and λab initio,II = 0.645 from the
method II, where the relative error is |(λab initio,I − λab initio,II)/λab initio,I | = 3.7%. To further compare the results
from the two methods, we plot the sum of ℏΓab initio

nm (Γ,Γ + (0, 0, kz)) over the two degenerate bands along Γ-A near
the Fermi level obtained from the two methods in Fig. 13, where Γnm is defined in Eq. (B79). As shown in Fig. 13,
the two values are close—the averages of the plotted values from the two methods differ by 9.7%. The consistency
between the two methods indicates the strong reliability of our numerical calculations.
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eV3

Method II

Method I

FIG. 13. The black and orange dots are the sum of ℏΓab initio
nm (Γ,Γ + (0, 0, kz)) over the two degenerate bands along Γ-A near

the Fermi level, obtained from the method I (supplementary information I 4) and method II (supplementary information I 5)
respectively.

Appendix J: Experimental Discussions

In this section, we present discussions on the experimental aspects.

1. Graphene

We first show that the energetic contribution λE in Eq. (F71) can be directly measured from the width of the
in-plane optical phonon at Γ (i.e., the E2g phonons at Γ).

In general, for systems with spin SU(2) symmetry, the phonon linewidth γql of the lth phonon at q caused by the
EPC to the leading order has the following form

γEPC
ql =

4π

N

1BZ∑
k

∑
nm

|Gnml(k,k + q)|2 [nF (En(k))− nF (Em(k + q))] δ (Em(k + q)− En(k)− ℏωl(q)) , (J1)

where we choose the convention in Ref. [145, 146] which have been heavily used for the phonon linewidth in graphene,
Gnml(k1,k2) is in Eq. (B44), nF is the Fermi-Dirac distribution, n,m are spinless band indices, and the spin-double
degeneracy of the electron bands has been included. Eq. (J1) can be straightforwardly derived from Fermi golden rule.
For the phonons at Γ that are Raman active, their linewidths of the phonons at Γ can be measured in the Raman
spectroscopy as the full width at half maximum (FWHM) of the corresponding peaks.

The E2g phonons at Γ of Graphene are Raman active, and thus we focus on them. Two E2g phonons are doubly
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degenerate, and thus let us consider the average linewidth of each E2g phonon, which reads

γEPC
Γ,E2g

=
1

2

∑
l∈E2g

γEPC
0l

=
2π

N

1BZ∑
k

∑
nm

∑
l∈E2g

|Gnml(k,k)|2 [nF (En(k))− nF (Em(k))] δ
(
Em(k)− En(k)− ℏωE2g

(Γ)
)

=
2π

N

1BZ∑
k

∑
nm

ℏ
2ωE2g

(Γ)

∑
l∈E2g

|G̃nml(k,k)|2 [nF (En(k))− nF (Em(k))] δ
(
Em(k)− En(k)− ℏωE2g

(Γ)
)
,

(J2)

where G̃nml(k1,k2) is defined in Eq. (B46). Since G̃nml(k,k) = 0 for the acoustic phonons and the ion motions along
z, we can sum l in Eq. (J2) over all phonons without changing γEPC

Γ,E2g
, leading to

γEPC
Γ,E2g

=
2π

N

1BZ∑
k

∑
nm

ℏ
2ωE2g (Γ)

∑
l

|G̃nml(k,k)|2 [nF (En(k))− nF (Em(k))] δ (Em(k)− En(k)− ℏωl(q))

=
2π

N

1BZ∑
k

∑
nm

1

ωE2g
(Γ)

Γnm(k,k) [nF (En(k))− nF (Em(k))] δ
(
Em(k)− En(k)− ℏωE2g

(Γ)
)
,

(J3)

where expression of Γnm(k1,k2) is in Eq. (B79). Since we choose a NN hopping electron model and we choose
the energy of Dirac point to be zero, the electron part has chiral symmetry. Then, according to the convention in
supplementary informationF, E2(k) = −E1(k) ≥ 0, and thus δ

(
Em(k)− En(k)− ℏωE2g

(Γ)
)
is nonzero only for

m = 2 and n = 1, leading to

γEPC
Γ,E2g

=
2π

N

1BZ∑
k

1

ωE2g (Γ)
Γ12(k,k) [nF (E1(k))− nF (E2(k))] δ

(
E2(k)− E1(k)− ℏωE2g (Γ)

)
=

2π

N

1BZ∑
k

1

ωE2g
(Γ)

Γ12(k,k)

[
nF (−

ℏωE2g
(Γ)

2
)− nF (

ℏωE2g
(Γ)

2
)

]
δ
(
2E1(k) + ℏωE2g

(Γ)
)
.

