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The coupling of electrons to phonons (electron-phonon coupling) is crucial for the existence of
various phases of matter, in particular superconductivity and density waves. Here, we devise a theory
that incorporates the quantum geometry of the electron bands into the electron-phonon coupling,
demonstrating the crucial contributions of the Fubini-Study metric or its orbital selective version
to the dimensionless electron-phonon coupling constant. We apply the theory to two materials,
graphene and MgB2 where the geometric contributions account for approximately 50% and 90% of
the total electron-phonon coupling constant, respectively. The quantum geometric contributions in
the two systems are further bounded from below by topological contributions. Our results suggest
that the nontrivial electron band geometry/topology might favor superconductivity with relatively
high critical temperature.

I. MAIN
A. Introduction

Topology has been at the forefront of condensed matter physics for the past two decades, influencing our under-
standing of quantum materials and phenomena. More recently, it has however become clear and appreciated that a
more general concept, that of quantum geometry, manifests itself in a series of quantum phenomena involving flat
electronic bands. Nontrivial quantum geometry — expressing change in wavefunctions under infinitesimal change in
the Hamiltonian parameters such as momentum (Fig.1(b)) — appears naturally in multi-band systems [1, 2]. If a
band is topologically nontrivial, the quantum metric is bounded from below by the topological invariant of the band
(Fig. 1(e)). However, even if the band is topologically trivial, but has Wannier states that are not fully localized on
the atoms (such as in the obstructed atomic limits [3]), the quantum geometry — usually described up to now by the
Fubini Study metric (FSM)— can be bounded from below (Fig.1(c-d)). For flat electronic bands — whose flatness
comes from quantum interference effects [4-6] — it has been shown that the quantum geometry is directly related to
superfluid weight [7-25] and other phenomena (such as the fractional Chern insulators [26-31], etc [18, 32-41]), mostly
within contrived special models. Hence flat bands, previously thought to be detrimental to superconductivity [42],
actually have superfluid weight bound from below if topological. Experimental investigations of these predictions are
ongoing in systems such as magic-angle twisted bilayer graphene [43, 44]. Besides flat-band systems, the effect of
quantum geometry in dispersive-band systems has also been studied, e.g., Ref. [45-58].

All the previous works on quantum geometry either do not include the realistic interaction or treat the interaction
strength as a tuning parameter. Up to now, it is unknown how quantum geometry (characterized by, e.g., the FSM)
affects the strength of realistic interactions. One main and important interaction in solids is the electron-phonon
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coupling (EPC), which is crucial for superconductivity [59-61] and other quantum phases. For phonon-mediated
superconductors, a large A typically leads to a high superconducting transition temperature T, [62, 63]. Therefore,
it is natural to ask how A is directly related to the electron band geometry—most importantly to the Fermi surface
quantum geometry (characterized by, e.g., the FSM)—which is bounded by topology. Such relation, if revealed, may
help look for new superconductors, given the large number of topological materials [3, 64—69].

In this work, we compute the contribution of electron band geometry and topology to the bulk EPC constant .
First, we introduce a simple (but in many cases remarkably accurate) model — dubbed the Gaussian approximation
(GA) — for the EPC to show its deep link to the electronic band Hamiltonian. In this approximation, the quantum
geometric contribution to A emerges naturally and can be differentiated from the energy dispersion contribution. In
particular, we find that the either the FSM or the orbital-selective Fubini-Study metric (OFSM) directly enter the
expression of EPC. We show that when the electron states on or near the Fermi surfaces exhibit topology — such as
winding numbers of the wavefunctions — the geometric contribution (arising from O/FSM) is bounded from below
by the topological contribution (arising from topological invariants). The topological contribution serving as a lower
bound of the geometric contribution is in the same spirit as the band topology serving as a lower bound of the band
geometry.

To test our theory, we apply it to the EPC of two famous materials: graphene and MgBs, where we find that
our approximation becomes (almost) exact; we then identify the quantum geometric contributions to the bulk EPC
constant A, as well as the topological contributions that bound the geometric ones from below, in the two systems.
We further perform the ab initio calculation, with two different methods [70-72] for MgBs, from which we find that
the quantum geometric (topological) contribution to A accounts for roughly 50% (50%) and 90% (43%) of the total
value of EPC constant in graphene and MgBs, respectively. Beyond the GA, we introduce an alternative but similar
way of identifying the quantum geometric contributions to A based on the symmetry representations (reps) and the
short-ranged nature of the hopping, and reproduce our results. Since MgBs is a phonon-mediated superconductor
with T, = 39K [73-75], our work on MgB, suggests that strong geometric properties or nontrivial topology of the
electron Bloch states may favor strong EPC constant A and thus may favor the high superconducting T, which would
serve as a guidance for future search of superconductors.

B. Gaussian Approximation: Geometric Contribution to A

_ o] 0(2F(w) . . . . 2
The bulk EPC constant [62] A = 2 [;7 dw®** is obtained from the Eliashberg function [61] o®F. It can be

written as \ = 2% hZ§£Z> where D(u) is the single-particle electron density of states at the chemical potential p, N

is the number of lattice sites, and <w2> is the McMillan’s mean-squared phonon frequency. For a multi-band electron
system, we show that the average phonon line width (I') (up to a factor of D?(y)) is the average of
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over the Fermi surfaces. k; and kg are the Bloch momenta of electrons, 7 is the sub-lattice vector, m., is the
mass of the ion at 7, i labels the spatial directions of the possible ion motions, and crucially P, (k) = U, (k)U] (k)
is the projection matrix to the nth electron band with U, (k) the eigenvector. Fr;(ki,k2) in Eq. (1) is the EPC
matrix in the electron atomic basis and the ion motion basis, whose general expression can be found in Eq. (B41) in
supplementary information B. As embedded in 3D space, the ion can move in 3D (i.e., i = x,y, z) regardless of the
sample dimensionality.

For time-reversal (TR) invariant systems with negligible Coulomb interaction, we show in supplementary informa-
tion E that the mean-field superconducting kgT, > 1.13e,e~ % is bounded from below by A regardless of the pairing
function, as long as (i) the cutoff €. is much larger than the temperature and (ii) the bands cut by the Fermi energy are
dispersive with a large Fermi velocity. (We note that the bound relies on the Migdal-Elishberg theory which usually
holds in the weak-coupling regime. The Migdal-Elishberg theory is not necessarily reliable in the strong-coupling
regime [76-78].) If the Coulomb interaction is considerable, T, of phonon-mediated superconductors still typically
increases with increasing A [62, 63]. In the expression of A, <w2> can be well approximated by certain phonon fre-
quencies in many cases (e.g., in graphene and MgBs), and D(u) only involves electrons. Thus the main information
of the EPC is often in the average phonon line width (I'). To study (I'), we adopt the two-center approximation [79]
for the EPC: only the relative motions of two ions matter for the EPC between the electronic orbitals on those two
ions. As a result, the EPC matrix Fr;(ki, k2) has the following form (supplementary information C):

Fri(ky1, k) = x+ fi(k2) — fi(k1)Xr » (2)



where x - is a diagonal projection matrix with elements being 1 only for the electron degrees of freedom (like orbitals)
at 7. fi(k) is a matrix for the case with more than one bands, and is the quantity we want to determine (supplementary
information C), whose deep physical origin is missing in the literature.

We now show that f;(k) is intimately related to the electronic Hamiltonian. To show this general relation, we
introduce the GA. As a concrete simple illustration, we consider a 3D system with only one kind of atom and one
spinless s orbital per atom. (See generalization in supplementary information F and supplementary information H.) We
allow multiple atoms per unit cell so that more than one electron bands can exist. Under the two-center approximation,
the non-interacting electron Hamiltonian and EPC Hamiltonian are directly given by the smooth hopping function
t(r), which specifies the hopping between two s orbitals separated by r. Explicitly, the electron matrix Hamiltonian
veads [h(k)],,, = Y gt(R+ 7 — 7/)e * (B+7=7") with R labelling the lattice vectors, and the EPC f;(k) in Eq. (2)
reads [fi(k)], ,, = > r ek (RATI=T2) 9 (1) The GA assumes the hopping function to have a Gaussian
form: t(r) = to exp[vq], where v < 0 is determined by the standard deviation. Usual overlaps between orbital in
lattices do have exponentially decaying form; hence we expect the GA to be a qualitatively and quantitatively good
description of the physics. Other powers of |r| in the exponential are possible, and lead to generalized quantum
geometric quantities, but we focus on the GA due to its simplicity. We later show it is exact in the short-range-
hopping or k - p models of graphene and MgBs.

Crucially, the GA enables us to uncover a relation between the EPC f;(k) and the electron Hamiltonian h(k). As
Or,t(r) = rit(r), we Fourier transform to find a simple relation between EPC and the electron Hamiltonian

fi(k) =iv0k,h(k) . (3)

With the spectral decomposition h(k) = " FE,(k)P,(k) where E,(k) is the nth electron band with projection
operator P,(k), we can split the EPC f;(k) into the energetic and geometric parts f;(k) = fF (k) + f7°°(k), where

= i’}/ Z 8k1 En(k)Pn(k)
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(4)

fE (k) is the energetic part of the EPC since it vanishes if electron bands are exactly flat. f7°°(k) is the geometric
part of the EPC since f/“°(k) relies on the momentum dependence of P, (k); it vanishes for trivial bands with no k
dependence in their eigenstates, or for one-band systems. The separation Eq. (4) allows us the split the bulk EPC A
into 3 parts A = Ag + Ageo + AE_geo, Where Mg is linked to fF(k), Ageo to f7°°(k), and Ag_geo to both f£(k) and
f2°°(k). Similar to the names of f(k) and f7°°(k), we call Ag and A4, the energetic and geometric contributions
to the bulk EPC constant A, respectively. Ag_geo is not our focus in this work since it vanishes in graphene and
MgB; under the approximation that we adopt, though Ag_4e, also has geometric dependence in it. (supplementary
information A.)

In particular, f7°°(k) is responsible for leading to the FSM/OFSM in Ajeo = Ageo1 + Ageo,2, Where both parts
depends on geometric quantities, as discussed in supplementary information A. In this work, we will mainly focus on
Ageo,1, SINCe Ageo 2 is Testricted to zero by symmetries for graphene, and is either restricted to zero or can be converted
to the same geometric expressions as Ageo,1 for MgBs, as discussed in the next section. Explicitly, in the two-band
case, Ageo,1 reads

AE? (k)
Ageo,1 = 2m) 3m w2 Z ~/FS do kIVkE (k)la‘r [gn,‘r(k)]ii (5)
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where m is the mass of the ion, Q is the volume of the unit cell, doy is the measure on the Fermi surface,
AE( ) is the difference between two energy bands, FS, is the Fermi surface given by E,(k) = p, and a, =

D(u) >om ZIBZ (it — Em(k2)) [Pr(k2)],. (supplementary information A.)

(9n.r ()] = 5 T (O Pu(R)Pu(R)1, P (k)] + (i 65 ) (6)

is the orbital-selective Fubini-Study metric (OFSM). More general definitions of OFSM can be found in supplementary
information G, and similar OFSM generalizations were proposed in Ref. [9, 19]. When symmetries requires a, to be
the same for all 7 (like graphene), the OFSM would be summed over all 7 and reduce to the conventional FSM.
Although we only discuss the GA for a 3D system with only one kind of atom and one spinless s orbital per atom,
the GA can be defined for more complicated cases. We also introduce an alternative way of identifying the geometric
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contribution to A based on the symmetry reps for systems with short-range hoppings (supplementary information D).
Both methods can be applied to graphene and MgB, and give identical results. Moreover, we also use the most-general
symmetry-allowed short-range hopping form to reproduce the results from GA in graphene and MgBs.

We have not developed a completely general version of GA that is applicable to all systems. In general, it is unlikely
to cover the full ab initio results just by allowing other powers of the distance between orbitals in the exponential or in
the perfector of the exponential. Allowing other powers of the distance can cover the radial part of the EPC, i.e., the
EPC matrix elements that correspond to the atomic motions in parallel with the hopping direction; however it cannot
always cover the angular part of the EPC, i.e., the EPC matrix elements from the atomic motions in perpendicular to
the hopping direction, which might be considerable when the orbitals have strong angular dependence such as p, d, f
orbitals. As discussed in the next section, graphene is special since p, orbitals are effectively s orbitals in 2D, and we
only need to consider the in-plane motions to the leading order, which therefore involve no angular dependence; MgBy
is also special since the angular part of the EPC has the same expression as the radial part of the EPC to the leading
order, which would allow us to use the GA with additional powers in the perfector to cover the whole EPC to the
leading order. Nevertheless, this is not always true in general. Therefore, when studying the geometric contribution
to EPC in other systems, one might need certain modification of Eq. (3) beyond what we will do for graphene and
MgB, in the rest of this paper, and might also need to verify the results with different methods. Nevertheless, it is,
in many case, possible to use certain polynomials of r to re-express the spatial gradient of the hopping functions,
which, when the hopping is short-ranged enough, would give momentum derivatives of the electron Hamiltonian after
the Fourier transformation and give geometric contribution.

C. Geometric Contribution to A in Graphene and MgB»

We now apply the GA to the specific cases of graphene and MgB,. With the nearest-neighboring-hopping model
of graphene [80], we find that the EPC form (Eq. (3)) derived from the GA is exact in graphene for the in-plane atom
motions. Due to the mirror symmetry that flips z direction, the out-of-plane atomic motions do not couple to the
electrons, and thus we find that the energetic and geometric parts of the EPC for graphene in Eq. (4) are nonzero
only for in-plane ¢ = x,y. Then, we obtain (supplementary information F)

_ ”
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where m¢ is the mass of carbon atom, E,, (k) is the band that gives the Fermi surface, and AE(k) is the absolute
difference of two energy bands. Remarkably, we find that, as advertised, the FSM of the electron Bloch states—
[9n(K));; = Tr[Ok, Pr(k)Ok; Pr(k)]/2 (equal to the expression in Fig. 1(b) under the tight-binding approximation)—
directly appears in the Ageo. The appearance of the FSM in Eq. (7) comes from a, = 1/2 in Eq. (5) and Ageo2 =0
for graphene, owing to the C57 and C3 symmetry, respectively, where C), is the n-fold rotational symmetry along
z-axis and T is the time-reversal symmetry. The symmetries of graphene also requires Ag_geo = 0. Therefore, the
bulk EPC constant A of graphene only has the energetic and geometric contributions in Eq. (7), i.e., A = Ag + Ageo
(supplementary information F'). Analytically, we find (supplementary informationF), Ageo/A limits to exactly 50% as
u approaches to the energy of the Dirac points (which is zero). Remarkably, half of the EPC strength is supported
by the geometric (and as we will show, topological) properties of the graphene Bloch states.

We determine the numerical values of the model parameter v (in addition to the electron nearest-neighboring (NN)
hopping and {(w?)) by matching our model to our ab initio calculation. (See ab initio calculation in supplementary
informationI and see also Ref. [81, 82].) With the values of the model parameters (supplementary information F), we
find that A\ from our model almost perfectly matches with that from the ab initio calculation for a large range of u
up to —1eV, as shown in Fig. 2(a). We note that we do not tune the EPC parameter v to fit our analytical A to our
Aab initio. instead we determine the value of v by matching the EPC analytic/ab initio matrix elements at the corners
of 1BZ. The match in Fig. 2(a) is hence not a result of tuning the EPC parameter and shows the great validity of the
our GA. Moreover, our numerical calculation also finds that the geometric contribution is roughly 50% of the total
A (Fig.2(b)), consistent with our analytical results. In Fig.2(a), we directly use the value of (w?) from the ab initio
2w%2g(F)wi,l (K)

W (deriVed for

calculation. We find that <w2> can be approximated by an analytical expression <w2> =
p — 0) with only 9% error, where wg,, (I') and wx; (K) are the frequencies of the Ey, phonons at I' and the Aj
phonons at K, respectively (supplementary information F). This underscores the excellent agreement of our analytic

calculation with realistic ab initio.



Although the direct application of GA is not straightforward for moiré system (which we leave for future work),
we indeed find that the mean-field critical temperature of twisted bilayer graphene derived from the EPC can be
estimated by a geometric expression similar to Eq. (7) in the first chiral limit [83-86] based on the topological heavy
fermion framework [87, 88]. (See supplementary information F for details.) Our approximated expression relies on the
FSM of the flat bands and gives T, ~ 0.6K around the magic angles, which is close to the experimental values [43].

While graphene is a relatively “simple” compound, and one could discount our excellent agreement and the findings
that follow as “accidental,” MgBs (Fig.3(a)) is a far more complicated system [73] with multiple Fermi surfaces.
The EPC constant A only involves electron states at Fermi energy, which originate from B atoms [89]. (Fig.3(b)) In
addition, the main phonon contribution to A is from the E; modes along I'—A (enhanced to Es, exactly at I' and
A), which also only involve B atoms [90, 91] (Fig.3(a)). The irrelevance of Mg for A is supported by Ref. [75] which
finds an isotope effect of Mg atoms much smaller than that of the B atoms. Therefore, we neglect Mg atoms when
constructing the models for electrons and EPC.

The bands near the Fermi level originate from the ¢ bonding among B p, /p, orbitals and the = bonding among B
p. orbitals [89](Fig. 3(b)). The Fermi surfaces of the two bonding types are separated away from each other by a large
in-plane momentum difference (supplementary information H), while the dominant phonon modes for A (mainly the
E, phonons along I'-A which are enhanced to Ey,4 at I and A) have small in-plane phonon momenta [91]. Therefore,
for evaluating A\, we reasonably assume that the o-bonding states are decoupled from the m-bonding states in the
electron and EPC Hamiltonian, which is also supported by the small linewidths of the phonons with large in-plane
momenta observed in Ref. [92]. As a result, we have A = A\; + A\, where A, (\,) is the EPC constant of the m-bonding
(o-bonding) states.

The derivation for A\, is similar to graphene, since the m-bonding states originate from the p, orbitals of B atoms
arranged as AA-stacking graphite (Fig. 3(a)). The main difference is that the w-bonding states in MgBs have an extra
NN hopping along z direction in our model, which mainly affects the energetic contribution A g. Nevertheless, we
can still use GA in x/y directions to derive the energetic and geometric parts of the EPC, which turns out to be the
same as Eq. (4) except that the hopping decay 7, . along z which is different from v, along z/y. We adopt the GA
only in the  — y plane because the dominant Es phonons arise from the in-plane (z — y) motions of the B atoms [91];
the EPC Hamiltonian derived from GA exactly matches the actual EPC Hamiltonian with NN terms for the in-plane
atomic motions. We then find Ax = Ar g + Ax geo, Where Ax gp_geo is zero again due to symmetries. The geometric
Ar,geo has the same form as Age, in Eq. (7) for graphene (relying on FSM), and A, g just acquires an extra derivative
of dispersion with respective to k, compared to Ag in Eq. (7) for graphene, in addition to an extra factor D (u)/D(u)
in Ar g and Ay geo with D () the density of the m-bonding states. (supplementary information H.)

We now discuss A, for the o-bonding states. By adopting the GA in the x/y directions and the NN-hopping
approximation along z, we obtain the energetic and geometric parts of EPC, which are equal to Eq. (4) after replacing
v by s, for the z direction and by ~,, for the x/y directions (supplementary information H). The form of the EPC
derived from the GA is exact if (i) we only include the NN hopping terms among p,/p, orbitals in the x/y plane and
along z, and (ii) we only keep first order in k in the electron Hamiltonian (allowed by small kj on the Fermi surface
of the o-bonding states shown in Fig. 3(b)). Because of the k-first-order approximation, the effective Hamiltonian
has two doubly-degenerate energy bands E.fs, (k) with n = 1,2—the lower E.;f1(k) is cut by the Fermi energy.
While the effective model does not capture the splitting between the two bands near the Fermi level away from I'-A
shown in Fig. 3(b), it is a good approximation for the evaluation of the EPC as discussed at the end of this section
and in supplementary information H.

Owing to the kj-first-order approximation of the electron Hamiltonian, we find Ay g—geo = 0, and thus obtain
Ao = Ao, E + Ao geo, Which read
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where mpg is the mass of the B atom, AE.f¢(ky) is the absolute difference between two doubly degenerate bands of the
effective model, D, (u) is the density of the o-bonding states, and F'Scsy,1 is the Fermi surface given by Ecyf1(k) = p.
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where £, is a normalized vector that represents the electronic orbitals linear combination picked by the relevant
phonons for EPC A (Fig.3(a)), and P.sr1(ky) is the projection matrix for the band E.rr1(k). In Ay geo, we only
sum « over the parity-odd combinations of p,/p, orbitals (labelled by “—” on top of the summation), because only
the E5 phonons matter under the kj-first-order approximation of the electron Hamiltonian and they flip the parity
of the parity-even P.¢f1(0). We only have OFSM in X\, e, because Ageo 2 mentioned above Eq. (5) (which in general
might leads to geometric quantity different from OFSM) turns out to have the same final expression as the OFSM
under the approximation of the linear-momentum electron Hamiltonian, which allows us to use OFSM to describe the
geometric dependence in Ageo2. (supplementary information H) We only consider the OFSM and AE.;¢(ky) with
ky =0 in Eq. (8) because the EPC matrix is given by the momentum derivative of the kj-first-order electron matrix
Hamiltonian and thus is only reliable to zeroth order in k. We expect A, g to be small, as it does not involve in-plane
motions of B atoms manifested by the absence of momentum derivative along x and y in the numerator (confirmed
by our ab initio calculation).

We determine the hopping decay parameters v i, Yr,z; Yo,i and v, . by matching the EPC T, (k, k + q) (with
k =T, K and q along T'-A) to our two ab initio calculations for MgBy. (supplementary information H.) Then, we
obtain the values of various contributions to A as shown in Tab.I. Note that we do not tune v, i, Vr.2, V0,1 and vy »
to fit our A (a single value) to the single value A\ " given by the ab initio calculation. Therefore, our value of
A = 0.78, which is remarkably close to the ab initio value A\ "° = (.67 (17% error), verifies the validity of our
approximations. Moreover, A, is much larger than A, which is consistent with the previous result [91].

We find that the quantum geometric contribution is about 92% of the total A, with most originating from the o
bonding. On the other hand, we find the energetic contribution from the o bonding (A, g) to be negligible, consistent
with our analytical argument. Therefore, the quantum geometry of the ¢ bonding states supports the large EPC
constant in MgBy. The values in Tab. I are calculated with the ab initio value of < 2> (hy/{w?) = 68meV), which can
be approximated by the frequency of the Ey, phonons at I' (hwg,, (I') = 75.3meV) with about 10% error.

D. Topological Contributions to A in Graphene and MgB-

The quantum geometric contributions in graphene and MgBs can be bounded from below by the topological
invariants of the states on or near the Fermi surfaces in these materials, showing a deep connection between EPC and
topology. The graphene Ag4e, in Eq. (7) is bounded from below by the topological contribution Aiopo, i-€., Ageo = Atopos
where A¢opo reads

972 (1Wk| + Wi ])®

)\topo = (].0)
|[VeEn (k)| ’
dme (w std kT AB? (k)
where the chemical potential is moderate (e.g., within 1eV from 0). We derive Eq. (10) from the [, g dog/Tr [gy . (k)]
> w(|Wk| + |Wk|) for moderate chemical potential. A¢opo is topological because Wk = 1 and Wy, = —1 are the

integer winding numbers [80] (or chiralities) of the Dirac cones at K and K', respectively. Other parameters in Eq. (10)
are defined below Eq. (7). We analytically show that Aopo/Ageo limits to exactly 1 as p — 0, which is consistent with
the numerical calculation in Fig. 2(c). (supplementary information F)

For the m-bonding states in MgBs, the band structure has two PT-protected nodal lines (P and T are inversion
and TR symmetries) along k,-directional hinges of the 1BZ, which carry winding numbers just like Dirac cones
of graphene [93]. The winding numbers accounts for the topological contribution Ax topo to Ar, which bounds the
geometric Ax geo from below in a similar way to Eq. (10). (supplementary information H)

Besides the nodal lines, we find an obstructed atomic set of bands on the k, = 0 plane of MgB,, which contains
the o-bonding states around the Fermi level. The Bloch Hamiltonian has the mirror symmetry m, (that flips the
z direction) on the k, = 0 plane. In the m.-even subspace, we find that the isolated set of three bands cut by the
Fermi energy is the elementary band representation (EBR) A;,@3f, which is obstructed atomic since the atoms are
not at 3f and which have nonzero PT-protected second Stiefel-Whitney class we = 1. (Fig. 3(c)) (Here we follow the
conventions in Bilbao Crystallographic Server [3, 94], and general discussion on wy can be found in Ref. [95].) we =1
can be understood as having a band inversion at I, resulting in the effective Euler number AN = 1 of the o-bonding



states around T' near the Fermi level. (See details in supplementary information H.) Remarkably, the effective Euler
number AN = 1 gives a topological Ay t0po Which bounds the geometric contribution from below, where Ay topo reads

)\ _ DU(M) 4’”—’)/3'7“9 [ J\/—]Q
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where d(k)) = vkja couples the states with different parities in the o-bonding effective model, and a and ¢ are the
lattice constant along x/y and z, respectively. Other parameters in Eq. (11) are defined below Eq. (8). We mention
that D2, >, geff.1,a(0) itself is not bounded from below since the o-bonding states at I is gapped. Instead, we look
at the product of the gap squared and the orbital-selective Fubini-Study metric, which is in dependent of the gap. In
particular, by using the Holder inequality, we find that the integration of 37, > . AEZ1(0) [gerr1,a(0)];; /|d(Rn)?
on the Fermi surface is bounded from below by the winding number of d(ky). Since the winding number of d(k))
determines the change of the topological invariant caused by the band inversion at I, it is further bounded from below
by the effective Euler number. (See details in supplementary information H.) As shown in Tab.I, the total topological
contribution Aopo = Ar topo + Ac topo 1S about 44% of the quantum geometric contribution Ageo.

We note that the topological contribution just tells us that the geometric contribution may be stronger in the
topologically nontrivial system. In principle, there can be trivial bands in real material that have strong geometric
properties and have a large geometric contribution.

(11)

II. DISCUSSION

Our work shows that quantum geometric properties, now at the forefront of flat band research, are also fundamental
— and can in fact be dominant — in a deep understanding of the different contributions to the EPC in systems with
dispersive bands. One future direction is the development of a general framework that specifies the geometric and
topological contributions to the bulk EPC constant A for all 2D and 3D systems with any types of topological invariants
of states on or near Fermi surface. Our current results imply that given two systems with similar band dispersion, the
system with stronger geometric properties would tend to have stronger EPC, which serves as a guidance for future
material search (e.g., one can look for Weyl semimetals that have Fermi surfaces enclosing Weyl points with large net
chiralities.) The study of the geometric and topological contributions to the bulk EPC constant A in more phonon-
mediated superconducting materials is essential for checking the relation between electron band topology/geometry
and the superconducting T,.. Further work will focus on a ab initio high-throughput of the quantum geometry effects
in the EPC of many other multi-band superconductors.

We find that the the energetic contribution Ag in graphene can be directly measured from the zero-temperature
phonon linewidth of the Ey, phonons at I', together with the frequencies of the Ey, phonons at I" and the A} phonon
at K. (supplementary information J.) Experimentally, the frequency and linewidth of the Es, phonons at I can be
measured in the Raman spectroscopy [96], while the frequency of the A} phonon at K can be approximated by
the inelastic x-ray scattering measurement in graphite [97]. Existing experimental data suggest the experimental
value of A\g for p =~ —0.1eV is 0.0018 ~ 0.0034, whereas the value from our model is 0.0032, which is within in
the current experimental range. More precise measurement can be done in the future. Combined with the fact
that the total A of graphene may be measured from the Helium scattering [98, 99], the geometric contribution
Ageo may be measured from A — Ag. Furthermore, FSM in graphene may be measured from the current noise
spectrum [100] or more generally the first-order optical response [101], owing to the two-band nature of graphene.

Ageo _ |pl Tr[gnp(k)] _ he
Therefore, BV 7fFS do-klvkEnF(k)l - 277262A

optical absorption coefficient for photons with frequency w in the unit system where 1/(4meg) = 1 [101-104]. If tested,

(w = 2|p|/h) may be experimentally testable, where A(w) is the

this expression would relate the A}\g—;" in scattering experiments to the response coefficient in the optical response.

Besides graphene, on the surface of the topological insulator BizSes with the hexagonal distortion [105], we can track
the momentum-dependence of the geometric quantities (like FSM and OFSM) and the EPC coupling measured in time-
and angle-resolved photoemission spectroscopy measurements [106-109], as a test of the relation between quantum
geometry and the EPC strength. For 3D meterials like MgBs, the EPC constant A can be measured in various ways,
e.g., by tracking the temperature behavior of specific heat[110] and inelastic x-ray scattering experiments [92]. It is
possible to test our theory in a system with tunable band geometry/topology by measuring the EPC constant while
changing the band geometry/topology - for example through gating in 2D or strain in 3D.



Note Added: During the review process of this manuscript, Ref. [111] (authored by one of the authors of the current
work) was posted online, which applied the GA proposed in this work to Kagome ScVgSng and explained the phonon
softenning in the system.
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A (A% ™oy 10,78 (0.67)|| Ax [0.16]] A, |0.62
A 0.07 Are |0.07]| A\o,r [0.00
Ageo 0.71 Ar.geo |0.09]| Ao geo |0.62
Atopo 0.32 || Ar.topo|0.01 || A topo |0.31

TABLE I. Numerical values of the A and its various contributions for MgBs. A% initio — () 67 in the bracket is the ab initio value
for A. All other values are calculated from our model with parameter values determined by matching the EPC I'ynp, (K, k + q)
(with k =T, K and q along I'-A) and fitting the electron band structure to the ab initio results. We do not fit the single value

A\ to )\a,b initio




10

a ¢ no geometry
A 4 “d "
b b b b,
¥ A&w A%\/ ””A‘ s,/ o
e P W W
;; T‘ jd' %Vlar d with geometry, trivial topology

b
lutge) |tUkrar) @

e nontrivial topology

1
9 0) = 5 Tr |3 g ourD s () | @

FIG. 1. Quantum geometry and EPC. (a) When the ions (pink) move away from the equilibrium positions (gray) due to
phonons, electrons (blue arrows) would follow the motions of ions in the tight-binding approximation owing to EPC. (b) The
FSM g¢;;(k) provides a measure of quantum geometry, i.e., how the periodic part of Bloch state, |ug), vary in the first Brillouin
zone (1BZ, represented by the torus). (¢) Quantum geometry can vanish (left) for trivial atomic limit (right). (d) Quantum
geometry must be strong (left) for obstructed atomic limit (right), even if the band topology is trivial. (e) Nontrivial band
topology forces the quantum geometry to be strong (left), and leads to power-law decayed Wannier functions (right).
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FIG. 2. Plots for graphene. The chemical potential p ranges from —1eV to 0eV, while setting the Dirac-point energy to be
zero. (a) is the plot of EPC constants from the ab initio calculation (A® ™*°  black) and from Eq. (7) (), red). (b) and (c) are
the plots of Ageo/A and Atopo/A, respectively.
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FIG. 3. Plots for MgBs. (a) structure of MgBs. The gray arrows show one type of the ion motion of the FE», phonon at
T'. (b) ab initio band structure. o and 7 indicate states from o (pr/py orbitals) and m-bonding (p. orbital) among B atoms,
respectively [89]. Green lines represent bands in the m.-even subspace on the k. = 0 plane. The Fermi energy is at 0. (c)
Wilson loop spectrum of the lowest 3 bands in the m.-even subspace on the k. = 0 plane in (b). The black dots of the inset
shows the Wannier center of the 3 bands in one plane of B atoms (pink).



12

[1] J. Provost and G. Vallee, Riemannian structure on manifolds of quantum states, Communications in Mathematical Physics
76, 289 (1980).

[2] R. Resta, The insulating state of matter: a geometrical theory, The European Physical Journal B 79, 121 (2011).

[3] B. Bradlyn, L. Elcoro, J. Cano, M. Vergniory, Z. Wang, C. Felser, M. Aroyo, and B. A. Bernevig, Topological quantum
chemistry, Nature 547, 298 (2017).

[4] E. H. Lieb, Two theorems on the hubbard model, Phys. Rev. Lett. 62, 1201 (1989).

[5] A. Mielke, Ferromagnetism in the hubbard model on line graphs and further considerations, Journal of Physics A:
Mathematical and General 24, 3311 (1991).

[6] D. Calugdru, A. Chew, L. Elcoro, Y. Xu, N. Regnault, Z.-D. Song, and B. A. Bernevig, General construction and
topological classification of crystalline flat bands, Nature Physics 18, 185 (2022).

[7] S. Peotta and P. Térmé, Superfluidity in topologically nontrivial flat bands, Nature Communications 6, 8944 (2015).

[8] A. Julku, S. Peotta, T. I. Vanhala, D.-H. Kim, and P. Térméa, Geometric origin of superfluidity in the lieb-lattice flat
band, Phys. Rev. Lett. 117, 045303 (2016).

[9] P. Torma, L. Liang, and S. Peotta, Quantum metric and effective mass of a two-body bound state in a flat band, Phys.
Rev. B 98, 220511 (2018).

[10] F. Xie, Z. Song, B. Lian, and B. A. Bernevig, Topology-bounded superfluid weight in twisted bilayer graphene, Phys.
Rev. Lett. 124, 167002 (2020).

[11] J. Herzog-Arbeitman, V. Peri, F. Schindler, S. D. Huber, and B. A. Bernevig, Superfluid weight bounds from symmetry
and quantum geometry in flat bands (2021), arXiv:2110.14663 [cond-mat.mes-hall].

[12] N. Verma, T. Hazra, and M. Randeria, Optical spectral weight, phase stiffness, and ji;tj/ijjsubgjijcj/iii/subj, bounds for
trivial and topological flat band superconductors, Proceedings of the National Academy of Sciences 118, €2106744118
(2021), https://www.pnas.org/doi/pdf/10.1073 /pnas.2106744118.

[13] X. Hu, T. Hyart, D. I. Pikulin, and E. Rossi, Geometric and conventional contribution to the superfluid weight in twisted
bilayer graphene, Phys. Rev. Lett. 123, 237002 (2019).

[14] A. Julku, T. J. Peltonen, L. Liang, T. T. Heikkild, and P. Térmé, Superfluid weight and berezinskii-kosterlitz-thouless
transition temperature of twisted bilayer graphene, Phys. Rev. B 101, 060505 (2020).

[15] M. J. Park, Y. B. Kim, and S. Lee, Geometric superconductivity in 3d hofstadter butterfly, arXiv:2007.16205 (2020).

[16] J. Herzog-Arbeitman, V. Peri, F. Schindler, S. D. Huber, and B. A. Bernevig, Superfluid weight bounds from symmetry
and quantum geometry in flat bands, Phys. Rev. Lett. 128, 087002 (2022).

[17] K.-E. Huhtinen, J. Herzog-Arbeitman, A. Chew, B. A. Bernevig, and P. Tormé, Revisiting flat band superconductivity:
Dependence on minimal quantum metric and band touchings, Phys. Rev. B 106, 014518 (2022).

[18] J. Yu, M. Xie, F. Wu, and S. Das Sarma, Euler-obstructed nematic nodal superconductivity in twisted bilayer graphene,
Phys. Rev. B 107, 1201106 (2023).

[19] J. Herzog-Arbeitman, A. Chew, K.-E. Huhtinen, P. Térmé, and B. A. Bernevig, Many-body superconductivity in topo-
logical flat bands, arXiv preprint arXiv:2209.00007 (2022).

[20] W. Chen and W. Huang, Pair density wave facilitated by Bloch quantum geometry in nearly flat band multiorbital
superconductors, arXiv e-prints , arXiv:2208.02285 (2022), arXiv:2208.02285 [cond-mat.supr-con].

[21] S. A. Chen and K. Law, Towards a ginzburg-landau theory of the quantum geometric effect in superconductors, arXiv
preprint arXiv:2303.15504 (2023).

[22] P. T6rmai, S. Peotta, and B. A. Bernevig, Superconductivity, superfluidity and quantum geometry in twisted multilayer
systems, Nature Reviews Physics 4, 528 (2022).

[23] J. S. Hofmann, E. Berg, and D. Chowdhury, Superconductivity, charge density wave, and supersolidity in flat bands with
tunable quantum metric, arXiv e-prints , arXiv:2204.02994 (2022), arXiv:2204.02994 [cond-mat.str-el].

[24] D. Mao and D. Chowdhury, Diamagnetic response and phase stiffness for interacting isolated narrow bands, Proceedings
of the National Academy of Sciences 120, €2217816120 (2023), https://www.pnas.org/doi/pdf/10.1073 /pnas.2217816120.

[25] P. Torm4, S. Peotta, and B. A. Bernevig, Superfluidity and quantum geometry in twisted multilayer systems (2021),
arXiv:2111.00807 [cond-mat.supr-con].

[26] N. Regnault and B. A. Bernevig, Fractional chern insulator, Phys. Rev. X 1, 021014 (2011).

[27] S. A. Parameswaran, R. Roy, and S. L. Sondhi, Fractional quantum hall physics in topological flat bands, Comptes Rendus
Physique 14, 816 (2013), topological insulators / Isolants topologiques.

[28] E. Dobardzi¢, M. V. Milovanovié, and N. Regnault, Geometrical description of fractional chern insulators based on static
structure factor calculations, Phys. Rev. B 88, 115117 (2013).

[29] R. Roy, Band geometry of fractional topological insulators, Phys. Rev. B 90, 165139 (2014).

[30] P.J. Ledwith, G. Tarnopolsky, E. Khalaf, and A. Vishwanath, Fractional chern insulator states in twisted bilayer graphene:
An analytical approach, Phys. Rev. Res. 2, 023237 (2020).

[31] J. Wang and Z. Liu, Hierarchy of ideal flatbands in chiral twisted multilayer graphene models, Phys. Rev. Lett. 128,
176403 (2022).

[32] J.-W. Rhim, K. Kim, and B.-J. Yang, Quantum distance and anomalous landau levels of flat bands, Nature 584, 59
(2020).

[33] B. Mera and T. Ozawa, Engineering geometrically flat chern bands with fubini-study kéhler structure, Phys. Rev. B 104,
115160 (2021).


https://doi.org/10.1140/epjb/e2010-10874-4
https://doi.org/10.1038/nature23268
https://doi.org/10.1103/PhysRevLett.62.1201
https://doi.org/10.1088/0305-4470/24/14/018
https://doi.org/10.1088/0305-4470/24/14/018
https://doi.org/10.1038/s41567-021-01445-3
https://doi.org/10.1038/ncomms9944
https://doi.org/10.1103/PhysRevLett.117.045303
https://doi.org/10.1103/PhysRevB.98.220511
https://doi.org/10.1103/PhysRevB.98.220511
https://doi.org/10.1103/PhysRevLett.124.167002
https://doi.org/10.1103/PhysRevLett.124.167002
https://arxiv.org/abs/2110.14663
https://doi.org/10.1073/pnas.2106744118
https://doi.org/10.1073/pnas.2106744118
https://arxiv.org/abs/https://www.pnas.org/doi/pdf/10.1073/pnas.2106744118
https://doi.org/10.1103/PhysRevLett.123.237002
https://doi.org/10.1103/PhysRevB.101.060505
https://arxiv.org/abs/2007.16205
https://doi.org/10.1103/PhysRevLett.128.087002
https://doi.org/10.1103/PhysRevB.106.014518
https://doi.org/10.1103/PhysRevB.107.L201106
https://doi.org/10.48550/arXiv.2208.02285
https://arxiv.org/abs/2208.02285
https://doi.org/10.1038/s42254-022-00466-y
https://doi.org/10.48550/arXiv.2204.02994
https://arxiv.org/abs/2204.02994
https://doi.org/10.1073/pnas.2217816120
https://doi.org/10.1073/pnas.2217816120
https://arxiv.org/abs/https://www.pnas.org/doi/pdf/10.1073/pnas.2217816120
https://arxiv.org/abs/2111.00807
https://doi.org/10.1103/PhysRevX.1.021014
https://doi.org/https://doi.org/10.1016/j.crhy.2013.04.003
https://doi.org/https://doi.org/10.1016/j.crhy.2013.04.003
https://doi.org/10.1103/PhysRevB.88.115117
https://doi.org/10.1103/PhysRevB.90.165139
https://doi.org/10.1103/PhysRevResearch.2.023237
https://doi.org/10.1103/PhysRevLett.128.176403
https://doi.org/10.1103/PhysRevLett.128.176403
https://doi.org/10.1038/s41586-020-2540-1
https://doi.org/10.1038/s41586-020-2540-1
https://doi.org/10.1103/PhysRevB.104.115160
https://doi.org/10.1103/PhysRevB.104.115160

13

[34] A. Julku, G. M. Bruun, and P. Térmé, Quantum geometry and flat band bose-einstein condensation, Phys. Rev. Lett.
127, 170404 (2021).

[35] J. Wang, J. Cano, A. J. Millis, Z. Liu, and B. Yang, Exact landau level description of geometry and interaction in a
flatband, Phys. Rev. Lett. 127, 246403 (2021).

[36] X. Hu, T. Hyart, D. I. Pikulin, and E. Rossi, Quantum-metric-enabled exciton condensate in double twisted bilayer
graphene, Phys. Rev. B 105, 1.140506 (2022).

[37] J. Mitscherling and T. Holder, Bound on resistivity in flat-band materials due to the quantum metric, Phys. Rev. B 105,
085154 (2022).

[38] S. Chaudhary, C. Lewandowski, and G. Refael, Shift-current response as a probe of quantum geometry and electron-
electron interactions in twisted bilayer graphene, Phys. Rev. Res. 4, 013164 (2022).

[39] C.-g. Oh, D. Cho, S. Y. Park, and J.-W. Rhim, Bulk-interface correspondence from quantum distance in flat band systems,
Communications Physics 5, 320 (2022).

[40] S. Murakami and N. Nagaosa, Berry phase in magnetic superconductors, Phys. Rev. Lett. 90, 057002 (2003).

[41] N. Bultinck, S. Chatterjee, and M. P. Zaletel, Mechanism for anomalous hall ferromagnetism in twisted bilayer graphene,
Phys. Rev. Lett. 124, 166601 (2020).

[42] D. N. Basov and A. V. Chubukov, Manifesto for a higher tc, Nature Physics 7, 272 (2011).

[43] Y. Cao, V. Fatemi, S. Fang, K. Watanabe, T. Taniguchi, E. Kaxiras, and P. Jarillo-Herrero, Unconventional supercon-
ductivity in magic-angle graphene superlattices, Nature 556, 43 (2018).

[44] H. Tian, X. Gao, Y. Zhang, S. Che, T. Xu, P. Cheung, K. Watanabe, T. Taniguchi, M. Randeria, F. Zhang, C. N. Lau,
and M. W. Bockrath, Evidence for dirac flat band superconductivity enabled by quantum geometry, Nature 614, 440
(2023).

[45] P. Hosur, Circular photogalvanic effect on topological insulator surfaces: Berry-curvature-dependent response, Phys. Rev.
B 83, 035309 (2011).