(J4)

Let us consider the case where µ ∈ (−ℏωE2g
(Γ)

2 ,
ℏωE2g

(Γ)

2 ), and focus on zero temperature. Then, the linewidth
becomes

γEPC,T=0
Γ,E2g

∣∣∣
µ∈

(
−

ℏωE2g
(Γ)

2 ,
ℏωE2g

(Γ)

2

) =
π

ωE2g (Γ)

1

N

1BZ∑
k

δ

(
E1(k) +

ℏωE2g
(Γ)

2

)
Γ12(k,k) . (J5)

The relation between γEPC
Γ,E2g

and λE is hidden in Γ12(k,k):

Γ12(k,k) =
ℏ

2mC

∑
τ i

Tr
[
P1(k)fτ i(k,k)P2(k)f

†
τ i(k,k)

]
=

ℏγ2

2mC

∑
τ i

Tr [P1(k)(χτ∂ki
h(k)− ∂ki

h(k)χτ )P2(k)(∂ki
h(k)χτ − χτ∂ki

h(k))]

=
ℏγ2

4mC

∑
i=x,y

Tr [P1(k)(τz∂ki
h(k)− ∂ki

h(k)τz)P2(k)(∂ki
h(k)τz − τz∂ki

h(k))]

=
ℏγ2

4mC

∑
i=x,y

Tr [P1(k)(τz∂kih(k)τz − ∂kih(k))P1(k)(τz∂kih(k)τz − ∂kih(k))] .

(J6)

As ∂kih(k) only involves τx and τy as shown in Eq. (F15), we have τz∂kih(k)τz = −∂kih(k), and Γ12(k,k) can be
further simplified to

Γ12(k,k) =
ℏγ2

mC

∑
i=x,y

Tr [P1(k)∂ki
h(k)P1(k)∂ki

h(k)] . (J7)
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Owing to the Hellmann–Feynman theorem, we know

P1(k)∂kih(k)P1(k) = ∂kiE1(k)P1(k) , (J8)

and thus

Γ12(k,k) =
ℏγ2

mC

∑
i=x,y

(∂ki
E1(k))

2
=

ℏγ2

mC
|∇kE1(k)|2 . (J9)

As a result, the average linewidth of each E2g phonons finally becomes

γEPC,T=0
Γ,E2g

∣∣∣
µ∈

(
−

ℏωE2g
(Γ)

2 ,
ℏωE2g

(Γ)

2

) =
ℏγ2π

ωE2g
(Γ)mC

Ω

(2π)2

∫
E1(k)=−

ℏωE2g
(Γ)

2

dσk
1

|∇kE1(k)|
|∇kE1(k)|2

=
ℏγ2π

ωE2g
(Γ)mC

Ω

(2π)2

∫
E1(k)=−

ℏωE2g
(Γ)

2

dσk |∇kE1(k)| ,
(J10)

where the integral is along the line for E1(k) = −ℏωE2g
(Γ)

2 . By comparing to λE in Eq. (F71), we arrive at

γEPC,T=0
Γ,E2g

∣∣∣
µ∈

(
−

ℏωE2g
(Γ)

2 ,
ℏωE2g

(Γ)

2

) =
πℏ

ωE2g (Γ)

γ2

mC

Ω

(2π)2

∫
E1(k)=−

ℏωE2g
(Γ)

2

dσk |∇kE1(k)|

=
πℏ
〈
ω2
〉

ωE2g
(Γ)

λE |
µ=−

ℏωE2g
(Γ)

2

,

(J11)

which, combined with the approximated analytical expression of
〈
ω2
〉
in Eq. (F115), results in

γEPC,T=0
Γ,E2g

∣∣∣
µ∈

(
−

ℏωE2g
(Γ)

2 ,
ℏωE2g

(Γ)

2

) =
ℏ2πωE2g (Γ)ω

2
A′

1
(K)(

ω2
A′

1
(K) + ω2

E2g
(Γ)
) λE |

µ=−
ℏωE2g

(Γ)

2

⇒ λE |
µ=−

ℏωE2g
(Γ)

2

=
1

2πℏωE2g (Γ)

(
1 +

ω2
E2g

(Γ)

ω2
A′

1
(K)

)
γEPC,T=0
Γ,E2g

∣∣∣
µ∈

(
−

ℏωE2g
(Γ)

2 ,
ℏωE2g

(Γ)

2

) .