[46] T. Neupert, C. Chamon, and C. Mudry, Measuring the quantum geometry of bloch bands with current noise, Phys. Rev.
B 87, 245103 (2013).

[47] Y. Gao, S. A. Yang, and Q. Niu, Field induced positional shift of bloch electrons and its dynamical implications, Phys.
Rev. Lett. 112, 166601 (2014).

[48] T. Morimoto and N. Nagaosa, Topological nature of nonlinear optical effects in solids, Science Advances 2, e1501524
(2016), https://www.science.org/doi/pdf/10.1126 /sciadv.1501524.

[49] F. de Juan, A. G. Grushin, T. Morimoto, and J. E. Moore, Quantized circular photogalvanic effect in weyl semimetals,
Nature Communications 8, 15995 (2017).

[50] L. Liang, T. I. Vanhala, S. Peotta, T. Siro, A. Harju, and P. Térmé, Band geometry, berry curvature, and superfluid
weight, Phys. Rev. B 95, 024515 (2017).

[61] T. Ozawa and N. Goldman, Extracting the quantum metric tensor through periodic driving, Phys. Rev. B 97, 201117
(2018).

[52] Y. Li and F. D. M. Haldane, Topological nodal cooper pairing in doped weyl metals, Phys. Rev. Lett. 120, 067003 (2018).

[53] Y. Gao and D. Xiao, Nonreciprocal directional dichroism induced by the quantum metric dipole, Phys. Rev. Lett. 122,
227402 (2019).

[54] A. Gianfrate, O. Bleu, L. Dominici, V. Ardizzone, M. De Giorgi, D. Ballarini, G. Lerario, K. W. West, L. N. Pfeiffer,
D. D. Solnyshkov, D. Sanvitto, and G. Malpuech, Measurement of the quantum geometric tensor and of the anomalous
hall drift, Nature 578, 381 (2020).

[65] J.-W. Rhim, K. Kim, and B.-J. Yang, Quantum distance and anomalous landau levels of flat bands, Nature 584, 59
(2020).

[56] V. Kozii, A. Avdoshkin, S. Zhong, and J. E. Moore, Intrinsic anomalous hall conductivity in a nonuniform electric field,
Phys. Rev. Lett. 126, 156602 (2021).

[57] W. Chen and W. Huang, Quantum-geometry-induced intrinsic optical anomaly in multiorbital superconductors, Phys.
Rev. Res. 3, L042018 (2021).

[58] J. Ahn, G.-Y. Guo, N. Nagaosa, and A. Vishwanath, Riemannian geometry of resonant optical responses, Nature Physics
18, 290 (2022).

[59] J. Bardeen, L. N. Cooper, and J. R. Schrieffer, Theory of superconductivity, Phys. Rev. 108, 1175 (1957).

[60] A. Migdal, Interaction between electrons and lattice vibrations in a normal metal, Sov. Phys. JETP 7, 996 (1958).

[61] G. Eliashberg, Interactions between electrons and lattice vibrations in a superconductor, Sov. Phys. JETP 11, 696 (1960).

[62] W. L. McMillan, Transition temperature of strong-coupled superconductors, Phys. Rev. 167, 331 (1968).

[63] P. B. Allen and R. C. Dynes, Transition temperature of strong-coupled superconductors reanalyzed, Phys. Rev. B 12,
905 (1975).

[64] H. C. Po, A. Vishwanath, and H. Watanabe, Symmetry-based indicators of band topology in the 230 space groups, Nature
communications 8, 50 (2017).

[65] M. G. Vergniory, L. Elcoro, C. Felser, N. Regnault, B. A. Bernevig, and Z. Wang, A complete catalogue of high-quality
topological materials, Nature 566, 480 (2019).

[66] T. Zhang, Y. Jiang, Z. Song, H. Huang, Y. He, Z. Fang, H. Weng, and C. Fang, Catalogue of topological electronic
materials, Nature 566, 475 (2019).

[67] F. Tang, H. C. Po, A. Vishwanath, and X. Wan, Comprehensive search for topological materials using symmetry indicators,
Nature 566, 486 (2019).


https://doi.org/10.1103/PhysRevLett.127.170404
https://doi.org/10.1103/PhysRevLett.127.170404
https://doi.org/10.1103/PhysRevLett.127.246403
https://doi.org/10.1103/PhysRevB.105.L140506
https://doi.org/10.1103/PhysRevB.105.085154
https://doi.org/10.1103/PhysRevB.105.085154
https://doi.org/10.1103/PhysRevResearch.4.013164
https://doi.org/10.1038/s42005-022-01102-y
https://doi.org/10.1103/PhysRevLett.90.057002
https://doi.org/10.1103/PhysRevLett.124.166601
https://doi.org/10.1038/nphys1975
https://doi.org/10.1038/nature26160
https://doi.org/10.1038/s41586-022-05576-2
https://doi.org/10.1038/s41586-022-05576-2
https://doi.org/10.1103/PhysRevB.83.035309
https://doi.org/10.1103/PhysRevB.83.035309
https://doi.org/10.1103/PhysRevB.87.245103
https://doi.org/10.1103/PhysRevB.87.245103
https://doi.org/10.1103/PhysRevLett.112.166601
https://doi.org/10.1103/PhysRevLett.112.166601
https://doi.org/10.1126/sciadv.1501524
https://doi.org/10.1126/sciadv.1501524
https://arxiv.org/abs/https://www.science.org/doi/pdf/10.1126/sciadv.1501524
https://doi.org/10.1038/ncomms15995
https://doi.org/10.1103/PhysRevB.95.024515
https://doi.org/10.1103/PhysRevB.97.201117
https://doi.org/10.1103/PhysRevB.97.201117
https://doi.org/10.1103/PhysRevLett.120.067003
https://doi.org/10.1103/PhysRevLett.122.227402
https://doi.org/10.1103/PhysRevLett.122.227402
https://doi.org/10.1038/s41586-020-1989-2
https://doi.org/10.1038/s41586-020-2540-1
https://doi.org/10.1038/s41586-020-2540-1
https://doi.org/10.1103/PhysRevLett.126.156602
https://doi.org/10.1103/PhysRevResearch.3.L042018
https://doi.org/10.1103/PhysRevResearch.3.L042018
https://doi.org/10.1038/s41567-021-01465-z
https://doi.org/10.1038/s41567-021-01465-z
https://doi.org/10.1103/PhysRev.108.1175
https://doi.org/10.1103/PhysRev.167.331
https://doi.org/10.1103/PhysRevB.12.905
https://doi.org/10.1103/PhysRevB.12.905
https://doi.org/10.1038/s41467-017-00133-2
https://doi.org/10.1038/s41467-017-00133-2
https://doi.org/10.1038/s41586-019-0954-4
https://doi.org/10.1038/s41586-019-0944-6
https://doi.org/10.1038/s41586-019-0937-5

14

[68] Y. Xu, L. Elcoro, Z. Song, B. J. Wieder, M. Vergniory, N. Regnault, Y. Chen, C. Felser, and B. A. Bernevig,
High-throughput calculations of antiferromagnetic topological materials from magnetic topological quantum chemistry,
arXiv:2003.00012 (2020).

[69] P. Narang, C. A. C. Garcia, and C. Felser, The topology of electronic band structures, Nature Materials 20, 293 (2021).

[70] S. Baroni, S. de Gironcoli, A. Dal Corso, and P. Giannozzi, Phonons and related crystal properties from density-functional
perturbation theory, Rev. Mod. Phys. 73, 515 (2001).

[71] C. A. C. Garcia, D. M. Nenno, G. Varnavides, and P. Narang, Anisotropic phonon-mediated electronic transport in chiral
weyl semimetals, Phys. Rev. Mater. 5, L091202 (2021).

[72] G. B. Osterhoudt, Y. Wang, C. A. C. Garcia, V. M. Plisson, J. Gooth, C. Felser, P. Narang, and K. S. Burch, Evidence
for dominant phonon-electron scattering in weyl semimetal wp,, Phys. Rev. X 11, 011017 (2021).

[73] J. Nagamatsu, N. Nakagawa, T. Muranaka, Y. Zenitani, and J. Akimitsu, Superconductivity at 39k in magnesium
diboride, Nature 410, 63 (2001).

[74] S. L. Bud’ko, G. Lapertot, C. Petrovic, C. E. Cunningham, N. Anderson, and P. C. Canfield, Boron isotope effect in
superconducting mgb,, Phys. Rev. Lett. 86, 1877 (2001).

[75] D. G. Hinks, H. Claus, and J. D. Jorgensen, The complex nature of superconductivity in mgb2 as revealed by the reduced
total isotope effect, Nature 411, 457 (2001).

[76] 1. Esterlis, B. Nosarzewski, E. W. Huang, B. Moritz, T. P. Devereaux, D. J. Scalapino, and S. A. Kivelson, Breakdown
of the migdal-eliashberg theory: A determinant quantum monte carlo study, Phys. Rev. B 97, 140501 (2018).

[77] J. Sous, M. Chakraborty, R. V. Krems, and M. Berciu, Light bipolarons stabilized by peierls electron-phonon coupling,
Phys. Rev. Lett. 121, 247001 (2018).

[78] C. Zhang, J. Sous, D. R. Reichman, M. Berciu, A. J. Millis, N. V. Prokof’ev, and B. V. Svistunov, Bipolaronic high-
temperature superconductivity, Phys. Rev. X 13, 011010 (2023).

[79] T. Mitra, Electron-phonon interaction in the modified tight-binding approximation, Journal of Physics C: Solid State
Physics 2, 52 (1969).

[80] A. H. Castro Neto, F. Guinea, N. M. R. Peres, K. S. Novoselov, and A. K. Geim, The electronic properties of graphene,
Rev. Mod. Phys. 81, 109 (2009).

[81] J. Coulter, R. Sundararaman, and P. Narang, Microscopic origins of hydrodynamic transport in the type-ii weyl semimetal
WD,, Phys. Rev. B 98, 115130 (2018).

[82] J. Coulter, G. B. Osterhoudt, C. A. C. Garcia, Y. Wang, V. M. Plisson, B. Shen, N. Ni, K. S. Burch, and P. Narang,
Uncovering electron-phonon scattering and phonon dynamics in type-i weyl semimetals, Phys. Rev. B 100, 220301 (2019).

[83] G. Tarnopolsky, A. J. Kruchkov, and A. Vishwanath, Origin of magic angles in twisted bilayer graphene, Phys. Rev. Lett.
122, 106405 (2019).

[84] B. A. Bernevig, Z.-D. Song, N. Regnault, and B. Lian, Twisted bilayer graphene. iii. interacting hamiltonian and exact
symmetries, Phys. Rev. B 103, 205413 (2021).

[85] J. Wang, Y. Zheng, A. J. Millis, and J. Cano, Chiral approximation to twisted bilayer graphene: Exact intravalley
inversion symmetry, nodal structure, and implications for higher magic angles, Phys. Rev. Res. 3, 023155 (2021).

[86] R. Bistritzer and A. H. MacDonald, Moiré bands in twisted double-layer graphene, Proceedings of the National Academy
of Sciences 108, 12233 (2011).

[87] Z.-D. Song and B. A. Bernevig, Magic-angle twisted bilayer graphene as a topological heavy fermion problem, Phys. Rev.
Lett. 129, 047601 (2022).

[88] C.-X. Liu, Y. Chen, A. Yazdani, and B. A. Bernevig, Electron-k-phonon interaction in twisted bilayer graphene,
arXiv:2303.15551 (2023).

[89] J. Kortus, I. I. Mazin, K. D. Belashchenko, V. P. Antropov, and L. L. Boyer, Superconductivity of metallic boron in
mgh,, Phys. Rev. Lett. 86, 4656 (2001).

[90] J. M. An and W. E. Pickett, Superconductivity of mgb,: Covalent bonds driven metallic, Phys. Rev. Lett. 86, 4366
(2001).

[91] Y. Kong, O. V. Dolgov, O. Jepsen, and O. K. Andersen, Electron-phonon interaction in the normal and superconducting
states of mgb,, Phys. Rev. B 64, 020501 (2001).

[92] A. Shukla, M. Calandra, M. d’Astuto, M. Lazzeri, F. Mauri, C. Bellin, M. Krisch, J. Karpinski, S. M. Kazakov, J. Jun,
D. Daghero, and K. Parlinski, Phonon dispersion and lifetimes in mgb,, Phys. Rev. Lett. 90, 095506 (2003).

[93] K.-H. Jin, H. Huang, J.-W. Mei, Z. Liu, L.-K. Lim, and F. Liu, Topological superconducting phase in high-tc supercon-
ductor mgh2 with dirac—nodal-line fermions, npj Computational Materials 5, 57 (2019).

[94] M. 1. Aroyo, J. M. Perez-Mato, C. Capillas, E. Kroumova, S. Ivantchev, G. Madariaga, A. Kirov, and H. Wondratschek,
Bilbao crystallographic server: I. databases and crystallographic computing programs, Zeitschrift fiir Kristallographie-
Crystalline Materials 221, 15 (2006).

[95] J. Ahn, S. Park, and B.-J. Yang, Failure of nielsen-ninomiya theorem and fragile topology in two-dimensional systems
with space-time inversion symmetry: Application to twisted bilayer graphene at magic angle, Phys. Rev. X 9, 021013
(2019).

[96] J. Yan, Y. Zhang, P. Kim, and A. Pinczuk, Electric field effect tuning of electron-phonon coupling in graphene, Phys.
Rev. Lett. 98, 166802 (2007).

[97] J. Maultzsch, S. Reich, C. Thomsen, H. Requardt, and P. Ordején, Phonon dispersion in graphite, Phys. Rev. Lett. 92,
075501 (2004).

[98] X. Zhu, L. Santos, C. Howard, R. Sankar, F. C. Chou, C. Chamon, and M. El-Batanouny, Electron-phonon coupling on
the surface of the topological insulator bisses determined from surface-phonon dispersion measurements, Phys. Rev. Lett.


https://arxiv.org/abs/2003.00012
https://doi.org/10.1038/s41563-020-00820-4
https://doi.org/10.1103/RevModPhys.73.515
https://doi.org/10.1103/PhysRevMaterials.5.L091202
https://doi.org/10.1103/PhysRevX.11.011017
https://doi.org/10.1038/35065039
https://doi.org/10.1103/PhysRevLett.86.1877
https://doi.org/10.1038/35078037
https://doi.org/10.1103/PhysRevB.97.140501
https://doi.org/10.1103/PhysRevLett.121.247001
https://doi.org/10.1103/PhysRevX.13.011010
https://doi.org/10.1103/RevModPhys.81.109
https://doi.org/10.1103/PhysRevB.98.115130
https://doi.org/10.1103/PhysRevB.100.220301
https://doi.org/10.1103/PhysRevLett.122.106405
https://doi.org/10.1103/PhysRevLett.122.106405
https://doi.org/10.1103/PhysRevB.103.205413
https://doi.org/10.1103/PhysRevResearch.3.023155
https://doi.org/10.1103/PhysRevLett.129.047601
https://doi.org/10.1103/PhysRevLett.129.047601
https://arxiv.org/abs/2303.15551
https://doi.org/10.1103/PhysRevLett.86.4656
https://doi.org/10.1103/PhysRevLett.86.4366
https://doi.org/10.1103/PhysRevLett.86.4366
https://doi.org/10.1103/PhysRevB.64.020501
https://doi.org/10.1103/PhysRevLett.90.095506
https://doi.org/10.1038/s41524-019-0191-2
https://doi.org/10.1103/PhysRevX.9.021013
https://doi.org/10.1103/PhysRevX.9.021013
https://doi.org/10.1103/PhysRevLett.98.166802
https://doi.org/10.1103/PhysRevLett.98.166802
https://doi.org/10.1103/PhysRevLett.92.075501
https://doi.org/10.1103/PhysRevLett.92.075501
https://doi.org/10.1103/PhysRevLett.108.185501

15

108, 185501 (2012).
[99] G. Benedek, J. R. Manson, and S. Miret-Artés, The electron—phonon coupling constant for single-layer graphene on metal
substrates determined from he atom scattering, Physical Chemistry Chemical Physics 23, 7575 (2021).

[100] T. Neupert, C. Chamon, and C. Mudry, Measuring the quantum geometry of bloch bands with current noise, Phys. Rev.
B 87, 245103 (2013).

[101] J. E. Sipe and A. I. Shkrebtii, Second-order optical response in semiconductors, Phys. Rev. B 61, 5337 (2000).

[102] R. R. Nair, P. Blake, A. N. Grigorenko, K. S. Novoselov, T. J. Booth, T. Stauber, N. M. R. Peres,
and A. K. Geim, Fine structure constant defines visual transparency of graphene, Science 320, 1308 (2008),
https://www.science.org/doi/pdf/10.1126 /science.1156965.

[103] K. F. Mak, M. Y. Sfeir, Y. Wu, C. H. Lui, J. A. Misewich, and T. F. Heinz, Measurement of the optical conductivity of
graphene, Phys. Rev. Lett. 101, 196405 (2008).

[104] K. F. Mak, L. Ju, F. Wang, and T. F. Heinz, Optical spectroscopy of graphene: From the far infrared to the ultraviolet,
Solid State Communications 152, 1341 (2012).

[105] Y. Chen, J. G. Analytis, J.-H. Chu, Z. Liu, S.-K. Mo, X.-L. Qi, H. Zhang, D. Lu, X. Dai, Z. Fang, et al., Experimental
realization of a three-dimensional topological insulator, bi2te3, science 325, 178 (2009).

[106] R. C. Hatch, M. Bianchi, D. Guan, S. Bao, J. Mi, B. B. Iversen, L. Nilsson, L. Horneker, and P. Hofmann, Stability of
the bizses(111) topological state: Electron-phonon and electron-defect scattering, Phys. Rev. B 83, 241303 (2011).

[107] Z.-H. Pan, A. V. Fedorov, D. Gardner, Y. S. Lee, S. Chu, and T. Valla, Measurement of an exceptionally weak electron-
phonon coupling on the surface of the topological insulator bizses using angle-resolved photoemission spectroscopy, Phys.
Rev. Lett. 108, 187001 (2012).

[108] J. A. Sobota, S.-L. Yang, D. Leuenberger, A. F. Kemper, J. G. Analytis, I. R. Fisher, P. S. Kirchmann, T. P. Devereaux,
and Z.-X. Shen, Distinguishing bulk and surface electron-phonon coupling in the topological insulator bizses using time-
resolved photoemission spectroscopy, Phys. Rev. Lett. 113, 157401 (2014).

[109] E. Baldini, A. Zong, D. Choi, C. Lee, M. H. Michael, L. Windgaetter, I. I. Mazin, S. Latini, D. Azoury, B. Lv, et al.,
The spontaneous symmetry breaking in ta2nise5 is structural in nature, Proceedings of the National Academy of Sciences
120, 2221688120 (2023).

[110] Y. Wang, T. Plackowski, and A. Junod, Specific heat in the superconducting and normal state (2-300 k, 0-16 t), and mag-
netic susceptibility of the 38 k superconductor mgb2: evidence for a multicomponent gap, Physica C: Superconductivity
355, 179 (2001).

[111] A. Korshunov, H. Hu, D. Subires, Y. Jiang, D. Calugiru, X. Feng, A. Rajapitamahuni, C. Yi, S. Roychowdhury, M. G.
Vergniory, J. Strempfer, C. Shekhar, E. Vescovo, D. Chernyshov, A. H. Said, A. Bosak, C. Felser, B. A. Bernevig, and
S. Blanco-Canosa, Softening of a flat phonon mode in the kagome ScVgSng, arXiv e-prints , arXiv:2304.09173 (2023),
arXiv:2304.09173 [cond-mat.str-el].

[112] J. R. Schrieffer and P. A. Wolff, Relation between the anderson and kondo hamiltonians, Phys. Rev. 149, 491 (1966).

[113] M. Sigrist and K. Ueda, Phenomenological theory of unconventional superconductivity, Rev. Mod. Phys. 63, 239 (1991).

[114] A. Altland and B. D. Simons, Condensed matter field theory (Cambridge University Press, 2010).

[115] M. Srednicki, Quantum field theory (Cambridge University Press, 2007).

[116] A. Alexandradinata, X. Dai, and B. A. Bernevig, Wilson-loop characterization of inversion-symmetric topological insula-
tors, Phys. Rev. B 89, 155114 (2014).

[117] J. Yu, Y.-A. Chen, and S. D. Sarma, Euler obstructed cooper pairing: Nodal superconductivity and hinge majorana zero
modes (2021), arXiv:2109.02685 [cond-mat.supr-con].

[118] E. Thingstad, A. Kamra, J. W. Wells, and A. Sudbg, Phonon-mediated superconductivity in doped monolayer materials,
Phys. Rev. B 101, 214513 (2020).

[119] J. C. Slater and G. F. Koster, Simplified lcao method for the periodic potential problem, Phys. Rev. 94, 1498 (1954).

[120] C. Chen, K. P. Nuckolls, S. Ding, W. Miao, D. Wong, M. Oh, R. L. Lee, S. He, C. Peng, D. Pei, et al., Strong inter-valley
electron-phonon coupling in magic-angle twisted bilayer graphene, arXiv preprint arXiv:2303.14903 (2023).

[121] C.-E. Kim, K. G. Ray, D. F. Bahr, and V. Lordi, Electronic structure and surface properties of mgb,(0001) upon oxygen
adsorption, Phys. Rev. B 97, 195416 (2018).

[122] G. Pizzi, V. Vitale, R. Arita, S. Bliigel, F. Freimuth, G. Géranton, M. Gibertini, D. Gresch, C. Johnson, T. Koretsune,
J. Ibanez-Azpiroz, H. Lee, J.-M. Lihm, D. Marchand, A. Marrazzo, Y. Mokrousov, J. I. Mustafa, Y. Nohara, Y. Nomura,
L. Paulatto, S. Poncé, T. Ponweiser, J. Qiao, F. Thole, S. S. Tsirkin, M. Wierzbowska, N. Marzari, D. Vanderbilt,
I. Souza, A. A. Mostofi, and J. R. Yates, Wannier90 as a community code: new features and applications, Journal of
Physics: Condensed Matter 32, 165902 (2020).

[123] J. Ahn, D. Kim, Y. Kim, and B.-J. Yang, Band topology and linking structure of nodal line semimetals with Z; monopole
charges, Phys. Rev. Lett. 121, 106403 (2018).

[124] H. C. Po, H. Watanabe, and A. Vishwanath, Fragile topology and wannier obstructions, Phys. Rev. Lett. 121, 126402
(2018).

[125] J. Cano, B. Bradlyn, Z. Wang, L. Elcoro, M. G. Vergniory, C. Felser, M. I. Aroyo, and B. A. Bernevig, Topology of
disconnected elementary band representations, Phys. Rev. Lett. 120, 266401 (2018).

[126] Y. Fan, H. Ru-Shan, T. Ning-Hua, and G. Wei, Electronic structural properties and superconductivity of diborides in the
mgb?2 structure, Chinese physics letters 19, 1336 (2002).

[127] J. Yu, C. J. Ciccarino, R. Bianco, I. Errea, P. Narang, and B. A. Bernevig, Reply to ”comment on 'nontrivial quantum
geometry and the strength of electron-phonon coupling’, arxiv:2305.02340, j. yu, c. j. ciccarino, r. bianco, i. errea, p.
narang, b. a. bernevig” (2023), arXiv:2306.03814 [cond-mat.supr-con)].


https://doi.org/10.1103/PhysRevLett.108.185501
https://doi.org/10.1103/PhysRevLett.108.185501
https://doi.org/10.1103/PhysRevB.87.245103
https://doi.org/10.1103/PhysRevB.87.245103
https://doi.org/10.1103/PhysRevB.61.5337
https://doi.org/10.1126/science.1156965
https://arxiv.org/abs/https://www.science.org/doi/pdf/10.1126/science.1156965
https://doi.org/10.1103/PhysRevLett.101.196405
https://doi.org/10.1103/PhysRevB.83.241303
https://doi.org/10.1103/PhysRevLett.108.187001
https://doi.org/10.1103/PhysRevLett.108.187001
https://doi.org/10.1103/PhysRevLett.113.157401
https://www.pnas.org/doi/abs/10.1073/pnas.2221688120
https://www.pnas.org/doi/abs/10.1073/pnas.2221688120
https://doi.org/https://doi.org/10.1016/S0921-4534(01)00617-7
https://doi.org/https://doi.org/10.1016/S0921-4534(01)00617-7
https://doi.org/10.48550/arXiv.2304.09173
https://arxiv.org/abs/2304.09173
https://doi.org/10.1103/PhysRev.149.491
https://doi.org/10.1103/RevModPhys.63.239
https://doi.org/10.1103/PhysRevB.89.155114
https://arxiv.org/abs/2109.02685
https://arxiv.org/abs/2109.02685
https://arxiv.org/abs/2109.02685
https://doi.org/10.1103/PhysRevB.101.214513
https://doi.org/10.1103/PhysRev.94.1498
https://doi.org/10.1103/PhysRevB.97.195416
https://doi.org/10.1088/1361-648X/ab51ff
https://doi.org/10.1088/1361-648X/ab51ff
https://doi.org/10.1103/PhysRevLett.121.106403
https://doi.org/10.1103/PhysRevLett.121.126402
https://doi.org/10.1103/PhysRevLett.121.126402
https://doi.org/10.1103/PhysRevLett.120.266401
https://arxiv.org/abs/2306.03814

16

[128] D. R. Hamann, M. Schliiter, and C. Chiang, Norm-conserving pseudopotentials, Phys. Rev. Lett. 43, 1494 (1979).

[129] K. F. Garrity, J. W. Bennett, K. M. Rabe, and D. Vanderbilt, Pseudopotentials for high-throughput dft calculations,
Comp. Mat. Sci. 81, 446 (2014).

[130] F. Giustino, M. L. Cohen, and S. G. Louie, Electron-phonon interaction using wannier functions, Phys. Rev. B 76, 165108
(2007).

[131] F. Giustino, Electron-phonon interactions from first principles, Rev. Mod. Phys. 89, 015003 (2017).

[132] R. Sundararaman, K. Letchworth-Weaver, K. A. Schwarz, D. Gunceler, O. Yalcin, and T. Arias, Jdftx: software for joint
density-functional theory, SoftwareX 6, 278 (2017).

[133] P. Giannozzi, S. Baroni, N. Bonini, M. Calandra, R. Car, C. Cavazzoni, Davide Ceresoli, G. L. Chiarotti, M. Cococcioni,
I. Dabo, A. D. Corso, S. de Gironcoli, S. Fabris, G. Fratesi, R. Gebauer, U. Gerstmann, C. Gougoussis, A. Kokalj,
M. Lazzeri, L. Martin-Samos, N. Marzari, F. Mauri, R. Mazzarello, Stefano Paolini, A. Pasquarello, L. Paulatto,
C. Sbraccia, S. Scandolo, G. Sclauzero, A. P. Seitsonen, A. Smogunov, P. Umari, and R. M. Wentzcovitch, QUAN-
TUM ESPRESSO: a modular and open-source software project for quantum simulations of materials, Journal of Physics:
Condensed Matter 21, 395502 (2009).

[134] P. Giannozzi, O. Andreussi, T. Brumme, O. Bunau, M. B. Nardelli, M. Calandra, R. Car, C. Cavazzoni, D Ceresoli, M. Co-
coccioni, N. Colonna, I. Carnimeo, A. D. Corso, S. de Gironcoli, P. Delugas, R. A. D. Jr, A Ferretti, A. Floris, G. Fratesi,
G. Fugallo, R. Gebauer, U. Gerstmann, F. Giustino, T. Gorni, J. Jia, M. Kawamura, H-Y Ko, A. Kokalj, E. Kiigiikbenli,
M. Lazzeri, M. Marsili, N. Marzari, F. Mauri, N. L. Nguyen, H.-V. Nguyen, A Otero-de-la-Roza, L. Paulatto, S. Poncé,
D. Rocca, R. Sabatini, B. Santra, M. Schlipf, A. P. Seitsonen, A. Smogunov, I Timrov, T. Thonhauser, P. Umari,
N. Vast, X. Wu, and S. Baroni, Advanced capabilities for materials modelling with Quantum ESPRESSO, Journal of
Physics: Condensed Matter 29, 465901 (2017).

[135] N. Marzari and D. Vanderbilt, Maximally localized generalized wannier functions for composite energy bands, Phys. Rev.
B 56, 12847 (1997).

[136] I. Souza, N. Marzari, and D. Vanderbilt, Maximally localized wannier functions for entangled energy bands, Phys. Rev.
B 65, 035109 (2001).

[137] N. Marzari, A. A. Mostofi, J. R. Yates, I. Souza, and D. Vanderbilt, Maximally localized wannier functions: Theory and
applications, Rev. Mod. Phys. 84, 1419 (2012).

[138] L. He and D. Vanderbilt, Exponential decay properties of wannier functions and related quantities, Phys. Rev. Lett. 86,
5341 (2001).

[139] R. Sundararaman and T. A. Arias, Regularization of the coulomb singularity in exact exchange by wigner-seitz truncated
interactions: Towards chemical accuracy in nontrivial systems, Phys. Rev. B 87, 165122 (2013).

[140] J. P. Perdew, A. Ruzsinszky, G. I. Csonka, O. A. Vydrov, G. E. Scuseria, L. A. Constantin, X. Zhou, and K. Burke,
Restoring the density-gradient expansion for exchange in solids and surfaces, Phys. Rev. Lett. 100, 136406 (2008).

[141] M. Methfessel and A. T. Paxton, High-precision sampling for brillouin-zone integration in metals, Phys. Rev. B 40, 3616
(1989).

[142] S. Poncé, E. R. Margine, C. Verdi, and F. Giustino, EPW: Electron-phonon coupling, transport and superconducting
properties using maximally localized Wannier functions, Computer Physics Communications 209, 116 (2016).

[143] M. van Setten, M. Giantomassi, E. Bousquet, M. Verstraete, D. Hamann, X. Gonze, and G.-M. Rignanese, The pseudodojo:
Training and grading a 85 element optimized norm-conserving pseudopotential table, Computer Physics Communications
226, 39 (2018).

[144] J. P. Perdew, K. Burke, and M. Ernzerhof, Generalized gradient approximation made simple, Phys. Rev. Lett. 77, 3865
(1996).

[145] M. Lazzeri, S. Piscanec, F. Mauri, A. C. Ferrari, and J. Robertson, Phonon linewidths and electron-phonon coupling in
graphite and nanotubes, Phys. Rev. B 73, 155426 (2006).

[146] N. Bonini, M. Lazzeri, N. Marzari, and F. Mauri, Phonon anharmonicities in graphite and graphene, Phys. Rev. Lett.
99, 176802 (2007).

[147] Z. Han, X. Yang, S. E. Sullivan, T. Feng, L. Shi, W. Li, and X. Ruan, Raman linewidth contributions from four-phonon
and electron-phonon interactions in graphene, Phys. Rev. Lett. 128, 045901 (2022).


https://doi.org/10.1103/PhysRevLett.43.1494
https://doi.org/10.1016/j.commatsci.2013.08.053
https://doi.org/10.1103/PhysRevB.76.165108
https://doi.org/10.1103/PhysRevB.76.165108
https://doi.org/10.1103/RevModPhys.89.015003
https://doi.org/10.1016/j.softx.2017.10.006
https://doi.org/10.1088/0953-8984/21/39/395502
https://doi.org/10.1088/0953-8984/21/39/395502
https://doi.org/10.1088/1361-648X/aa8f79
https://doi.org/10.1088/1361-648X/aa8f79
https://doi.org/10.1103/PhysRevB.56.12847
https://doi.org/10.1103/PhysRevB.56.12847
https://doi.org/10.1103/PhysRevB.65.035109
https://doi.org/10.1103/PhysRevB.65.035109
https://doi.org/10.1103/RevModPhys.84.1419
https://doi.org/10.1103/PhysRevLett.86.5341
https://doi.org/10.1103/PhysRevLett.86.5341
https://doi.org/10.1103/PhysRevB.87.165122
https://doi.org/10.1103/PhysRevLett.100.136406
https://doi.org/10.1103/PhysRevB.40.3616
https://doi.org/10.1103/PhysRevB.40.3616
https://doi.org/10.1016/j.cpc.2016.07.028
https://doi.org/https://doi.org/10.1016/j.cpc.2018.01.012
https://doi.org/https://doi.org/10.1016/j.cpc.2018.01.012
https://doi.org/10.1103/PhysRevLett.77.3865
https://doi.org/10.1103/PhysRevLett.77.3865
https://doi.org/10.1103/PhysRevB.73.155426
https://doi.org/10.1103/PhysRevLett.99.176802
https://doi.org/10.1103/PhysRevLett.99.176802
https://doi.org/10.1103/PhysRevLett.128.045901

VI. DATA AVAILABILITY

17

The datasets generated during and /or analyzed during the current study are available from the authors on reasonable
request.

VII. CODE AVAILABILITY

The code generated during and/or analyzed for the current study are available from the authors on reasonable
request.

II.

I11.

IV.

VL

VII.

CONTENTS

. main

A. Introduction

B. Gaussian Approximation: Geometric Contribution to A
C. Geometric Contribution to A in Graphene and MgBs
D. Topological Contributions to A in Graphene and MgBs
Discussion

Acknowledgements

Author Contributions

Competing Interests

References

Data availability

Code availability

. Gaussian Approximation: Geometric Contribution to the EPC Constant A

1. Two-Band Case

General Discussions on Electron-Phonon Coupling

1. Real Space

2. Momentum Space

3. Crystalline and TR Symmetries of Electron Hamiltonian and EPC
4. EPC Constant

Two-Center Approximation of EPC
1. Real Space
2. Momentum Space
3. Symmetry Properties of fr,+, :(R1 + 71— R2 — 72) and f;(k)

Symmetry-Rep Method: Geometric Contribution to the EPC Constant A
1. Momentum Derivatives _ _
2. Symmetry properties of fr,r, s(AR+ 71 — T2) and fz(k)
3. Symmetry-Rep Method

. Two properties of A

1. Lower Bound of the Mean-field Superconducting Critical Temperature from A
2. Neglecting spin for evaluating A in the presence of spin SU(2) symmetry

Geometric and Topological Contributions to EPC Constant in Graphene
1. Review: Electron Hamiltonian and Electron Band Topology

DR N ==

EN |

12

17

17

19
23

26
26
28
33
34

36
36
37
39

42
42
44
46

49
49
33

54
o4



= O © 00 O ULk Wi

— =

a. Review: Electron Hamiltonian of Graphene
b. Review: Electron Band Topology in Graphene
. EPC Hamiltonian of Graphene
. Symmetry-Rep Method: Energetic and Geometric Parts of EPC Hamiltonian of Graphene
. Gaussian Approximation: Energetic and Geometric Parts of EPC Hamiltonian of Graphene
. General Symmetry-Allowed Hopping Form: Consistent with Gaussian Approximation
. Analytical Geometric and Topological Contributions to EPC constant in Graphene
. Analytical Geometric and Topological Contributions to EPC constant in Graphene: (1 —¢y) — 0
. Numerical Calculations
. (w?) Approximated by wpg,, (I') and war (K)
. Further-Range Hopping
. Quantum Geometry, EPC and Mean-field Superconducting Critical Temperature in Magic-Angle
Twisted Bilayer Graphene

G. Orbital-Selective FSM

1
2

. Orbital-Selective FSM: Version 1
. Orbital-Selective FSM: Version 2

H. Geometric and Topological Contributions to EPC Constant in MgB,

1.

[\

og)

Electron Hamiltonian and Electron Band Topology in MgBy
a. Electron Hamiltonian of MgBs
b. Electron Band Geometry and Topology in MgBs: p,
c. Electron Band Geometry and Topology in MgBa: sp,py
. EPC Hamiltonian of MgBs
. Analytical Geometric and Topological Lower Bounds of EPC constant in MgBa: A
a. Symmetry-Rep Method: Energetic and Geometric parts of the EPC
b. Gaussian Approximation: Energetic and Geometric parts of the EPC
c. General Symmetry-Allowed Hopping Form: Consistent with Gaussian Approximation
d. Geometric and Topological Lower Bounds of \,
. PxPy-Gaussian Approximation: Analytical Geometric and Topological Contributions to A,
a. Short-range Hopping and Small |k | Approximation
b. Ao.E
C. )\U,Efgeo
d. Asgeo
€. )\a,topo
. pzpy General Symmetry-Allowed Hopping Form: Consistent with Gaussian Approximation
. Symmetry-Rep Method: Analytical Geometric and Topological Contributions to A,
Symmetry-Rep Method: Energetic and Geometric parts of the EPC
Contributions to A,
Symmetry-Rep Method: Zeroth-Order |kja| Approximation For f; sy, p, (k)
A(7,E—geo
)\O',E
/\a,geo
g. )\J,topo
. Numerical Calculations of Contributions to A
a. Numerical Evidence for the Irrelevance of On-Site EPC Terms for the o-bond-stretching ion
Motions

. /{w?) Approximated by wg,, (I")

-0 o TP

I. Details on ab initio Calculation

ot

Ll S

Electron model

Phonon model

EPC

Method I: With Wannier Interpolation
a. Details for graphene

b. Details for MgBs

Method II: No Wannier Interpolation
Comparison of two Methods for MgB,

18

54
56
o7
59
60
60
61
65
66
69
73

76

79
79
81

82

82

82

89

91

95
101
101
103
105
106
109
112
115
117
117
122
124
125
125
127
129
134
135
137
140
142

144
147

148
148
149
150
150
150
151
151
151



19

J. Experimental Discussions 152
1. Graphene 152
2. Other Systems 155

Appendix A: Gaussian Approximation: Geometric Contribution to the EPC Constant A\

In this section, we introduce the Gaussian approximation (GA), which shows a simple intuitive reason why the
electron-phonon coupling (EPC) is related to the electron Hamiltonian. We also show how to identify the geomet-
ric contribution to the EPC constant A\. The GA is valid in graphene and MgBs, as discussed in supplementary
information F and supplementary information H. In this section, we will not discuss the two realistic cases; instead,
we will consider a simple 3D system with only one kind of atom and one spinless s orbital per atom, as a concrete
illustration. Note that we allow multiple atoms per unit cell so that we are allowed to have more than one electron
band in momentum space.

Under the tight-binding approximation and Frohlich two-center approximation [79], the non-interacting electron
Hamiltonian and the EPC Hamiltonian are directly given by the smooth hopping function ¢(r), which satisfies [t(r)]* =
t(—r) to guarantee Hermiticity. Here ¢(r) does not carry any orbital, sublattice or spin indices since we only care
about one kind of atom and one spinless s orbital per atom, though there can be more than one atom per unit cell.

With the hopping function, the electron Hamiltonian (without the Coulomb interaction) that takes into account
the atom motions reads

/ ’
Hel+ion—motions = Z t(R +T+URtT — R -1 — uR’+T’)C;{+1-CR’+T’ ) (Al)
RT,R' T/

where R labels the lattice point, 7 labels the positions of the sublattices in the R = 0 unit cell, ck 4, Creates an
electron in the spinless s orbital at R+ 7, and wgy- is the motion of the atom at R+ 7. Since the hopping function
normally exponentially decays as |r| becomes large, (R + 7 + ugrir — R — 7' — ug/4,/) can be expanded in series
of (WuRt+r — UR y+). The zeroth-order term gives the non-interacting electron Hamiltonian under the tight-binding
approximation:

H., = Z ttR+1—- R — T/)CTR+TCR/+T/ , (A2)
RT,R' 7/
and the first-order term is the leading order term for EPC that reads
Hel—ph = Z Z (UR+T — uR/+T/) . Vrt(’l")|7,:R+_’_7R/7T, C;%-i-r,a,.cR’-FT',(X;/ . (AS)

U ’ /
RT.R'T aral,

The higher-order terms are usually neglected.
The GA is to assume that the hopping function has the Gaussian form:

2

tr) = toexply ] (A)

where r = |r|, and v < 0 is determined by the standard deviation of the Gaussian function. As a result, we have
Vet(r) = yrt(r) . (A5)
Eq. (A5) converts the spatial derivative to the position in the EPC Hamiltonian (Eq. (A3)) together with the extra

factor . To better see how this conversion relates the EPC Hamiltonian to electron Hamiltonian, we transform the
Hamiltonian to momentum space. Specifically, the Fourier transformation rule of the basis reads

1 : 1 .
T _ ik-(R+7) .t o —ig-(R+7) )
I = — E e Cc , Ugri = E € U T,
kT \/» R+T q \/N R+ (AG)

from which we know

u:r]ﬂ =U_gri - (A7)
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For the electron Hamiltonian,

1BZ 1BZ
]. M ]_ . ’ ! 2
H, = Z t(R+17—-R —7')— Z ek (RAT) L Z R BT ey

RT,R'T/ \/N k \/N k! <A8)

1BZ 1BZ

= chhk)er = >3 Eulk)vl, vk
k k n
where cL = (...7025, )
h(k)]rpr = D HR AT — 1) W RET=TD (A9)
R

h(k)Un (k) = En(k)Un(k) (A10)

and 7}; n = cLUn(k:). Under the tight-binding approximation, the so-called quantum geometry (band geometry)
generally refers to the momentum dependence of

Po(k) = Un(k)U (k) . (A1)
One specific quantity that measures the quantum geometry is the Fubini-Study metric (FSM), which reads
1

19a00); = 5 Tr [0, P ()0, Pa ()]
(A12)

We note that the general definition of the FSM is given by the periodic part of the Bloch state |uy, ) instead of the
eigenvector U, (k), and the general definition will reduce to Eq. (A12) under the tight-binding approximation for the
Fourier transformation in Eq. (A6). (See detailed discussion in supplementary information B.)

For EPC in the momentum space, we have

1BZ 1BZ
1
l=ph = \/N ZZ Z C’Tel:"'lck%""" uLz—klyfl,i[fi(kz)]TlT‘z o [fi(kl)]TlT2uL2—k‘1ﬂ'2,i
k1 ko T1,T2,%
1BZ 1BZ

1
= ﬁ ZZ Z CLI,TlckZ;TQu;.cgfkl,‘r,i [0, [fi(k2)lriry — [fi(K1)] 77y 0r 7]
k1

H,

ko T,71,T2,1

(A13)
| 1BZ1BZ . .
= N Z Z Z Chey X fi(R2) = fi(k1) X )7 7, Choa oWy —key 7
ki ko T,71,72,0
| 1BZ1BZ
= T 20202 Gy Derfillea) = Filka)xr) ety iy
kl kQ T,i
where
[XT}Tng = 57',7'167'17'2 (A14)
is the projection matrix onto the 7 sublattice,
[fi(k)]nn _ Ze—ik'(R+T1—T2) 5mt(7°)|r:R+nfT2 , (A15)
R

and i = x,y, z labels the spatial direction. Clearly, we can see that the form of the EPC Hamiltonian in Eq. (A13) is
determined by f;(k), which we focus on below.
Owing to Eq. (A5), the EPC f;(k) is related to the electron matrix Hamiltonian h(k) as

fi(R)]py, =7 e HETTN R4 7y — 1)t (R+ 71 — 72) = 170k, [M(R)],,,, (A16)
R
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meaning that
fi(k) = ivOk, h(k) . (A17)

We call Eq. (A17) the Gaussian form of the EPC.
The Gaussian form of the EPC allows us to define the energetic and geometric parts of the EPC. Note that the
electron matrix Hamiltonian contains the information of both the bands and the projection matrix, i.e.,

k) =Y En(k)Pu(k) , (A18)
where the projection matrix P, (k) is defined in Eq. (A11). Then,
fi(k) =iv0k,h WZak +1’YZE (k) = [ (k) + fo°°(K) , (A19)
where
=17 O En(k)Po(k) (A20)

is the energetic part of the EPC as it vanishes for systems with all electron bands exactly flat, and

[ (k) = iy Z En( (k) (A21)

is the geometric part of the EPC as f/“°(k) relies on the geometric properties of the Bloch eigenvector U, (k) (i.e.,
the momentum dependence of P, (k)). If we consider the one-band case (i.e., only one atom in the unit cell), f7°°(k)
must be vanishing since P, (k) = 1 is independent of momentum (n can only take one value in the one-band case),
while fZ(k) can be nonvanishing since the energy band can still disperse.

The key quantity that we study is the dimensionless EPC constant A\, which, according to supplementary informa-
tion B4, reads

A= 2D (T) (A22)

h{w?)

where p is the chemical potential, D(u) is the electron density of states at the chemical potential p, <w2> is the
mean-squared phonon frequency defined in Ref. [62],

e (K, K') = ZTY{P ) [xr fi(k') = fi(k)xr]| P (K') [xr fi(k) = fi(K')x=]} (A23)

m is the mass of the atom, and

(1) = bk S 8 (4= () (1 = By (K1) T (kK
b 0 (10— En(K)) 8 (1 — B (K'))

As discussed in supplementary information B 4, we will focus on (I') and will treat <w2> as a parameter determined by

(A24)

the first-principle calculation, mainly because <w2> can be well approximated by the frequency of specific phonon modes
in graphene and MgB, (supplementary information F and supplementary information H). By combining Eq. (A23) with
Eq. (A19), we can define

T (b, k') = TEZE (ke B) + 199079k, k') + TE 9% (K, k) (A25)
where
rooE (k) = ZTr{P ) [xrfE(K) — fE(R)xr] Pur(K') [x+fE (k) — fE (K )xr]}
rae 9k, k') = ZTr{P ) [xr FEO(K") — f7°°(R) x| Por(K') [x+ f2° (k) — f2°°(K ) xr] } (A26)

T7 9k, k') = ZTr{P ) e FE(K) = 1E(R)x2] P (K') [xr f7°(K) — fI°(K )xr] } + coc. .
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By defining
(F)X = Ilc]’BkZl 2:1%’;/ O~ Bulk))0 (M ~ B (kl)) Lo (R, ) for X = FE — E, geo— geo, E — geo , (A27)
.k’ Zn,n/ 6 (p—En(k))o (N - En'(kl))
we arrive at
A= AE + Ageo + AE—geo (A28)
where
A = D) (07 (A29)
is the energetic contribution to A since it relies on f not on f7,
Ageo = 2 Dlpt) 3 ()77 (430)
N h{w?)

is the geometric contribution to A since it relies on f7° not on f¥, and

Moo = 3 D) (1) (A31)

is the cross contribution to A since it relies on both f7°° and fZ.

Now we discuss more about the expressions of (I')?“°79“” and Aye,. We can split (I')9°77 9

into two parts:

. h 1BZ 2
O =4 52 Z (ZZM Eu(k1) xr £ (k1) P <1>) + .
1BZ
Z D0 6 (= En(k)) 6 (1 — B (k2)) Tr [£7°° (k1) Py (K1) £7°° (k1) Xr Pon (K2) X
k1 ko n,m

— <1‘\>9€0*960’2 + <F>geo geo,1 ’
(A32)

where

1BZ

(rygeomoeot = )6 (1 — Ep(k2)) Tr [f7° (k1) Po(k1) 7 (k1) X+ P (k2) X~]

k1 kznm

1BZ

(r)ocomoeo? = Df(u)hZ (ZZé = B (k1)) xr f1° (k1) P <1>> + e

n

(A33)
Similarly, Ageo can be split into two parts:
Ageo = Ageo,1 + Ageo,2 (A34)
where
Ageo1/2 = %D(u) v <i2> (rygeomaeat/z, (A35)

For convenience of illustrating the explicit geometric dependence in supplementary information A 1, we re-write

(T)9e0—9¢0:1/2 1)990=9¢%1 ¢an be re-written as

1BZ

(Dyoeomoeet = fw Z Z Y (1= Bn(k) By, (k)Eny (k) Tr [0, Py (k) Pr(k)Ok, Py ()M, (A36)

k n,ni,ng
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where
1 1BZ
- TM)2225(M*Em(k2))xr1’m(kz)xf =D arxr (A37)
T m ko -
and
1BZ
ar = D—ZZ@ 1t — B (k2)) [P (k2)].,. (A38)
m ko

co—geo,2 .
(T)9°°79°*= can be re-written as

geo—geo,2 1 h = eo i
(T) ’ = D)2 Z (ZZ5M En (k1)) xr £ (k1) Pn (K )7‘) +cc

n

1BZ 2
= Dzl( )2 Z (ZZ(S pw— En(k1)) [f7°° (k1) Po(k1)] .,.> Tr [XZ] + c.c. (A39)

T,

1BZ

- Dzl(u)z > % (Z D 6 (= Bu(k1)) Tr [xfffw(kl)Pn(kl)}) + e
T ki n

1. Two-Band Case

The explicit geometric dependence is transparent in the two-band case (i.e., the system has only two electron
bands).

—_ 7];
For (I')7°°79°%" we have

1BZ

(pyoeo—geol f” Z ZZ&M E, (k) AE2(K) Tt [0, Po (k) P, (k)k, Py (k) M]

AFE?(k) (A40)
mTr [0k, P (k) Py, (k)Ok, P (k)M]
resulting in
2(
Noeor = T3 G = Z /F A VAIfE ))|Tr [0k, o () Py ()0, Po () M]
AE? (k) (A41)
27T 3m UJ2 Z /FS d0k|vkE k)laT [gn,‘r(k)]“ ’
where AE(k) = |E2(k) — E1(k)|,
9nor ()] = 5 T [0k, Pa () Pu (k)0 Pak)x] + (i 65 5) (A42)

and a, is in Eq. (A38). As discussed in supplementary information G, g, (k) is an OFSM, since it is defined by
inserting the projection matrix - into the original definition of FSM. Therefore, in the two-band case, Age,,1 directly
relies on the linear combination of the OFSM.

In particular, if we have PT symmetry that ﬁips the sublattice index (i.e., the inversion P changes one sublattice
to the other one), we would have P’Tc (PT)~t = ckn with 7, the z Pauh matrix in the sublattice subspace, and
then [P, (k)] L leading to a, = 1/2 and

T T 2

AE?(k
)\geol 271_ 3m w2 Z/FS dak|vkE ))| [g (k)}n : (A43)
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Therefore, the extra PT symmetry that flips the sublattice index would make Ageo1 directly depend on the FSM.
This is the case for graphene (supplementary information F) and for the m-bonding states of MgBy (supplementary
information H 3).

To simplify (I')?°79°>% in Eq. (A36), we first note that f7°°(k)P, (k) is simplified to

72k wZE (k) P (k) = iy(=1)" AE (k) Po (k) Po (k) , (A44)

where we have choose Ej (k) < E»(k) without loss of generality. Then, (I')?°°~9°>* hecomes

geo—geo,2 72 h ) 2
. ”Z < 2 BZ/FS d ’“mE ()] [Xff’kipn%)Pn(k)]) tee.
2
(v AR, y
= D2(,u)2;m ((271_)3 do k|VkE k )|Az,n7.,-(k:)> +ecec.
| ) (A45)
9P h 2 ) . AE(k) A
CDAwzeym <<27r>3 Z/ N Eu R ““”’*(’“)))
2
v h 2 Vv AE(k) |
B D%uﬂ%% ((27r)3 a d"kmlm (Az,n,f(k))> ,
where
Apr (k) = Tr [Xr ViePo (k) Pr (k)] (A46)

is an orbital-selective complex vector field. Explicitly,

Re (A; .+ (k) = Re (Tt [x+ 0k, Pn (k) Py (k)]) = }Tr [X+Ok, P (k) P, (k:)]+; Tr [x+Pn(k)Ok, Pn(k)] = %Tr [X+Ok,; Pn(K)]

2
(A47)
and
Im (A; .~ (k)) = Im (Tr [X+Ok, Pn(k) Py (K)]) = % Tr [X+Ok, Pn (k)P (k)] — % Tr [X+Pn(k)Ok, Pn(k)] (Ad8)
= T 0, PaB), Pa(h))
Then,
vy R

)‘geo,2 - mD(,u)( ( 271' 3 Z/FS do k|VkE (k)|/41,n,‘r(k)> +cc.. (A49)

Therefore, the explicit geometric dependence is Ageo.2 in the orbital-selective complex vector field.

Symmetry may restrict Ageo2 to zero. For example, if the system has Cs;, and m, symmetries that do not
change sublattice index, then we have A, r(Csk) = CsA, (k) and A, r(m.k) = m,A, (k). As a result,
#Zn fFS dakwigi(’?))‘fli,n;(k) = 0, which means Ajeo2 = 0. This is the case for graphene (supplementary
information F) and for the 7-bonding states of MgBy (supplementary information H 3).

For the o-bonding states of MgB2, we do not have two-band model anymore, but Ay, is still split into two parts:
one part relies on the OFSM and the other part relies on a orbital-selective complex vector field. Nevertheless, the
second part (that relies on orbital-selective complex vector field) has the same final expression as the first part (that
relies on OFSM) under the linear-momentum approximation that we use for the electron Hamiltonian, which allows us
to merge the two parts and have a simple expression with only OFSM. (supplementary information H4) Therefore, in
the examples studied in this work, the orbital-selective complex vector field is not explicitly necessary. Nevertheless,
in general, it can be important (for example, if we go beyond the linear-momentum approximation that we use for
the electron Hamiltonian of o-bonding states.)
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In general, Ag_geo also has dependence on the band geometry. In the two-band case, we explicitly derive the
geometric dependence of Ag_geo. Explicitly for FE 9% (k, k'), we have

Dk, ) = ZTr{P ) [Xr FEK) = FE()xe) Pur(R) [r S50 () = 727 (K e )+ cc

= —72% S [0k B (k) = 4, (k)] Tr { Po (k) Por (k) [ 9 (R) = £9°°(K')xr ]} + cec.

T,

_ _72% S [0k B (K') = Oy, B (k)]

T,

x Tr {pn(k;)x,pn,(k/) [X, > By, (k)ok, ZE ")Ok: P (K )XT] } + c.c.
" (A50)
- 772% Z (011 B (K') — O, En (k)] Tr { P (k) Xr Por (K') X7 (—1)" AE(k)0y, P (k) }
+ 72% Z Oy B (K') = Ok, En (k)] Tr {Pn(k)fon/ (k’)(—l)”'AE(k’)ak;Pn/(k’)xf} +ec
= _72% Z [8k§En’ (kl) - aklEn(k)] (_l)nAE(k)AT,n,i(k) Tr [Pn’ (kI)XT}

+ 72% Z [ak;En’(k/) - ak@E’rL(k)} (_1) ( )A: n’ z( )TI‘ [Pn(k)xf] +c.c

and thus (D)7 79°° should read

1BZ
<F>E*geo _ Z 25 - E ( En/(k/)) fn,ge()(k k/)
k: k' n,n’
1BZ
—? D2 Z > 6 (n—En(k)s (n— Zak, —1)"AE(k)4Re[A- (k)] Tr [Py (k')x~]
anW
1BZ
+ 42 D2 Z Z 8 (1 — Bn(k)) 8 (1 — En Zak )" AE(k)4Re[Ar (k)] Tt [P (k) x+]
k k' n,n’
1BZ 5
E,( —1)"AE(k)4 i ;
ZZ(S = 2m ;( ) (k)4Re[Ar pn,i(K)]br
1BZ
+ 42 ﬁ ZZa (1 — En( Zak D"AE(k)4Re[Ar i (K)]ar
_ Z/ do ZRe ; — O, En(k)ar)
- m 27‘(3 s, k|VkE ‘rn7. 1'1 k; L/n ar) ,
(A51)
where a, is defined in Eq. (A38), A ,, ;(k) is the orbital-selective complex vector field in Eq. (A46), and
1BZ
ZZ@ pt— B (K')) Tr (04 By (K) P (K') X7 - (A52)

As a result, we have

QO 492 AE(k Z
_ = e —— - L . A
AB—geo (2m)3 m (w?) FS, b Reldrin.s(R)] (O Bn(k)ar = br.:) (A53)

VB, (k
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Therefore, we can see the explicit geometric quantity in the Ag_ge, is again the orbital-selective complex vector field
similar to Ageo,2. Although Ag_ge, is irrelevant in the graphene and MgB,, it is possible that Ag_geo can be relevant
in other cases.

Although we only discuss the GA for a 3D system with only one kind of atom and one spinless s orbital per
atom, the GA can also be defined and used for more complicated cases as discussed in supplementary information F
and supplementary information H. In particular, GA becomes (almost) exact for graphene and MgB, as discussed in
supplementary information F and supplementary information H, respectively. For graphene and MgBs, the geometric
contribution Age, will be simplified and we can clearly see that specific band-geometric quantities (FSM or its orbital
selective version) appear in Age,. Furthermore, As, will be bounded from below by a topological contribution for
graphene and MgBs. Before talking about graphene and MgBo, we will first present some general discussions on EPC
in supplementary information B, supplementary information C and supplementary information D, as a preparation.

Appendix B: General Discussions on Electron-Phonon Coupling

We start with the general discussions on the electron-phonon-coupled model.

1. Real Space

The electron-phonon-coupled model that we consider is defined on a lattice. We use R to label the lattice point and
use 7 to label the positions of the sublattices in the R = 0 unit cell. The spatial dimension of the model is defined
by the number of primitive basis lattice vectors—if the model has d primitive basis lattice vectors, we say the model
is in dD. Throughout this work, we consider d < 3. Regardless of the value of d, R and 7T are always embedded in
3D—R and T always have three components; for example, in 2D, we always write R = (R, Ry, O)T.

At each position R+ 7, we have the fermionic creation operator for electrons as CTR +-» and the bosonic Hermitian
operators Pri,; and ugry-,; that eventually give rise to phonons. Here o, labels onsite degrees of freedom for
electrons such as orbitals and spins, and 7 labels the orthogonal spatial directions. Moreover, Pry,; and ugryr
satisfy

[UR++.i, PRI 7,it] = IhORR 077 O
[URtr,is UR 47 ,i7] = 0 (B1)
[PRoiris PRyrr 0] = 0.

The commutation relation in Eq. (B1) suggests that ug4,; and ug/i+  are defined in different Hilbert spaces for
R+ T # R’ + 7. In other words, it means that we treat Pryr; and ugp4,; as “internal” degrees of freedom at
R + 7. We are allowed to do so for the description of phonons, because (i) ugyr; classically is the displacement of
the ion at R 4 7 due to phonons, and (ii) the ion displacement is typically small compared to the unit cell.

Owing to the lattice structure of system, the basis of the Hamiltonian always furnishes a representation (rep) of a
crystalline symmetry group G. For any g € G, we have g = {R|d}, where R is the point group operation a rotation
or rotoinversion and d is a translation of the position (not necessarily a lattice translation). For example, g acts on a
generic position x as gx = Rx + d.

Under g, the atom position R+ 7 becomes another atom position R, 4+ 74 = R(R+7)+d. Here T, is the unique
sublattice vector that differs from RT 4 d by a lattice vector. In other words, 7,4 is the unique sublattice vector that
satisfies

Rr+d=714+AR,, (B2)

with AR, 4 a lattice vector. Moreover, R, ; = RR+AR; , is a lattice vector. Formally, given g, there is a one-to-one
correspondence between 7, and 7. Given g and T, there is a one-to-one correspondence between R, , and R. The
existence of the one-to-one correspondences is because g is an element of the Euclidean group.

The reps of g furnished by the fermion and boson basis operators are

T -1 _ .t TgT
9CRry-9 = CR-,-,Q-&-‘rgUg !

1
9PRi+:9 = Z Pr, ,ir, i Riri

K2

(B3)

1
JURyr g = g UR, y+rq,i i
v

K2
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where ch - 18 a row vector of creation operations with components labelled by a., i.e.,

CEJH_ = (..., ckﬁ_,%, ...) with “...” ranging over the values of «.. (B4)

Moreover, for the time-reversal (TR) symmetry 7, the reps are
1
TCR+TT = cR+7_U
TPririT ' =—Prir; (B5)
TuR+T,iT71 = UR+T,i -

In Eq. (B5), we have assumed that the fermion basis furnishes a rep of TR symmetry, which can always be guaranteed
if we include enough orbitals and spins. Throughout this work, we assume that the Hamiltonian must at least preserve
the lattice translations in G.

Now we introduce the Hamiltonian of a generic electron-phonon-coupled model. The electron part of the electron-
phonon-coupled model is free, and described by the tight-binding model as

Ot-ra ’ / AVA]
H, = g E ters T (R+7—R — T )CR+r,a,CR’+‘r’,oc;/ , (B6)
R7,R't' aral,

where we have incorporated the lattice translations. Moreover, Hermiticity is equivalent to

(T (R+r— R — ) =t°7°" (R +7 ~R—1).. (B7)
Under the Harmonic approximation, the phonon part of the electron-phonon-coupled model is described by
Hpyp =Y Phirs + ! > Drigiw(R+7—R — 7 )upiritig o (B8)
RT,i 2my 2 RR/ 77/ ,ii 7 7 7

where we have incorporated the lattice translations. Dr; /i (R—‘rT—R/—Tl ) is called the force-constant matrix. Based
on the commutation relation of ug+r ;, we can always choose D ry(R+7T—R —7') = Dy 7i(-R—7+ R +7')
without loss of generality, since the anti-symmetric part does not contribute to the Hamiltonian. Then combined with
H;h = Hp, we obtain

D (R + T - R/ — Tl) = DTT/’“'/ (R + T - R/ — 'T/) . (Bg)

T/ ’LZ

Owing to Eq. (B9) and Eq. (B5), the bare phonon Hamiltonian H,, always preserves TR symmetry as shown in the
following:

Phiri 1
TthT_l = Z % + 5 Z DTZ T’Z’(R + 7 - Rl — TI)UR+T,7;’U/R’+T’71"
R,T,i M 7T/
Phir; 1 (B10)
= Z # + 5 Z D‘l'iﬂ"i/ (R + T - R/ - T/)uR+T7iuR/+T/’1:/
R,T,i 4 RR' 71/ ,ii’

To the leading order, the EPC in the electron-phonon-coupled model is captured by

;o
Qrjag, i
Her—ph = Z Z Z Ft‘qu‘r'l,Oq1 CRo+72,0, UR+T,i Fr v Rotrs Rir - (B11)

RiRyRT1T2T ary @i

Hermiticity is equivalent to
’ . ’
Qry a‘l’zl * T A7y
[FRI +71,R2+T2,R+T} FR2+T27R1 +71,R+T 0 (Blz)

and the invariance under lattice translations is equivalent to

Qryaly i Qry ol i .
FRi+Rot71,Ro+ Rot7s, R Ro+r = L Ritri Ratms R ¥ lattice vector R . (B13)
Based on locality, we assume that F ;:iT:fRQ try.Ri+ decays at least exponentially as [Ry + 71 — R — 7| or [Rz +
79— R— 71| or |Ry + 71 — Ry — 72| limits to infinity.
With the above discussion, we can provide a specific definition of the electron-phonon model.
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Definition 1 (Electron-Phonon-Coupled Models) A Hamiltonian H is defined to be an electron-phonon-coupled
model if and only if H = Hey+ Hpp + Hey—ph, where Hey is defined in Eq. (B6), Hyy, is defined in Eq. (B8), and Hej—p,
is defined in Eq. (B11).

Clearly, the charge U(1) symmetry is automatically preserved in any electron-phonon-coupled model.

2. Momentum Space

Given a generic electron-phonon-coupled model, we can perform Fourier transformations to the electron and phonon-
related operators as

i _ ik-(R+7) .t o —ig-(R+T) ) o —ig-(R+7) )
& = § € c y Ugri = § € UR+r,i » Pgri = § € 1 T
k,T,0r /N R+T,01 q /7N R+, q /7N R+, (B14)

from which we find
ug‘ri = U—g7i » PqT‘rz = P—qfi ’ (B15)

and

1 _ig- - 1 io' (R 41’
(17 Pr] = ﬁze g(R+ >ﬁzeq (R+7) ugors, Prrars]
R R/

(B16)
=1hdq,q'0++/0iir -
Then, V g = {R|d} € G, the symmetry reps become
QCLQ_l _ CEkUge—iRk-d
T -1 _ —iRq-d
qu,T,ig = ;PRq,‘rg,i’Ri/ie g (B17)
9“;,7,1‘971 = ZuRq,‘rg,i’Ri/ieiqu‘d )
Z‘/
where c}; is a row vector of creation operations with components labelled by 7 and a.-, i.e.,
ch = (...,c};ﬂ_’a?, .)with “..” ranging over the values of T and «a.r (B18)
and
Uyt ran = |U57] | with U7 =0 for 7/ # 7, (B19)
For TR symmetry, the symmetry reps become
TebT ' = Ur
TPy T ' =—Pogri (B20)
T“I;,-r,z‘T_l =U—gq,7,i >
where
Ur ) rrat, ran = [UF ] with UT™ =0 for 7/ # 7. (B21)
.’.17 T a/ /a‘r
For the electron Hamiltonian,
, LY LY
H, = Z Z ti:’q—/ (R+ T — R — _’_/)7 Z e—ik-(R—‘r‘r)c;fc g Z eik’*(R/+‘r')ck,’7,7a, )
RT R ara’, v N k v N k’ ’
T (B22)

1BZ 1BZ

Z cLh(k)ck = Z Z En(k)v,i,n%,n )
k k n



29

where

Zt”/ (R+ 71 — 7/)e ik (Rtm—7") (B23)

h(k)U, (k) = En(k)Un (k) | (B24)
and ’y};m = ¢l U, (k). Bq. (B23) shows that for any generic reciprocal lattice vector G,
hk+ G) = VEh(k)Veg , (B25)
where Vg is the embedding matrix

[VG]TQT,T’Q’ , = eiT.Ga‘ra.,.,‘r’a’ , (B26)

We always choose U, (k) such that the eigen-operators satisfy 'y;i tGn = 7}; ,, for all reciprocal lattice vectors G.
For the phonon part,

1BZ lBZ
q‘rz q‘rz
phfZZ +55 Y Drvvin(@)ulytgrs
q 1T/
1BZ ot 1BZ
PQ"'quTz
= § § 5 § E DTT ,i4! q-,—zuqr i/ (B27)
q TT'ii

1BZ

_ZZ ! ql+wl22(q)~2ﬂq,z 7

where 1,1’ range over x,y, z for spatial directions,

Dy iif(q) = Driprp(R 47 — 7')e 10T (B28)
R

ﬁq-ri = qui/\/ mr, aq-z-i = Uqgri\/MT,
~ 1 1
DTT’,ii' (Q) = ™ 7DTT/,ii
AVALLZ RVALLZ 5

D(q)vi(q) = wi(q)ui(q), ]STZ = .ZBTUZ( ), and ﬂT 1= m wvi(g). As shown in Eq. (B27), the definitions of ﬁ;rl and ﬂjﬂ
are used to rewrite the phonon Hamiltonian as 1ndependent Harmonic oscillators. We always choose v;(q) such that

PngGl = P 1 and 4! giGl = =al o, for all G reciprocal lattice vectors. Owing to

(a) , (B29)

~ fae m .
[uni’Pl;["r’i,} =\ [Um,Pg/Tw} = ihdq,q' 077 0iir (B30)
T
we have
[a%l?ﬁ;’,l/} = E [vml]'r,i[vq’,l’]:',i' [aq'ri’ﬁ;'-r'i'} = ihE [Uq,l]ﬂi[vq,l’]:,i&q,q’ = ihoudq,q' - (B31)
T,0,7 T,

Owing to l~)*(q) = ﬁ(—q) derived from the fact that the bare phonon Hamiltonian always has TR symmetry
(Eq. (B10)), we can always choose the following convention for v;:

v (@) = v(—q) (B32)

for all g and all . As a result, we have

wi(q) = wi(—q) , Tgy =] (Q)ig =i (—q)[a’ )T =u ju(—q) =7, and P}, = P_q; . (B33)
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By defining

t_ el [~ 1 =
bq-,l - 2% [uq,l - wi(q) Pq,l:| for wi(q) # 0, (B34)

Eq. (B27) can be written as

“@=0 Bt By,

wi(q)#0 1
Hpn= Y. hwilq) [b;lbq,z + 2} + >

g€1BZ,l q€1BZ,l 2 (B35)

1
= % ) [ttt 3]

g€1BZ,l

where the last equality assumes that w;(q) = 0 only happens at measure-zero region of g in which there is no
Dirac-delta-type contribution, and

[bg.1,bL, 1] = Oqqrdur and [bg,1, bgr ] =0 . (B36)
Since the phonon Hamiltonian always has TR symmetry, we have

TP T ! = TH Tt = (B37)

ql ? —q,l

~f 1 _
Tug, T

ql ’
A useful expression for the latter discussion is

o [
Yot =\ 2w (q)

(b +b_qy) for wi(q) #0 . (B38)

For the EPC, we have

1BZ

He —ph = Z Z Z Z N3/2 71’“1 (Ri+71) 1k2 (Ra+72) 1q (R+T)

RiR;RT17T2T ar ol ik ka,q

;o
t O Ayt
X Chy 0, Ch2 2,00 Ug T i FR1+7-1,R2+7-2,R+7-

1BZ

Z Z Z Z 3/2 *lkl -(R1+71) 1k2 (Ra+72) lq_’_ 1(q krtko) R
N

RiR;RT1T2T aryalf, i ki k2,q

x cl c Ugri Frtor
ki, 71,0, “R2,7m2,00 %m0 YRy 47 Rotra,7
1BZ

_1k:1 (R1+71) 1kz (R2+72) 1q‘r 6q+Gk Tk
E E E : E : § 1—k2

RiRy T1T2T ary _,_21 k17k27q G (ng)

;.
T 0T O,
X Ckl,Tl,Ot.,-l Ck277-270‘/ uquvz FR1+T1,R2+T2,T

1BZ

RiRy T1T2T 7y @ ;21 ki,ks,q G

;.
+ Oty Oy
X Ckl,Tl,Ot-,—l Ck2a7-27a/ uq"'Gﬂ'vZ FR1 +71,Ra+7T2,T

1BZ

Z Z Z Z —ik1~(R1+‘r1—T)eik2'(R2+"2_"')

RiRy T1T2T ary ot i kl,kz

;.
T QT Oyt
X ckl,‘rl,a.,_l ck2a7'27af,-2 Uy —ka,7,i FR1+T1,R2+T27T ’

which leads to
1BZ

l—ph = \/>Z Z Ckl Ti k1>k2)ck2uk2 ki, 0 (B40)

T, k17k2

He
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where we used Eq. (B13) and we also used
P k), = 32 e R R it )
RiR>
According to Eq. (B12), Hermiticity requires and leads to
Fl(k1,k2) = Fri(ka, k1) (B42)
and for any generic reciprocal lattice vectors G; and Ga,
Fri(k1+ G1,k2 + G2) = VcT;an‘(kh ko)Vg,e T (G1=G2) (B43)

;o
Qry Qg

where Vg is defined in Eq. (B26). Owing to the local property of Fp '\ "*p  n. ., [Fri(k1,k2)], , e must
b El T1> To

be a smooth function of (ki,kz) for all 71, ar,, T2, . Furthermore, we have

1BZ

1 1 .
Hepn = ﬁ Z Z Z Z ch:lFr’i’(kh k2)CkQTTIM (k2 = k1)l7i[vi(k2 — k1)lriv m"'ultszl,-r,i
U 70 i ki,ke v

1BZ

1 g o~
- UN Z Z CLIFl(kl,b)CkQu,trkhl
1 kiks
1 1BZ (B44)
= =2 > Cumilkr k2, s i, ey
VN ol ey fes ' S
1 1BZ T T
= Het—pn = VN Z Z Grmi(k1,k2) Vg, 0 Veo,m (O, —goy 1+ O—katkr 1)
nml kq,k2
where
= 1
Fl(kh k2) - Z F.,./,y(kh kg) [Ul*(kQ — kl)]‘r’i’ (B45)
Gt (. k') = UL (k) Fy(k, KU (K) (B46)
nml\Iv, le(k/ — kZ) nml\Iv, 5

and the last equality assumes that w;(q) = 0 only happens at measure-zero region of g in which there is no Dirac-
delta-type contribution. Based on the above expressions, the convention that we choose for the phonon eigenvectors
(Eq. (B32) derived from TR symmetry of the bare phonon Hamiltonian) and Hermiticity of He;_,; lead to

Fl (K k) = Fi(k,k') , G (K k) = G (R, k), GE (K k) = G (R, K') (B48)

mnl mnl
For the convenience of later discussion, we note that F,;(k,k’) can be expressed in terms of G, (k, k') as

Fri(k,K) =,/ % 3\ 2k~ kU () Gt (ke KU (B ) [or (k' — k)]s . (B49)

nml

In general, énml(k, k') are gauge dependent, where “gauge” means that the unitary transformations that mix the
electron or phonon eigenvectors, e.g., the random phase factors in front of the eigenvectors. In general, given an
isolated set of electron bands (labelled by Se;, isolated in a subregion of 1BZ), the gauge transformation for the
corresponding basis takes the form of

(cr Uall) o) = (o Ualh) ) R (R) (B50)
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where R° (k) is unitary and R (k + VG) = R° (k). Here an isolated set of bands means that the set of bands are
gapped from other bands in the subregion of 1BZ of interest. Similarly, given an isolated set of phonon bands (labelled
by Sph, isolated in a subregion of 1BZ), the gauge transformation for the corresponding basis takes the form of

(- wl@ )= (- ule) ) B"(@) (B51)

where RP"(q) is unitary and RP"(k + VG) = RP"(k). Note that the basis may not be the eigen-basis after the gauge
transformation, but the transformation keeps the projectors on to the set of bands untouched.

The behaviors of énml(k, k') under the gauge transformations can be derived from the fact that

Z énml(ka k/)VI];,n’)/k’,maL/,k,l (B52)

n€Ser,1,MESer,2,lESpn

is gauge invariant, where we make sure k is in the subregion of 1BZ where S,; ; is isolated, k' is in the subregion of
1BZ where S, 2 is isolated, and k' — k is in the subregion of 1BZ where Sph, is isolated. In other words,

> Grmi(k, KU, (k) @ UZ (k) @ vi(k' — k) (B53)

Nn€Ser,1,MESe1,2,lESpn
is gauge invariant. Then, we know the following expression is gauge invariant:
!/
Fsel,lsel,ZSph, (k. k")

LYY Y Cunik k)G (kK (U () © Uy () @ v (K — k)10 (k) @ U () @ wu (k' — )

B 5 n,n'€Ser,1 m,m/€Sey 2 LLI'ESpR
:g IED DS ‘énmz(hk’)Q: SN Gk k)| w(K k)

n€Ser,1 MESer,2 lE€Spn n€Se;,1 MESer,2 lE€Spn

(B54)

which is useful later.

Furthermore, Eq. (B53) (and thus Eq. (B54)) are smooth at (k,k’) as long as we make sure k is in the subregion
of 1BZ where S;1 is isolated, k' is in the subregion of 1BZ where Sei,2 is isolated, and k' — k is in the subregion of
1BZ where Sy, is isolated. To see this, we rewrite Eq. (B53) as

Z énml(k7 k/)Un(k) ® U;:z(k/) ® Ul(k/ - k)
nesel,hmesel&vlesph
. (B55)
- L [0 (8 = )], U000 P e KU (KU ) © U () © (K )

nGSelJ ,mESel‘g,lesph T,

where we used Eq. (B45) and Eq. (B46). We know the projector >, o U.(k)U} (k) is smooth in the subregion of
1BZ where S, is isolated, and Zlesm vl(q)UlT(q) is smooth in the subregion of 1BZ where Sy, is isolated. Combined
with the fact that Fi;(k,k’) is smooth, we know Eq. (B53) is smooth in the subregion of 1BZ in which S¢; 1, Ser2
and Spp, are all isolated, and thus so is Eq. (B54).

Besides the gauge freedom, there is another freedom which is the choice of basis of the Hamiltonian in the momentum
space, e.g., choices of Fourier transformation rule. Eq. (B14) is just one way to fix the basis. In general, we have the
freedom of choosing basis as

cl = ch Ry ub = uf Rl (B56)

where Ry, and R are unitary and smooth. Note that although the electron eigenvector U, (k) is not invariant under

Eq. (B56), the creation operator 7;2 ,, 1s invariant under Eq. (B56); it is because if we perform c}; s CLRk, we can

correspondingly perform U, (k) — RLUn(k:) to keep ’y;i ,, invariant. Based on 'y;i s the periodic part of the Bloch
state reads

g ) = e R 7L 10) (B57)
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where 7 is the electron position operator in the continuous space, i.e., 7 = [ d?rrp(r) with p(r) the electron density
operator. |ug.,) is independent of the basis choice, and any final physical/geometric/topological expressions that we
eventually use must be invariant under Eq. (B56).

Nevertheless, the specific basis choice specified in the Fourier transformation Eq. (B14) is convenient if we use the
tight-binding approximation. Explicitly, under the tight-binding approximation, ck tr.a, 18 80 localized at R+ 7 that
we are allowed to use f'czﬂ_ﬂ% |0) = (R+ T)Ck-‘rf,(x-,- |0). Then, with Eq. (B14) and the tight-binding approximation,
we have

[tk n) = €7 * 7L |0) U, (K)
=e FT N el 0 10) [Un (K)o,

T,
1 ik-(R+7) ,—ik-r T
= > e T 0 Ua (),
T,a.,-,R\/N
L ik(Rtr) —ik-(R47)
= Z —€ € cR+T7a_’_|0> [Un(k)]‘ra-,- (B58)
T,a.,-,R\/N
-y Tlﬁcjﬂm\m [Un ()],
7,0+, R
=3 Chera, |0 [Un ()],

= ch_|0VU, (k) .

Therefore, when using Eq. (B14) and the tight-binding approximation, the momentum dependence of |ug, ) is all in
U, (k). This will allows us to evaluate the FSM with the vectors U, (k). Explicitly, the general definition of the FSM
reads

(90 (K52 = 5 Tr10k, Pa (k)0 ()] (B59)

where

Po(k) = [t p) (tn | -

(B60)

Owing to the simplification in Eq. (B58) brought by the tight-binding approximation and the Fourier transformation
(or the choice of basis) in Eq. (B14), we have

Po(k) = chol0)Un (k)L () (Olck=o = cf,_o|0) P (k) (Olcr=o (B61)

with P, (k) = U, (k)U] (k), resulting in

90 ()10 = 5 Tk, Pk, Palk)] = 3 Ty, Po(K)h, Pu()] (B62)

g1 J2

Since we always use the tight-binding approximation and the Fourier transformation (or the choice of basis) in
Eq. (B14) unless specified otherwise, we will directly use Eq. (B61) in this work unless specified otherwise.

3. Crystalline and TR Symmetries of Electron Hamiltonian and EPC

In this part, we discuss the Hermiticity, crystalline symmetry, and TR symmetry of the electron Hamiltonian and
EPC.
Hermiticity requires

trr(R+7—R -7l =t (R +7 —R—7)

ri(k) = (k) , (B63)
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and

i t_ i
[FR1+7'1,R2+1'2,R+T] - FR2+72,R1+71,R+T

; (B64)
FTi(k17 k2) = FTi(k27 kl) 5
where t; (R+ T — R — 1') is a matrix defined by
[tre(R+T7—R —7")] o —tﬂ,, "(R+T7—-R -7, (B65)

anl "(R+T — R —7) is defined in Eq. (B6), h(k) is defined in Eq. (B23), F& is a matrix defined as
trr ( q ’ q- Ri+71,Ro+72,R+7T
[F;{1+T1,R2+7'2,R+‘r] ol FR:erZQ,szLTz,RJrT ) (B66)

Qry

Fal o pus is defined in Eq. (B11), and FJl,(k1, ks) is defined in Eq. (B41).
Suppose the Hamiltonian has a crystalline symmetry g = {R|d}, where R is the point group part of g and d
labels the translational part of g. According to Eq. (B3) and Eq. (B17), the matrix Hamiltonians of electrons (i.e.,

trr(R+7— R —7') in Eq. (B65) and h(k) in Eq. (B22)) satisfy

U;-LngtTsz (Rl +71— Ry — T2) [U;-ZQ‘QT( = t‘l’l,g‘r2,g (RLTLQ + Ti,g — R27"'27g - TQ;Q) (B67)
Ulh(k)Uy = h(Rk) ,

where U, is defined in Eq. (B19), and Uy ?" is defined in Eq. (B3). F ;:ﬂ:f;{ﬁfz r+r 0 Eq. (B11) and Fri(ki, ko) in

Eq. (B40) satisfy

. )
Tl,_ T1 X3 TQ’_ T2 T L — X3
Z Ug ! FR1+T1,R2+T2,R+T [Ug ! ] Ry = FRl,fl‘g+‘n,g,Rz,f2,g+fz,g,Rg+‘rg

v (B68)
> UjFri(k1, ko)UgRiy = Fr i(Rky, Rky) .

il

Suppose the Hamiltonian has TR symmetry 7. According to Eq. (B5) and Eq. (B20), the matrix Hamiltonians of
electrons (i.e., tro, o', (R+7— R —7') in Eq. (B65) and h(k) in Eq. (B22)) satisfy

urm [t.,.m (R+1—-R — T')] [U"Q"Q} =trr(R+7—R —7/)

(B69)
ULh*(k)Ur = h(—k) .

Fplt om0 Equ (B11) and Fri(ky, ks) in Eq. (B40) satisfy

U';r—l‘rl [Fﬁ1+T1,R2+727R+T] [UTQTQ} = FE1+T1,R2+T27R+T (B?O)
U;’F::i(kla ko)Ur = Fri(—k1,—k2) .
4. EPC Constant
The EPC strengh is commonly characterized by the dimensionless EPC constant A [62], which is defined as
1BZ
|Gnml k k |2 /

0(p—FEn(k)d(n—EnK)) , B71
N};ZHM, (11— Eu(k) 6 (14— Enn(K)) (B71)

where n, m sum over all the electron bands, [ sums over all the phonon bands,

1BZ

=Y "> 6(n— En(k)) (B72)
k n
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is the electronic density of states at u. For the convenience of the later discussion, we note that given any function
F(k) such that F'(k +VG) = F(k), we have in the thermodynamic limit

S™ 6 Bu(k)) F(k) = (;;)d / . doere g PR (B73)

kc1BZ

where V is the volume of the system, and F'S,, is the Fermi surface given by E, (k) = p. This will be useful for the
calculation of the energetic/geometric contributions to A.
Another commonly used expression of A reads [62]

+oo 1 )
)\—2/0 dwaaF(w), (B74)
where
2F(w) = 1N§:§ﬂGW” |6W—EAMWO%J%%”&w—mW—k» (B75)
k,k’ nml

is the Eliashberg function. Interestingly, Ref. [62] defines a mean squared phonon frequency as

2w w? L a?F(w)

<w2> _ Jo

B76
T dw T ?F(w) o
With Eq. (B76), we can rewrite A as
I 2
A= Zm/o dw w o*F(w)
1BZ I
_ <2 (1 ZZ |Grmi (K (K k)é(u—En(k))(S(H—Em(k/)) (B77)
k,k’ nml
2 D(u)
T h(w?) N @
where
1BZ / /
) = k. k' an Lo (k, k)6 (0 — En(k)) 0 (:“ — En(k )) : (B78)

S ger o 8 (1= B (k1)) 8 (11— Epn (k1))

h ~
T (K, K') = Z |G (K, K 2w (K — E) = 3 Z |G i (K, K]

- 7ZT1~[ (k) E(k, K )P, (K E] (K, k’)]

h 1, 1
D) ZTr P (k) Z Frryo(k, k) \/TT,J[UZ (k' = K)]7i P (K) Z Fi/li/l (k. K') o [vi (k' — k)i,
1 i i) 1
- EZiTr [P (k) Fyi(Ke, k') P (k) 1L (R k’)}
9 - ma n Ti\lv, m ri\lvy ’
(B79)
and
Po(k) = Un(k)U} (k) (B80)

is the electron projection matrix (U, is defined in Eq. (B24)). Eq.(B79) is invariant under the change of the basis
(Eq. (B56)) since the first expression is in the eigenbasis.
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As shown in Eq. (B76), <w2> formally depends on the EPC, the phonon frequencies/eigenvectors, and the electron
bands/eigenvectors. For graphene and MgBs, specific phonon modes dominate EPC, and thus <w2> can be well
approximated by the frequency of those dominant phonon modes (as discussed in supplementary information F and
supplementary information H, respectively). Therefore, in this work, we will treat <w2> as a parameter and focus on
the remaining part of A in Eq. (B77). In the expression of A (Eq. (B77)), all information on the phonon frequencies
or phonon eigenvectors is contained in <w2>. Since we only want to study the effect of the electron band geometry or
topology on the EPC, it is also for our simplicity to treat <w2> as a parameter determined in the ab initio calculation
and to focus on the rest.

Appendix C: Two-Center Approximation of EPC

Throughout this work, we adopt the two-center approximation of EPC. In this section, we provide more details
on the two-center approximation and set the stage for the discussions of geometric part of EPC in supplementary
information D.

1. Real Space

The idea of two-center approximation was discussed in Ref. [79]. Our discussion here will look different from that
in Ref.[79], since we will not care about the detailed form of the EPC and only focus on the key assumptions.
Nevertheless the essential idea of the two-center approximation used here is the same as that in Ref. [79]. Specifically,
we adopt the following two-center approximation:

Assumption 1 (Two-center Approximation of EPC) Given any two electron (spinful) orbitals, the EPC for
them is determined by the relative motions of two ions at which the two electron orbitals are localized.