(J12)

Therefore, if we can measure the low-temperature average phonon linewidth of the E2g phonons at Γ that is caused by

EPC for µ ∈
(
−ℏωE2g

(Γ)

2 ,
ℏωE2g

(Γ)

2

)
, it, combined with the measured phonon frequencies, gives a direct measurement

of the energetic contribution λE at µ = −ℏωE2g
(Γ)

2 .
The low-temperature average phonon linewidth of the E2g phonons at Γ that is caused by EPC is measurable

in graphene. In graphene, the low-temperature average phonon linewidth of the E2g phonons at Γ does not solely
comes from EPC—the EPC contribution is about 85% according to Ref. [147]—the remaining contribution is from
anharmonicities. In short, we have

γΓ,E2g = γEPC
Γ,E2g

+ γanΓ,E2g
, (J13)

where γΓ,E2g
is the total low-temperature average phonon linewidth of one of the E2g phonons at Γ, and γanΓ,E2g

is the

part that comes from anharmonicities. Now the question becomes how to separate γEPC
Γ,E2g

from the total linewidth

γΓ,E2g
. As shown in Eq. (J4), the zero-T γEPC

Γ,E2g
has strong chemical potential dependence, i.e., γEPC,T=0

Γ,E2g
= 0

for |µ| > ℏωE2g
(Γ)

2 ≈ 0.1eV and γEPC,T=0
Γ,E2g

has a discontinuous jump as |ν| is tuned continuously into the range

|µ| < ℏωE2g
(Γ)

2 ≈ 0.1eV . On the other hand, γanΓ,E2g
only has weak dependence on the chemical potential [96].

Therefore, one can get the value of γEPC,T=0
Γ,E2g

for small chemical potential from the difference of low-temperature total

linewidth γΓ,E2g at µ = 0 and large µ:

γEPC,T=0
Γ,E2g

∣∣∣
µ∈

(
−

ℏωE2g
(Γ)

2 ,
ℏωE2g

(Γ)

2

) ≈ γlow T
Γ,E2g

∣∣∣
µ=0

− γlow T
Γ,E2g

∣∣∣
|µ|>0.1eV

. (J14)

With this method, the Ramen measurement in Ref. [96] suggests

1

hc
γEPC,T=0
Γ,E2g

∣∣∣
µ∈

(
−

ℏωE2g
(Γ)

2 ,
ℏωE2g

(Γ)

2

) = 7 ∼ 13cm−1 , (J15)
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where h is the Planck constant, c is the speed of light, and the error is considerable—about ±3cm−1. Experimentally,
ℏωE2g

(Γ) = 0.196eV (i.e., 1582cm−1) according to the measurement in graphene [147] and ℏωA1
(K) = 0.156eV (i.e.,

1260cm−1) according to the measurement in graphite [97]. With these experimental values, Eq. (J12) suggests

λE |µ≈−0.1eV = 0.0018 ∼ 0.0034 , (J16)

whereas the model calculation suggests

λE |µ=−0.1eV = 0.0032 , (J17)

which is within the experimental errors. More precise measurement can be done in the future.
The total λ of graphene may be measured from the Helium scattering [99]. Combined with the experimental

observation of λE , it can serve as a probe as the geometric contribution λgeo. Furthermore, the FSM in graphene may
be measured from the current noise spectrum [100] or more generally the first-order optical response [101], owing to
the two-band nature of graphene. Therefore, the following expression may be experimentally testable:

λgeo
λE

=

∫
FS

dσk
∆E2(k)

|∇kEnF
(k)| Tr[gnF

(k)]∫
FS

dσk|∇kEnF
(k)|

=
|µ|
π

∫
FS

dσk
Tr[gnF

(k)]

|∇kEnF
(k)|

=
hc

2π2e2
A(ω = 2|µ|/ℏ) , (J18)

where

A(ω) =
4ℏ|µ|
ch

ℏω
∫
FS

dσk
Tr[gnF

(k)]

|∇kEnF
(k)|

(J19)

is the optical absorption coefficient for photons with frequency ω in the unit system where 1/(4πϵ0) = 1 [101–104].
Here we have used the expressions of λgeo and λE below Eq. (F71). Known experiments observe A(ω) ≈ 2.3% for

ℏω > 0.5eV, which gives hc
2π2e2A(ω = 2|µ|/ℏ) ≈ 1.0, which is consistent with Eq. (F92). We note that such test is

for |µ| > ℏω/2 > 0.25eV, while our proposal of measuring λE is for µ ≈ −0.1eV. Ff one can measure A(ω) down to
ℏω = 0.1eV while measureing λE and λgeo based on our proposals, these measurements would serve as a good test

our theory, and relate the
λgeo

λE
in scattering experiments to the absorption coefficient A(ω) in the optical response.

2. Other Systems

Besides graphene, it is possible to verify the relation between quantum geometry and the EPC strength in other
systems. On the surface of the topological insulator Bi2Se3, the geometric properties of the Bloch states should vary
along the Fermi surface, due to the hexagonal distortion [105]. Furthermore, the coupling between the surface states
and the Γ phonons in principle should be measurable in the momentum-resolved way in time- and angle-resolved
photoemission spectroscopy measurements [106–109]. Then, we can compare the EPC strength and the geometric
quantities (like FSM or OFSM) of the surface states, and check whether they have similar behaviors as varying
momentum on the Fermi surface.
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