Asm. 1 is a generalized version of the two-center approximation used in Ref. [79]. Clearly, if two electrons are localized
at the same ion, the EPC of them is zero under Asm. 1.
In terms of equations, Asm. 1 is equivalent to assuming

% —
FRitr  Rotrorer =0for R+ T # Ry +710r R+7 # Ry + 72 (1)
Fi = —F}

Ri+71,Ro+72, R1+71 — Ri+71,Ra+T72,Ra+72

where Fﬁ1+r1,R2+72,R+r is related to F;:i?;ﬁm r4r 0 Eq. (B11) by Eq. (B66). For convenience, we can define

i _ = 1 _ F
fR1+‘l'17R2+7'2 9 (FR1+T17R2+7'2,R1+T1 FR1+7'1,R2+T27R2+7‘2) ) (02)
which gives
7 i
FR1+1-1,R2+1-2,R+1- = fR1+7-1,R2+1-2 (5R+T7R1+T1 - 6R+T,R2+T2) . (03)

Then, under the two-center approximation, we have

_ E E E i i
Hel—Ph - CRi4+1, fR1+1-1,R2+-rgcR2+‘f'2 (UR1+T1,i - UR2+1-2,i) ) (04)

RiR;T1T2 1@

where ck .+, is defined in Eq. (B4). Eq.(C4) clearly shows that the EPC for C;h +r, and CR,4r, only involves the
relative motion uR, 4+, — UR,+r,,i, and shows that

fRirRir =0, (C5)

which is consistent with Asm. 1.
According to Eq. (B12) and Eq. (B13), the lattice translation requires

fﬁ1+f17R2+‘f‘2 = fﬁ1+71—R2,7'2 ) (06)

and the Hermiticity requires

(fll?2+7'2,R1+‘l’1) = _f;?1+T1,R2+T2 : (07)
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For convenience of the latter discussion, we define a matrix fr +, (R1 +71 — Ry — 72) as
friri(Ri+T1—Ro—T2) = fRi4ri—Rors - (C8)
which satisfies
Jrri(0) =0 (C9)

according to Eq. (C5). Then, Eq. (C4) can be rewritten as

Hel—ph = Z Z chl—‘r‘rlle"-Qvi(Rl + 71— R2 - TQ)CRQ-‘,-TQ (uR1+T1,i - U‘Rg—‘r‘l‘Q,i) ) (Clo)

RiRy T1T2 1@

where Eq. (C6) has been used.

When we use smooth hopping functions tf:}-(:*z (r) to describe the hopping among electrons in Eq. (B6), fr,r,.:(R1+
71 — Ry — T3) takes the following form

(frirai(Ri+T1— Ry —T)|, o = Ontrirs *(7) : (C11)

Qry
1779
r=Ri+1T1—Rs—7T2

2. Momentum Space

The discussion in supplementary information C 1 is in real space; now we convert Eq. (C10) and Eq. (C8) to mo-
mentum space. To do so, we first Fourier transform Eq. (C8) into momentum space and obtain

Frimpi(k) =) e AR f L AR+ T —T5) (C12)
AR
and we define
i) s, sy, = rirai®)l (C13)

Eq. (C13) defines f;(k) to be a matrix; fr,r,,:(k) is nothing but the 7172 block of f;(k).

Furthermore, we Fourier transform ck +r in Eq. (B4) to momentum space and obtain

ol . = TIN ; el (Rl (C14)

which means that
Chr = (s Chrar ) (C15)
with “...” ranging over the orbitals or spins (labeled by a.) at the position 7 in the unit cell, where c};ﬂ_’af is define
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in Eq. (B14). With Eq. (C14) and Eq. (C12), we can finally transform Eq. (C10) to momentum space and obtain

— T
Hep_pn = E E E CR1+TlfT1T2,i(R1 +71— Ry — 72)CR2+1'2 (UR1+7-1,i - uR2+T27i)
R1R2 T1T2 1
1BZ 1BZ 1BZ 1
ik2-(R.
——=elk2( 2+72)0217flfnrw(R1 +71— Ry — TQ)Ck:g,‘rg

RO DIPIPI I Tl

k1 kz q R1R2T1T2 (3
1 .
ig-(Ra+T1
eq( 2t z)uq,7'2,i)

( 1 el (Rit+71),, -
\/N q,T1, \/N
1 1BZ 1BZ 1BZ 1
= TR D 2 Dy AR Rk BTG Frirai( AR+ Ty = To)eka
kl kz q AR T1T2 1 Rz

L
TR )

ig-(AR+R:
(elq( * 2+T1)uq,‘r1,i
1 : . .
i(—k1+ka+q)- Ry —ik1-(AR+T iko-To T )
¥ E el(—kitka+q)-Ro ,—iki-( 1) gikz 2ck1,_’_1f7-17-27,(AR+T1 —7'2)Ck-,2,-,-2
R>

1 1BZ 1BZ 1BZ
CUN L2220

ig-(AR+T ig-(T
(el Vg — €T Tug o, )

1BZ 1BZ
- Tlﬁ DD ertARImIke Tl e (AR 4T = To)ek,

k:l k2 ART1T2 1

i(k1—ko) (AR+T i(k1—kz2)T
(e( 1—k2)-(AR+ 1)uk17k2’_’_1,i — el(k1—k2) Quk-lsz,-rz,i)

| 1BZ1BZ
_ T
- \/NE :E :E : E : § :ckl,rllefz,i(AR+Tl _7-2)616277'2
ki1 ko ART1T2 i
—iky-(AR+T1— —ik1-(AR+T1—
(7 ke BRIy ey i — € RV BRI i)

1BZ 1BZ
(C16)

1
= ﬁ Z Z Z Z CLth (f'rl‘rg,i(kQ)(S‘r,‘rl - leTQ,Z-(kl)é‘r,‘rQ)Ck27‘r2uk2_k171’7i )

k1 ko TiT2T 4

resulting in
| 1BZ1BZ
Heppn = Wii > ZCL [Xr filk2) = fi(k1)Xr] Chytipy g, 7 s (C17)
ki kg T,
where
[X,.]_rlaﬂ,_,_w;2 = (5.,.7,.15.,.10171,.,.2(1;2 . (C18)

Eq. (C17) can be alternatively derived from Eq. (B40) by substituting Eq. (C1), Eq. (C6), Eq. (C8) and Eq. (C13) into
(C19)

Eq. (B41), which leads to the following expression of Fi;(k1, k2):
Fri(k1, ko) = xr fi(k2) — fi(k1)x+ »

where Fr;(kq1,k2) is defined in Eq. (B41).

As discussed in supplementary information B 4, the key quantity that we will study is (I') in Eq. (B78). Then, it is
useful to see how Eq. (B78) looks under the two-center approximation (or more precisely under Eq. (C19)). To do so,
first we substitute Eq. (C19) into Eq. (B79) and obtain the following expression of T’y (k1, k2):

an(kh kz) = g Z mi.,. Tr [Pn(kl)(eri(kz) - fi(kl)X‘r)Pm(kQ)(X‘rfi(kl) - fi(kz)X-r)}
DS LTy (P (k) o fi () P () fie) o)

T,
“3 2 m

! > m% Tr [P (k1) X fi () P (o) X £ (1 )] .
DY T () k) P () ke

_ g 3 mi T [P (ko) fi(k)xr Pon (ko) fi(k)] 5 D
o i (C20)
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resulting in

(et Kz) = 5 3~ T i) Pl e fik) (k)] + 5 37— T [P ) i D P ) ()
B Tk Palle) ke P (k)] = 5 37— T [fik) P ) ko Pal) ]
T T (C21)
where P, (k) is the electron projection matrix defined in Eq. (B80). Then, (I') in Eq. (B77) becomes
1BZ
D2 W k; ;6 p— En(k1)) 3 (1 — Ep(k2))
. Z oo T i) Pal ) i) P (k) + 5 o= T [Py () ik P ) flk)
2 Z mi Tr [fi(Kk1) Po (k1) fi (k1) Xr P (ko) Xr] — gz o [fi(k2) P (k2) fi(k2) X+ P (k1) x~]
1BZ B 1
Z PR k1)) 0 (1 — Em(k2)) 5 > e (X fi(k1) Po (k1) Xr fi(k2) P (k2)] + c.c.
kl,kg n,m T,
1BZ
Z 25 p— En(k1))6 (1 — En(k2)) Tr [fi(k1) Po(k1) fi(k1) X P (k2)xx]
k,l ko n,m
(C22)
resulting in
. h 1BZ 2
) = D) 2 Z (ZZ5 p— En(k1)) X+ fi(k1) n(k1)> +ee
" 1BZ ’ (C23)
D2 Z = D0 Eulk) 8 (= B (ka)) T [fi(ka) P (k) fik)Xr P ()] -
T,% T ki,ks n,m

For graphene, the second line of the expression gives the geometric and topological lower bounds, as discussed in
supplementary information F. For MgBs,, all terms are important, as discussed in supplementary information H.

As shown by Eq. (C23), (T') is determined by f;(k), in addition to the electron bands E,, (k), the electron projection
matrix P,(k), the chemical potential and the atomic masses. FE,(k) and P, (k) can be derived from the electron
Hamiltonian Eq. (B22). In the following, we discuss the symmetry properties of f;(k) (and fr,r,(R1+71—R2—72)
in Eq. (C8)), which will be crucial for the discussion in supplementary information D.

3. Symmetry Properties of fr -, (R1+ 71 — Rz — 72) and fi(k)

In this part, we will discuss the symmetry properties of fr -, ;(R1 + 71 — Ry — 7T2) in Eq. (C8) and f;(k) in
Eq. (C13), which will be crucial for the discussion in supplementary information D.
Owing to Eq. (C7) and Eq. (C13), Hermiticity requires and leads to

fTQle(R2+T2_R1_Tl) —frirei(R1+7T1 — Ry — T2)

C24
filk)t = —fi(k) , (€24
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where i = x,y, z regardless of the spacial dimension d < 3. Specifically for f;(k), we have

iR, rrar, = 0 AT fr (AR 72— 7))
AR

!
al,ary

= Z e_ik.(AR+T1_T2) [fTQTl,i(_AR + 7-2 - Tl)]*
AR

()‘;20“’1
_ § —ik-(AR+71—72) i *
- € [f—AR—i—‘rg,‘rl]a/ ar
T2 1
AR

TN _ )
= — Z e ik (AR+7T1—72) [ 72-17—AR+1-2} _— (C25)
AR 2

_ E —ik-(AR+T1—7T2) %
- € [fAR+leT2}a.,.lo¢fr
AR 2

=) ORI AR+ T Ty)]
AR

== [fi(k)]-rla.,.l,rga;2 )

’
Qary o,

where we used Eq. (C8) and Eq. (C7).
Suppose the system has a crystalline symmetry g = {R|d}, where R is the point group part of g and d labels the
translational part of g. According to Eq. (B68) and Eq. (C2), we have

.7
T1,gT1 £ T2,gT2 T .
2 : UQ ! fR1+T17R2+T2 [Ug ! ] R

il

1 y + 1 . §
I § T1,9T1 [0 T2,9T2 T § T1,9T1 2 T2,9T2 .
o 2 Ug ! FR1+‘1’17R2+‘I’2,R1+7'1 [UQ ! ] R”/ 2 Ug ! FR1+‘1’17R2+‘I’2,R2+T2 [UQ ! ] Ri
a.,-laf,_zi’ 3’ (026)
- 2 Riry.9+71,9:R2,75,g+T2,9,R1,71 gF+T19 2 Riry,gF+7T1,9:R2,75,9FT2,9,R2.75 gF+T2,9

= f;?fl,ﬂ'l,g+Tl,g7R2,‘r2,g+72,g )
which, combined with Eq. (C8) and Eq. (C6), leads to

Z U;LngleTZ’il(Rl + 71— R2 - T2) [U;219T2]T Rii/ = leygTQ‘gvi(Rllevg + Tlvg - R277—27g - TQ,_(]) ’ (C27)
il

where R, ;, and T4 are defined in Eq. (B2), and
Rl,‘rl,g +T14— RQ’-,-%Q —Tog = R(Rl + 71— Ry — TQ) (C28)
owing to Eq. (B2). Then, combining Eq. (C27) with Eq. (C12) and Eq. (B19), we obtain

’ ’ T
E Ug'™ friroi (k) [Ugfzm} Riir
T1T2i'

= Z 57”1,71,957’2’72@ Z U;-Lgﬁ f"’l"’z,i’(k) [U;-ZQTQJT Ry

T1T2 i’

_ —ik-(AR+T1— a2t
= Z (5.,./1’,.1’95.,./2’,.2& Z e ik ( T1—T2) Z Ugﬁ,gﬁ frimit (AR +T1 — T3) [U;'zgfz] Ry
TiT2 AR i/

_ —iRk-R(AR+7T1—T
- § : 5T/17T1,g57-/277-2,g E :6 ( ! Z)le,gTZ,g7i(RAR+ ARleg - ART%Q + Til,9 — 7-279)
T1T2 AR

— 2: —iRk-(RAR+AR,| g—ARqyy g+7T1,9—T2,
= Z 5-,-/1’-,-11575.,-/27-,-2157 e ( 1,9 2,9FTT1,g 2,g)fT179T2197i(RAR + AR-,-l,g — AR.,.%g + T, — 7-27g)
T1T2 AR

_ § E —iRk-(AR+T1,4—T2, )
- 67-/177-1~957/27T2~g € ( b 2g)f7'1‘gT2,g,’L(AR+T1,g _T27g)
T1T2 AR

= Z 67'/177'1,5!67'/277-2,5/le,gT2,gyi(Rk)
T1T2
= frr7,i(Rk) for any values of 7} and 75 ,
(C29)
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resulting in

> Uyfir(k)U[Ri = fi(RE) , (C30)

where 71 4 — T2y = R(T1 — T2) — (AR,, g — AR, 4) according to Eq. (B2), and we used 7} and 74 because we
include the case where 7 # 71 4 and 75 # T4 4, for which the equation trivially holds as both sides are zero.
Suppose the system has TR symmetry 7. According to Eq. (B70) and Eq. (C2), we have

; *
U’;:l‘rl [fll:i1+T1,R2+T2} [U';:QTZ}T

1 ) y 1 ‘ )
- §U;——1T1 [F§1+71’R2+7'27R1+7'1} [U';:ZTZ]T h iU;-_lTl [Fll{1+7'17R2+T27R2+T2] [U;'_Q"'z]
1 1

_ 1 1l
9 Ri+71,Ra+72,R1+T1 2 Ri+71,Ra+72,Ra+72

T
(C31)

i
- fR1+T1,R2+7'2 )

which, combined with the lattice translations (Eq. (C6)) and the definition of fr,r, i(R1+ 71— Rz —72) in Eq. (C8),
leads to

U;ITI [leTZ,i(Rl + 71— R2 - 7-2)]* [U;:Q‘rz]T = leTz,i(Rl + 71— R2 - 7-2) . (032)
Then, combining Eq. (C32) with Eq. (C12) and Eq. (B21), we obtain

’ / T
> URT i) [UFT]

T1T2
= Oy Oy UP T i i) U272
T1T2
- Z 57"1,7'157-/277-2 Z eik'(AR+T1_T2)U’;-’1T1f:1‘r2,i(AR +T1— T2) [U';?TZ]T
= > (C33)
- Z 57'/177'157'/277'2 Z eik.(AR+T17T2)fT1727i(AR + 71— T2)
T1T2 AR
=D O mOr o frimai(—K)
T1T2
= f‘r’l‘r’z,i(_k) ’

resulting in
Ur f; (k)US = fi(~k) . (C34)
The symmetry properties of fr,r,:(R1 + 71 — Ro — T2) are summarized in

fT (Ry+ 72— Ry —7T1) = —fr,r.,i(R1 + 71 — Ry — 72) for Hermiticity

T2T1,2

Z Uy fryrpir(R1 + 71— Ry — T2) [U;—Q'gTz]TRii/ = frigragi(Rir g+ T1g — Rory g — 7o) for g = {R|d}

il

U’;r’l‘rl [fr1Tz,i(R1 +71— Ry — 7-2)]* [(]’7-’:27-2]]L = leTz,i(Rl +71— Ry — T2) for 7",

(C35)
where Uy *” is defined in Eq. (B3), UT™ is defined in Eq. (B5), R, , and 7 are defined in Eq. (B2), and
Rir,g+Tig—Roryg—Tog=R(R +71—Ry—T2) (C36)
owing to Eq. (B2). The symmetry properties of f;(k) are summarized in
fi(k) = — fi(k) for Hermiticity
> Uy fir(k)U} Riy = fi(RK) for g = {R|d} (C37)
Urf; (k)UL = fi(—k) for T




42

where Uy is defined in Eq. (B19) and Uy is defined in Eq. (B21).
Finally, from Eq. (C13), we can clearly see that for any generic reciprocal lattice vector G,

filk +G) =V fi(k)Ve (C38)

where Vg is the embedding matrix defined in Eq. (B26). This means that f;(k) has the same transformation rule
as the matrix Hamiltonian h(k) of the electrons in Eq. (B23) under the shifts of the reciprocal lattice vectors. We
emphasize that the appearance of only two embedding matrices of Eq. (C38) relies on the two-center approximation
of the EPC Hamiltonian (Eq. (C10)).

Appendix D: Symmetry-Rep Method: Geometric Contribution to the EPC Constant A\

In supplementary information A, we have shown that under the GA, we can identify the geometric contribution
to A. In this section, we will discuss an alternative way of defining the geometric contribution to A, which we call
the symmetry-rep method. We emphasize that unlike the GA, the symmetry-rep method is just a formal way of
defining the geometric contribution. The symmetry-rep method repeatedly uses the fact that two functions of the
same symmetry properties can be expressed in terms of the same combinations of irreps. As a result, the symmetry-rep
method would need the explicit function form of the electron Hamiltonian in terms of not only the momentum but also
the hopping parameters as discussed in supplementary information D 3. In practice, when we use the symmetry-rep
method, we always need to combine it with the short-range nature of the hoppings, since the symmetry-rep method
does not involve any information of locality; when combined with short-range nature of the hoppings, the number of
basis functions would be dramatically reduced, allowing us to obtain explicit results. Then, in graphene and MgBs,
we find that the symmetry-rep method combined with the short-range hoppings give exactly the same results as the
GA, as discussed in supplementary information F and supplementary information H.

Before going into details, let us discuss more generally what the geometric contribution to A means. First, the
geometric part of EPC means the part of f;(k) in Eq. (C17) that relies on the geometric properties of the electron
Bloch states. Here the geometric properties of the electron Bloch states refer to the momentum dependence of the
projection operator P, (k) = |un k) (un k| on the periodic part of the Bloch state |u,, k) (which is defined in Eq. (B57)).
More explicitly, the momentum derivatives of P, (k) characterize the momentum dependence of P, (k). Owing to the
tight-binding approximation that we use, Eq. (B58) suggests that the momentum dependence of Pn(k) is all in the
projection matrix P, (k) defined in Eq. (B80) for the convention Eq. (B14). Therefore, in this work, the geometric part
of EPC specifically means the part of f;(k) in Eq.(C17) that relies on the momentum derivatives of the projection
matrix P, (k) defined in Eq. (B80) for the convention Eq. (B14). Furthermore, we can also define the energetic part of
fi(k) in Eq. (C17), which is just the part of f;(k) in Eq. (C17) that relies on the momentum derivatives of the electron
bands FE, (k) Eq. (B24) but not on the momentum derivatives of P, (k). The energetic (geometric) contribution to A
is the part of A that solely depends on the energetic (geometric) part of f; (k).

In the following, we will present more details on the symmetry-rep method. We will only discuss certain 2D systems.
It is nontrivial to define the geometric part of EPC in generic dimensions based on the symmetry-rep method, which
we leave to the future. Yet, the physical relation between EPC and the quantum geometry has been revealed by the

GA.

1. Momentum Derivatives

As discussed in the above introductory part of this section, the final expressions of the geometric contribution to A
should contain momentum derivatives of P, (k). In the GA discussed in supplementary information A, the momentum
derivatives naturally appear because of the Gaussian form of the hopping function. In this part, we will show where
the momentum derivatives originate from in the symmetry-rep method. We note that unlike the GA discussed in
supplementary information A, the discussion in this part is just a re-formulation of f;(k) in Eq. (C17).

First, we should start from real space by using Eq. (C12). Owing to Eq. (C9), Eq. (C12) becomes

f‘l’lfz,’i(k) _ Z 67ik-(AR+7-177-2)f1_17_27i(AR T - 7_2)
AR
ARJrTlfTQ#O ) (Dl)
_ Z e—lk.(AR+rl—-rz)le_’_N(AR+ T — 7.2) )
AR
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Eq. (C9) shows that the terms for AR + 71 — 7o = 0 vanish and thus can be safely omitted. For simplicity, we only

consider the 2D systems that do not have two atoms with the same in-plane coordinates, i.e., 71 = 79 < |T1—72|1 =0
with |(z,y, 2)|1 = V&2 + y2. Equivalently, we have
Ri+1i=Ry+72& |Ri+71—Ry— 73] =0, (D2)

since Ry and Ry only have the in-plane components.
To proceed, we will use the following expression

T T e, Xr e, Xr
Si = | — — ] + (= z Vi,i € {z,y} and |r 0, D3
<|r|>i<|r)i’ ( [ )1< |7 )i, tr.v} Irlv # (D3)

where r = (r,,7,,7,)T, and e is the unit vector in the z direction. Combined with Eq. (D2), we can rewrite for,r, i(k)
with i =,y as
f‘rl‘rz,i:ﬂi’y(k)
AR+71—T27#0
= Y e Ww@RTT) NN (AR 4Ty — 7o)
AR i=zy
ARA+T1—T2#0
_ Z o1k (AR+T1—T2) Z frirs, it (AR 471 — T2)
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AR+ 71— 721 ), \|AR+T1 —T2|1 /) ; AR+ 71 — 72|y i [AR+ 71 — 2|y #1 (D4)
AR+T11—7T2#0
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AR
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= Ze*ik'(ARJr”*”) (ﬁ-lrg,u (AR+ 71— 72)[AR+ 71 — T3],
AR

+ Jrirs t(AR+ 71 = 75) [ez x (AR+ 71— 73)],)

where we use Eq. (D2) for the second equality, we define

N AR+ T — T2
A _ — i’ A -
frima AR+ 71 =12 #0) = > frirs(AR+71 —T2) <|AR+71 —T2|2)i/

i=z,y
x (AR + ) (D5)
7 e T T2
A — = (A _
for the third equality, and we define
Frr(0) = frr,1(0) =0 (D6)
for the last equality. By further defining
Frivaplk) =) e AT L AR+ T —T) VB =1L, (D7)
AR
we eventually have
filk) = |10k, fi(k) +i > €riOh, FL(k)| (dia + 0iy) + 05z f-(K) | (DY)
i'=xz,y
where
[Fa()] = [Frimas®)]  vB=11 . (DY)

!
Ti0r,T20,, aryal,

So we have rewritten the form of f;(k) (Eq. (C17)) to make momentum derivatives explicit in it, since the quantities
that capture quantum geometry rely on the momentum derivatives as shown, e.g., in Eq. (A12).



2. Symmetry properties of fr,,, 3(AR+ 71 — 72) and f3(k)
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To reveal the geometric part of the EPC, the symmetry properties of ﬁ.lfzvg(AR+ 71— T2) in Eq. (D5) and fg(k:)
in Eq. (D9) are particularly important, since the method described in this section relies on the symmetry reps. Here

B=1,1. fﬁ,—z,u (AR+ 71— 72) and f71727l(AR + 71 — 72) in Eq. (D5) can be rewritten into one expression:

(AR+T1 —Tz)
e f(AR+ T — T 0) e i( AR+ T Sﬁ, ,
f ﬁ( ! 27& Z f ( e ) |AR+T1—T2‘H

i, =x,y

gl (10 gt_ [0 1)
01/’ -10

First, let us discuss the Hermiticity. Eq. (C35) gives

where

(AR+T1—T2)Z-,

f‘lT'zT1ﬂ( AR+T2—T17£O Z f‘:r'z‘l'h AR—T1—|—T2)S5

i,i'=x,y

AR+T1—T2)
rirai(AR g8
Z fl 27( +T1 ) (X |AR+T1—T2‘H

; il —mp a
1,0 =T,y

= ﬁ.lfg,g(AR—i— T1—T2#0).
In addition, f{_ ;(0) =0 = frr 5(0). Then, we have
o s(CAR+ Ty —71) = frir, s(AR+ 11 — T3) |
Combined with Eq. (D7), we further have the Hermiticity of fﬁ(k), which reads
Tm’ﬁ Zelk (AR+Ty— 7-1)f7T_2T1 B(AR+ To—T1)

_ Z e (ARETI=T) F (AR 4 — )
AR

= f‘l’l‘l’g,ﬁ(k) )
resulting in
HOESACS
The Hermiticity requirement of f/} can be summarized as
ﬁ2T17ﬁ(_AR+ To—T1) = frirss(AR+T1 — T2)
Thk) = Fa(k) .

Based on Eq. (D10), if the Hamiltonian preserves a crystalline symmetry g = { R|d}, we have

UT50™ oy g(Ry 471 — Ry — 73 #0) [UT2072]1

R1+T1 RQ_TQ)v/
— § : Urie™if (R — R, — UT2972 SB ( i
g f 1 2,( 1+ 71 2 TQ)[ g ] 174 |R1+T1 RQ—Tzﬁ

(R(Rl + T1 — R2 — TQ))i/1

5 ol —
i, =x,y

i ‘AR—FTl ’Tgﬁ

Z Z f"'1~a"'2:97i1(R(R1 t1i- Ry - TQ))R“lS“/R |Ry + 71— Ry — Tzﬁ

. P
1,0 =T,Y 11,17

)

(D10)

(D11)

(D12)

(D13)

(D14)

(D15)

(D16)

(D17)
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where we have used the fact that R is a real orthogonal matrix. Since we are considering 2D systems, R, = Ry, =0

for any crystalline symmetry g preserved by the system, i.e.,

R = <R2D " ) with Rop a 2 x 2 real orthogonal matrix and R,, = £1 .

Therefore, we have
|[Ri + 71— Ry — 72y = [R(R1 + 71 — R2 — T2)|y
Z R117.S“/Ri’1i/ = Z R’Ll’LRl/l = 6111' = ZR, Hsz‘lz/ v Z1;21 =,y

i, =x,y i=x,y
1
E R;\ iS5 Rigir = E €iir(Rap)iyi(R2p)iyi = €54, det(Rap) = 2R J_Sm/ Vi, iy =2,y
1,1 =x,y i, =2,y
5 RZ”S“,R/ =0ifiy=zo0ri] =2,
1,1 =x,y

where
zr =1, zr, 1 =det(Rap) ,
g = {R|d}, and Ryp is in Eq. (D18). Then, with Eq. (D18) and Eq. (D19), Eq. (D17) becomes
UT ™ fryryp(Ry+ 71 — Ry — 73 £ 0) [U72072]!

(R(R1 + 71— Ry — T2))i’1
1] |R(R1—|—T1 RQ_TQ)‘ﬁ

Z Jri 072,001 (R(Ri+7T1— Ry —T2))2R, ﬁSz

11,0 f%y

(Riryg+T1g— Roryg—Tag),
. R +T _ R — T S,@ 1,9 59 sT2,9 s9/4q
Z f‘l‘l,g‘l'z,g,l( 1,71,9 1,9 2,72,9 2,9)) [ |R1 g +T1g R277-2,g *T27g|ﬁ

1,4 =z,y
= 2R,8 71, g72,9.8(B1,r1,9 + T1,g — Rory g — Ta,g) -

On the other hand, we have

" ~
U fr‘r,,@( ) [UTQT] =0= f‘rg‘rg,ﬁ(o) :
Hence, if we require the Hamiltonian to have the symmetry g, ﬁrlm,[ﬁ (AR; + 71 — Ry — T2) must satisfy

- t ~
U;l’gﬁfnn,ﬁ(lﬁ +71— Ry —72) [U;MU] = ZR,B fT1,972,97B(R1aTlvg T 719~ Rorag — T2g)

(D18)

(D19)

(D20)

(D21)

(D22)

(D23)

where zg g is defined in Eq. (D20). For f/g(k), we use Eq. (D7) and Eq. (B19) to convert Eq. (D23) to momentum

space and obtain

Z U;;Tlfn‘rmﬂ(k) {U;;TQT

T1T2
Ti,gT1 7o o121
= z: Orir1y Orpra Ug "7 frims,p(K) [Ug e z}
T1T2
—ik-(AR+7T1—T T1.oT 7o o107t
25,..,.10,-2,2g E e 1= 2)U l.g 1f7_11_2/3(AR—|—7-1—7-2)[U 2,9 2]
T1T2
= (57-/7'1 5-;-/7'2 e_le'(RAR—FARTlvg_ARTzvg"'Tl,g_7'2,9)
2 : 1T1,9 T2 ,g: :
T1T2 AR

X 2R.5 frigre08(RAR+ARy o — ARy, g+ T1g—Tay)
= 2Rp Z Srirs ,Onprs, Ze—iRk-(AR+‘r1,g—‘r2,g) Frrrag s (AR+T1 5 —To )

T1T2 AR
= 2R, E 67—/17—1,957-/27—2,9le,gTQT_an(Rk)
T1T2

= 2R g fr 7y, 5(RK) ,

(D24)



which, combined with Eq. (D9), leads to

Uy fa(k) [Ug)" = 2R f3(RE) .

Based on Eq. (D10), if the Hamiltonian preserves TR symmetry, we have

U7‘l:1‘r1 re (Rl +71—Ry— 7o # 0) [U;z‘l'z]T

T17T2,8

TSB (R1—|—T1—R2—7’2)i,

— UT1T1 * R +7_ _R T UT2T2 ]
ii;:y T ' 2 ) WP S |Ry + 71 — Ry — 72}

RlJrTl*RQ*TQ)u
> frirai(R ~ Ry —1)55, .
f 1 2:( 1+ 71 2 T2) I |R1+T1*R2*72|ﬁ

1,4 =z,y
= leT27B(R1 +71 - Ry — T2 7& O) .
where we have used the fact that R is a real orthogonal matrix. In addition, we have

UF F27 50 [UFT]" = 0 = frr 5(0) .

Eventually, we have the symmetry requirement of f‘"l‘r%ﬁ (AR; + 711 — Ry — 72) under T:

U77:11'1 T (Rl T - 1%2 — Ty 7& O) [U;—2T2]T — J?*l‘rzvﬁ(Rl + 71— R2 — T2> .

T17T2,8 T

For ]ﬂ”vg(kz)7 we use Eq. (D7) and Eq. (B21) to convert Eq. (D28) to momentum space and obtain
U7 P8 U7

_ Zeik‘(AR-i—Tl—TQ)U;:l‘rlEl"_z)B(AR L — 7_2) [U77:2T2]T
AR

_ Zeik.(AR+fl—fz)ﬁ_lT2ﬁ(AR T - 7'2)
AR

= J};szﬁ(_k) )
which, combined with Eq. (D9), leads to
Ur f5(k) [UT]" = fa(-k) .

In sum, the symmetry properties of fg are

ﬁ27‘1,ﬂ(_AR+T2 - Tl) = f‘rlfg,ﬂ(AR‘F T, — TQ)
Fi(k) = fa(k)

Uy fa(k) [Uy)" = 2R3 f3(REK)
U;-’lTl ~:17'2,ﬁ(R1 +7T1— R2 — T2 7é 0) [U’;:QTQ]T = E1T2,5(R1 +71 - R2 o T2)
Ur f5(k) U™ = fs(—k) |

~ -l. ~
U;lyngle‘rzyﬁ(Rl + 71— R2 - T2) I:U;'2,g7'2} = ZRvﬁ f"'l,g"'2,gvﬁ(R1771»g + Tl,g B RQ"’-?’g o 7'2_’9)
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(D25)

(D26)

(D27)

(D28)

(D29)

(D30)

(D31)

where g = {R|d} is a crystalline symmetry, zg, is defined in Eq. (D20), Uy " is defined in Eq. (B3), UF™ is defined
in Eq. (B5), R, 4 and 7,4 are defined in Eq. (B2), U, is defined in (B19), Uy is defined in (B21), and we have assumed

that the system preserves 7 and g.

3. Symmetry-Rep Method

With the preparation in supplementary information D 1 and supplementary information D 2, we now introduce the
symmetry-rep method to define the geometric part of f;(k) (in Eq.(C17)). In this part, we will just present the
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symmetry-rep method in an abstract way. Applications of the symmetry-rep method to explicit examples (i.e.,
graphene and MgB5) are in supplementary information F and supplementary information H, where, we find that the
symmetry-rep method combined with the short-range hoppings give exactly the same results as the GA.

Our strategy is to replace terms in fg(k) (Eq. (D9)) by terms that involve the electron Hamiltonian h(k), which
will become the terms that involve O, h(k) or dk, h(k) in f;(k), based on the symmetry properties. Then, 0;h(k)
contains 9y, P, (k) which corresponds to the geometric property of the Bloch wavefunction, where P, (k) is the electron
projection matrix defined in Eq. (B80). As mentioned at the beginning of supplementary information D, the part of
fi(k) that involves O, P, (k) is just the geometric part, while the part of f;(k) that involves J, E,, (k) is the energetic
part, where E,, (k) is the electron band defined in Eq. (B24).

Let us be more specific in the following. By comparing Eq. (D31) to Eq. (B63), Eq. (B67) and (B69), we find that

f,.l,.% I (R1+71—R2—72) in Eq. (D5) has the same symmetry properties as the electron hopping t+,r, (R1+71— Rz —

75) in Eq. (B6), and f; (k) has the same symmetry properties as the electron matrix Hamiltonian h(k) in Eq. (B6).
In principle, we can always find the most general symmetry-allowed form of h(k), which reads

1BZ

= "taha(k) with % > Tr(hi(k)ha (k)] =0 for a # a’ (D32)
a k

where t, labels all the independent free parameters, and ﬁa(k) is non-vanishing and has no tuning parameters in it.
Then, we know the most general symmetry-allowed form of fy(k) under the same approximations reads

fi(k ZW aha (k) . (D33)

Comparing Eq. (D33) to Eq. (D32), it is straightforward to see that

fi(k) = Ly[h(k)] , (D34)

where

L[z Z’YH a0, T . (D35)

Moreover, the linear operator £ in Eq. (D35) does not depend on the choice of ﬁa(k) Specifically, if we change the
choice of h, (k) to hl (k), then h/ (k) must be related to h,(k) by

k)= hy(k)Xara , (D36)

where X is a invertible matrix since hq (k) and &, (k) are nonvanishing in 1BZ. As a result, according to

k) = Ztiﬁ;(k)

(D37)
fi(k Z a bl (
we have
th =Y taXaa
Ny “ R (D38)
’YH,a’ = Zr}/\\,axa/a )
leading to
Otq . O3t [X Hazar
{ _Z’Ya’at _ZZ’YH alXa alz 815/2815(12 :ZZ’VH,UJXGQM 315’ — 1ata2
a’  ap ! a’  ai az a’ (D39)

= ZZVH,alXa’al [ B aga’at ZZ’VH alatu2 ajas ZF)/H aat —EH .
a’ ay

az a; az



48

Therefore, we can choose any hq(k) to use Eq. (D34), as long as the choice of h,(k) is the same for both Eq. (D32)
and Eq. (D33).

Now, we move on to f1 (k). Due to the factor zg,1 (defined in Eq. (D20)) of the symmetry requirement of f1(k)
in Eq. (D31), we should study f, (k) in two cases: (i) all spatial symmetries have det(Rap) = 1 for Eq. (D20) (e.g.,

rotations along z), and (ii) there are spatial symmetries that have det(Rap) = —1 for Eq. (D20). In case (i), fi (k)
has the same form as Eq. (D32):

filk) = Zﬁgaﬁa(k) ) (D40)
which means that
Filk) = Lo[h(K)] (D41)
where
Lifr]=> ALabx . (D42)

Similar to Eq. (D35), £, in Eq. (D42) is independent of the choice of hg (k).

In case (i), we cannot use £, in Eq. (D42), because none of the terms in Eq. (D32) can appear in f (k) due to
the different transformation properties for symmetries with det(Rap) = —1. Nevertheless, we can still try to express

ﬁ_(k) in the following form:
fL(k) = Lo[h(k)] +AfL(K), (D43)

where £ is different from Eq. (D42) but £ is still a k-independent linear operator. Here Af) (k) includes the terms
beyond L [h(k)], and is zero in case (i). Unfortunately, we currently cannot give a universal expression for the £ in
case (ii), which we leave as the future work. Let us only focus on £, for graphene and MgBs, both of which belong to
the case (ii). As will be discussed in supplementary information F and supplementary information H, both graphene
and MgB, can be viewed as special cases of the TR~invariant systems that satisfy

1BZ

S TH{(@Qua (k) + o (R)Q]) (@ (k) + e (B)Q))] = 0 for (1,0) # (1), (D44)
k

where ); are TR-invariant constant matrices that satisfy U,Q,U, gT = Qyzg,.1 for any crystalline symmetry g = {R|d}
of the system,

Te[QIQr] =0 for I #1 , (D45)

and ha(k) satisfies Eq. (D32). We can see (Qihq(k) + iza(k:)Q;) should appear in ﬁ_(k) since they have the same
symmetry properties. Then, we have

FLk) =41 1a(Qiha(k) + ha(k)Q]) + AFL(K) | (D46)
l,a

where 4 ;. = 0 is required if Qiha(k) + fLa(k:)Q;r = 0, and Af, (k) is the term in f, (k) that does not involve
Qiha(k) + ﬁa(k)Q;r As a result, Eq. (D46) infers

Lia] = A11a(Qr,z +0,2Q)) (D47)
l,a
and t, satisfies Eq. (D32).

In sum, for f| (k), we have Eq. (D43) with £, having the expression of Eq. (D42) in case (i) or Eq. (D47) for the
special TR-invariant systems considered in the case (ii).
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Once Eq. (D34) and Eq. (D43) are achieved, we can re-write f;(k) and obtain

fik) = |i0k, Lo[h(R)] +1 > evilh, LLR)] +1 > €rilh, ALL(K) | (Siz + i) + 0izf-(K)

V=z,y i=z,y

= [iLy [0k, h(K)] +1 D €ril 1[0k, h(R)]| (Biz + 6iy) + Afi(k)

iy (D48)
= [iL1 [0k, Y En(k)Pa(R)] +1 > €ril 1[0k, >  En(k)Pu(k)]| (Ji + i) + Afi(K)
— FEUR) + £ U) + Afi(R)
where
Afi(k) =1 €Ok, AfL(K)(Six + 0iy) + 0z f(K) (D49)
k)= |1 Pu(k)Ok, En(k)] +1 Y €l i[> Po(k)Ok, En(k)]| (6ix + 0iy)
- e ! . (D50)

F70(k) = [iL0[Y Bu(R)O Pu(k)] +1 Y coile [ Bulk)h, Palk)] | (5 +81y)

n iV =x,y n

Ly is in Eq. (D35), £, defined in Eq. (D42) or Eq. (D47) (or in other ways depending on the system), and we have
used the fact that [Of,, L] =0 and [0,, L1] = 0. We call f£(k) the energetic part of f;(k) since fF (k) vanishes for
systems with all electron bands exactly flat. We call f7“°(k) the geometric part of f;(k). Eventually, we arrive at

A=Ag + Ageo + AE—geo + AN, (D51)

where Ag, Ageo and Ag—_ge, are defined in Eq. (A29), Eq. (A30), and Eq. (A31), respectively, and A\ is the additional
term given by a nonvanishing A f;(k) in Eq. (D49).

Eq. (D50) is just a formal way of defining the energetic and geometric parts of the EPC based on the symmetry
properties of EPC and the Hamiltonian. Based on Eq. (D35) and Eq. (D42) (or Eq. (D47)), we can clearly see that
Eq. (D50) needs explicit information on the ¢-dependence of the Hamiltonian, not just the momentum dependence. In
other words, without further approximations, knowing the Hamiltonian at the fixed values of the hopping parameters
(to in Eq.(D32)) is not enough for using Eq.(D50), because Eq.(D50) does not involve any information of the
locality. Therefore, in practice, Eq. (D50) needs to be used together with other local approximations (like short-range
approximation for the hopping). In graphene and MgBs, we find that the symmetry-rep method combined with
the short-range hoppings give exactly the same results as the GA, as discussed in supplementary information F' and
supplementary information H.

Appendix E: Two properties of A

In this section, we discuss two properties of A. In the first part, we will discuss how A bounds the mean-field
superconducting T, in TR-invariant 2D or 3D systems if neglecting Coulomb. (The mean-field theory fails in 1D.) In
the second part, we show that for systems with negligible spin-orbit coupling, we can directly neglect the spin index
in the evaluation of A in Eq. (B71), and obtain the right value without any missing factors such as 2.

1. Lower Bound of the Mean-field Superconducting Critical Temperature from \

To show the lower bound, let us first introduce the expression of the effective electron-electron interaction induced
by phonons in general. The effective interaction is derived by performing the Schrieffer-Wolff transformation [112] e



a0

with S having the following expression

B énml(kvk )
S = ﬁ Z ’YZ; n’Ykl, (E (k) — Em(kl))2 717712(,;}[2(’{71 — k) (

k.,k1,l,n,m

En(k) = Bn(k0))ith, o, +i0Pl, | o (BD)

where ﬂ,ﬁl_k‘l and ]Slil_k,l are defined right below Eq. (B27), Gpmi(k, ki — k) is defined in Eq. (B46), an is the
creation opefator for the electron Bloch states, E, (k) is the electron bands, w;(k; — k) is the phonon band, and
(k,k1 — k,l,n,m) that satisfies (E, (k) — Ey,(k1))? — h*w? (k1 — k) = 0 is excluded from the sum since they usually
occur in zero-measure regions and do not give Dirac-delta-type contributions. Since ST = —8, e is a unitary operator.
Then, imposing the unitary transformation e on the Hamiltonian H gives

e“He ™ = He + Hpp + Heppoing + .. (E2)

where

nm’l k k +k kl)Gnml(kakl)h(Ul(kl_k) T T
Hepy—int NZ 2 2 Epa(k1))? — (heor(lor — k)2 e Vhrm ke T/ ple—kr ' > (E3)

kil nn'mm’ k,k’

and “...” does not contain the terms in the form H¢;_p;, and only contains higher-order terms. Eq. (E3) suggests that
the induced interaction must be attractive when both E, (k) and E,, (k) are equal to the Fermi energy.

With the effective interaction among electrons in Eq. (E3), we now discuss the mean-field superconducting critical
temperature T.. The mean-field T, is determined by solving the linearized gap equation [59]. More specifically, we
solve the linearized gap equation for the temperature 7" and the nonvanishing pairing gap function. The highest T
given by the solutions is T.. Let us consider a subset of solutions whose pairing gap functions correspond to the
zero-total-momentum Cooper pairings, and label the highest 7' given by this subset of solutions as T2T™ . Then, we
know

T, >T?™ (E4)

T. > TZTM happens if the system enters a pairing-density-wave phase when T’ goes right below 7.. According to
Eq. (E4), the lower bound of TZTM is the lower bound of 7.. In the following, we focus on the 727 which is for
the zero-total-momentum Cooper pairings.

Since we only focus on the zero-total-momentum Cooper pairings, we only consider the channel of the attractive
interaction in Eq. (E3) that accounts for such pairings, resulting in the following total Hamiltonian

HZT]\/I - Z r)/k: nl’Yk: no TL17L2 Z Z Un1n27lgn4 (kakl)’Y};,nl’Yik’nz'Y—kl,nafYkl,m ) (E5)
k,ni,no kk1n1 n2,m3,Mn4
where
2 Gn n l(_k7 _kl)Gn n l(kakl)hu)l(kl - k)
Unnnn(kykl)zi 23 = ) (EG)
e N Zl: (En, (k) — En,(k1))? — (hwi (k1 — k))?

and we have neglect the Coulomb interaction. Hermiticity gives that

U’;:4TL3TL27L1 (k17 k) = Unln2n3n4 (k7 kl) (E7)

Generally, neglecting the Coulomb interaction is only valid in the low energies after the renormalization, which means
that Eq. (E5) is only valid within certain energy cutoff ¢.. From the interacting Hamiltonian Eq. (E5), the mean-field
Hamiltonian reads

Hzrmmr = Z 7L7n17k,n2(hn1nz(k) Onins) Z Z Aniny(k ’Yk- nl'Y_k n2+ Z Z ALy (B) Y=k ny Ve

k.ni,n2 k ni,n2 k ni,n2
(E8)
where the order parameter A, ,, (k) satisfies the following self-consistent equation
Tr efﬁHZTM,MF/yik o
7117l2 Z Un1n2’ﬂ3n4 k kl) [ o 17”4] ) (EQ)

Tr [e—ﬁHZTM,MF]
k1,n3n4
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B =1/(kpT), kp is the Boltzmann constant, and T is the temperature. As the superconductivity transition in 3D is
normally a second-order phase transition near which A,,,,,(k) is infinitesimally small, we can expand the right-hand
side of the self-consistent equation (Eq.(E9)) in series of A, ., (k) and only keep terms to first order in A, ,,(k),
resulting in the linearized gap equation [113]

1 1 1

Brum®) =5 2 Dbk Gy o By — e ()
Lo (E10)
< Anlnz (k) = Z Umnznsm (k:, kl)C(E’VM (kl) M _Eng(_kl) + N)Anwg (k1> ’
K1,n3,m4
where w € (2Z + 1) 7 is the fermionic Matsubara frequency, and
B% 1
C(a,b) = (E11)
which is derived from [114]
ézw: iw i E 65E1—|— 1 (E12)

The mean-field superconducting critical temperature 727 is determined by the linearized gap equation (Eq. (E10)).
Explicitly, we solve the linearized gap equation for the temperature T and the nonvanishing pairing gap function, and
the highest 7' given by the solutions is TZ7M .

¢(a,b) in the linearized gap equation (Eq. (E11)) is always positive for finite 8 > 0 and finite a, b, since ﬁ > ﬁ
for a > b, and
1 _ 1 Ba
. oy €Pleta4l  efagl Be
ll_)I%C(a,CL+€)— 21_{% ; BRCEE >0. (E13)

Therefore, the linearized gap equation in Eq. (E10) is equivalent to

Ay, ( \/( 1 (k) — p, —En, (k) + 1)
Z \/C n1 ) E’ﬂz (_k) + M)Un1n2n3n4 (k7 kl)C(En4 (kl) — M _Eﬂs (_kl) + :U’)Am;ns (kl) . (E14)

k1,m3,n4

The form of the linearized gap equation in Eq. (E14) is useful for our discussion. Inspired by Eq. (E14), let us define
a vector X and a matrix M to be

Xn1n2k n1n2 \/C _E (_k) + N’) (E15)
Mnlngk,n4n3k1 = _\/C nl — K= —E, ( k) + M)Un1ﬂ2n3n4 k, kl \/C n4 kl) —-E 3(_k1) + /1‘) .
With Eq. (E15), Eq. (E14) becomes
X=MX. (E16)
Hermiticity of U in Eq. (E7) gives that
:4n3k1,n1n2k \/C n4 kl (_kl) + :U“)U;4n3n2n1 ki, k \/C Enz(_k) + :U)
= _\/C 7l1 ez -k, ( k) + M)U’ﬂ1’ﬂ2n3n4 k k:1 \/C ng kl) Tl3<_k:1) + /J) (E17)

ninsk,nansky >

meaning that M is Hermitian.
With the reformulated linearized gap equation Eq. (E15) and the fact that M is Hermitian, we now have a direct
equation for the critical temperature:

det(M —1) =0, (E18)
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which is solved for the temperature 7. More explicitly, M has real eigenvalues, labelled as mg > mj; > ms.... Each
eigenvalue of M should be a continuous function of T', since M continuously depends on the temperature (Eq. (E15)).
When a certain eigenvalue of M intersects with 1, the corresponding temperature at the intersection point is a solution
to Eq. (E18). The largest T' that satisfies Eq. (E18) is TZTM.

Now we show TZTM is the largest T that satisfies mg = 1, where my is the largest eigenvalue of M. To see this, first

note that ((a,b) in Eq. (E11) limits to zero as T — oo, and thus M limits to zero as T' — oo according to Eq. (E15).
So all eigenvalues of M limit to zero as T' — oo. Suppose T” is a generic solution to det(M — 1) = 0, then there exists
an eigenvalue m; of M such that T” satisfies m; = 1. Since m; < mg, we have mg > 1 at T’. Combined with the fact
that limr_,c mo = 0 and my is a continuous function of 7", mg = 1 will happen in [T”, 00), which means that 7" is
no larger than the largest T that satisfies mg = 1. Therefore, the largest T' that satisfies mg = 1 is the largest T" that
satisfies det(M — 1) = 0, which is equal to TZTM.
With this preparation, now we show how 727 is bounded from below by A in Eq. (B71) for TR-invariant systems.
As a good approximation for many mean-field superconductors, we assume that the cutoff €. of the model is much
larger than the temperature of interest €. > kg7, and the electron bands are dispersive with a large Fermi velocity.
(With this approximation, our results cannot be applied to flat-band superconductors.) The TR symmetry acts on

Y,k AS
’T’yn,kal = fynv_kei‘ﬁ"(k) for k not at TR-invariant points , (E19)
and then the EPC G,,,,,i(k, k1) satisfies
elon (k) Gk, ke —igm (k1) — Grmi(—k,—kq) for k and k1 not at TR-invariant points , (E20)

owing to the phonon TR transformation that we choose in Eq. (B37). Next we will use the fact that for any nonvan-
ishing Y, we always have the variational principle

YTMY

vy <mg, (E21)

where recall that mg is the largest eigenvalue of M. To relate to A, let us choose a special Y = X', where

;ank = 5n1n26i¢n1(k) \/C(Enl (k> - M _Enz(_k) + /J) . (E22)
Note that we have E, (k) = E,(—k) for TR-invariant system, and we have

tanh(Ba/2) .

(a0, —a) = 22 (E23)

The TR-invariant points are just measure zero subset of 1BZ, and thus can be ruled out from the summation of k.
Then, we obtain

GO = 3 a6y () = o~y () ) = Y ) = )’/ 2
ninok nk n K
B tanh(B8¢/2) N tanh( 65/2 2eVEulere,
—/_Qdf%%;MEn(k)_M—f)N/_Qdf 25 — p) ~ log [M] D(p)

(E24)

where Ygyuier = 0.5772... is the Euler constant, and we have used the assumption that the electron bands are dispersive
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with a large Fermi velocity for the first “~”, and used €. > kpT for the second “~”. Moreover,

Nt / !
( MX' = nlngkz nankn4n3k:1 nanzk

’nl’ﬂgk n4n3k1

- Z Z 5n1nzei¢ﬂ/1(k)C(En1 (k) K _Enz(_k:) + M)Un1n2n3n4(k:7 kl)

ninsk nangk,
X C( ng (kl) - - (—kl) + M)6n4n367i¢"4 (1)

S (k) tanh B( En, (k) —1)/2) ooy FIBOB (B (k1) = 10)/2) i )
ZZ N e R T Y Ry

_ _erdgltanhggfl/m 5 dgw 1S S (B () = i £0)6(Ews (k1) — i — &)

~ ei¢n1(k)Un17L1n4n4(k k1)e —igpn, (k1)

z_(log[ T”D S5 8By (k) = 1) (B, (k1) — 1)

nlk ’I’L4k1

(E25)

nik nakq

2 3 Cranat(—k, —k1)Gryna(k, k1) hwi(ky — k) o (o) ~ig,, (k1) 7
N (En, (k) — En,(k1))? — (hwi (k1 — k))?

where we again have used the approximation that the electron bands are dispersive with a large Fermi velocity for
the first “~” and used €, > kpT. Combined with Eq. (E20) and Eq. (B71), we arrive at

Nt !y eVBuler e, . |Gn1n4l k kl)‘
() Mx <1°g { D 2 2 OB () = p)o(En, (k) = Z hun(ky — k)

. nik nak (E26)
= <1og {Qe;zz;ec]> AD(p) .
Therefore, we have
Y ’ VEuler
()(;*))%(X - [Qi kBTﬂ A (E27)
Owing to mg > %, the solution to % = 1 must be no larger than the largest 7" that satisfies mg = 1,
which is T?TM . As % =1 gives
T= %e—% , (E28)
we arrive at
T, > TZTM 5 2T g g3 fe o (E29)
kg kg

We note that in the lower bound Eq. (E29), T, can be given by any kind of pairing form, even if it is not a uniform
s-wave pairing (like pairing density waves). It is because we never assume any pairing form for T, although we choose
a special Y = X' in the variational principle (Eq. (E21)) to derive the lower bound Eq. (E29).

2. Neglecting spin for evaluating )\ in the presence of spin SU(2) symmetry

The discussion in supplementary information B, supplementary information C and supplementary information D
holds for both spinful and spinless fermions. However, in reality, we cannot have spinless fermions due to spin
statistics [115]. At best, what we have is spinful fermions with spin SU(2) symmetry, i.e., the spin-orbit coupling is
negligible. In this part, we will discuss A (Eq.(B71)) in the presence of spin SU(2) symmetry (i.e., the spin-orbit
coupling is negligible).
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When the system has spin SU(2) symmetry, we can neglect the spin when evaluating A in Eq. (B71) and <w2> in
Eq. (B76). Based on the general form of the EPC Hamiltonian Eq. (B44), spin SU(2) symmetry means that the spinful
band index ngpinful can be split to the spinless band index ngpiniess and the spin index s, i.e., Ngpinful = (Nspinless; S)-
Then, the spinful EPC matrix reduces as

Gspinful (kﬁ7 k/) _ Gspinful (k, k/) _ Gspinless l(k7 k/)éss’ ) (ESO)

!
Nspinful Mspinfull Nspinless SMspinless S’ | NspinlessMspinless

Combined with the spin-double degeneracy of the electron bands, we obtain

Aspinful = Aspinless

<w2>spinfu1 = <w2>spinless :

For graphene and MgB, discussed in supplementary information F and supplementary information H, the spin-orbit
coupling is always negligible, and we will always use spinless models.

(E31)

Appendix F: Geometric and Topological Contributions to EPC Constant in Graphene

In this section, we discuss the EPC in graphene. We neglect the spin-orbit coupling in graphene and assume spin
SU(2) symmetry. Therefore, we will use a spinless model throughout this section. As a result, all the symmetry
operations that we consider are spinless.

1. Review: Electron Hamiltonian and Electron Band Topology

In this part, we review the electron Hamiltonian of graphene and electron band topology in it following Ref. [80]
and Ref. [95].

a. Review: FElectron Hamiltonian of Graphene

Besides the charge U(1) symmetry and 2D lattice translations, the relevant symmetry group of the spinless model
for graphene is generated by the six-fold rotation Cg, the mirror m, that flips the y direction, the mirror m, with
mirror plane lying in the plane of graphene, and TR symmetry 7, where the spatial symmetries form the space group
P6/mmm. The model of graphene is constructed from Cg, m,, m. and T.

Graphene has two atoms per unit cell, and at low energies, we only need to consider one p.-like orbital at each
atom. p,-like means that the orbital behaves the same as a p, orbital under the symmetry operations of interest.
Specifically, according to the convention defined in supplementary information B1, we have T € {74, 7p} for the
sublattice and the orbital index a. can be omitted since it only takes one value—p,, where

(F1)

and a is the lattice constant of graphene. Then, the creation operators for electrons are labelled as ck +-> Where
R € a1Z + asZ with

1
,’670)7“
2" 2
1B
2" 27

alza(

as = a( O)T .
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The symmetry reps furnished by c; L are

T -1 _ .t _ T
CocrirC6 = Coy(Rir) = CRogrt7oq

T -1 _ .t _f

MyCRy+My = Cp (Rtr) = CmyRt7m, (F3)
(R R

MzCr4+Mz = ~CRyr

(I CES
TCRJrTT - C‘RJr‘r ’

where

Tp fTr=74
TCGZTmy: .
‘ T4 fT=71pR

(F4)
R ) CGsR ifr=14y
o C6R+a2 ifT:TB
According to the convention in Eq. (B3), we know
Uil =U5P" " =1=Ug =72
UTATE = UTBTA = 1= U, =T,
"y "y v (F5)

UrT = =1 = Uy, = -1
U»;-T:1=>UT=T(),

where 7 is the identity matrix in the sublattice space, and 7, 7, and 7, are the Pauli matrices in the sublattice space.
By using Eq. (B14), we have the electron basis in momentum space as

k= (Chirar Chory) (F6)
and the symmetry reps read

C’Gc};Cgl = cEﬁkh

mych;1 = c;ysz (F7)

mzcjemzl = —CL

TehTt=c, .

According to Eq. (B6), the electron Hamiltonian of graphene in general reads
Hel = Z Z t-,-17-2 (R1 + 71— R2 - T2)C}h+‘rlcR2+T2 . (FS)
RiRyT172
In this work, we only consider the electron hopping up to the nearest neighbors for graphene, i.e.,
a

trira(Ri+T1— Ry —72) =0V |Ri + 71 — Ry — 72| > — (F9)

\/g )
where t- -, (R1 + 71 — Ro — T2) is defined in Eq. (B6). Then, the terms that are allowed to be zero are t--(0) (the
onsite energy), tr,+,(9;) and tr,-,(—0;), where

5 = Cg%(a ~1,0)7 with j =0,1,2, (F10)

and C3 = CZ.

Deriving the forms of t--(0), tr,+,(d;) and tr,-,(—0;) based on symmetries has been well-described in the
literature (e.g., Ref. [80]). Here we will recap it as a comparison to the later derivation for EPC. By using Eq. (B67),
Eq. (B69) and Eq. (F5), we obtain

Co 1 trara(0) =trpr5(0)

Myt tr e, (0) = trprs(0)

m, : o constraints (F11)
T itrara(0), tryrp(0) €R

hi.:tr,r,(0), trpyry(0) €R
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and

Co 1 lryrp(80) = trpra(—02) = tr,r5(61) = trpra(—60) = tryry(82) = trpr,(—61)

My try7r5(80) = trpra(=00), trary(81) =trpra(—02), tr 7y (02) =tryr,(—01)

m; : no constraints (F12)
T itrarp(85) , trpra(—0;) €R

Bt (87) = o (=8, |

resulting in

brara (0) = lrprs (0)=e €R

(F13)
lrarp (5]) = tTBTA(_éj) =teR.
Then, based on the Eq. (B22), H,; for graphene in momentum space becomes
Hey = ch(k)ck , (F14)
k

where

—i8;-k
h(k):eoTothZ(eigk c 0 ) , (F15)
J

and d; is defined in Eq. (F10).

b. Review: Electron Band Topology in Graphene

Now we turn to the topological invariants in the low-energy model of graphene.
Let us first consider a generic 2D or 3D P7 -invariant spinless Bloch Hamiltonian Hy,

Hy = e*"H, e~ k7 (F16)

with 7 the position operator, where P is the inversion symmetry and H; is a generic single-particle electron Hamil-
tonian with lattice translation symmetries. Suppose two bands (whose Bloch states are labelled as e*™|ug 1) and
e®7"|uy o)) are isolated in a region D € 1BZ. Then, owing to (P7)? = 1, we can always choose |ug) = (Jug 1), [uk.2)) R
such that |ug) is smooth in D and PT |ug) = |ug)7. The rep of PT requires the projected Hamiltonian on |ug) to
have the following form

(uk|Hk|uk> = do(k)To + da;(k)TI + dy(k)Ty R (F17)
where do(k), d, (k) and d,(k) are smooth in D. Then, for any closed 1D loop £ in D such that d,(k)? + d,(k)? #
0 Vk € L, a winding number can be defined as

1 . i
We=o- / dk - i/ gm0k (F18)
L

In general, only |W,| is well-defined since |ug) — |ug)7, leads to Wy — —W,. Nevertheless, if we have two loops
Ly and Lo, the relative signs between Wy, and W, are also well-defined. Eq. (F18) is the P7T protected winding
number proposed in Ref. [95]. Nonzero |W,| indicates that £ encloses at least a gapless point for 2D or a gapless line
in 3D. A numerical method to calculate Eq. (F18) can be found in Ref. [116, 117].

Going back to Eq. (F15) explicitly for graphene, PT is equivalent to Cy7 symmetry for 2D spinless system (if we
neglect the z direction). For graphene, CoT is represented as

CoTel (CoT) ' = clm, (F19)

with ¢f = (¢l _ el . Owing to the CoT, h(k) in Eq. (F14) always have the form of
k k, 74’ "k, TB

h(k) = do(k)T0 + ds (k)7 + dyy (k)T = do(k)T0 + AEQ(’C) <616(k:) e_ie(k)> , (F20)
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AFE(k) = 2,/d2(k) + d2(k) is the electron gap, and

(0 (k) ds (k) + idy (k)

= ——" """ (F21)
/A2 (k) + dZ(k)
In addition, because of Co7 symmetry, we also have the following useful relations
AE(k
AE(k) = 24/d2(k) + d2(k) , E.(k) = do(k)+ (=)" 2( )
1 dy (k)7 + dyy (K 1 —i0(k) (F22)
P, (k)= 3 1+(=)" (k) + dy ()T =3 1+(=)" ( 0(k) ¢ )] = 1. P, (k). =1— P,(k),
dz (k) + d2(k) €
where n =1, 2.
Explicitly for graphene, we have
do(k) = e, do(k)=1t) cos(i6; - k) , dy(k) =1t» sin(id; k) . (F23)
J J

Clearly, we have two bands that are isolated over the entire 1BZ, which means D = 1BZ. In particular, there are two
gapless points at +K, where

4 T
K= 3(1(1,0,0) . (F24)
If the loop £ only encloses K or —K once, the winding in Eq. (F18) has the value |W,| = 1. We label Wx = W,
for any loop L that encloses K once, and label W_g = W, for any loop £ that encloses —K once, meaning that
|[Wk| = |W_k| = 1. Specifically, since D = 1BZ, the relative sign between Wx and W_g is well-defined, and we have
Wk = —W_k, featuring the opposite chiralities. In sum, we know graphene is a topological semimetal according to
the definition in Ref. [3].

2. EPC Hamiltonian of Graphene

The EPC Hamiltonian of graphene has been derived in Ref.[118] based on symmetries. In this part, we will
rederive the EPC Hamiltonian by using the formalism in supplementary information D, since the resultant form will
be convenient for our further study of geometric and topological contributions.

According to Eq. (D8), what we need to derive are fg(k) and f,(k). First, owing to Eq. (C37) and Eq. (F5), m,
requires f,(k) to be zero, i.e.,

fz(k):_fz(kz)jfz(k):o (F25)
Therefore, Eq. (D8) for graphene becomes
filk) = |10k, fi(k) +1 > €k, fL(K)| (0ia + i) (F26)
i=x,y

meaning that we only need to consider fg(k)
Similar to the electron hopping, we again assume that
a

f-rlrz,i(R1+T1—R2—T2)=0V|R1+T1—R2—T2|>ﬁ7 (F27)

which means

a
leT2’5(R1+T1—R2—T2):0V‘R1+71—R2—T2|>%. (F28)
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According to Eq. (D31), J?-rl-rz,H (Ry + 71 — Ry — 72) should have the same symmetry properties as t,, -, (R1+71 —
Ry — 75) in Eq. (F11)-(F12). Specifically, the constraints on fr +, 1 (R1 + 71 — Re — T2 # 0) reads

C ¢ frarp(80) = frurat (—02) = frarp1(81) = Frurat(=00) = frarp1(62) = frprai(—01)
My J?TATB,H(tso) = ﬁ-BTA,\\(—éo), J?TATB,H(él) = frBTA,\\(—éz), fTATB,\\ (62) = J?TBTA,H(—&)

m, : no constraints (F29)
T frarsn(85) s Froran(=8;) €R
h.c.: fTATB7H (6]) = f:B‘rA,H(_‘Sj) y

resulting in

f‘l’A‘l’B,H((sj) :f:'BTA,H(_‘sj) =y€eR. (F?’O)

In addition, according to Eq.(D31), the symmetry constraints of ﬁ'lTQ,L(Rl + 71 — Ry — 72) only differ by a
minus sign for m, from those of tr,,,(R1 + 71 — Ry — 72) in Eq.(F11)-(F12). Specifically, the constraints on

Jrirs, L (B1+ 71— Ry — T2 # 0) read

Cs : f-rATB,J_((sO) = fTBTA,J_<_52) = .}TTATB,J_((sl) = fAir'BTA,L(_&O) = f:rATB,J-(éQ) = ﬁ'BTA,J_(_(sl)

My - ﬁ'ATB,L(60) = _f"'BTA,J-(_JO)7 f‘rATB,J-(Jl) = _ﬁ'BTA7J-(_62)7 fN“r'ATB,J-(62) = _ﬁ'BTA7J-(_61)

m, : no constraints (F31)
T: fr‘A‘l’B,J—(éj) ) JAC;BTA,J-(_Jj) R
hec.: frarp1(85) = f7 0, 1(=65) .

From Cg, we know f,-A.,-B,L(é'j) = J?.,.B.,-A,L(—éj) = fnn,1 for all j = 0,1,2. From m,, we know f,.A.,.B’l((SO) =
—frpra,1(—00), which, combined with Cs, means fyn, 1 = 0. Therefore, we have

ﬁ'ATB7l(5j) = :}F"'B‘I’A7l(_6j) =0. (F32)

In addition, according to the convention that we choose in Eq. (D6), we have f.,-A.,-A,B(O) = ﬁ-BTB,B(O) = 0. By
substituting Eq. (F30) and Eq. (F32) with Eq. (D7), we obtain

B o185k
f(k)=@z<ei,gk 0 ) (F33)

fi(k)=0.

fi(k) in Eq. (F26) now becomes
fi(k) = 10, fi (k) (310 + i) - (F34)
By using Eq. (B40), Eq. (C19) and Eq. (F34), He;—pp, for graphene in momentum space becomes

1BZ

1
Heoph = —= Y > ch Fri(kr ka)emaul, g -, s (F35)
\/N T,’i kl,kg ’ '
where
Fri(k1, k2) = ixr0h,, fi(k2) — 10k, , fi (k1) xr (F36)

and fy (k) is in Eq. (F33).
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3. Symmetry-Rep Method: Energetic and Geometric Parts of EPC Hamiltonian of Graphene

Now we identify the energetic and geometric parts of f;(k) in Eq. (F34). First, for £, in Eq. (D43), we try to find
the constant matrices @; (labelled by [) that (i) are TR-invariant constant, (i) satisfy U,Q;U} = Qizg, 1 for any
crystalline symmetry g = {R|d} of graphene, and (iii) given rise to Eq. (D44). Based on the expressions of U, in
Eq. (F5), we find that the only Q; that satisfies the condition is Q; = 0 with [ only taking one value. Therefore, we

have £, = 0 for Eq. (D43). Combined with f, (k) = 0 as shown in Eq. (F33), we also have Af, = 0 in Eq. (D43).
Since we also show f,(k) = 0 in Eq. (F25), we have Af;(k) = 0 in Eq. (D49). Thus, we only need to care about f (k).
According to Eq. (D34), we try to re-write fj (k) in Eq. (F34) as

Fi(k) = F00e, h(k) + 30, (k) . (F37)
where h(k) is the electron Hamiltonian in Eq. (F15). By comparing Eq. (F33) to Eq. (F15), 4o in f; (k) is zero, and
then we obtain

fi(k) =30uh(k) - (F38)
For all k with AE(k) # 0 (AE(k) is the difference between two electron bands of the system defined in Eq. (F22)),

Eq. (F22) and Eq. (F23) show that both ) Ok, Ey (k)P (k)(iz + 0iy) and ), Ey(k)Ok, P (k)(0iz + diy) are propor-
tional to t. Explicitly,

7 0 )P B+ )
1 de (k)7 + dy(k)Ty
= Ok, |€ —)"/d2(k) +d2(k)| = |1 =" iz + Oiy
;,ﬁ[m )+ ) 5 (L (= | G ) (F39)
1 dy(k)Ts + dy(k)Ty
= ) — a2k)| = [ (=)™ diz + diy
=20k | m+<>2k> ﬁ@+@@](+ )
is proportional to ¢ since dy (k) and d, (k) are proportional to ¢ as shown by Eq. (F23), and
Z En( (k) (diz + diy)
1 dy(k)1y + dy(k)Ty
= € )" /d2(k) + d2(k)| =0k, |1+ (—)" Oiz + Jiy
;[m R S B iy mrowwrosl A _—
1 dy(k)Te + dy(k)Ty
= d2(k)| =0, | (—)" iz + Oiy
=X [y + am] 3. [( ) d§<k>+d5<k>]( + 1)

is proportional to ¢ since d (k) and d, (k) are proportional to ¢ as shown by Eq. (F23). Then, we can directly replace
Oy by 1/t in fF and f7°° in Eq. (D50) resulting in

= 190, Z On, E () (30 + 0iy)
= 17 Z ak )(6zw + 6zy) (F41)
l’Y Z ak )(52:70 + 6“/)
fgeo = iY0; Z En )(6M + 5iy)

sz (k) (B2 + 0i)
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where we define

v % _ (F43)
As a result, we obtain
filk) = [ (k) + 1 (k) , (F44)
where
FE(R) =17 ) Ok, Bn(K) Po(k) (810 + biy)
" (F45)

[0(k) =17 Y En(k)Ok, Pu(k)(Si + 61y -

We emphasize that we have used the fact that the hopping in graphene is nearest-neighboring (NN). In supplemen-
tary information F 10, we will show that the symmetry-rep method can still separate the EPC f; into f£ + f7° with
the hopping derivatives replaced by coefficients even if we include the next-nearest-neighboring (NNN) hopping, but
will fail if we have 3rd NN hopping.

4. Gaussian Approximation: Energetic and Geometric Parts of EPC Hamiltonian of Graphene

In supplementary information F'3, we have derived the energetic and geometric parts of EPC Hamiltonian of
graphene using the symmetry-rep method. In this part, we will show that Eq. (F44) can also be derived from the GA
introduced in supplementary information A.

As shown in Eq. (F25), it is clear that the out-of-plane motions of ions cannot couple to electrons, and thus we only
need to consider the in-plane motions of ions. This means that we can safely treat p, orbitals as s-like orbitals for
graphene, since p, behaves the same as s orbital in the 2D x — y plane. Combined with the fact that we only have
one kind of atoms for graphene, the hopping function ¢(r) has no sublattice or orbital indices. As a result, under the
tight-binding and the Frohlich two-center approximation, the EPC Hamiltonian is the same as Eq. (A3). Then, with

the GA t(r) = tg exply ngyz], Eq. (A17) shows that f;(k) in Eq. (F34) should read
fi(k) = 1Ok, (k) (0 + i) (F46)

where h(k) is the electron matrix Hamiltonian for graphene, and (d;5 + d;,y) comes from the fact that all atoms of the
graphene lie in the = — y plane. As a result, Eq. (A20) and Eq. (A21) suggest that the GA gives the same expression
for the energetic and geometric parts of EPC as those in Eq. (F44).

5. General Symmetry-Allowed Hopping Form: Consistent with Gaussian Approximation

Now We show that even if we use generic hopping function ¢(r) instead of GA, we would give the same expression as
Eq. (F46). To see this, we use the idea of linear combinations of atomic orbitals proposed in Ref. [119]. Nevertheless,
instead of using O(3) symmetry in Ref. [119], let us use O(2) and m, symmetries, since p, is not a rep of O(3) group
but an irrep of O(2) and m, symmetries. Since the electron do not couple to the ion motions along z to the linear
order, we only look at (z,y). As a result, owing to O(2) symmetry, we get

t(r) =t(v/2? +y?) . (F47)
As a result, we have

Oit(r) = T£0n,1(r1) (3ia +81) (F48)

where ry = y/x2 + y2. As we know, the decay of the hopping is very strong in graphene, and thus we only keep the

nearest-neighboring term, i.e., /22 + y2 = % Then, we eventually have

dit(r) = %Haru log ([t(ri)]) rit(ri) (8iz + 0iy) = yrit(r) (diz + i) (F49)
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where

1= o log ()| (F50)

I =%

V3

Therefore, we obtain the same form of 9;t(r) as Eq. (A5) derived from Gaussian approximation, and eventually leads
to the O, h(k) form of f;(k) in Eq. (F46), as well as the energetic and geometric parts of EPC as those in Eq. (F44).

6. Analytical Geometric and Topological Contributions to EPC constant in Graphene

With Eq. (F44), we are now ready to analytically derive the geometric contribution to EPC constant A in graphene,
as well as the topological lower bound of the geometric contribution. For this purpose, we choose p # €y, meaning
that two energy bands do not touch (i.e., AE(k) # 0) on the Fermi surface, i.e., the Fermi surface does not include
the Dirac points. (Recall that € is the onsite energy of the electron as shown in Eq. (F15).)

Before deriving the bounds, let us first simplify (I') in Eq. (C23) for graphene. First, Eq. (F5), we have
CgCLC:;l = CTCBk , (F51)
which means
P,(Csk) = P,(k) , E,(Csk) = E, (k) (F52)

for all k such that AE(k) # 0 (i.e., k not at £K), according to Eq. (F22). Furthermore, based on the second line of
Eq. (C37), we have

=1 _V3
> fulk) 5B i = fi(Csk) Vi=1z,y , (F53)
i=z,y 2 2 [

w

-1 _ 3
where <\}§ 2 ) is the 2D part of the rotation matrix of C3. Then, combined with the fact that we choose u not

2 2
at the Dirac point (meaning that AFE(k) # 0 on the Fermi surface), we obtain

1BZ
DY 8 (n— En(k)) xr fi(k) Pa(K)
kE n
AE(k)#0
= D D (n—Eu(Csk)) xr i C3k) Pu(Ck) (F54)
kelBZ n

AE(k)#£0
= Z Z Zd(U_En(k)) Xffi/(k)Pn(k) <

i=x,y k€lBZ n

I
efgelL
—

%
SN——
-

ﬁ\

for ¢ = x,y, which means that

1BZ

DD 0= En(k)) X fi(k)Pu(k) =0 . (F55)
k n

X+ is the projection matrix to the 7 sublattice defined in Eq. (C18). In addition, owing to Eq. (F22), we have

1 1 1 1 1
ZXTPn(k)XT = §(XTA + Xr ) Pa(k)(Xra + Xr5) + 5 (Xra = Xrp)Pa(B)(Xr s — Xri) = 5 Pul(k) + 57 Pa(k)T = 5

2 2 2
(F56)
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for all k such that AE(k) # 0, which comes from the fact that the electron Hamiltonian (besides the identity term)
has the sublattice chiral symmetry. By substituting Eq. (F25), Eq. (F55) and Eq. (F56) into Eq. (C23), we arrive at

1BZ
Z S o D ST 6 Bul)) 6 g — B (k) T (k) Pa (k) i () P ()
T i=x, kq1,ks n,m
h yAE(k1 )#0 AE(k2)#0

e 2= 2 2 2 0= Bulkn)d(n— Bulky))

i=z,y k,1€1BZ ko€l1BZ n,m

(F57)
x Tr fi(kl)Pn(kl)fi(kl)ZXTPm(k2)XT
AE(k)#0
Dme 2 2 20 (= Bal) (k) Pa(k)fi(h)]
i=x,y keclBZ n
where mc is the mass of the carbon atom, and we used Eq. (B72) for the third equality.
Now we substitute Eq. (F44) into Eq. (F57) and obtain
(T) = ()7 4+ ()79 ()77 (F58)
where
AE(k)#0
()P~ = D 2 2 20— En(k) Tr [fE(R)Pu(k) 1 (k)]
i=x,y ke€lBZ n
AE(k)#0
(ryfoeo— = Z SN 5 (u— En(k) Tx [£F (k) Pa(k) f7°°(K)] + c.c. (F59)
i=x,y k€1BZ n
T D) S S B T R
i=z,y kelBZ n
Let us first analyze (I)?79¢°, which reads
<F>E—geo
AE(k)#0
Z S D 6(n— En(k) Tr ZakiEm(k)Pnl(k)Pn(k:)ZEnz(k)akiPnQ(k) +cc.
i=x,y k€E1IBZ n na
AE(k)#0
Y Y et (05 Fr 0900, P00 (F60)
i=z,y kelBZ n
AE(k)#0
Z S 6(n— Enl ZEM (k) Po, (k)] + c.c. .
i=x,y k€lBZ n
For Tr [P, (k)Ok, Pn,(k)], we have
Tr [P (K)Or, Pr, ()]
= T [P (k) (00, U (KU, ()] + T [P, (k) Ui () 0, UL, ()] -
:5n,nz Tr [(aki Un, (k ))U’J;Q(k)] + Onns Tr[ 77«2(k3)(ak1‘,U71’;2( ))]

=0pn Ok, 1 =0,

resulting in

(ryF9ec =g . (F62)
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Eq. (F62) means that the geometric part of EPC does not couple with the energetic part of EPC in A\. The underlying
reasons of Eq. (F62) are the C3 symmetry (Eq. (F53)) and the sublattice chiral symmetry (Eq. (F56)). Eq. (F58) is
simplified to

(0) = ()7 @)oo (F63)

Now we turn to (I)? 7.

<F>E7E
AE(k)#0
Z > D 6 (n— En(k) Tr [fF (k) Pu(k) £ (k)]
i=x,y kelBZ n
AE(k)#0
i=z,y k€E1BZ n ni na
h AE(k)#0
= 5pra 2 20 (1= Ea(k) VB (k) Tr [P, (k)] (F64)
keclBZ n
5 AE(k)#£0
72D > > 6 (n— En(k) |[VeEn (k)
kclBZ n
, h A / 1 )
N L. dogy—————|ViEn,(k
V3D (ume @r P Js B, ()] K )
, h A /
=~ dow|ViE,, (k)| ,
K 2D(p)me (27)? Jps 7|V (0)
resulting in
(ryF=F = QLL/ dog|ViEn, (k)| (F65)
T 2D(uyme (2m)2 Jpg R R

where E,, . (k) is the electron band that is cut by the chemical potential, np = 1 for u < €g and np = 2 for u > €
according to Eq. (F22), doy is the measure on the Fermi surface, A is the area of the sample, and we have used
Eq. (B73).

For (I')9°°79°  we first note that f7°°(k) can be simplified by Eq. (F22):

fgeo I’YZ E k) (611, + 51y>
. CAE(K .
=1y [do%)ZakiPn/(k)H—) 2( 0k, (Pall) = 1+ Palk))| (310 +82) (F66)
for any n. By substituting Eq. (F66) in to (I)?“°79°’ in Eq. (F58), we obtain
AE(k)#£0
()70 =2 e 3 S D0 Bulk) Te () AE (k)05 Pa(k) P (k) ()" AB(R) Oy, P (k)]
i=z,y k€lBZ n
=’ P> / don 22 )y (04, Py (1) Py (000, P () (67)
T T B 22 o e 1 Ok o (P (00
AE2(K) 1
_ A2 _QaLmR)
-7 2D mc 27T (2m)2 Z |VkEnF( )|2TI‘ [ak e (K )akanF(k)] )
resulting in
_ oA AE2(k)
[)9eo—geo _ 277/ dop ——4+—"Tr n k , F68
< > U 2D(/1,)mc (27T)2 Fs Uk‘vkEnF(k” [g ( )] ( )
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where
1
[gn(k)]jljz = 5 Tr[akjl Pn(k)akjg P (k)] (F69)
is the FSM according to Eq. (B61). By substituting Eq. (F65) , Eq. (F62) and Eq. (F68) into Eq. (F58), we obtain
h A AE?(k)
rzzii/d {VEan y 22 gy an} F70

Now we go back to A in Eq.(B77). Recall that according to Eq.(D51), A in general has four contributions:
the energetic contribution Ag in Eq. (A29), the geometric contribution Age, in Eq.(A30), the cross contribution

AE—geo in Eq. (A31), and the other contribution AX. Based on Eq. (F58) andAfl = 0 shown by Eq. (F33), we have
AE—geo = AX =0, and we arrive at

A=Ag+ Ageo (F11)
with

0?2

Ap = (2m)2me {(w?)

| a9, &)
Mo = i [ e 2O ) = SR L [ L, () o
"0 = @ Pme (o) VB )] O P e (w7 VB )] O

where  is the area of the unit cell, and AE(k) = |2(u — €)| for k on the Fermi surface. Based on the discussion of
the GA (supplementary information A), we can see the direct appearance of the FSM in the geometric contribution
to A can be understood as

1BZ

225 p— Em(k2)) [Pm(kg)],..,. = ; ) (F73)

(derived from the Cy7 symmetry Eq. (F22) and a, is defined in Eq. (A38)), and Ageo,2 = 0 from the C5 symmetry.
Now we show that the geometric part Age, in Eq. (F71) is bounded by band topology from below. First, Eq. (F22)
yields

90 (K152 = 5 Trl0, Pak)Oh,, Pa(k)]
~Lng, Loy (em 6””“) O3 ()" (emk) eie(k))] T
_ é Oh, e W, 00 4y eie(k:)akaefie(k)] ’
resulting in
k) = i > ‘ieW(’“)akie*i"(’“)f : (F75)
P

where 6 is defined in Eq. (F21). Then, Eq. (F75) leads to

Tolgn ()] S Ao T sy T (g ()] [ i, Vi, B ()| /A% ()
I'\gn =
e T 4053 [V s By (k) [/ A2 (k)

St/ T ] (S o dowe /5 110,00 ] o e IWel)?

T S5 400y Vi, B (k) /A% (k) 4 [ dowy | Vi, B (K2)| /A% (ko) 4 [rs dUkIVkEnF(k)\/AEQ((k) )
F76

AE?(k)

d R S
TF IV ke By (R)]

where £ ranges over the connected loop that form the Fermi surface, Wy is the winding number defined in Eq. (F18),
and the first inequality is derived from the Holder’s inequality which reads

e |dx) < [1r@ P [ o) (F77)



By further defining

Mgy = (X We))? _ PR ) (S W)
4me (W?) [pg dok|ViEn(k)|/AE (k) dme (W) [pg dok|ViEn (k)|
we have
A= AE + Ageo = AE + Atopo
and

A Z >\geo Z >\topo )

where the later is the geometric and topological lower bounds of A.
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(F78)

(F79)

(F80)

7. Analytical Geometric and Topological Contributions to EPC constant in Graphene: (1 —¢y) — 0

To estimate the ratio among A, Ag, Ageo, and Aiopo, let us consider |y — €p| — 0 limit. In this limit, we can perform

the linear approximation for the electron Hamiltonian:

Hey=HS +H*,

where
A
+K
Hy™ = ZV_IEKer €0 + v(£paTe + PyTy)] WLKer )
p
and v = —@at. From the linear approximation for the electron Hamiltonian, we have the dispersion as

En(+K+p) = (=)"[vllp| = [VpEn(£K + p)| = [v|
and have the Fermi surface as F'S = F'S; U F'S_ with

FSy ={p£K||p| = |p—eol/lv]},

which means that

2
(Z |W£|> =4 )
L
and

/ Aok Vi Enp (k) = 3 / 0| Vi (K)|
FS a=+ FSa

2T
— €
=§W‘“/ 49|V pEny (aK + p)|
a==+ 0

[v]
=2 1 = ol 27|v|
|v]
= 47T|:u - 60‘ ’

where p = |p|(cos(¢),sin(¢)).
Based on Eq. (F23), e (%) in Eq. (F22) now becomes

0K +p) _ EPe — 1Py
Ip|

?

(F81)

(F82)

(F83)

(F84)

(F85)

(F86)

(F87)
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1 . ; 2 1 +p, — i +p, +ipy |
Tr[gn(j:K—i—p)] _ = Z ielQ(iK-ﬁ-p)apie—lO(iK-i-p)‘ _ = Z . TP 1Py N Pz + 1Py
2 =T,y 4 i=z,y |p| |p|
. 2
1 Py — ipy [ 1 . 1 .
=7 i—=———" | (Op, 1) (£pa + ipy) + —Op, (£pa + ipy)
11 Ipl " |p] Il !
2
1 1 1 . . F88
1 X | |10 ) + oz = 100 (s )| (Fe3)
4. pl”  Ip|
1 ps 1 2 ‘ py 1 2
= |t Ebe Fiapy| T + 5 (Fips +py)
R L I =R !
_1 1
4|pl
forn=1,2.
Now we look at Ag, Ageo, and A¢opo. By substituting Eq. (F86) and Eq. (F84) into Eq. (F71), we obtain
Qy? Q| — e
Ap= ——2 | Ao |VRE,, (k)| = —H 0l F89
2 (27)%mc (w?) /FS k| ViEn e (k)| e (w?) ( )

where np = 1 for p < €9 and np = 2 for u > ¢ according to Eq. (F22). By substituting Eq. (F83), Eq. (F88) and

Eq. (F84) into Eq. (F71), we obtain

D°2(p — e)? / 1
Ageo = ——5————5— dog————"Tr|gn.(k
g (27)2mc (w2) Uk|VkE7,F(k:)| [ s (K)]
_ 2(p—eo))? /
= d Tr (gn.(k
(271. ch w2 Z 0k|vkEnF(k)| I‘[g F( )}
, (F90)
_ 22(p —60 ZW 60\/7T 11 o
(2m)%mc (w [o] 4 |p = eol?
_ 2| — o
mmc (w?)
By substituting Eq. (F85), Eq. (F86) and Eq. (F84) into Eq. (F78), we obtain
Q92|(1 — €o)|
Atopo = ————————— . FI1
top me (w2) w (F91)
Therefore,
1
= 0:Ag = Ageo = Atopo = 5)\ . (F92)

8. Numerical Calculations

In this part, we test our model against ab initio calculations in order to check whether our approximations, i.e.,
tight-binding approximation, two-center approximation (Asm. 1), and nearest-neighbor approximations (Eq. (F9) and
(F27)), are reasonable.

In total, we have four key independent parameters: €y and ¢ in the electron Hamiltonian Eq. (F14), 4 in the EPC
Hamiltonian Eq. (F34) (or equivalently v = 4/t in Eq. (F43)), and (w?) in Eq. (B76). Without loss of generality, we
can always choose

(F93)

As well discussed in the literature (e.g., Ref. [80]), the electron bands in [—1eV,1eV] can be well captured by the
model in Eq. (F14) for

60:0.

t=—2.751eV , (F94)
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FIG. 4. (a) The black dots are the ab initio data of h\/(w?), and the blue line is given by the analytical expression of (w?)
in Eq. (F115) (derived for y — €9 = 0) with Tab.II. (b) The plot of A for the ab initio calculation and for the Eq. (F71) from
our model with Tab.II. (c¢) The plot of (I") for the ab initio calculation and for the Eq. (F70) from our model with Tab.II. (d)
The plot of A = Ageo + AE, Atopo + AE, Ageo, and Aiopo for graphene according to Eq. (F71) and Eq. (F78) with Tab.II. (e) The
plot of Aiopo/A With X = Ageo + Ag for graphene according to Eq. (F71) and Eq. (F78) with Tab. II.

which is obtained by fitting the electron band structure.

For (w?) in Eq. (B76), the ab initio calculation shows a hy/(w?) = 0.1615eV that is almost independent of y as
shown in Fig.4(a), though in general the dependence of y is possible for <w2> due to the dependence of 4 in the
Eliashberg function.

For the remaining 4 in EPC Hamiltonian, we can directly determine its value from the EPC Hamiltonian in the
real space from the ab initio calculation (detailed procedure in supplementary informationI). Basically, p, orbitals
are also Wannier functions of graphene, and we can project the EPC Hamiltonian onto those Wannier functions to
get the matrix elements in the real space. As a result, we get

4 =120.11eV/a? , (F95)

which, combined with the value of ¢ in Eq. (F94), leads to

y=—+=-7.308a""2. (F96)

~+ |

We note that the value of v determined in this way depends on the Wannier function obtained during the Wannier-
ization, and thus different Wannier functions might give slightly different values of ~, but the error should be small.
All relevant parameter values of the models are summarized in Tab. II.

To check the value of v or 4, we look at Fi;(K,K) and F.;(K, —K), since the approximations that we make should
be the best for the low-energy electrons at +K, where F;(k1,k2) in Eq. (F36) and K is defined in Eq. (F24). The
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a |eo t vy mc | h/(w?) |hwe,, ()| w4 (K)
2.46 A|0|—2.751eV | —7.308a¢ 2|12 amu |0.1615eV |0.1935eV [0.1622eV

TABLE II. The values of the parameters for graphene. a is the lattice constant. €y and t are in Eq. (F14), and ~ is in Eq. (F43).
mc is the mass of the Carbon atom, and amu = 1.67377 x 10~ %"kg.

concise expression of Fi;(K, +K) within our approximation is in Eq. (F108). Specifically, we have

FTZ'<K’ K) = —14 X+Ti — TZXT) (61‘:10 + 6iy)

3a

(F97)

F‘H(K K) _1’7 (XT(_)iTi - TiX‘r) (6112 + 6iy) )

where (—)* = —(—)¥ = —1, leading to
V3a V3a V3a 3a
FTAI(K>K> = ’YTTZJ ) FTAy(KvK) = VT(*THC) ’ F‘I'BI(KvK) = ’YT(*T?J) ) TBy(K K) ’YTTI
Fr.(K,K)=0
V3a, V3a (F98)
FTAZ'(K7 *K) = 'YTIT:B y FTAy(K7 7K) = ’YT(*Tx)

fa _V3a
FTBI(K K) 2 (17—m) ) FTBy(Ka 7K) = ’YTTI ) FTZ(Ka 7K) =0 ’

where

ﬁ@ =1741eV/a , (F99)

based on Eq. (F95).
On the other hand, by using Eq. (B49), the ab initio calculation gives
Fab initio

TAT

K) =
Fab initio K K) _

)

( ﬁlTy , ng;nztw(K K) 61( ) ng;nztw(K K) ﬁl( ) Fab znztzo(K K) ﬁsz
(
Fab lnztw(K’ K
(

TBY

= Boite +1B3(Xrs — 1), FEO0(K, —K) = Bo(—72) + Bs(xra — 1)

TAT )
A
Fo oK, —K) = Ba(ime) + 183 (Xrp — 1), Foo (K, =K) = fo7e — B3(Xrp — 1) , F2 ™K, —K) =0,
(F100)
where
B1 =16.37eV/a, B2 =16.54eV/a, B3 =6.138¢V/a , (F101)

and the procedure of the calculation is explained in supplementary informationI. By comparing Eq.(F100) to

Eq. (F98), our approximations require 51 = (2 and S35 = 0. Therefore, only the mean value of 5, and fs, i.e.,

81482 g within the our approximations, which gives

; 3
?a“ema“vei\ga _ b ;B 2 —16.46eV /a . (F102)
By comparing the value of 'yaltemat“’e V3a ¢, 'yfa in Eq. (F99), the relative error is smaller than 6%, which should
come from the larger-range terms that are still Wlthln the two-center approximation.

We note that 61;52 and S5 in Eq. (F100) are beyond our approximations, and the ratios are |@|/| w| ~ 0.005
B1+B2
2

and \Bg|/\%\ ~ 1/3. Clearly, we can neglect ﬁ15ﬁ27 since it is small compared to . B3 is beyond the two-
center approximation, because the symmetries would require Fi;(K, —K) = —ifs (X,-(—)in- - TiX.,-) (0iz + d4y) as long
as we adopt the tight-binding and two-center approximations (Eq. (C1)), no matter whether we assume the hopping
only appears between nearest neighbors. In terms of the EPC strengthes, |5s] & 0. 35|’y ¢|. In Fig.5 and Fig. 6, we
compare the EPC matrix elements from the ab initio calculation and from our model Eq. (F36) for phonon momentum
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away from I" or K with parameter values in Tab. II. For the dominant matrix elements (i.e., those that have maximum
absolute values about 18eV/a), the model matches the ab initio calculation very well, although the mismatch occurs
for the subdominant matrix elements (i.e., those that have maximum absolute values about 6eV/a). Therefore, even
if we go away from g = I', K, the EPC matrix elements beyond the our model are roughly 1/3 of the EPC matrix
elements within our model.

Yet, we don’t see a 1/3 mismatch in the plot of A in Fig.4. The reason lies in the behavior of (I') as a function
of the chemical potential p. For p = 0, B3 in Eq. (F100) is the only term that is beyond our model. In this case,
B3 in Eq. (F100) contributes to (I') , ., as B2 ~ |%|2/9 |’y 12/10, since 33 couples to different matrices than
4; this is consistent with the numerical results in Fig.4(b), Wthh shows that the difference between (I'), ,, from
the ab initio calculation and that from Eq. (F70) is no larger than 10%. Furthermore, as shown by the numerical
calculation, the difference in (I') caused by the mismatch decreases as p decreaes from 0, and becomes nearly zero for
1= —1eV. As a result, the absolute error of A, which reads

2D(p)

A — )\ab initio __ ~ <w2> (<F> _ <F>ab initiO) ’ (F103)

should be small for both large negative x (due to the small | () — (I)* % |} and small negative z (due to small elec-
tron density of states D(u)/N). Indeed, as shown in Fig. 4(c), the difference between A from the ab initio calculation
and that from Eq. (F71) is quite small. Therefore, our approximations are good for the study of A for u € [—1,0]eV.

In Fig.4(d), we plot A = Ageo + AE, Atopo + AE, Ageo, and Agopo for graphene according to Eq. (F71) and Eq. (F78)
with Tab. II. We can see the topological and geometric contributions to A are very close to each other. As shown in
Eq. (4)(e), the topological contribution to A is roughly half of the total value and limits to exactly half as (u—e€p) — 0,
which is consistent with the analysis in supplementary informationF 7.

9. (w’) Approximated by wg,, (I') and way (K)

In supplementary information F 8, we directly use the value of <w2> from the ab initio calculation. In this part, we
will show that <w2> can be well approximated by the combinations of the frequencies of the Ey, phonons at I' (i.e.,
WE,, (")) and the A7 phonon at K (i.e., wa; (K)).

To show this, we derive an analytical expression for <w2> in the (1 — €g) — 0 limit. We note that we only consider
small but nonzero | —ep|, which means that only one electron band is cut by the chemical potential. In the (u—ep) — 0
limit, the expression of a®F(w) in Eq. (B75) is simplified to

o*F(w)
1 1BZ |Gnml | , ,
D(u)N N DL 0 (e Ba(R) 6 (i — E(K')) 6(w — wi(K — K))
k,k’ nml
= N[ Q] o O/ 1 1 ‘G"anl(k7k/)|2 w—wi(k —
~ D(p) [(27m)?] /psd k/psd M Vi Enp (k)| Vi By (K| Zl: 5 o( (K" —k))

N [ Q77 / / 1 1 Gt (K, K2
—_— do doy RERPEAT S(w—wi (k' —k
5 [0 2= Jesn " Jos T B RNV B N 2R Ol k)

D(p)
© - a,a/=%
oN [ 9 7° / 1 1 Gy, K2 ,
= dak/ doy Lilis ik el ow—wi(k —k
D | @ne) Z 5 7 o O B O Ve B R 2 n el k)
r b 2 27 27
D(u)h [ (2m)? |v|4
Fan(KerFne,aKerFnef B 5(w—wz(aK—K+pFne — prng))

2N [ Q@ P il (7 [T 2
= > 7/ do/ 0" " |Grpnpt(K + prng, oK + prng ) *6(w — wi(eK = K))
L o= 0 0 1

[o]*

(F104)

where F'Syk is the Fermi surface around +K, the 4th equality comes from TR symmetry, pr = | — €ol/|v], ng =
(cos(),sin(6),0), and we use pr — 0 for w;(aK — K + prng — prng). To proceed, let us simplify |Gppn (K +
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FIG. 5. The values of [Fr;i(K, K + q)]
for 7 = 74, and “x” and

[Fri(K,K + q)]

T17T2’

[T}

y” means

T1T2

¢ = x and ¢ = y, respectively.
and 11, 12, 21 and 22 correspond to T1T2 = TATA,TATRB, TBT A, TBTB, respectively. The red dots are

(Eq. (F35)) for 7 = 74 and ¢ = z,y. In the cation of each plot, “A” means it is

“Re” and “Im” mean the real and imaginary parts of

the ab initio data, while the blue lines come from the model Eq. (F36) with the parameter values in Tab. II.

prng, oK + prng)|?. According to the expression of G (k, k') in Eq. (B47) (as well as Eq. (B45) and Eq. (B46)),

we have

|annpl(K + prng, aK + pFnG’)|2
_ WPy (K + prng) Fi (K + prmg, K + ppng) Py (0K + peng ) B (K + prmg, oK + prmg )]

2wi(aK + prrng — K — prng) (F105)
I3 ~ ~
= KK Tr[Pr o x(0) FL (K, K) Py, ok (0)F (K, 0K)] |
where
~ 1 §
F/(K, oK) = — Tz Fri(K, oK) [v} (aK — K)] ., (F106)
according to Eq. (B45), v;(q) is the phonon eigenvector for the Ith phonon band,
1 (=" .
P, ox(0) = Py(aK +prng) = = + [ cos(0) T, + sin(6)7,] (F107)

2 2
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FIG. 6. The values of [Fri(K, K +q)|,,,, (Eq.(F35)) for 7 = 75 and i = z,y. In the cation of each plot, “B” means it is

for 7 = 7B, and “x” and “y” means i = x and i = y, respectively. “Re” and “Im” mean the real and imaginary parts of
[Fri(K, K + q)]_,_l.r27 and 11, 12, 21 and 22 correspond to0 T1T2 = TATA,TATB, TBTA, TBTB, respectively. The red dots are
the ab initio data, while the blue lines come from the model Eq. (F36) with the parameter values in Tab. II.

for the linear Hamiltonian Eq. (F82), and we have used pr — 0 for the last equality.
The expression of Fj(aK,K) in Eq.(F113) are derived from F,;(K,+K) and the phonon eigenvectors. From
Eq. (F36) and Eq. (F33), we can derive the expression of F;(K, £K), which reads

V3a
9 (XTTi - TiXT) (61:70 + 517/)
(F108)

. V3a ;
FTi(K7 _K) = -1y 2 (XT(_) Ti — TiXT) (5u + 515/) )

Fri(K,K) = -

where (=) = —(—)¥ = —1.
For F;(K,K), we care about the phonon modes at ¢ = K — K = 0, which have eigenvectors

1 0 1 0
0 1 0 1
1]0 1]0 110 110
'Ul(].—‘) = ﬁ 1 s 'UQ(F) = ﬁ 0 s ’Ug(F) = ﬁ 1 5 U4(F) = ﬁ 0 5 (F].Og)
0 1 0 -1
0 0 0 0
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where the basis is

(TA,l')v (TAvy)’ (TAa z),(TB,T), (Tva)7 (TB> Z) ) (FllO)

and vy (T") and vy(T") are two acoustic modes with wy(T") = wy(T') = 0. v3(T") and v4(T) are two optical modes that
form the Esy, irrep of the point group Dgp, and they have the same frequency w3(I') = wy(T') = wg,, ().

For F.;(K,—K), we care about the phonon modes at ¢ = —K — K = —2K (note that —2K and K are related by a
reciprocal lattice vector), which have eigenvectors

1 1 1 —i
i —i i 1
1{o 1o 1fo Lo
U1(72K) = 5 1 y 'UQ(*?K) = 5 1 y 'U3(72K) = 5 1 s 'U4(72K) = 5 ; y (Flll)
—i —i i 1
0 0 0 0

where v;(—2K) furnishes the A7 irrep with frequency w;(—2K) = wy; (K), v2(—2K) furnishes the Aj irrep with
frequency wa(—2K) = wa; (K), and v3(—2K) and vy(—2K) furnish the £’ irrep with frequency w3 (—2K) = w4 (—2K) =
wg(K). Here A}, A} and E’ are irreps of Dgj, point group that leaves K invariant up to reciprocal lattice vectors.
Here we only consider the phonon modes with in-plane ion motions, since (i) the EPC is zero for the out-of-plane
modes (Eq. (F25)), and (ii) the out-of-plane modes are decoupled from the in-plane modes in the phonon Hamiltonian
owing to m, symmetry. By substituting Eq. (F108), Eq. (F109) and Eq. (F111) into Eq. (F106), we arrive at

Fl(KaK) = ch( 1) 9 (7’1 Tw) =0
1 R \/ga
F(K,K) = ch( 1)y 5 (Ty Ty) =0
~ 1 V3a aVv3 .
F3(K,K) = (—1)7% (ToTe — TaT) = ATy
2mc 2 2mc
~ 1 . V3a 3a
Fy(K,K) = \/””TC(_IMT (TaTy — TyT2) = T YT
_ ) V3o V3a (F112)
Fi(K,-K) = (—1)% (—Tp — Ty — iy + i1y T2) = 1—7%
2/mc 2 vme
~ 1 V3 ) .
Fy(K,-K) = N (—1)% \ga (=TT — ToT, +imy —it,) =0
~ 1 V3 . .
Fg(K, —K) = 2\/m70(—1)’}/ \ga (_Tz — Ty + 1T Ty — lTyTz) =0
~ 1 3
Fy(K,—K) = (—1)4 ‘ga (—irury —iTpTs + 7, —7,) =0

_12, /TcC

Eq. (F112) clearly shows that only the optical phonon at I' and the A} phonon at K have nonzero contribution to
F (K, +K).
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With Eq. (F112), nonzero |Gy, npi|? in Eq. (F105) becomes

3ha*4?
2 3ha®y” /
|Grpnps(E 4+ prng, K+ prng )| = Imcwm, (T) Tr[ Py k (0)7y P (0")7)]
242
= &n?ZjE’Y(F) (1 — cos(6) COS(Q/) + sin(f) Sin(@'))
3ha?4?
(Gornral o+ pemo. Kt prmo)f* = o s TP e (O)re P ()72
3ha’4? 29 (F113)
- Smewn, (D) (1 + cos(f) cos(6') — sin(0) sin(6'))
3ha®4?
- ’ 2 - ,
|Grpnp1 (K4 prng, —K +prng)| 2mewa; (K) Tr[Py ok (0) 7o Pk (0') 7]
242
= T (14 cos(0) cos(0) = sin(0)sin(8))

Then, we have

IN 9 2 ‘,u|2 27 o
2F(w) = 447/, d@/ﬁ de’ nenat (K K P6(w — K-K
o?F(w) D(M)h{@ﬁp] 2y 0, 92 ICnrnet (K +prmo, oK +prmo ) — (K ~K)

_ 2N {Qru'z/%d@/%de’ S (Gupnpt (K + prng, K + prmg ) 26w — wi,, ()
I ez BT A A P ’ o
+Grpnr1 (K + prng, =K + prng ) |*6(w — way (K))]
2N Q% 2mul? 3ha?4? [0(w —wp,, (T)) | 0(w —wa; (K))
" D(wh 2? Pff dme [ i@ wa(K) ]
_ D(p) 3052 [6(w —wg,, (T)  O(w—wa (K))}
2N  4mg wp,, (T) way (K)

(F114)
As a result, we arrive at the following approximated expression of <w2> for graphene in the (1 — €p) — 0 limit:

) 22, (D), (K)

1 1 ) 2 )
W + m wEgg (F) + WA’l (K)

() =

(F115)

which is independent of the EPC. The expression is approximated because we neglect the acoustic phonons in the
denominator, which is justified by the fact that acoustic phonons only contribute about 17% of the total EPC constant
for p = —0.02eV suggested by the ab initio numerical calculations.

The ab initio calculation shows that hwg,,(I') = 0.1935eV and hwa; (K) = 0.1622eV. Then, according to the

expression of (w?) (Eq. (F115)) derived from our model for ¢ — 0, we have an approximate value hy/(w?) = 0.1758¢eV,
which only has about 9% error for u € [—1eV, —0.1eV], according to the ab initio value of <w2> show in Fig.4(a).

The fact that the expression of <w2> in Eq. (F115) approximately holds up to p = —1eV means that the linear
approximation is good even if y — € is away from zero but not too far.

10. Further-Range Hopping

In supplementary information F 3, we have discussed how the symmetry-rep method can separate the EPC Hamil-
tonian into a energetic and geometric parts, if we only include terms up to the nearest neighbors. In this part, we
will show that the separation will work (with the hopping derivatives replaced by coefficients) if we include the NNN
hoppings, but will fail if we include 3rd NN hoppings.

We first include the NNN terms in the electron Hamiltonian and the EPC Hamiltonian. The NNN hoppings have
the form as t,,(Cka;) with a; the primitive lattice vector in Eq.(F2) and [ = 0,1,...,5. By using the symmetry
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properties of the hoppings Eq. (B67), Eq. (B69) and the symmetry rep Eq. (F5), we obtain

Co:lryra(@1) =tryrp(Coar) =tr,r, (060’1) =trprs (CGGI) =trata (060'1) lrers (0650’1)
Co i trprp(@1) = tryr s (Coa1) = trprp (CFar) = tryry (C5a1) = trprp(Cgar) = tryr, (Cgan)

my : tr e, (Char) = tr e, (myChay) for 1=0,1,....5

_ (F116)
m, : no constraints
T :trr(Chay) ERfor 7 =14, 7 and 1 = 0,1,...,5
h.c.:trr(Chay) =ti (—Clay) for =714, 75 and 1 =0,1,...,5 ,
resulting in
trr(Céar) =t €R (F117)

form =714, 7pandn =0,1,...,5. Then, the matrix h(k) in H,; for graphene in momentum space (Eq. (F14)) becomes

h( — <€0+t128_1kc a1>7- +tz<15 " i k) , (Fllg)

where d; is defined in Eq. (F10). The bands and projection matrices still have the form in Eq. (F22) with

do(k) =co+t1 Y e ®Com d (k) =1 cos(id; - k) , dy(k) =t sin(id; - k) , (F119)
i : :

which has a different dy(k) compared to Eq. (F23).
Now we include the NNN terms in the EPC Hamiltonian. As shown in Eq. (D4), the EPC f;(k) is determined

by ﬁ.l.,.Q,H(AR + 71 — T2) and ﬁ-szyJ_(AR + 71 — 72). The NNN terms in the EPC Hamiltonian are given by
frrp=i/1(Car) with I = 1,...,5. According to Eq. (D31), frr 1(Cla;) should have the same symmetry properties
as tr-(Cay) in Eq. (F116), resulting in

frra(Char) =41 . (F120)

On the other hand, Eq. (D31) also shows that the symmetry constraints of f,.,.’ 1(Ctay) differ by a minus sign for m,,
from those of t.-(Cla1) in Eq. (F116), leading to

Co: frarai(a1) = frprp1(C6a1) = frara, 1 (C2a1) = frprp 1 (Ciar) = frara1(Char) = frpry 1 (Coay)

Cot frprp,1(@1) = frara 1 (Coar) = frprp 1 (C2a1) = frara, 1 (C2a1) = frprp1 (Char) = frara 1 (Coar)

My ¢ frara, 1 (Ca1) = —frprp 1 (myChay) for 1=0,1,....5
m, : no constraints

T: ﬁ.T7L(Céa1) eRfort=74,7pand (=0,1,...,5

c.: f,-.,-yL(Céaq) = ﬁ,7l(—0éa1) fort=74,7gand [ =0,1,...,5 .
(F121)

According to Eq. (F121), Hermiticity, 7 and Cg together give ﬁT7L(Céa1) =4’ for all 7 and {. Combined with m,,
we know 4’ = 0. Therefore, we know

frr 1 (Cla) =0 . (F122)
By substituting Eq. (F120) and Eq. (F122) into Eq. (D7), we obtain
L —15 -k
fik %Z RARDS o

fi(k)=0

(F123)
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and thus f;(k) still has the form in Eq. (F34) but with the expression of f; (k) in Eq. (F123).

Now we identify the energetic and geometric parts of f;(k) in Eq. (F34). Same as supplementary information F' 3,
£, = 0still holds. Since f (k) = 0 still holds as shown in Eq. (F123), we still have Af, = 0 in Eq. (D43). Afi(k) =0
still holds in Eq. (D49) owing to f.(k) = 0 in Eq. (F25). Therefore, we still only need to care about fi (k).

According to Eq. (D34), we try to re-write fvu (k) in Eq. (F123) as

Fi(k) = 300c (k) + 40 h(k) + 510y, h(K) (F124)

where h(k) is the electron Hamiltonian in Eq. (F118). By comparing Eq. (F123) to Eq. (F118), 4o in fi (k) should still
be zero, and then we obtain

Fi(k) = A0:h(k) + 410, h(k) (F125)
resulting in
filk) = fE(k) + f{ (k) , (F126)
where

[P (R) =1(30, +4101,) Y Pu(k)0k, B (k) (81 + S1y)
" (F127)
F9°(k) =1(50; + 4101,) > En(k)0k, Po (k) (0ia + 6iy)

according to Eq. (D50).
To address the hopping derivatives, note that

S C 00, ABR) P (k) 01 + 1)
& (k) + d2 (k) ] i« + %) (F128)

= S on [ )+ ] 5 1+ (-

n o (K)o +dy(K)T,
42 (k) + d2 (k)

_Zak (=) \J2 (k) + 2 (k) %

|

is proportional to t since d,(k) and dy(k) are proportional to ¢ as shown by Eq. (F119),

Z ak dO (5zz + 51?;) 6kido (k) (61z + 5134) (F129)

is proportional to ¢; according to Eq. (F119), and

Z En( (k) (0 + diy)

- - - d, ( )T£+d (k)7
_;[do(k) @2 (k) + d2( { ] (Bix + 0iy) (F130)

> [ w + e i b
k) + d2(k
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is proportional to t since d,(k) and dy(k) are proportional to ¢ as shown by Eq. (F23). Then, we have

FE(R) =130 +%100,) D, O, En(k) Pu(k) (80 + 03y

=i(30; +410y,) Zak do(k) P, (k) + Z S O AE(R) P (k) | (51 + Siy)
(F131)
— [71 O, do(k 43 Z a AE(E)Py, (k)| (6 + 6iy)
= [71(% do(k +WZ 8 AE(k)Po(k) | (0iz + diy)
£9°° (k) = 140, Z E,( (k) (8i + 0iy)
172E (k) (dix +5zy) )
where 7 is defined in Eq. (F43), and
y=2 (F133)
131
As a result, we obtain
filk) = fF (k) + [ (k) | (F134)
where
fF (k) = |10k, do(k +WZ 3 AE(R) P, (k) | (dia + 0iy)
(F135)
fi(k) =iy Z E,(k (k) (0iz + 0iy) -

Thus, even with NNN terms, we can still split f;(k) into f£(k) + f7°°(k) with the hopping derivatives replaced by
coefficients in fF (k) and f7°°(k).

If we have 3rd NN hopping in addition to onsite and NN terms, then electron matrix Hamiltonian h(k) would
become

0 —15 -k i26j~k
hik) = como+ 3| 5. +t Z 7125 R (F136)
J

Then, >, Ok, En(k)Py(E)(0ix + 0iy) and ), E,(k)Ok, P(k)(0iz + diyy) cannot be proportional to just ¢ or ¢'. As a
result, we cannot replace d; by 1/t in Eq. (F41) and Eq. (F42), and we cannot derive Eq. (F45).

11. Quantum Geometry, EPC and Mean-field Superconducting Critical Temperature in Magic-Angle
Twisted Bilayer Graphene

In this part, we will briefly discuss the case of the magic-angle twisted bilayer graphene (MATBG), and we will
estimate the mean-field superconducting critical temperature of MATBG based on EPC and quantum geometry. For
convenience, we will choose the unit system (unless specified otherwise) as

h=1,e=1,ky=1,v9=1, (F137)
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where kg = %2 S,in(g)7 €o is the vacuum permittivity, a is the lattice constant of graphene, vy is the Fermi velocity of
the monolayer graphene, and @ is the twist angle.

We will focus on the Bistritzer-MacDonald (BM) model [86] in the first chiral limit [83-85], which, in the + valley,
reads

~ [—io-V T ~
= [ 0L, ( I a9 ) 0 Ve (F138)

where @/}i = (1/’1 LA T?wl A i,1/11 rl.B T,wl r LB i) with [ = ¢,b labelling the layer. Since we are considering
the first chiral limit, there is only one term in the interlayer coupling T'(r), which reads T'(r) = >_._; 55 T;ei™ 9,

2 2
T = w [COS(;(j —1))o, + sin(%(j - 1))%} (F139)
with ¢; = (0,1)7, g, = (—?,—%)T, q; = (@, —3)7, and 0,,. and sg4.,,. are Pauli matrices for sublattice and

spin, respectively. The model in the — valley can be obtained by the TR symmetry.

In the first chiral limit, the model has two exactly flat bands per spin per valley, and two flat bands in one valley
and one spin has well-defined but different Chern numbers ey = +1. Therefore, we can use 7};,6%7775 to label the
creation operators for the flat bands, where n = + and s =7, | label the valley and spin, respectively. The expression
of 'y};’eymys is most straightforward to express in the topological heavy-fermion basis [87]. As discussed in Ref. [87],

the topological heavy-fermion model in the first chiral limit for the n valley reads

O2x2 YTo O2x2
ht (k) = | ~ymo 022 vy (nkymo + ikyT2) | © S0 (F140)
O2x2 Vi(nkgTo — ikyTs) 02x2

where the basis is (f;r - c;_k Fs,cl; k.r,r,) With

Tt T f 1
fn,k - (fn,lml,T’f 7k,1,¢’fn,k,27T’fn,kﬂ,i)

n

ot i i i
Cokels = (o140 Cpket b Cn k2t Cnk2,0) (F141)

t ot t t t
Cpderiy = (Cp ke, 10 Copkely 0 Cn kT 1 Co kD))

and I'y, I'; and I'3 are irreps of D3 group to indicate the symmetry properties of the ¢ modes, and s¢ 4, are identity
and Pauli matrices for spin. Here 7 is the coupling between f and ¢, and v, is the velocity of the ¢ modes. As a
result, the expression of 'y,i’ey’n’s in the n = + valley reads [88]

! (bkx — ik, .

T T
PYk,—,-‘,—,s - |k|2 T b2 |k| cI‘l,k,-‘r,s + |k|f1,k,+,s>

1 ke + ik (F142)
i _ v +iky t
’yk,+,+,s - ‘k)|2 T B2 <_b |k| yCI‘g,k,-&-,s + |k|f2,k,+,s> ’
where b = v/v,. The flat-band wavefunction in Eq. (F142) has FSM
2b?
Tr[ge] = —— | F143
94 = G g (F113)

and the gap between the flat band and the remote bands are AE, = +/|k|?v2 + +2.
We only consider the inter-valley EPC, which is experimentally shown to be strong [120]; the dominant contribution

to this is the intralayer EPC of graphene for the phonons at K or K', i.e., Fi... 4(K,—K) in Eq. (F112) and its TR

related ﬁl,__#(—K, K), which only couples to the A} phonons at K or K'. After projecting to the flat bands, Ref. [88]
shows that the EPC is diagonal in the Chern basis and has the following form

1 Vit !
Hpgpe = ——— Z Z Z GZTI::/’,Q’Yk,ey,n,s’Yk’,ey7—n,S(b—nK+k—k’—Qvl + an*kJrk/*Q’l) ’ (F144)
\/m l,s k,k' ey QEQ; ,
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where Ny is the number of moiré unit cells, k, k' are sumed over the Moiré BZ, Q;,, = {Gx + n(—-1)'q,}, () =
—(-)°=1,G¢ brr1Z + by 27 are the moiré reciprocal lattice vectors with by1 = g3 — g and by = g3 — g5,
I =t,bfor | = b,t, and the phonon creation operators correspond to A} phonons at K/K’. The expression of GZ?‘C’,{Q
reads

Ref. [88] shows that the intervalley-Cooper-pairing channel of effective attractive interaction mediated by EPC reads

1 !
_ § mey ey T 1
H€€ - _NM Vk,k:’ ryk,ey,n,s’y—k,e’y,—n,s/’y—k,@gz,ﬁ,S',Yk/,eY7—777S7 (F145)

k,k',s,s' ey el

where
1 - l
n.ey,ey — n,ey,l M€y,
Viek!  Nolwa, Z Gk =()may +Ga Ok, k (- )inay -G (F146)

with Np the number of atoms in one moiré unit cell and w4, is the frequency of the A’ phonon at K/K'. To estimate
the critical temperature, let us consider the inter-Chern pairing, for which the corresponding leading-order term of

the interaction reads [88]
b2 b2 k 2 k/ 2
Vﬂ ey ,—ey __ A{ 4 | ‘ | | } , (F147)

kK’ |k|2+b2 ‘k/‘2+b2 ‘k|2+b2 |k’|2_|_b2
where
a™y
A= —— — F148
mew?, (K)No ( )

with Ny is the number of the graphene unit cell in the moiré unit cell and 4 in Eq. (F95). For 1.1° twist angle, we
estimate

A~ 0.33meV . (F149)

(Ref. [88] has a slightly larger estimate of A being 0.44meV, since they choose a largeer 4 than our Eq. (F95).) Based
on the interacting Hamiltonian, the mean-field critical temperature can be determined by the following linearized gap
equation [88] [43]

i 1 €y € (2
QRBTAZ ei/, = NM Z Vk?kl’/ YAk:’neyS,ey ’ (F150)
k'

where A}’ QSY ey, is the pairing order parameter, and ig labels the spin channel (one spin-singlet components or three

spin-triplet components). Reducing to the inter-Chern channel, the linearized gap equation becomes

1 .
2hTALY = =D Vil A1
» :

Kot —
Abts 1 0 VHET\ [AfLs
= 2k'BT < k’;;) = — Z ( i k& E’ﬁ;i
Ak, — NM k' Vch/ 0 Ak,,+,— (F151)
Ay 0 foo O fo Ay
o 2%pT Ay 4 foo 0 for O Ay
As 0 fio 0 fu As
Ay fio 0 fi1 O Ay
with
Joo =7, Z (|k:|2 F02)?
b2\kz|2
for = fro = N Z e (F152)

Z \k|4
ha = N (k|2 4 b2)2
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To derive a lower bound for T, we consider

1
(a1 2y 25 A) =ﬁ<1 110), (F153)
and then
;
AN 0 foo 0 for Aq
UpT. > 2epT — A AV foo 0 for O AV
Aj 0 fio 0 fu As (F154)
Ay fio 0 fun O Ay
A A1l 2h2 A 1
— 22 2f)==— SN T 4|k =2 AE:T
3( foo +2fo01) 3 Nas ; (b2+|k|2)2( +k[%) 3 N2 g % Tr(gk]

since T, corresponds to the largest eigenvalue of the matrix. As a result, we have

A 1

_ 2
kT2 kol = G 3 Ekj AE; Tr[g] - (F155)

For v ~ 100meV in the first chiral limit and v, &~ vy, T gives an estimate of
T ~ 0.6K , (F156)

which is close to the experimental T, around 1 ~ 2K [43]. For the estimate, we use the form of FSM in Eq. (F143)
and the expression of AEy, below it, and we perform the integration over |k| < 1.

Appendix G: Orbital-Selective FSM

Before discussing MgBs, we first discuss the Orbital-selective FSM (OFSM), which will be useful for the discussion
of MgBs.
Recall that the conventional FSM has the following two equal expressions:

90 (k) = 5 T [0, P ()01, P (R)]

5 T (00, Pa(R) Pa(R)k, Pa(k)] + G 5 5)

(G1)

where P, (k) is the projection matrix on the nth band of an generic electron matrix Hamiltonian h(k) in the basis
Eq. (B14). If the nth electron band is degenerate in a region of the 1BZ, P, (k) would have rank more than 1 in that
region. According to the definition, g, (k) must be a real symmetric positive semi-definite matrix. Often in realistic
materials, g, (k) does not have zero eigenvalues, and thus is positive definite. That’s why g, (k) is called a metric.
The two ways of writing the FSM in Eq. (G1) inspire us to define the OFSM in two ways.

1. Orbital-Selective FSM: Version 1
For the first version of the OFSM, we are inspired by the first line of Eq. (G1), i.e., by
1
[gn(k)]ij =3 Tr [BkiPn(k)aijn(k)] . (G2)

OFSM is given by inserting matrix in the trace operation in Eq. (G2). The most general way of inserting matrix is
the following

(Qu(k, A, B)],, = %Tr [A8k, P (k) By, Pa(k)] (G3)
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where A, B are two matrices. In general, Q, (k, A, B) is not symmetric, i.e., QL (k, A, B) # Q.(k, A, B). Since we
care about metric in this work, let us consider the symmetric part of @, (k, A, B), which reads

G0k, A, By = 5 [@uk, A, B, + (6 ) o
_ iTr (A0, Po (k) Bk, Po (k)] + (i 5 5) .

For generic matrices A and B, the symmetric g, (k, A, B) is not guaranteed to be real and positive semidefinite, and
thus is not necessarily a metric. However, g, (k, A, B) can always be expressed as the linear combination of metrics,
which will be the OFSM. To see this, we note that A = A; +1iAs and B = By + iBs, where Ay, Ay, By and By are
Hermitian matrices. Then, [gn(k, A, B)];; becomes

_ 1 1
(G (k. A, B)],; = 7 T [A10k, Pu(k) B1dy, Pa (k)] + i Tr [410), Po (k) Bodl, Po (k)

! 1
iy T [A20k, P (k) Br0, Pa(k)] = ¢ Tr [ A0k, Pa () Badk, P (k)] (G5)
+ (i) .
We now use the spectral decomposition of Hermitian matrices, i.e.,
X = daybaxély (G6)

ax

for X = Ay, As, By, By, where &, , is the eigenvector of X with the eigenvalue a,, , and ax labels all the orthonormal
eigenvectors of X. &,, corresponds to a linear combination of electron degrees of freedom in one unit cell including
orbitals and spins. With Eq. (G6), g, (k, A, B) becomes

~ 1
[Gn (K, A, B)]ij = Z Aoy, Cap, 1 Tr |:£04A1 £LA1 o Pn(k)gasl ngl 8kj Pn(k)]

@A, XBy

. 1
10D G, Gan, 7 T [Gan, €, O Pa(R)Ean, €1, 0, Pall)]

QXA; By

. 1
10 anGan, 7 T [Cans€h, O Pa(k)San, €L, O, Pal)]

aAQOCBl

1
- Z Aoy, Qap, Z Tr [50(,42 5(1;,12 81% P'Vl(k)g(lB2 62432 akj Pn(k)}

XAy XBg

+ (1< 7).
Now we define
(n.aa (B)); = 3 T [6aL0 PaR)ar€l 04, PaR)] + G 2 ) ()

where &, is a normalized vector that represents certain linear combination of the electronic degrees of freedom in one
unit cell. Finally, we arrive at

[gn(k,AaB)L‘j = Z Aoy, Cap, [gn,aAlaBl (k)]ij +1i Z Aoy, Qap, [gn,aAlozB2 (k’)]U

aAll)éBl OéAla52

+1i Z Ao, Gag, [gn,aAgaBl(k)]ij_ Z Aoy, Aagp, [gn,aAlaBl(k)]ij .

QAQQBI (XAQOZBQ

(G9)

Therefore, we can see the general expression g, (k, A, B) can always be expressed as linear combinations of a set of
gn,aa’ (k)
Now we show ¢, aa’ (k) in Eq. (G8) with fixed values of «, o’ is real symmetric and positive semidefinite. According
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to Eq. (G8), it is obvious that ¢, ao/ (k) is symmetric. gn aq’ (k) is a positive semidefinite matrix since

Z 07 ; [gn,aa’(k)]ij
.3

1 1
=T €all Y 070k, Pu(k)éar€], XJ: 0Ok, Pa(k) | + 7 Tr €all Y 00, Po(k)éargl, Z v} O, P (k)

i J

= iTr €D 00k Pa(k)Ear€l, Y 00k, Pu(k)éa | + iTr €D 00k, Pu(k)€arl, Y 07 Ok, Pu(k)éa
L j l L i (G10)
1
=T |é Zijv:akipn(mgaz (el zjjv;akjp,xk)sa/)f
1
+ T (& Z 00k, Po (K)o (£ Z 0} Ok, o () €ar)!
>0.
9n,ao’ (k) is a real matrix since
« 1 oo
[gn,aa’(k)]ij = Z Tr |:ak_7~Pn(k)fa/fl/akipn(k)fad;} + (Z A ])
_ 1 i f P
= 1 T [€al O, Palk)Ear €l 0, Palk)] + (i ) )
= iTr [gag;akipn(k)gaf;,akj Pn(k)} + (i §)
= [gn,aa’(k)hj :

Therefore, it is highly possible that g, .. (k) becomes real symmetric positive definite in realistic cases, and thus
Gn,aa’ (k) can be called a metric.

We call g, 0o (k) the OFSM. If we sum OFSM over a complete set of all orthonormal combinations of the orbitals,
we obtain the normal FSM in Eq. (B59):

S e )y = 3 3 T [l Pa(k)Ewr €l 85, Pak)] + (i 5 )

a,af a,a’

= iTr [0k, P (K)Ok, Pu(k)] + (i <> 7) (G12)

- %Tr [akipn(k)akj P”(k)] = [g"(k)}

ij

where «, o’ are summed over complete sets of all orthonormal combinations of the electron degrees of freedom in one
unit cell. The OFSM proposed in Ref. [9] is compartible with the version of OFSM in Eq. (G8).

2. Orbital-Selective FSM: Version 2
For the second version of the OFSM, we are inspired by the second line of Eq. (G1), i.e., by
1 . .

More directly, we are inspired by the term in the two-band A4, shown in Eq. (A41), which contains a matrix insertion
as

[gn (K, M));; = %Tr [M Oy, P,y (k) Py (K)Oy, Po (k)| + (i ¢ j) (G14)
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where M is a generic matrix. Similar to the discussion on the version 1, we define M = M; 4+ iMy with My, My
Hermitian, and use the spectral decomposition to get

G0k M)y = 3 5 T Gy, €y, 00, P (R) P (R)0, Pa(h)

oy

(G15)
. 1 . .
1D Gy 5 T [Sary €y, O Palk) Pa(k)Ok, Pall)] + (i 5 )
QMg
where &, is the eigenvector of X with the eigenvalue a,, for X = My, Ms.
We can then define
1 . .
[gn,a(k)]ij = 5 Tr [faglakipn(k)Pn(k)akj Pn(k)] + (Z A .7) ) (GlG)
resulting in
gﬂ(k7 M) = Z Aoy, Yn,on, (k) +i Z Qoapg, n,ong, (k) . (Gl?)
QM QMo

It means that Eq. (G14) (contained in Eq. (A41) in two-band Age,) must be linear combination of g, (k) defined in
Eq. (G16).

As g (k) can be derived by replacing @yﬁl, in Eq.(G8) by P,(k), gn,«(k) must a real symmetric positive-
semidefinite matrix for any fixed values of n and «. Since &, in Eq. (G16) again represents a certain combination of
the electron degrees of freedom in one unit cell, we also call g, (k) a OFSM. Again, summing OFSM over a complete
set of a restores the original FSM:

3 [gnalk)], = % T [0, P (k) P (K)Oy, P (k)] + % T [P, (k)i P (k)0 P (k)]

@ ) (G18)

= 5 Tr [0 Pa (k) s, Pu(k)] = gn (R)],; -

Owing to the close relation between g, (k) in Eq. (G16) and Age, shown in Eq. (A41), we will use Eq. (G16) in the
following.

Appendix H: Geometric and Topological Contributions to EPC Constant in MgB»

MgBs becomes a superconductor under 39K [73], and the superconductivity should mainly originate from EPC as
indicated by the significant isotope effect [74, 75]. In this section, we discuss the EPC in MgBs. Again, we focus on the
EPC constant defined based on the many-body electron-phonon-coupled Hamiltonian of MgBs (not the mean-field
Hamiltonian in the superconducting phase). Similar to graphene, it is reasonable for us to neglect the spin-orbit
coupling in MgBs and assume spin SU(2) symmetry, in order to study the physics not too far away from the Fermi
level, since both Mg and B are light atoms. Therefore, we will use a spinless model throughout this section. As a
results, all the symmetry operations that we consider are spinless.

1. Electron Hamiltonian and Electron Band Topology in MgB.

In this part, we will discuss the electron Hamiltonian of MgB, and its electron band topology. Since we only
consider the EPC constant eventually, we will not consider the Coulomb interaction among electrons, although the
Coulomb interaction is crucial for the study of superconductivity.

a. FElectron Hamiltonian of MgB»

MgB5 has the same symmetries as graphene—space group P6/mmm and TR symmetry, along with the charge U(1)
symmetry. The model of graphene is constructed from Cgs, m,, m. and T in addition to the lattice translations and
the charge U(1) symmetry.
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FIG. 7. The structure of MgBs. Expressions of a1, a2 and as are in Eq. (H3). Expressions of do, d1 and d2 are in Eq. (F10).
B1 and B2 label two B atoms in one unit cell. The gray arrows show one type of ion motions of the Ez4 phonon at I'.

MgB; has two B atoms at the 2¢ Wykoff position and one Mg at the 1b position per unit cell [73], as shown in
Fig. 7. We choose the sublattice vectors to be

a3 1 g
TBl_\/g( 2a 270)
_a V31 oy (H1)
TBZ_\/g( 2 v270)
1
TMg = C(O7 Oa E)T 9

where a is the lattice constant in the x-y plane, and ¢ is the lattice constant along z. According to the orbital
projection in Ref. [121], in order to study the low-energy physics, we only need to consider s, p,, p, and p, orbitals at
each B atom, and an s orbital at each Mg atom. Therefore, although each B layer in MgBs arranges like a sheet of
graphene, we need to include more orbitals (extra s, p,, p, orbitals) for B than for graphene. Specifically, according to
the convention defined in supplementary information B 1, we have 7 € {Tg1, TB2, TMg}, Qrgys Q¥rgy € {S,Pa, Py. D=},
and o, can be omitted since it only takes one value—s. Then, the creation operators for electrons are labelled as
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t
Cry,» Where

T — (T T 1 T
CRt7p, — (CR+TB1 )87 CR+TB1;pw ’ CR+TB17Py ’ CR+TB1,Pz) (H?)
T — (T T T T
CRyrpx = (CR+TB2,S’ CR+7p2,ps cRJrTBz,;Dy ’ CR+TB2,Z7z) )
and R € a1Z + asZ + asZ with
1 V3
a =aly 50
1 V3 (H3)
- T8 o 0 T
as = af 55 )
T
a3 =¢(0,0,1)

According to Eq. (B3) and Eq. (B5), the symmetry reps furnished by ck 4, are determined by 74, Ry 4, Ug°" and
UT™, where g = Cs, my, m,. Specifically, we have

TB2 if 7= TB1
TCe =Tm, = Tp1 if 7=7p
T™Meg if T =Tmg

Tm, =T
CGR if = TB1 (H4)
RCQ,T = CsR+aos if T=17go
CsR if 7 =7
Rmy,r =R
mzR ifTZTBl, TB2
Rmz,r = . )
m.,R+az if T="7ng
and
'y s o) |
1 3 6
UTBITB2 — UTB2TB1 — 2 -T2 & UTl\dgTMg — 1 = U — ‘ ‘ UTBlTB2
Cs Ce V3 1 Cs Ce Cs
2 2 ‘ [/TB2TB1
1 Co
1 [T MeT Mg
m
1 Y
TB1TB2 _ TB2TB1 TMgTMg — — TB1T
UEiTee = UTETE = | eumee =150, = Uz
TB2TB1
1 U
(H5)
]‘ U,;’Y'LMgTMg
1 , .
UrpiTen = [JreeTe = . & Umis™is = 1 = U, = UreiTe:
TB2T
1 Umlzfz B2
1 [JTMeT Mg
1 . L
U;’_BITBI — U:’[’_BzTBz — . & U;'_MgTMg =1= UT — U;'_BlTBl ,
[TB2TB2
1 T
where the basis for U, and Ut is
T T i T T T T i I i
Cp = (CkaTl\Ig’ Ck, 751,50 Chyr1,p0) ckﬂ'Blmy ' Clrp1,pe Chkyrr2,s Ch,Tr,ps0 Ck,TBQ,Py ’ Ck,TBz,;Dz) : (H6)

In this work, we choose the following approximations for the electron hopping. MgB, can be viewed as stacking B
layers and Mg layers alternatively along the z direction. Between two atoms of the same kind, the hopping occurs



85

(i) only if the two atoms are in the same layer (B layer or Mg layer) and are nearest neighbors or (ii) only if the two
atoms are in different layers and are separated by tas. (See Fig.7 for as.) Between one B atom and one Mg atom,
the hopping occurs only if they are the nearest neighbors. Specifically, by using the convention in Eq. (B6), we have

the following constraints

a2
tTlTQ(R1+T17R277-2):0if71,7—26{7’]31,7]32}&|R1+T17R2772|Z\)§+62

tTlTMg(R1+T17R27TMg):OifT1G{TBl,TBQ}& |R1+T17R27TMg|>

tTMg.,-l(Rl-i-TMg—RQ—TQ):OifTQG{TBl,TBQ}& |R1+TMg—R2—T2|>

tTMgTMg(Rl - RQ) =0if |R1 — R2| > \/m ,

a? 2
37 (H7)

a? 2

377

meaning that we only consider t+-(0), trr(£a3), troirp,(0;), trpors, (—05), try,ru, (Coa@r) with n = 0,1,2,...,5,
tTBﬂ'Mg(_(Sj + a3/2), t.,-B2-,-Mg(5j + a3/2), tTMgTBl (5] + 03/2), and tTMg‘r'Bz(_(sj + 0,3/2)7 where éj with 7 =0,1,2is
defined in Eq. (F10) and a1 2 3 are defined in Eq. (H3). In the following, we derive the form of those terms.

By using Eq. (B67), Eq. (B69) and Eq. (H5), we obtain the symmetry properties of the onsite terms for B atoms:

n
=lrgyres (0)

T
My U2 e, (0) (U275 | = s (0)

Co + UG rrun (0) [UZ7

my: U:‘r-t]leBltTB1TB1 (O) [U;—@SlTBl]T = tTBlTBl (0) ; U;LEZTBQtTBz‘FBz (O) [UTBQTBQ}T = tTB2TB2 (0)

T trgiri (0)  trpyrp, (0) € R
h.c.:trgrp, (0) , trpyrs, (0) are Hermitian

for try, 15, (0) and try,7r4,(0), which gives

Eg s

EB.p.p,,0
lrgiTes (0) =lrgy7es (0) = e Ep ;
PaPy,0
E

bz

we obtain the symmetry properties of the onsite terms and NN hopping along z for Mg atoms:

Cg : no constraints

my : no constraints

me: tTl\/Ing\/Ig(a3) = tTMgTMg(_a?))

T: tTMgTI\/Ig (0)7 tTI\AgTI\/Ig(:l:a'B) eER

h.c.: tTMng\/Ig (0) €R, tTMgTMg (a3) = t:MgTMg(_aﬁ)
for 7, (0), which gives

t‘ng‘ng(O) = EMg,s ) t‘ngTMg(ialS) = tMg,s,z;
we obtain the symmetry properties of the NN hopping terms along z for B atoms:
T
Cs : UgszBlt‘l’mTBl (:l:a?)) [UgGBzTBl] = t"’B2TB2 (:l:a'?))

¥
UgflTthTBszz (:l:a?)) [UgflTBz] = tr}gl‘rBl (:l:a3)

my My

T
My : UTB2TB1t‘FB1TB1 (:l:a3) [UTBZTBI} - tTB2TB2 (:l:a'?))

t
U;]ilTBZtTBszz (:l:a’3) [ULI;’lTBz} = tTBITBl (:l:a3)

my: U:;LEITBltTBlTBl(:l:a’g) [UTZEITBI]T =troire (:Fa3) ) U’r‘;,]zzTthTBZTBQ (ia3) [U;EZTBﬂ
T: [ZENE (:l:a’f’)) » lrpares (ia3) € R4

h.c.: tiglrgl (a3) = tTBl"'Bl(_a’3) ) tI-Bgng (0’3) = tTB2TB2(_a3)

+

(H8)

(H9)

(H10)

(H11)

(H12)

=lrgy7es (:Fa?))
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for trp,rp, (£as3) and trp,rp, (Fas), which gives

tB,S,Z tB,S—pz,z

UB,p.py,
trpire (Clg) = trpores (a'3) = tiBITBl (_a3) = tI-BerQ(_aS) = PaPy-2 ts ; (ng)
yPxPys2

_tB,sfpz,z tpzxz

we obtain the symmetry properties of the NN hopping terms in x — y plane for B atoms:

Cs : Ug‘fszltTBlTBz (60) [Ug:”—Bz}T = trpare: (762) y UgflfB2t‘rB2TB1 (762) [Ug‘fszl]T =trpiTe2 (61)
T 1

UEEZTBltTmTBz (61) [UgflTBﬂ =lrporm (_60) ’ UgferthBzﬂn (_60) [UE:;BZTBI] =tlrpiToe (62)
T 1

UgszBlt‘f'mTBz (62) [UEfITBQ} =trpore (_61) ) UgflTthTBz‘fm (_51) [Ugfﬁm] =trp The (60)

My

n
My - U;L?QTBltTBQTBl (60) [UTBITBz} = tTBQTBl(_(SO)
Um22 B paTe (61) [Umil Bﬂ = tTB2TB1(_62) ( )

UJmTTBltTBsz (02) [U;z];ﬂmr = trgrp (—01)
my : U:;;]zl‘rmtfmfsz (51')U;1122TB2 =tlrpiTee (5]-) ’ U&EQTBQtTBz‘rm (éj)U’r‘;’—L]leBl = tTBzTB1(_6j)
T trgirss(85) 5 brgors (—0;) € RV
hc.:tryrp,(05) = ti‘BzTB1<_5j) )

for try,rg,(0;) and try, 75, (—0,), which gives

t ty
to +t3

t do) =
7']317'B2( 0) —t by — t3

, UgflTBltTBlfB2 ((Sj)UgszBz =trpTms (5]'4,_1) (H15)

tpz
L) — T _ . 1 TB1TB1 __ TB1TB2 TB2TB1 TB1TB1 __ TB2TB2 .
troires (05) =ty 7y, (—6;) With Ue, =Ug, Ucs and Ug; =U¢, ;

we obtain the symmetry properties of the NN hopping terms in the x — y plane for Mg atoms:

CG : tTMgTMg (Cgal) = tTMgTMg (Céal) = tTMgTMg (Cgal) = tTMgTMg(Cgal) = tTl\/IgTMg(Cgal) = tTl\/IgTNIg(Cgal)

My by ag (Cgal) = e e (Cgal) ) tTlVIgTIVIg(Cgal) = tTlVIgTMg<061a1)

m, : no constraints

T: t-ngTMg(Cgal) €R

h.c.:try,ry,(Cgar) € R 1
H16

for 7y, 7, (C&@1), which gives

tTMgTI\/Ig (Cgilal) = tMg,s ) (Hl?)
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we obtain the symmetry properties of the NN hopping terms from a Mg atom to a B atom:

Co : U™ gy re (=00 £ a3/2) = trpyry, (02 £ az/2) , UL T tr 0y, (02 £ a3/2) = try, 1y, (01 + a3/2)
USP TP g g (=01 £ @3/2) = trpyry, (00 £ a3/2) , UZP ™ g, 7y, (00 £ @3/2) = trg 7y, (—02 £ a3/2)
USP ™ e pyrg (—02 £ a3/2) = trp,ry, (01 £ a3/2) , UGB T tr 0y, (61 £ a3/2) = try, ry, (00 = a3/2)

My Up2 T2 oy, (=00 £ @3/2) = trpyry, (60 £ a3/2)

U’r’q;LiQTBltTBlTIVIg (=01 ta3/2) = (2SN VR (62 £ a3/2)
UZP2T® o (=05 £ @3/2) = trgyry,, (61 £ a3/2)

my: U;;EITBltTBlTMg(*‘sj +az/2) = tTBlTI\’Ig(76]’ Fasz/2), UTTIEZTBQtTB2TI\/Ig (53' ta3/2) = 23N SV (53' Fas3/2)

T trgirag (—0; £a3/2) , trpry, (87 £az/2) € RY!

h.c.:trgry,(—0; T as/2) = tI.Mg,.Bl((Sj Fasz/2) , trpory(0; £az/2) = tI.Mg.,.Bz(—éj Fas/2),

(H18)
for trp e (—05 £ @3/2), trpory, (05 £a3/2), try rp, (05 £az/2), and try,, rp,(—0; £ a3/2), which gives

(
b (—80 + 03/2) = (atg 5.1, 0y tatg 5.2, i 8.8)T + UZP ™ s (—8; 4+ 03/2) = by mags (—6741 + a3/2)
tTBzTMg((sj +a3/2) = Ugf2TB1t.,-B1-,-Mg(—5j + a3/2) with UgszBl = diag(1,-1,-1,1)
tTBlTMg(_(sj —a3/2) = U;l]leBltTBlTl\/Ig(_(;j +a3/2) , lrgorag (5j —az/2) = U’r‘;}jothTBZTI\Ig (5]' +as3/2)
trsgre (8 T ag/2) =th o (=8;Fag/2) , th, ... (=8, +a3/2) = trp,r, (8, T a3/2) .

TB1TMg

(H19)

In sum, we have 17 real parameters for the electron Hamiltonian:

EB,S,O? EB,pIpy,Ov Epz ) tla t27 t37 t4u tpz ) tB,pIpy,za tpz,Z7 tB,sfpz,za EMg,sa tMg,57 tB,s,Z7 tMg-B,lv tMg—B,Z» tMg—B,3 . (H20)

By substituting Eq. (H9), Eq. (H11), Eq. (H13), Eq. (H15), Eq. (H17) and Eq. (H19) into Eq. (B22), we arrive at H;
for MgB5 in momentum space:

Hy=H>

el

3SPxPy + H(SJH + Hi\;[g + HS,SPzPy*Pz + Hi\;[g_B . (HQI)

: B,spupy 17B.p. pyMg  77B,5Papy—D- Mg-B
In the following, we show the forms of H_ """ H P= H_S H_*"*""P* and H_®".

el
First, the form of Hg’smp” in Eq. (H21) reads

1BZ
B,sp.p
Hel ' = ZCL,B,SpIpthPwa (k)ck’Bﬁpwpy ’ (H22)
k
T _ (At T T T T T
where ¢ g o p) = Gz 50 Chirpr et Chirpn iy Chorpa.s? Chrpspn s Chorapy )
happ, (k) = hB1-B1,sp.p, (k) hB1-B2,sp,p, (K) , (H23)
' hB2-B1,sp.p, (k) hB2-B2,sp,p, (K)
Eg,s0 t,s,.2cos(as - k)
hBl—Bl,spmpy (k) = EB7pwpy,0 + tB,pwpy,ZQCOS(GB ’ k)
EB p.p,,0 B papy,22 cos(as - k)
1 1
hB2-B2,sp,p, (k) = -1 he1-B1,sp,p, (k) | -1
-1 ~1
1 s ty 1 -
hB1-B2,5p,p, (k) = h}gz_Bl,spmpy(k) = e -3 —? to +t3 - —@ )
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and d; is defined in Eq. (F10).
Second, the form of Hfl’pz in Eq. (H21) reads

1BZ
H?z’pz = ZCL7B,pzhpz(k)Ckavpz ) (H25)
k
where CLB% = (CL7TB17PZ,CL7TB27PZ)7
b (k) = hB1-B1,p. (k) hei-B2,p. (k) , (H26)
hBa—B1,p. (k) ha—B2,p. (k)

and

hBl—BLpz (k) = Epz + tpz,z2 COS(k: . a3)
he2—B2,p. (k) = h1-B1,p. (k)

hg1-B2p. (k) = hia_p1 . (k) = Z e,
§=0,1,2
We note that Eq. (H25) was used in Ref. [93] to fit the p, electron bands.
Third, the form of H® in Eq. (H21) reads
1BZ
HY® =" el vghvig (k) ck g (H28)
k
where
hatg(k) = Entg.s + 2tug sz cos(k - ag) + tygs e (GO (H29)
n=0,1,..,5
a1 2,3 are defined in Eq. (H3), and recall that each layer of Mg forms a triangular lattice.
Fourth, the form of Hfl"s“pyfpz in Eq. (H21) reads
B — h (k) h (k)
H SPaPy—Pz _ CT B1—B1,spzpy—p= B1-B2,sp.py—p- kB + hee. , (H?)O)
“ ; BBy \ W B1,spapy—p. () hB2-B2,5p,p,—p. (K))
where
2(—i)tg,s—p, - sin(as - k)
hBlfBl,spmpyfpz (k) - 0
0
hB1-B2,5p,p,—p. (k) = 0
1 (H31)
hB?—Bl,SPzpy—pz (k) = - -1 h’Bl_BQ;stI)y—pz (_k’)
-1
1
hB?—BZsszy—pz (k) = - -1 hBl—Bl,spmpy—pz(_k) )
-1

and a1 2,3 are defined in Eq. (H3).
Fifth, the form of HY®" in Eq. (H21) reads

1BZ
HYy#P = Zc;rc,Mg (hMngl(k) hMngQ(k)> kB + h.c., (H32)
%
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(AT 1 T i 1 T i i
Ck,B = (CkyTBl,S’ ck,"’Bth ’ c’“»"'Blva’ ck,"’Bth ’ ck,"’B'qu’ ck,TB27Pm ’ Ck,‘f'Bz,;Dy ’ CvaB27pz )’
J a
1 1
1 V3
- —ik:(8;—(~1)as/2) -3 7 1
hag-B1(k) = e ’ tMe-B,1 0 TMg-B2 tMg-B,3 V3 1 1
j=0,1,2 a=0,1 T2 T2
1 —1
1
-1

hyig-B2(k) = haig-B1(—kK) 1

-1
(H33)
d; is defined in Eq. (F10), and a1 2 3 are defined in Eq. (H3).
We plot the band structure of Eq. (H21) as the blue line in Fig. 8(a) for
Egso=—168, EBp,p,0=368, E,, =0, ty =35, to =1.022, t3=-2.66, t4 =38, t,, =17
15,52 = —0.085 , tpp,=—0.089, ty =1, tpy p . =0, Brgs =42, tags = —0.35 , tapgs. = —0.1

tMe-B,1 =0, tmgB2 = 0.5, tmen,z =09,
(H34)

which matches with the ab initio calculation quite well within 0.5V from the Fermi level. Eq. (H34) is in unit of eV.

However, Eq. (H21) is too complicated for later analytical study. We now simplify Eq. (H21). First, in the fitting,
we directly fix ¢t s_p, . = 0, since we find that the tg s_,. . mainly affects the bands far (~ 2eV) away from the Fermi
energy, which is consistent with orbital projection in Ref. [75]. Indeed, we see that the band structure given by fixing
tB.s p... = 0 is good near the Fermi level. Thus, we can safely neglect H.*P*P*~P* in Eq. (H21) for the study of the
states near the Fermi energy.

Furthermore, according to the orbital projection in Ref. [121], the electron orbitals near the Fermi level are mainly
B boron orbitals, which mean we should also be able to safely neglect Hi\fg and Hz[g‘B in Eq. (H21). To show this,
we consider the following simplified Hamiltonian

Hep = Hyy™P=P" + HYyP (H35)
and plot the band structure in Fig.8(b) with
Epeo=—1.68, Eppp0=368, B, =0, ty =35, to=1.022, t3 = —2.66 , ts =38 , 1, = —1.7 —_—
tpe. = —0.085 , tpp . =—0.089, t, . =1,

which are in the unit of eV. We find that within 0.5eV from the Fermi level, the band structure of Eq. (H35) matches
the ab initio calculation quite well except for the p, band along L-H. However, this change only causes a small change
of the Fermi surface as shown in Fig. 8(c-d), and a small change of the density of states at the Fermi level—0.37¢V !
and 0.38¢V ™! per unit cell for Eq. (H21) and Eq. (H35), respectively, which are both close to the ab initio value
0.35eV ! per unit cell.

We note that the values of Ep s, t; and tp s . in Eq. (H36) might not be quantitatively reliable. This is because

as shown in Ref. [121], the electron states of HS’SP “P¥ near the Fermi level should be dominated by the p, and p,
orbitals of B atoms, while the bands dominated by the s orbitals of B atoms are at high energies (larger than > 5eV
away from the Fermi level) [121]. Therefore, we do not need to have precise values of Eg ;, t1 and tg s . in Eq. (H36)
to describe the physics near the Fermi level. Nevertheless, we still need to include the s orbitals in the model for the
study of topology, since lowest three bands (that involve s and p,p,) of HS’SP “Pv in Eq. (H35) are connected. Then,
for the study of topology, the values of Ep s, t1 and tp s, in Eq. (H36) are good enough since topology is robust
against small changes of the parameters that leave the gap (in Eq. (9)(a)) open.
We will always use the simplified model in Eq. (H35) instead of the full model in Eq. (H21).

b. Electron Band Geometry and Topology in MgBa: p.

As discussed in Ref.[93], the p. part of the Hamiltonian (H."* in Eq. (H25)) there are two PT-protected nodal
lines along

linexk = {£K + (0,0, k,)|k, € (—7/c,7/c]} . (H37)
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FIG. 8. In both (a) and (b), the ab initio band structure is plotted as the black dashed lines, and the Fermi level is at
zero energy. The high-symmetry points are defined as I' = (0,0,0), K = (2£,0,0), M = 27r(‘/g L.0), A = (0,0,7/c),

3a’ 2a’ 2a’

H = (35,0,7/c), and L = (2’;:1/5, Z,m/c), (a) We plot the band structure of the full tight-binding model (Eq.(H21)) with
the parameter values in Eq. (H34) as blue lines. (b) We plot the band structure of the simplified full tight-binding model
(Eq. (H35)) with the parameter values in Eq. (H36) as solid lines, where the red lines are from Hfl’smpy and the orange lines
are from Hfl’pz (i.e., the p. orbitals of the B atoms). The crossings of the orange lines at K and H are two Dirac points. (c)
We plot Fermi surface of the full tight-binding model (Eq. (H21)) with the parameter values in Eq. (H34). (d) We plot Fermi
surface of the simplified full tight-binding model (Eq. (H35)) with the parameter values in Eq. (H36). The Fermi surface around
K-H (and its TR partner) mainly comes from the p. orbital, while the cylindrical Fermi surfaces around I'-A mainly originate
from p,/py orbitals.

Since Hfl’p * is nothing but the graphene model Eq. (F15) with an extra dispersion along k., the nodal lines are just the
graphene Dirac cones dispersing along k.. Specifically, by expanding Eq. (H25) around £K, the effective Hamiltonian
around the nodal lines reads

—/3t
hy. (K + (pwapy’ k.)) = (Epz,O + tpz,ZQCOS(sz))TO + %

(£poTe + DyTy) - (H38)
Therefore, the nodal lines they have PT-protected winding number W, = 1 if the small loop L is enclosing linex
or line_k once, where W, is defined in Eq. (F18). We define Wx = W if the small loop L is enclosing linek once,
and define W_g = W, if the small loop L is enclosing line_x once. So we have |Wrk| = 1. The nontrivial topology
of the nodal lines is detectable on the Fermi surface near lineik, because the Fermi lines for fixed k., would become
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FIG. 9. (a) We plot the bands of H2 PPy in Eq. (H21) at k. = 0, which are all in the m-even subspace. The isolated set

el

m+ . . .
of lowest three bands in (a) are labelled as Iso-3; %, which contains an EBR (A14@la) and a rank-2 topological subspace
m+ . . 1. . . . m+
Sub-2; = . The color indicates the probability of the corresponding eigenstates in the subspace Sub-2,=,. (b), (c) and (d)

m+ m+ . . .
are the Wilson loop spectrum of Iso-3; % ,, A14@la and Sub-2; %, respectively. The Wilson loop is defined as W(k) =

(ko | TTxycio,1) PO6b1 + oba)|ure, 15,), where by = 4Z(3,1/2,0), by = 4Z(=42,1/2,0), [ur) = (Juk1),..) is the basis of the
k-dependent Hilbert space of interest, and Pr = |ug){uk|. In (b), (c) and (d), phases of the eigenvalues of W (k) are plotted.

disconnected close loops that enclose linex or line_g when k, is close to the values where the nodal lines intersect
the Fermi level. More concretely, E,_ o + 2tp, ;cos(k,c) = 0 in Eq. (H38) happens at k,c = £7/2 based on the
parameter values in Eq. (H34). So the Fermi surface around the K — H and its TR partner should be like Dirac cones
at k,c = £7/2, as shown in Fig. 9(c-d). Therefore, the Fermi lines for fixed k, would become disconnected close loops
that enclose linek or line_x when k, is at k,c = £7/2. The geometric properties of the electron wavefunctions are
constrained by the winding numbers |Wik| similar to the discussion for graphene in supplementary informationF.
(See details in supplementary information H3.) Although the topology is discussed within the model Hfl’p *, the nodal
lines still exist even if we include other parts of the Hamiltonian, since the other parts of the Hamiltonian do not
influence much the states near the nodal lines. After including other parts of the Hamiltonian, Wik can still be
defined using Wilson lines [95, 116, 117].

c. Electron Band Geometry and Topology in MgBsa: spzpy

Besides line1k from the p, orbitals (Eq. (H38)), we now discuss topological properties of the electron wavefunctions
(different from the nodal lines) of the sp,p, orbitals.

Let us consider the k, = 0 plane, on which momenta are invariant under m,. Then, we can split the states with
k. = 0 into two subspaces: m.-even and m_.-odd; in our model, the two subspaces contain different numbers of bands.

For the tight-binding model without Mg (Eq. (H35)), the m_-even subspace at k, = 0 is governed by HB’SP“”py7 while

el
3Pz

the m,-odd subspace at k, = 0 is governed by HB In the following, we focus on the m,-even subspace at k, = 0,

BaSPmpy

and thus we will use H, . Nevertheless, our topological discussion will be valid even if we include the Mg atoms,

since (i) the m_.-even subspace at k., = 0 is well-defined after including Mg and (ii) including Mg atoms does not
affect the band gap (in Fig. 9(a)).

As shown in Fig. 9(a), the lowest three bands of Hfl’smpy in Eq. (H35) at k, = 0 are isolated. We label the isolated

+
set of three bands as Iso—32; o- The symmetry reps of the isolated set of three bands are

I:Ifeld, M:MfeM; &M, , K:K;8K;, (H39)

where the symmetry reps are labelled according to the Bilbao Crystallographic Server [94], I‘; and Ky are 2D irreps
+

while others are 1D irreps, “Iso” in Iso—3kmzz= o means the states are eigenstates of an isolated set of bands, “3” in

+ + +

Iso—3zzz: o means it has three bands, “k, = 0”7 in Iso-3zzz: o means it is on the k. = 0 plane, and “mJ” in ISO—?)ZZZZ 0

means its states are even under m,. By comparing to the symmetry reps of the elementary band representations
+

(EBR) of P6/mmm in Bilbao Crystallographic Server, we can see Iso—3z; o has the same symmetry irreps as k. =0

part of the EBR A;,@3f. We use Wannier90 [122] and numerically verify that there is a smooth gauge with physical

+ +
reps for ISO-3ZZZ: o» meaning that Iso—3zlzz: o is an obstructed atomic set of bands (topologically equivalent to the k, =0
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part of the EBR A;,@3f). The topologically-trivial nature of Iso- 3k "o is also reflected in the gapped Wilson loop
spectrum in Fig.9(b). Nevertheless, the numbers of 7 crossing in Fig.9(b) is 1. Combined with the fact that the

mt mt
berry phases along any close loop are zero for Iso—3kz:07 Iso—?)kz:O has nonzero PT -protected second Stiefel-Whitney
class wy = 1. (See general discussion on the second Stiefel-Whitney class in Ref. [123].)

The nonzero wy = 1 of ISO—3Z?—:O (which is A;4@3f) can be understood as the EBR (A4 @ F1,)Q@la having a band
inversion at I with the EBR (By, @ E24)Q@la. To show this, we first decompose Is0—3Z?:0 into two subspaces. Specif-
ically, according to Bilbao Crystallographic Server, the symmetry reps of Iso- 3;:10 do not prevent the decomposition
into well-defined subspaces (i.e., 1t can be a split EBR), though the bands of Iso-3;" k.—o are connected. Indeed, we find
that the obstructed atomic Iso- 3 : "o can be split into a rank-1 obstructed atomic EBR and a rank-2 topological set of

bands. Specifically, we use Wann1er90 [122] to find that the rank-1 subspace of Iso—3,c : ", is topologically equivalent to
obstructed atomic A;,@1la of irreps ry, M and K;. So the rank-1 subspace is just the A;,@la EBR. The remaining

+
rank-2 subsapce, labelled as Sub—2zzz: o Where “Sub” means subspace, carries the following reps
r:TF, M: My &M, , K:Ks, (H40)

which indicates its nontrivial topology. Since Iso- 3 * o is an atomic limit, the nontrivial topology of Sub- 2 : o is
fragile [124, 125].. In short, we have

Iso-3;'~ = (A1,@1a) ® Sub- 2k " 0 - (H41)

We note that the states in A;,@1a or Sub- 2 : ", may not be energy eigenstates, as the bands of Iso- 3,C ", are connected.

As an illustration, we show the the overlap between Sub—2kzz: o with the energy eigenstates in Fig. 9(a).

The nontrivial topology of the rank-2 set of bands can also be seen from the Wilson loop. In Fig.9(c) and (d), we
m+ . . . .

plot the Wilson loop spectrum of A;,@la and Sub-2; ~_;, respectively. Fig. 9(c) has no 7 crossing, consistent of the

trivial nature of A;,@la. The number of 7 crossing in Fig.9(d) is 1. Combined with the fact that the berry phases

+ +
along any close loop are zero for Sub- sz , we know that Sub- 2mz o has nonzero PT-protected Euler number N = 1.

The Euler number ' = 1 is consistent Wlth the fact that Sub- 21<; *_, is fragile topological.

If we replace the p,p, states of Sub-2; =  near I' by the p,p, states around 7eV near I', we will get an EBR £, @la,

m+ . .
which has zero Euler number, as shown in Fig. 10(a-b). Thus, replacing the p,p, states of Iso-3; =~ (which is A;,@3f)
near I' by the p,p, states around 7eV near I' leads to (414 & F1,)@la, as shown in Fig. 10(c). The complement of
+
(A14 ® Eq,)Qla in the entire k, = 0 and m_-even space of Hfl’spzpy is (Biy @ Ea4)Q@la. Therefore, Iso-3;'~, (which
is A1,@3f) can be understood as the band inversion between (Ay, @ E1,,)@la and (Bi,, © E2y)Qla.

The band inversion can also be captured by an effective model under the basis of (A1, FE1,,)@la and (By,®E»4)Qla,
which is not the atomic basis in Eq. (B14). Explicitly, we use a 6 x 6 unitary matrix R(k) to label the Bloch vectors
(Biu ® E2g)Qla and (A14 @ E4,,)Q@Qla, where the first three columns of R(kj) correspond to (By, @ E24)@la and the
last three columns of R(k)) correspond to (Ai4® E1,,)@la. Since (B, ® Fay)Qla and (A14® E1,,)Qla are equivalent

to EBRs, R(k) is smooth. Then, we get a new basis ELH by transforming the basis cL7B7spzpy at k., = 0 of

HY®P*Pv in Eq. (H22):

7B73pzpy

il =1 =t =t =t ol il _ 0
cku (ckH,17CkH ,27cku 737C’$:H ,47cku,5’cku,6) - Cku,kz:O,B,prpyR(kH) ) (H42)
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and the symmetry representation of furnished by E};H reads

-1 -1
—ioy27/6

~t -1 __ ~t —e % ~t 1 _ ~t —0

C6Cku CG = Ccgk 1 » MyCp, My~ = CInka - 1 ’
e—loy2m/6 o,
(H43)
-1

= p—1 _ ot 90 ~F -1 _

PCkHP = Cky 1 ’ TCkHT =Cgy -
—0p

We can then transforms the matrix Hamiltonian at k, = 0 to h(ky) = R (k; Vspop, (Ei, k2 = 0)R(ky), where hgp, p. (K)
is defined in Eq. (H22). Since h(0) = diag(8.77,0.51,0.51, —12.35,6.43,6.43)eV, ELHZO create eigenstates of Hj’s””’y.
Therefore, the band inversion can be seen by expanding E(k:u) to the second order in k; and project out E};M and

ELH 4 Via second-order perturbation theory, leading to a 4 x 4 effective matrix Hamiltonian that reads

E k o (6++ + b++(ku a)2)00 iC+,(kyCLO'Z + kICLO'm)
axalkr) = 2
—icp_(kyao, + kyaoy) (e—— +b__(kya)?)oyg

(H44)
+ [ &+t [((k/’za)g — (kya)?)o + Q(kzakya)oz]
c—— [((kza)? — (kya)?)o. + 2(kyakya)o,]
with ey = 0.52eV, e__ = 6.43eV, b4 = 6.06eV, b__ = —6.04eV, c;_ = —6.69eV, c; 4y = 0.04eV and c__ =
—0.03eV. Clearly, e — €, has opposite signs as b__ — by while ¢;4 and c__ are negligible, indicating the band

inversion, and the lower 2 bands of hyx4(k)) have Euler number AN = 1, which we call the effective Euler number.

The discussion on the effective Euler number relies on the transformed basis ELH which is not the atomic basis in
Eq. (B14) (or the linear combination of them with k-independent coefficients). However, the discussion on EPC uses
the atomic basis, and thus it is better to connect the effective Euler number to the quantities in the atomic basis
(or the linear combination of them with k-independent coefficients). To do so, we first note that the effective Euler
number must equal to the difference between the Euler numbers of Sub—ZZ?ZO and the Ey,,@la, since (i) the two states
only differ from each other around I" point according to Fig.9(a) and Fig. 10(a), and (ii) the vector representations of

F1,Qla have zero Euler number in both the atomic basis Ch, and the non-atomic transformed basis ELH .
Therefore, we have

N :OyBaSPzPy

AN =N —=Ng,a1dl =1, (H45)

where N' — N, a1q is calculated in the atomic basis.

N — Ng, ,a1q can be understood from an effective model with the basis being the linear combination of the atomic
basis with k-independent coefficients. Explicitly, we construct an effective model around I'—A for only the p,/p,
orbitals on B atoms, since the states near Fermi level around I' are mainly from the p,/p, orbitals on B atoms
according to Ref. [121]. We choose the basis to be parity eigenstates:

T S t t t t t t t
Ckeff = \/i(ck,Bl,pz =k B2p, kB, ~ kB2, ChBlLp, T CkB2,p CkBlp, T ChB2p,) - (H46)

The symmetry reps in the basis Eq. (H46) read

_—io,27/6
i -1 _ i e v
CoCherfC6 = COghyefs ( o—ioy 27/

m cJr mo = cJr T
Yokef My = Cmyk.eff . (H47)

Pcl pl= o
koeff ~keff o

—1
TCL,effT = Cik,eff )
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where we replace m, by the inversion symmetry P = Cgm,. We project the sp,p, Hamiltonian Eq. (H35) to c}; off>and
expand the resultant projected model to the first order in k), resulting in the following effective matrix Hamiltonian:

hepp(k) = €o(kz) + mr.00 + dy(ki)Tyosr + dy(ki)Ty0s (H48)
where
dy (k) = vkza , dy(ky) = vkya , (H49)
By =Eppp —3ty, B_=Ep,, +3t, v= —?ts (H50)
€o(k.) = (Ey + E_)/2+ 2t p,p, - cos(k.c) , m=(Ey —E_)/2.
The eigenvalues of Eq. (H48) read
Eerpn(k) = €o(kz) + (=1)"v/m? + |d(ky)* (H51)

where |d(ky)|? = d2 (ki) + d2(ki), and E.ss (k) is doubly degenerate. The projection matrices for Ecf (k) read

mr,00 + dy (k1) Tyos + dy (ki)Yo
2y/m? + |d(ky)[? '

Pegpn(kn) = % + (=" (H52)

With the parameter values in Eq. (H36), Ecsr2(k) at k, = 0 corresponds to the second and third bands counted
from the top around T in Fig.9(a), and Eeff)l(k:) at k, = 0 corresponds to the the two bands that are closest to
the Fermi level around I' in Fig. 9(a). Note that the double degenerate E. sy +(k) cannot capture the splitting of the
corresponding bands in Fig.9(a), since the splitting happens at kﬁ order. Nevertheless, O(ky) order is good enough
for our study for N’ — Ng, @14 as shown in the following.

The two eigenvectors for Eeyzs1(k)) should well capture the states that are closest to the Fermi level around I'-A
in Fig.9(a). Explicitly, we can choose the eigenvectors for E.sy1(k) to have the following form

T
1 dy (k1)
Ui (k) = —= i
1,1 (k) /2 ‘ d(ky) |2+m2 d(k |\/ d(ky) |2+m2 \/ d(ky) ‘2+m2
T
1 [ d,(ky) x(k1) m i o
Us (k) = —— [ % 1— |+ 1,0
12(kn) V2 \ d(&))] d(k) |2+m2 |d (ki |\/ d(kei)[? + m? \/ |[d(ki)|? +m?
(H53)

Clearly, the eigenvectors for Esy1(k) around I'-A (Uq1(ky) and Uy 2(ky)) do not depend on the momentum along
k. to first order in k.

With all of these preparation, we now discuss how to understand [N — Ng, a1q| in Eq. (H45) from the effective
model heyrs(k) in Eq. (H48). According to the form of d (Eq. (H49)) in hess(k), d(ky) must have nonzero winding
number along any loop £ around I" unless fine tuned, i.e.,

1
Wy = ‘2/ dky - Vi, 0a(ky)| =1, (H54)
T™Jc

where
d(ki) = |d(kn)|(cos(ba(kn)), sin(0a(kn))) - (H55)
The nonzero winding number of d(k;) in Eq. (H49) must equal to the difference between the Euler numbers of
Sub-27,zj:0 and Fp,Qla, as discussed in the following. According to Eq. (H36), we have m < 0. We first show that

+
if the mass m in Eq. (H48) hypothetically changes sign, the Euler number of Sub—QZ:; o in the space of the lowest

three bands of HS’Sp“py would change by Wy in Eq. (H54), which is 1. According to Fig. 9(a), the states of Sub—2,€m}=0
close to I" point near Fermi level should be well-captured by the eigenvectors for E.s1(k) in Eq. (H53). Based on
symmetry reps Eq. (H47), the sign flipping of the mass m in Eq. (H48) would change the inversion parities of two states
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of Sub- 2k : "o at I', which means the sign flipping must change the Euler number of Sub- 2" k.—o by an odd number [95].
To show that this odd number is precisely Wy, let us consider the effective model heyy (k:) in Eq. (H48) at k, = 0 in
the space of (m, kg, ky). We know hesr(ki, k. = 0) is zero at (m, kg, ky) = 0. Let us consider a cylindrical surface

M= {(m, ks, ky)|m € (—o0,0), |ky| =€ >0} (H56)

that encloses (m, ks, k) = 0, and the Euler number for Uy 1(ky) and Uy 2(ky) on M is just the change of the Euler
number induced by the sign flipping of m. Uy 1(ky) and Uy 2(k)) in Eq. (H53) are invariant under the P7 symmetry
and are smooth on M except for m — —oo. Then, by defining ky = |ky|(cos(8),sin(d)), the Euler number for Uy 1 (k)
and Uy 2(ky) on M reads

NMZ % dm d@ 8 Ul 1(’6”)6‘9[]1 Q(kH) 69U1 1(’6“)8 U_ (ku)}

_ / /27T ku )0pdy (ki) — du(ki)Opdy (ki)
dy(ky)? +dy(ku)2+m2)3/2

1 27 ’

H
_ i de dy(ky)0pd, (ku) (k)aady(k)‘ e
o dy(ky)? + dy(ky)?
= % o |= dkH 'vkued(ku) :Wd :

where we used Eq. (H55). Combined with the fact that the hypothetical sign flipping of m would turn Sub—2;n;:0 in

the space of the lowest three bands of Hj’sl)’py into F1,Q@la, we arrive at
We= AN =|N — Ng,,e14l - (H58)

We emphasize that the validity of Eq. (H58) relies on the existence of band inversion. If the band is not inverted (i.e.,

m > 0), Sub—2;n;:0 is just E1,@1la, and we have AN = [N — Ng, a1a| = 0, while W; = 1. In this case, we would have
Wy > AN = |N — NE,,a14|- Therefore, for both m > 0 and m < 0, we always have Wy > AN = [N — Ng, a1al-

In the study of EPC, we will use the effective model hq¢s(k) in Eq. (H48). Since we care about the winding number
of d(ky), we will always keep the label d(k)) instead of directly using its explicit form Eq. (H49) in order to keep track
of the winding number of d(k)), unless specified otherwise. Specifically, unless specified otherwise, we keep d(ky)
and only use two properties of d(ky): (i) d(ky) is linear in ky and (ii) d(ky) has winding number being 1 as shown
in Eq. (H54). We will use Eq. (H57) to derive the topological contribution to the EPC constant in supplementary
information H 6.

From Eq. (H50) for the effective model in Eq. (H48), we can see the momentum dependence of the Hamiltonian
near I'-A for p,p, only comes from two hopping terms: t3 and tg p,p, . in Eq. (H35). In particular, only ¢3 accounts
for the geometric properties of the Bloch states in Eq. (H48) to first order in |kja|. To understand this, we recall that
as shown in Eq. (H24), there are only four parameters that are completely in the p,p, subspace: namely the onsite
EB p,p, 0, the az hopping t5;,,, -, and two hoppings ¢; and t3 among p,p, orbitals on NN hopping. In the Bloch
Hamiltonian, any hopping term is the symmetry-invariant combination of the momentum functions and the matrices;
nevertheless, the momentum functions of a hopping term can form a high-dimensional irrep of the symmetry group.
The momentum functions for Eg ;. p, .0, tBp.p,.- a0d tBp,p, - and o are all Cz-invariant, and they cannot have any
O(|kjal) term. Specifically, the momentum function for the on-site term Ep 5, 0 is constant, and the momentum
function for tg;,p, . only depends on k.. Moreover, since t3 is equal hopping for p, and p,, its matrix is invariant
under C'3, and thus its momentum function is Cs-invariant. Therefore, only t3, which is the difference between the
hopping for p, and p, along y, can appear in the off-diagonal part of Eq. (H48) at first order in |kja|. This fact is
very important for the discussion of the EPC in supplementary information H 6.

2. EPC Hamiltonian of MgB,

In this part, we discuss the form of the EPC Hamiltonian.

As mentioned in Eq. (H35), neglecting Mg atoms has little effect on the electron states near the Fermi level. For
the EPC Hamiltonian, we adopt the same approximation—we neglect the Mg components in the electron basis for
the EPC Hamiltonian (Eq. (C10)). Under this approximation, the two-center approximation Eq. (C1) shows that the
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FIG. 10. (a) The colors show the probability of the eigenstates in the E1,@1la space on the bands of HS’SP"py in Eq. (H21)

at k. = 0, which are all in the m.-even subspace. (b) is the Wilson loop spectrum of the F1,@la space. Similar to Fig. 9, k is

again along bi. (c¢) The colors show the probability of the eigenstates in the (414 @ E1,)@1A space on the bands of HZ’Sp“py
in Eq. (H21) at k. = 0, which are all in the m.-even subspace.

motions of Mg atoms do not affect the electron states, i.e., 71,72 in fr 7, ;(R1 + 71 — Ry — T2) only ranges over
the two B atoms in one unit cell. The approximation is supported by the experimental observation that the isotope
effect of Mg atoms is much smaller than that of the B atoms [75]. Another reason for our approximation is two-fold:
(i) the key phonon modes for the EPC consist of the F5 phonons along I'-A (enhanced to Ea, at I' and A) and the
phonons near I'-A that are similar to E phonons [91], and (ii) the Es phonons do not involve Mg atoms at all—FEs
solely comes from the in-plane motion of the B atoms.

Besides neglecting Mg atoms, since the dominant phonons for EPC are around I'-A (mainly F5 phonons along I'-A),
those dominant phonons have small in-plane momenta. (We note that the K-phonons which are specially important
in graphene are not special here anymore since the Fermi surfaces of p, are not always close to +K.) However, the
p. Fermi surfaces (around K-H and its TR-partner) have large in-plane momentum difference from the p,p, Fermi
surface (around I'-A), as shown in Fig.8(b). Therefore, the cross contribution to A that involve both p,p, and p,
should be negligible. In other words, we should be able to use a EPC Hamiltonian that has no coupling between
spzpy and p.. In the following, we will construct such an EPC Hamiltonain.

As discussed in supplementary information H 1 a, we only consider the NN terms for the in-plane (in « — y plane)
hopping and the terms along t+ags for the out-of-plane (along z) hopping. We adopt the same approximation for the
EPC Hamiltonian, i.e., fr,r,:(Ar) is allowed to be nonzero only if (i) (Ar € {£d;|7 =0,1,2} & 71 # T2) or (ii)
(Ar € {£as} & 71 = T2), where §; is defined in Eq. (F10).

For the in-plane ion motions, we only need to consider their effect on the in-plane hoppings, as discussed in the
following. First, the as-hopping among p,/p, orbitals is very small due to the small dispersion along I'-A near the
Fermi level in Fig.8(a), and the az-hopping among p, orbitals does not couple to the in-plane motions owing to Cj
symmetry, where a3 is shown in Fig.7. Second, the az-hopping that involves s orbitals does not affect the electron
states around the Fermi level. Finally, although as-hopping between the p,/p, orbitals and p, orbital is restricted to
zero by C3 symmetry, the in-plane ion motions can still change the hopping away from zero. However, the hopping
change should be small for the combinations of p, /p, orbitals near the Fermi level, since the combinations should be
strongly localized within each B layer. Therefore, we only consider the effect of the in-plane motions of the B atoms
on the in-plane hopping, which should take into account the main contribution to the EPC strength.

We further include the effect of the out-of-plane motions on the as-hopping, since the out-of-plane motions can
change the considerable as-hopping among the p, orbital. Such consideration is just for completeness, since the
out-of-plane motions only have sub-leading contributions to the EPC strength. We will not consider the effect of the
out-of-plane motions on the in-plane hopping term, since we have already considered the effect of the in-plane motions
on the in-plane hopping term, which is the major effect. As a result, we have the following approximation

leTg,I(:l:a’S) = f7'17'2,y(:|:a3) =0 (H59)
f‘r‘r,z(i(sj) =0 )

leaving only fr,r,.5(£0;), frirs.y(£6;) and frr .(+as) allowed to be nonzero.

In the following, we will transform the EPC f; to the momentum space. Let us consider fr, -, i=z y(R1+T1—Ro—T2)

first. Since fr ryizay(R1+ 71— Ry —7T2) =0if (Ri +71 — Ry —72): =0, friryizay(R1+ 71 — Ry —T2) is
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effectively 2D, and thus we can use the methodology in supplementary informationD to rewrite the form of the
friroi=z,y(R1 + 71 — Ry — T2). Specifically, we can replace AR in Eq.(D4) by ARy € a1Z + a2Z, and obtain
Vi=uz,y,

frlrz,i(k”)
AR +711—T2#0
_ Z e—iku'(ARH+7'1—"'2)f7_17_2ﬂ-(ARH +7T1 — 7'2)
AR,
AR +711—T2#0
_ Z ik (AR +T1—72) Z frirait (AR 4+ T1 — T2)0sr
AR, i'=wy
AR +71—T2#0
_ Z ek (AR)+71-72) Z frirai (AR +T1 — T2)
AR, i'=wy

" K ARy + 71— T2 ) < ARy + 71— T2 > +<ez><(AR+7'17'2)> (ezx(AR+Tl7'2)> }
ARy + 71— 721 ), \|ARy +T1 —T2|1 / ;s ARy + 71 — T2 ; ARy + 71 — T2 i
AR +T1—T27#0

= Y @R (ffm,u (ARy + 71— 72) [AR) + 71 — 73
AR

—+ﬁﬂhﬁARanfTﬂkﬂqARwPﬁfTMJ

= Z ek (ARETL =) (leTz,H (AR +71—72) [AR) + 71 — T2,
ARy

+ friral (AR + 71 — 7o) [e. X (AR + 71 — 7'2)]4,) )

(H60)
where we have used Eq. (C9), ki = (kg, ky,0), and
~ - ARH +T1— T2
f‘rl‘rg,H (ARH +T1— T2 7é 0) = i,zzmy f‘rl‘rg,z’(ARH + 71— T2) (|AR T T2|2),L-/
~ e, X (ARy + 11 — T2) (H61)
fflfz,L(ARH + 71— T2 7£ 0) = il;yfflfg,i/(ARH + 71— 7'2) < |ARH T - T2|2 ;
Frra(0) = frr 1 (0)=0.
By further defining
ﬁ-172,[3(k\\) _ Z efiku'(ARH+7'177'2)}:_1T2,[3(ARH e 7-2) vVa=1I,1, (H62)
ARy
we eventually have
Vi=a,y , filki) =10k fulki) +1 Y €ridk, fL(kn) - (H63)
i'=x,y
where
Ta(k)] = Frms®)] V=11 (H64)
T1Qry,T200, QrqQr,

For the convenience of later discussion, we choose the basis for the matrix fﬁ(k:) to be
(CL7B,Sp1py7CL7B7pZ) (H65)

with c}; B,spapy right below Eq. (H22) and CL pp. defined right below Eq. (H25); then

s _ T.5p2py () [8.5papy—p- (K)
k)= Y Y . H66
fok) (fﬁ,pz—smpy(k) fo.p. (k) ) ( )
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To further derive the expression of ﬁ.m, 3(k), we note that P6/mmm of MgBs is compatible with 2D systems, and
thus fr -, s(ARy + 71 — T2) should have the symmetry constraints specified in Eq. (D31). Then, fr,, rz,,1(d;) and

frpars,1(—0;) should have the same expressions as tr,r,,(0;) and tr,,r,, (—6;) in Eq. (H15), respectively, leading
to

T4 . —j

1 3 gt Y4 1 -

rs —id;-k 3 R R 1 5
fispop, () = S _\/é 2 Ao + 43 N
| s VS M fAw

h.c.
1937k (H67)
fip. (k) = 0 Xj—o12€ s
w h.c. 0

J?H,spzpy—pz (k) 0
vapz_stpy (k) =0

with 41, 42, 93, 94 and 45 being real parameters. On the other hand, based on the zg | defined in Eq. (D20), we know
2C6,L = —Zm,, L = Zm.,L = 1, and thus fr, 75, 1(0;) and fr .75, 1 (—0;) satisfies
Ce : UgngBlfTBlTB27l(60) [Ug‘flﬁaz])r - fTBQTB1=L(752) ) Ug:?l‘rBszBz"'Blyl(762) [Ug:ﬂ-Bl}T = fTBlTB27J~(61)
Ug‘?2TB1fTB1TB27l(61) [UgflTBz]T = f“'B2TB1,L(760) ) UgflTBszBZTBI,L(iéo) [UgszBl}T = fTBN’Bz,L((SQ)
UZE™™ Frirnn 1 (82) [UE ] = Frazrn 1t (<01)  UZET™ Frrn 1 (=81) [UF2 7" = s, 1 (60)

~ T ~
my : U?‘;—‘L22TB1fTBlTB2>J-(6O) [U;?ITBZ} = _fTBQTBl-,J-(_(SO)
~ T ~
U;?ZTBlfTB1TB27l(61) [U;,ilTBz} = _fTBQTBl,l(_(s?)

7 T
U™ Frayraa £ (82) [URE | = —frurns 1 (~61)

my: U;:;EITBI .}T‘l'BlTBQ,J-((sj)U;EZTBQ = J?‘l'BlTBmJ-((sj) ; U;EZTBz}T‘FBQTBLJ-(_(S]')U;L]?TBI = -}:'BzTBl,J-(_(Sj)
T: fTBlTB21J-(6j) ) fTBZTBhJ-(_(sj) € R4X4
h.c.: fTBlTB27J—(6j) = fiBQTBl(_(;j) )

(H68)
leading to
0 4 0 0
= —Y% 0 A7 0 .
Froiraa i (80) = [ 1 777 | for basis (s, pe, py,p-) (H69)
0 4 00
0 0 00
resulting in
1 "0 4 0\ [1 -
Fiospup, (k) = > jon,ze 0k }3% —? % 0 A7 —\é —?
% 3 0 97 0 % 3
.| (H70)
f\\,pz(k’)zo
f\\,smpyfpz (k) =0
i Pz —SPzDPy (k) =0,

with 4¢ and 47 being real parameters.
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Now we move to frr .(+as). According to Eq. (C13), we have

fTTZ z Z f7-7- z wa3 —lwek,
= Z *fTT,z(walﬁ)iakzeiikaz (H?l)

= lakz -}Z'T,H (kz) )

where

fr‘r I Z fT‘l’ I wa3 ks (H72)

and

M.ﬁr‘r,z(u}aﬁ) (H73)

}Z-T,H (wa3) = %fr-r,z(walg) = c

To derive the form of f’_,_ i (k2), let us first specify the symmetry properties of ﬁ--r,u (wag) according to Eq. (C35).

Co - UZE™ Fr g (wais) [UZ™ ] = L (wag)

UEBlTM ;BQTBQ i(was) [Ugfmnr = ﬁBlTBl,u (was)
My - U;z]?ﬂm 7/']317']31 i(was) {UQEQTMT = 1327327\\ (was)

U;;?l‘rm rpas, I (WA3) {U;?TBQT = zBlrgl,H (was) (H74)
mg - U;fr 7, (was) [UnT@:]T = Zr,u(—waz’))

T: f-/m-,u(w%) e RY4

~ ~ T
h.c.: frr i (was) = |:f;'7',H (*wa?))] )
which means that ﬁ'r,H (was) has the same symmetry constraints as t.,(was) in Eq. (H12), resulting in

A8 Y11

~ ~ ~ T T
Frorrant(@8) = Fropre1(08) = | Frgy o i(—08)| = [Frosrpan (—a3)| = S (HT5)
—Y11 Y10

for basis (s, pz, Py, P-), Where 45, Y9, 10 and 411 are real parameters. As shown in Eq. (H34), the hopping between
s and p, can be neglected along +as without changing the physics near the Fermi level much (Fig.8(a-b)), since
the states near the Fermi level have little dependence on the s orbital [121]. In the evaluation of A in Eq. (B71), we
eventually will project the EPC Hamiltonian to the Fermi surface. Therefore, we can still choose 411 = 0 to neglect
the coupling between s and p, for f_r,,_ i (was). (In principle, we may neglect any terms in the EPC Hamiltonian that
involves the s orbital in the Hamiltonian without changing A much. But we do not choose to do so for our purpose
here, since completely neglecting s orbitals in the electron Hamiltonian may change the topology of the occupied bands
as the m,-even 3 occupied bands in the k., = 0 plane contains a rank-2 subspace with fragile topology.) Therefore,
by defining | (k.)] = [Fira k)] and (k)] — 0 V71 # 7o, Jo, (k) should have the
Tar,Tal ’ aral Tla.rl,‘rgafr

following form as

fH spzpy(k ) 0
Fitk.) = ( ’ f',,,zwz)) , (176)

where the basis is chosen to be

<CL,B,spxpy7 CL,B,pz> (H77)
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with c};’Bvspmpy defined right below Eq. (H22) and CLB% defined right below Eq. (H25),

452 cos(kc)
492 cos(k.c) 03x3
~ Y92 cos(k,c
P, (1) = et L (7s)
482 cos(kc)
03x3 492 cos(kc)
A92 cos(kc)
and
fﬁmz (k.) = H102 cos(k.c)Tp . (H79)

In sum, f;(k) in Eq. (C19) has the following form

fi(k) = |i0y, fi(ky) +1i Z €iriOk, F1L (k1) | (Biw + 8iy) + 10k, F (k)00 (H80)

i=z,y

where f; (k) is given in Eq. (H67), f1(ky) is given in Eq. (H70), and fﬁ(kzu) is given in Eq. (H76). According to
Eq. (H67), Eq. (H70) and Eq. (H76), f;(k) is block-diagonal:

fi,spap, (k)
filk) = | 7oPeby : (H81)
fip. (k)
where the basis is again
(CL,B,spzpy ’ CL,B,pz> (H82)
with clt:,B,spIpy defined right below Eq. (H22) and c};’B’pz defined right below Eq. (H25), and
fix (k) = |10k, frx (ki) +1 D €ribh, frx (k)| (8ia + 0iy) + 10k [l x (k=) (H83)

i'=z,y

in the basis CLRX for X € {spzpy,p-}, ﬂ’x(ku) is given in Eq. (H67), ﬁ_,x(ku) is given in Eq. (H70), and fﬁX(kz) is
given in Eq. (H76). The block-diagonal f;(k) mainly comes from three approximations: (i) we only keep the short-range
terms for the EPC Hamiltonian, (i) we only choose in-plane/out-of-plane motions to affect only in-plane/out-of-plane
hoppings, and (iii) we choose s — p, coupling to be zero along z. Then, Eq.(C19) shows that Fr ;(k1,ks2) is also
block-dagonal in the basis:

Fr i spap, (K1, k2
Fri(ki, ko) = ( ey ) FT,i,pz(k17k2)> . (H84)
where
Frix(ki, k) = X3 fix (k2) — fix (k1)x3 for X = spapy.p- (H85)
Nl = (13 ) e = (OM ) , (H36)
O3x3 13
and

1 0
Xf'ZB1 = ( O) ’ Xf'sz = ( 1) . (H87)
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As the electron Hamiltonian in Eq. (H35) is also block-diagonal in the basis Eq. (H82), we can define the projection

matrix Px ,(k) for the band Ex , (k) of the Hamiltonian Hg’X in Eq. (H35), where X € {spypy,p-}. Then, we can
further define I'X according to Eq. (B79) for the X block:

h 1
Lo (ki ko) = 3 Z — Tr [Px,n(k1)Fn X(k17k2)PXm(k2)Fﬂ x(k1,k2)| (H88)
+e{B1,B2},i M
and define
1BZ
()" Z D 61— By n(k1)) 6 (1= By m(k2)) Thi (o, K2)
k ko n,m
B2 (H89)
<F>Spmpy = Z Z 5 - Splpy,n(kl)) 4 (,u - Esmpy,m<k2>) Ffz%py (klv k2> )
kl, o n,m
where
W= 0(u—Ep n(k)
" (H90)

= Z 5 (1= Espop,n(k))

are the electron density of states at the Fermi level for the p, and sp,p, blocks, respectively. Here 7 stands for the m
bonding among the p, orbital since the 7 bonding mainly accounts for the p, electron states near the Fermi energy,
and o stands for the o bonding among the p,p, orbitals since the o-bonding mainly accounts for the p,p, electron
states near the Fermi energy. With Eq. (H89), we split the total (I") in Eq. (B77) into two terms according to the two
blocks:

D3 (u) D2 (n)
) = s r Pz 4 o T SPxPy ; H91
(1) = T 0"+ D O (H91)
where D(u) is the total electron density of states at the Fermi level. Eventually, we can define
2 1 Dy (1) .
Ao = — D, )PPy
2 1 Dx(p)
A = — D, ryP= |
N D g
and have
A=+ Ar . (H93)

Clearly, under our approximations, A does not have the cross contribution that involve both sp,p, and p., consistent
with Ref. [91] which numerically shows that the cross contribution should be small. In the following, we will study A,
and \; separately.

3. Analytical Geometric and Topological Lower Bounds of EPC constant in MgBa: A

In this part, we derive the analytical geometric and topological lower bounds of A, in Eq. (H92). The derivation
has a lot of similarity compared to that on graphene in supplementary information F. According to the discussion in
supplementary information B 4, the key quantity that we will bound is (I')** in Eq. (H92), where e (k1,k2) is
defined in Eq. (H89) together with Eq. (H85) and Eq. (H83).

mp

a. Symmetry-Rep Method: Energetic and Geometric parts of the EPC

Pz

To derive the geometric and topological lower bounds of (I')"*, we should first find the energetic and geometric
parts of the EPC. In this part, we use the symmetry-rep method, while the GA will be used in the next part. To do
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S0, let us first recall the electron matrix Hamiltonian of p, orbitals of B atoms, which reads

Z‘ efils]“ki
hyp. (k) = E,_o+tp. 22cos(k,c) + 7=0,1,2 (H94)

t
Pz i6.:-k
Zj:O,l,? e’

as shown in Eq. (H25) with d; defined in Eq. (F10). Compared to Eq. (F14), Eq. (H94) is nothing but the Hamiltonian
of graphene with an extra k, dispersion. Then, similar to graphene, h,_(k) has the form

hy, (k) = (Ep.0+ €p. 0(k2))70 + dp. (k1) Te + dp, o (Ki)Ty (H95)

where €, o(k,) =t,, .2cos(k.c), and

dp. (ki) —idy. (ki) = tp. e 10k (H96)
§=0,1,2

As a result, the bands E,_ (k) of hy_ (k) and the corresponding projection matrices P,_ (k) have the forms

(0 ‘QV L) B (K1) s Fin() = e oke) + 20, (k) 12, ) = B+ (- 20
Po. (k) = dpzw(ku)%+dpz’y(ku)ﬂ’ = 1P, n(ki)r. =1— P, (ki) ,
\/d22 (k) +d_y (kn)
(HO7)

where 7, P,_ (k)7 =1—P,_ (k) can be chosen to hold even if AE,_(k;) = 0. We note that ngn(ksu ), AE, (ki)
and P,_ (k) have the same forms as E,(k), AE(k,) and P,(k;) in Eq. (F22) for graphene, respectively.

Now we are ready to specify the energetic and geometric parts of the EPC. Following the same spirit of supplemen-
tary information D, we have used the momentum derivative to carry the i index in fi(k) in terms of the momentum

derivatives as shown in Eq. (H83), and we just need to reexpress fj p.(k1), fi p. (k1) and fH p.(kz). By comparing
Eq. (H94) to Eq. (H67), Eq. (H70) and Eq. (H79), we have

Fip. (ki) = 4504, hy. (k)
frp. (ki) =0 (H98)
Filp. (k2) = 3100, hyp. (k)

resulting in

Fi. (k) = [iam(f (. (k) = ol (R)72]) | Bz + 61y) + 00 (5 [hy. (k) + 7oy (K)T. = 2B, )6
Pz Pz,2

. Y10

n P n k — Iz k z ix 3 E n k k z k z)Viz
= 50 3 Poun) ) = 7, (6)7) G+ 6) 005, 2 37 Fn8) (i) £ 72, ()75
= Y50k, 10k, Z Eyp. (k)P (k1) (Giz + 0iy) + 19100, Ok, Y Ep. n(k)Pp. n(k)diz |

n=1,2 n=1,2

(H99)

where we used Eq. (H97). As discussed in supplementary informationD 3, the derivatives with respect to hopping
parameters in Eq. (H98) is in general very hard to deal with. However, owing to the short-range nature of the electron
Hamiltonian (Eq. (H94)), the momentum dependence of the electron Hamiltonian only comes from two hopping
parameters, ¢, . and ¢, , and they have different matrix forms. As a result, the derivatives with respect to hopping
parameters in Eq. (H98) can eventually be converted to 1/t, or 1/t, .. Explicitly, after incorporating the form of
the electron Hamiltonian in Eq. (H94), the energetic and geometric parts of f; ,_(k) read

fip. (k) = f5, (k) + f13° (k) (H100)
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where
L. (k) = 450,1 Z i Bp.n (K) . on (K1) (Bi + 0iy) + 10100, . Z . Ep..n(K) Py, n(ki)diz
n=1,2 n=1,2
Y5 .. AE, (K .y
=§m—%J§]m1%mmﬁ% 05 0yl o
Pz n=1,2 P=% p—1,2
] AE k: n .
= Vﬂ,\\laki% Z (=1)" Py, n(k1)(0iz + 0iy) + iV, - Z . €p. 0(k2)di
n=1,2 n=1,2
fip (k) =450k, i Z .. (K)Ok, Py, n (k1) (0iz + 0iy)
n=1,2
Y5 AE, (k). N
= 5#1 Z ( ) Ok, pz,n(kH)((Sw: + 6zy) (H102)
z n=1,2
AE, (k). "
= Tl %1 Z (_1) akisz,n(kH)((Siz + 6iy) )
n=1,2
Y, Il = :75 sy Vmz = t’YlO s (H].O?))
Pz Pz,z

AE, (ki) and €, o(k.) are defined in Eq. (H97), and we heavily used Eq. (H97) and Eq. (H96). We note that

L (k)= fE (ki) , To(k) = f100(Ra) s fip. (k) = fip. (ki) fori=uzy, (H104)
and fZ, . (ki) and f% (ki) have the same forms as fZ, (ki) and f{%) (ki) in Eq.(F44) for graphene,

respectively, after replacing . 1 by 7.

b. Gaussian Approzimation: Energetic and Geometric parts of the EPC

In this part, we will show that the energetic and geometric parts of the EPC in Eq. (H100) have exactly the same
forms as those derived from the GA with extra constraints in Eq. (H97).

Since we are now considering p, orbitals in a 3D system, they differ from s-like orbitals. We need to first study the
form of the hopping function ¢(r) between any two p, orbitals separated by 7 in 3D. To do so, we use the idea of linear
combinations of atomic orbitals proposed in Ref. [119]. Nevertheless, instead of using O(3) symmetry in Ref. [119],
let us use O(2) and m, symmetries, since p, is not a rep of O(3) group but an irrep of O(2) and m, symmetries.
Explicitly, O(2) and m, symmetries give that

t(r) = t(Cor) = t(myr) = t(m,r) , (H105)
where Cy labels the continuous rotation symmetry along the z axis. As a result,
r) =t(vx2 + 420,z , (H106)

where 7 = (x,y,z). Then, since the dominant phonon modes are in-plane ion motions, we choose the GA for the
in-plane directions:

r) = t(v22 + 42,0, |2]) = toF(2*) exp [y, (2® + ¥7)] | (H107)
which leads to
Vet(r) = [yr,1(ves + yey) +3(2%)ze.] t(r) | (H108)
where

3(2%) = L0108 F(2)]) = 2022 og(|F (%)) (H109)
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Nevertheless, as shown in Eq. (H94), we only consider the +as hopping for B atoms in different layers. Thus, as a

good approximation, we can replace 5(22) in Eq. (H108) by
Yoz = (%)
leading to
Vit(r) = [r,1(zes + yey) + vr.ze:]t(r) .

Here c is the lattice constant along z.
By following the derivation in supplementary information A, we know the electron Hamiltonian reads

1BZ

7pz
: :Ck B,p. pz Ckavpz ’

R, i
where Ck,Bp, (Ck,TB11pz7ck>TB2apz) and

[y (k)] = Y e FFTTORY R4 — 1)
R

With Eq. (H111), the EPC Hamiltonian reads

1BZ 1BZ
1

Hei—ph = \/> ZZ Z C;E:l B.p. [Xrfi(k2) — fi(k1)Xr] cks,B ,Pz“;(cz k1,70

k1 k2 7€{B1,B2}:

where

fi(kﬂ‘rl‘l'g

_ Ze—ik.(R+‘r1—7’2) 8Tit(T)|r:R+7-177-2
R

(H110)

(H111)

(H112)

(H113)

(H114)

= Z e R BITI=T) [y (R4 71 — T2)o0in + Vet (R +T1 — T2)y0iy + Yra(R+T1 — T2)200 ] t(R+T1 — T2)
R

=1 [6i0Vm 1Ok, + Oiy Y10k, + 0izVr 20k, | [, (k)] 7,7,
& fi(k) =1 [0icVm1 Ok, + Oiy Y 1Ok, + 0izVr 20k ] hyp_ (K)

and ¢ = x,y, z labels the spatial direction. As a result, we have

fik) = fE(K) + f7°(k) ,
where

sz(k) = len(k) [5iz’Y7T,Hakz + 6iy7ﬂ',H akry + 6iz’77r,zakz] En(k)

n

fI°0(k) = ZiEn(k:) (807 1Ok + Oiy Y 1Ok, + 0izVr 20k, | Pr(k) .

n

(H115)

(H116)

(H117)

Eq. (H117) are the forms of the energetic and geometric parts of EPC derived from the GA Eq. (H107). Now we
include the extra constraints of the electron bands and electron projection matrices in Eq. (H97). As a result, we have

fE(k) = ZiPn(kf) (0071 Oky + Oiy Y 1Ok, + 0izVr 2Ok, | En(k)

. -1H" -nH"
= iP, (ki) [(2)5m%, O, AEp (ki) + (T)t;iy%,u@kyAEpz (ki) + 0i2r,20k. €p. 0(k)

AFE, (k .
I’Y7T Il Z kH % (5741 + (Szy) + l(siz’}/w,zakz 6pz,O(kz)

(H118)
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and

[i°0k) = ZiEn(k) [8i07m,1Oky + Giyy Y10k, | Pr(Ker)

AR (H119)

= in,1 % Z(—l)"akipn(ku) (0iz + 0iy)

n

which are the same as the energetic and geometric parts of the EPC in Eq. (H100).

c. General Symmetry-Allowed Hopping Form: Consistent with Gaussian Approzimation

We now show that similar to the discussion on graphene in supplementary information F 4, even if we use generic
symmetry-allowed hopping function ¢(r) instead of GA, we would give the same expression as the energetic and
geometric parts of the EPC in Eq. (H100). Without GA, we should use the generic symmetry-allowed hopping form
(instead of the last expression in Eq. (H107)), which reads

t(r) =t(r,0,z) , (H120)
where 7 = y/x2 + y2. Then, V,.t(r) becomes
Vet(r) = [V (11, [2])(zes + yey) + Fr,z(ri, |2])ze:] t(r) | (H121)

where

T (1, 121) = — 8y, log([t(r1, 0, |2)])
" (H122)

~ 1
Tz (1, |2]) = —0: log([t(rn, 0, |2])1) = 20;2 log([t(r, 0, [2])]) -

As shown in Eq. (H94), we only consider the NN hopping for B atoms in the same layer and the +a3 hopping for B
atoms in different layers. Thus, as a good approximation, we can approximate Eq. (H121) as

Vrt(’l“) = ﬁ‘fr,H (%a O)(xeﬂﬂ + yey) + %T,Z(Ov C)Z@Z] t(’l") = hﬂ,H (xem + yey) + ’Yﬂ,zzez] t(’l“) ) (H123)

where

Sl

T :~7r ,0
Yr, I = Ym,l ( ) (H124)

VYr,z = iﬂ',z (07 C) .

Therefore, we have obtained exactly the same form of V,t(r) in Eq. (H111) which is for GA, and by following the
rest of the derivation for the GA, we would obtain the same expression as the energetic and geometric parts of the
EPC in Eq. (H100).
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d. Geometric and Topological Lower Bounds of Ar

Now we are ready to move to (I')”*. By substituting Eq. (H88) and Eq. (H85) into Eq. (C23), we obtain the following
expression for (I')P*:

1BZ
(r)" Z ST (n— By (k1)) 6 (1 — By (ko)) T5, (Ko, ko)
kl k:2n m
1BZ ﬁ
D7 2 20 (0= Bpon(k) 6 (1 = Ep.m(k2)) 5
B
k;1 ks n,m
X3 T | fip. (k1) Pp. (k1) fip. (k1) Y X Py n(k2) X2 (H125)
i T€{B1,B2}
1BZ
Z 25 (= Ep. n(k1)) 0 (u Epz,m(kz))%
kl kg n,m
X Z (Tr X7 fip. (k1) By i (R1)XE fip. (K2) Pp. m(K2)] + c.c.)
T7€{B1,B2},i

where mp is the mass of the B atom.
To further simplify Eq. (H125), we note that owing to the symmetry representation in Eq. (H5), we have

T 1t
C3¢Bp.Cs " = CourBp.

) (H126)
mzCL,B,pzmz b= chzk,B,pz(_) )
where c};’B’pz is defined in Eq. (H25). Then, combined with Eq. (C37), we have
fi pz (Csk) Zfz pz k)(C3)iri , pz,n(k’) Pp.n n(Csk) pz,n(k) = Epz,n(CSk)
(H127)
fip.(mzk Zfz po (k) (m2)ii , P n(k) = Py n(m:k) , Ep n(k) = Ep n(m.k)
leading to
1BZ 1BZ
ZZ(S = Ep. (k1)) X7 fip. (k1) Py (k1) = ZZZ(S 1= Ep. n(k1)) X7 fir p. (K1) Bp. n(k1)(Cs)irs
n (H128)
1BZ 1BZ
225 1= Ep. (k1)) X7 fip. (k1) P, 2225 = Ep_ (k1)) X5 fir p. (k1) Bp. (k1) (mez)ivi
which means that
1BZ
Z Z 6 (1 — Ep, n(k1)) X7 fip. (k1) Pp. (k1) =0 . (H129)
ki1 n

Eq. (H129) for i = x,y is the same as Eq. (F55) for graphene. In addition, owing to the P7 symmetry, the matrix
Hamiltonian for p, in Eq. (H94) only has two Pauli matrices besides the identity part; as a result, we have another
simplification similar to Eq. (F56), which reads

1 1 1
Z X7 pzm(k\\) Qsz,n<kH) + §Tsz27n(kH)Tz = 9" (H130)
Te{B1,B2}
Substitute Eq. (H129) and Eq. (H130) into Eq. (H125), we arrive at

1BZ

Iy = 2mB D ZZ(S 1= Ep. n( ))ZTr[fi’pz (k) Pp. (ki) fip. (K)] (H131)
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Based on Eq. (H100), we can split (I')"* into three terms

(TYP= = <F>pz7E_E + <F>pz7E—geo + ([)P=9e0mge0 (H132)
where

BB 1BZ

<F> *( 2mB ZZ‘S = ZTI‘ i,px Pm (k\\)f,pz(k)}
1BZ

(D)P=9%079% = (=) szD 225 = Ep. n(k)) Z T [£750 (k1) Py, n (ki) £ (k)] (H133)

b Begeo 1BZ -
(T) =(-) 2mB (k) Z v (£, (ki) Py (ki) f25° (k1)) + c.c. .

Similar to Eq. (F62) for graphene, we have
(ryp=Fm9e0 — ¢ (H134)

since Tr [f2, (ki) Py n (k1) fl5 (ki)] has the same form as Tr [ £ (k) P, (k) f{°(k)] in Eq. (F58) for graphene and for
i=x,y.
For E — FE part, we have

>t (ki) Py (ki) £ (k)] = =92 [V, Ep. n (k) (H135)
i=x,y
and
Te[f . (ki) Pp. n(ki) fE,. (k)] = =72 .10k ex. 0 (k=) (H136)
resulting in
1BZ
LE-E _
<F>p 2mB Da () ZZ‘S (n—E 2 )) [Vi,\\lvkuEpz,n(k)lg +772r,z‘8k26kz,0(kz)|2}
h’ 2 2 2 2
= S DL = s, T ] o Vo0 Er B 42 100 T BB

pz,n

(H137)

where V is the volume of the system, and F'S,_ , is the F'S surface given by the nth band. Compared to the expression

of (F)EiE in graphene (supplementary information F 6), the major difference in (I')” =E~E is the appearance of the
k.-derivative of the energy dispersion.

For geo — geo part, we have

1BZ
(L)P=9079% = () n(R) D T [f750 (k) Py (R ) £757 (Ke) ]
i=x,y
1BZ
%r 5 2mBD () ZZ‘S 1= Ep, n( ))AEEZ(’CH) Z Tr [Py n(ki)Ok, Pp. n (ki) Ok, Py n (ki)
1=,y
h AE7 (k)
%r I 2mp (27)3 Z/FS UkaEp ()] Trgp. n (k)]

(H138)

where AE1272 (k) is the absolute difference between two p, bands defined in Eq. (H97), and

9. .n(ki)lij = %Tr [0k, Py, (K 1)k, Py, n (k)] (H139)
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Compared to the expression of (I')?“°"9“’ in graphene (supplementary informationF 6), the major difference in

(T)P=9°°79° ig again the appearance of the k,-derivative of the energy dispersion in |ViE,_,,(k)|.
Eventually, by substituting Eq. (H134), Eq. (H137), Eq. (H138) into Eq. (H92), we arrive at

)\71' = )\W,E + )\ﬂ,geo 5 (H140)
where
2 1 Dﬂ—(/L) p.,E—E
Dy (1) : 2 ERCITEY
D(N) 27T SZ/FSPZR 0k|vkEp n( )| ['Yfr,H|vku Dzs ( )| +'77rz| k. pz, ( )|]
is the energetic contribution, and
2 1 D (p)
_ £ D [\P=-9e0—geo
)\w,geo Nh<w2> W(/’I/) D(‘LL) < > ( )
H142
1 Q D(p) , / E; (ki)
= do Tr(gp. n(k
s () @ D ™ 2 s, ’“m By ()] 9o ()

Pz,

is the geometric contribution. Compared to the expression of Ag and Ay, in graphene (Eq. (F71)), the major change
in Ar g is the appearance of the v, . term that involves the k,-derivative of the energy dispersion, while the form of
Ar,geo does not change much.

Similar to Eq. (F75), we have

1 . 2
Tr(gp. n(kn)] = 1 Z ietfr= (k1) gy, e 710 (k)| - (H143)
1=x,y
where
=0 ) _ poo(bn) —idp, (K1) (H144)

|dp. (ki) —idy. (K1)

with dp, - (ki) —id,, , (ki) defined in Eq. (H96). Then,

. . 2
[ AR (k) o (s dow e Ve )
Okie 7 ) Lp..nl(kn)] 2
FSpen | VEEp n(K)] 4 [y, , donToeppg

(H145)
. . 2
fﬂ/c dk (stgD‘fz dgku |ielepz (ku)vku e 10 (kH)|)

w/c

[ViEp. ,n (k)] ’
4 stpz,n do A’cEi (&)

where F ng;lkz is the intersection between F'S,_ ,, and the fixed-k. plane, and the first inequality is derived in a similar
way to Eq. (F76) by using the Holder’s inequality in Eq. (F77). According to Eq. (F18) and Eq. (H94), if FS}D;k-
consists of two disconnected TR-related loops with each loop enclosing one nodal line in Eq. (H37),

[ o iV e 0 0] 2 (W] + W) = 4 (H146)
FS. z

Pz"

where Wik are the winding numbers of the nodal lines Eq. (H37). Suppose F SZQ,D k= consists of two disconnected
TR-related loops with each loop enclosing one nodal line in Eq. (H37) if and only if k, € S,,. We can then label the
length of S,, by |S,|, and have

AE2 (ky) S, (m)2(|Wi| + [W_xc|)?
/ dow o par Trlgp.n(Ra)] = S| ||VkE (kl‘ . (H147)
Fspz’ﬂ | k pz,n( )‘ fFSznd kWZ(ZH)
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Eventually, we can can define

1 Q Dr(p) 1S, |(m)? ,
)\Tr,to o = Yr (|WK‘ —+ |W—K|) ,
p mp (w?) (27)3 D(u) I a stp ] dok%‘w (H148)
which satisfies
A71',960 Z )\Tr,topo . (H149)

Numerical calculations of Ax g, Ax geo and Ax topo are in supplementary information H?7.

4. p.py-Gaussian Approximation: Analytical Geometric and Topological Contributions to A\,

In this part, we derive the energetic and geometric contributions to A, from the GA. We will only consider p, and
py orbitals, since we know the electron states near the Fermi level around I'-A mainly originates from the p, and p,
orbitals. Therefore, we consider a 2 x 2 hopping matrix function ¢(r), whose basis are (p,, py) of B atoms. Specifically,
to,as (1) labels the hopping from the oy orbital at 71 to the ag orbital at r; 4+ =, where ay, s takes values of p, and
py orbitals. From the hopping function, the electron matrix Hamiltonian reads

—i(R+T1—T2)k
Dopapy ()] 1y mae = D € BT (R4 71— 72) (H150)
R
where the basis is
t i f f f
popy e = (KBLp,> CkBLp, ChB2,p, ChB2p, ) - (H151)

With only p, and p, orbitals, the EPC Fr;,_,, (general definition is in Eq. (B40)) reads

Fripop, (K1, k2) = X7 fipop, (K2) = fipop, (ROXZT" (H152)

where

Py 1 0w 0
XI‘:"BYi = 2 ) Xzf'B[;y = 2 ) (H153)
O2x2 1,
and
_ —i(R+7T1—72)k
ity R s oy = 2 € T TR [0 4(0)yCpry - oy - (H154)
R

Now we introduce the GA. Similar to supplementary information H3 b, we use the idea of the linear combinations
of atomic orbitals to derive the form of the hopping function ¢(r). Since p, and p, orbitals do not form a rep of O(3),
we again consider O(2) and m, symmetries for ¢(r). Then, O(2) and m, symmetries gives

[ cos(8) —sin(h) cos(f) sin(6)\
SO(2) : < . ) t(r) (_ sin(6) cos(&)) =t(Cyr)

10N (10
my'(o 1>t()<0 1>_t( o) (H155)
)r

where
cos(f) —sin(f) 0
Cop = | sin(f) cos(d) O - (H156)
0 0 1
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Combined with the Hermitian condition that ¢'(r) = t(—), we arrive at

t(r) = \/W \/W #(0, —v/22 + y2,|2|) Ve \/m (H157)

—T

where

—Vx2+42, 7)) = pp1(Va? + 92, |2]) + ppa(v/2? + 2, |2]) 0
0 pp1(V2? + 92, |2]) — pp2(V 2% + 42, |2])
(H158)

where pp; and ppy have the meaning of (ppm + ppo)/2 and (ppm — ppo)/2 bonding, respectively, (0, —\/2? + y2, |z])
is along y since two B atoms in our chosen unit cell are on the y axis, ppm and ppo are respectively the m bonding
and o bonding among p orbitals defined in Ref. [119]. More explicitly,

2 2

—x —2zy
1
= (Va? +y? |z]) (0 ?) +ppa(Va? + 2 |2]) <I_22+w‘f 2332) : (H159)

22 y? 27 ry?

Based on Eq. (H159), we use the Gaussian function for the hopping decay in the  —y plane owing to the fact that the
dominant phonons originate from the in-plane ion motions, and introduce the following expression for the hopping
function:

x2+y2
pp1(vw2+y2,|2|)toF(ZQ)eXP{V 2 ]

2 2

x°+y m2+y2
pp2(Va? + 2, |2]) = to F(2%) 2 eXP[v 5 ,

(H160)

where the prefactor x? + y2 in ppa(y/22 + y2,|z|) are included to makes sure t(r) is smooth, and F(z?) is the
decay function along z. We note that we cannot choose F(22) to be Gaussian, because to = ppi(a/v/3,0) and
tBp.p,.- = PP1(0, ) have different sign according to Eq. (H36).

Next we derive V,.t(r). To do so, first we note that

—y —x
8 /a:2+y2 /172“1’?/2
T T —y
/m2+y2 /m2+y2
—Jiy —dig —Y —
N /2 4y2 /2442 T ) ) /2 4y2 /2 4y2
- dig —diy — 5z Oie T 0iy) « -
: T4 +y Y
Vaity? oy a?4y? x24y? x2+4y?

Ty -y —x Ty
s 1 /224y 22 +y2 ) 1 /2242 /224y
2 2

— Uiz
72 + y2 Y Ty
2ty z2+4y?

| 8
8
L

) 2 2 2 2
Vaity? 2Pty (H161)
y —x y
-5 -y z2+4y? w2+y2) + 5 x Varty? (o ry?
—y —a

i

— Yo 2 —y —x W2 2
T\ vee) Y\ Ve
—y —
s ‘ (ez X T)Z‘ 0 —1 /22 +y2 /22 42
= O +0u) e |y z v
—y _
(6 X ’I')‘ . 2442 2442
= ((S’LI + (Szy) I'; _"_yQ’L (—I)Uy Iz Y r7yy

Vaity? a2 +y?



111

Furthermore,

5 2492, [2)) 0
Oyt (0, /22 + 42, |2]) = (Biwyi + Siyyi + 0i27(22))rs ppa(V/2? + 42,
’ 0 o1 (VA F 9, |2)

o 2+ 2D 0
+ (Sizy1 + Giyyi + 6::7(2%))r; pp2(v/22 + o2,
' 0 *PPQ(\/W7 12])

+ 2(0iz + 0iy) — K 2 (ppz(\/m, & . ) e
a? +y 0 —pp2(V/22 + 42, |2])
= (8izy1 + diyi +5iﬁ( 2)) 7y 10, /2% + y2,|2])
+ (O + 0iy) [o—%ﬁﬂfm—% 0~V + 2 2oy ]
where
3(2%) = 20,2 log(|F (z%)]) - (H163)

Combined with the fact that

—Z
NN

we arrive at

—y T

O, t(r) = |0, V”ﬂ V”” HO, —V/aZ 2, o) | VI Ve
L Ve 2+y Ve 2-&-y Vaity? /a2 +y?
—y —x —y T
VR VERE ) G0, e ) [ (ﬁ v ]
Va2 +y? \/W 2+y? x2+y?

HT

R (0,40, = /a7 + 2, |2))| Vet et

—y o —y z ) (H165)

= (i + Siy i + 6:27(2%)) 73 t(r) + (8iz + biy) (;j _t ;21 (—1)[oy, t(r)]
+ B+ 8ig) 7 ) — oy(r)ay)

From Eq. (H165), now we can derive f; ,, p, (k), which reads

[fi,pzpy (k)} T1001,T202 = Ze_i(R-H-l_Tz).k [arit(r)‘T‘:R+Tl_T2]ala2
R

(H166)
= 1(5191 + 611/)’7%&’% [hpwpy (k)} Tiq1,Tas + fz,pmpy (k) + [Afi,pxpy (k)] Tiar,Toqs

where

Yz = Yy = Vo, » (H167)
[z pap, (K)
_ Z e l(R+T1-7T2)k |:67,Z771(22)Z t(r)|r:R+-rl—-rJ (H168)
R [e5 e %)
and

—i T1—T5)- (ez X 7')7; . (JU, Y, O)
[Afi7pmpy (k)]‘rlal,‘rgag = Ze (R+ ! 2) k l: 1'2 + yg (_1[Uyat(r)})ala2 + {172 + ygz (t('f‘) - Gyt("')ay)maz
R

r=R+T1—7T2

(H169)
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In Eq. (H166), the Ok, hy,p, (k) term comes from the Gaussian factor of the hopping in Eq. (H159), while f. ,_,, (k)
and Af; p.p, (k) do not. As the final step of the in-plane GA, we need to neglect Af;, , (k). Next we will show that
(i) under the short-ranged hopping approximation, f. ;. p, (k) will have the O, hyp,p, (k) form, and (ii) if we further
adopt small |k | approximation, Af; . . (k) is negligible.

a. Short-range Hopping and Small |ky| Approzimation

As discussed in supplementary information H1 a, the short-ranged hopping approximation works well for electron
states near the Fermi energy in MgBs. Explicitly, we only need to consider hopping among B atoms along in-plane
+4; in Eq. (F10) and out-of-plane a3 (Fig. 7). Within the GA, it means that v, and v, . in Eq. (H159) are so large
that longer-range hopping are very close to zero and are negligible.

Let us discuss f. p,p, (k) first. From the expression of f. , , (k) in Eq. (H168), f. ,.p, (k) cannot have contribution
from 44, since +6; have zero z components. So f. ;. ,, (k) only has contribution from +a3 = £(0,0,c). As a result,
we can safely replace 5(z2) in Eq. (H168) by 5(c?), and obtain

fzpmpy (k) _ Zefi(R+‘r1f‘rz)'k {5”%(2’2)2’ t(r)}«,a:R_H-l_-,-J
R

[e3ReS]

_ Zefi(R+T1*T2)‘k {5”?(82)2 t(r)|r:R+T177J (H170)
R

[e3KeD)
= 5iz’ya,ziakz [hpmpy (k)] Tian, o
where
Yo,e = A(c?) - (H171)

Now we discuss Af; ., p, (K) first. According to the form of the hopping function in Eq. (H157) and Eq. (H159),
[t(r),o,] and t(r) — o,t(r)o, approach zero as 2 + y?, when 22 + y? limits to zero. Then, we have

(ZIJ, Y, O)l
x? + y?

(e. xT),

[0y, t(r)] + (t(r) —oyt(rjoy)| =0, (H172)

1m 2 )
224y2-0 | 4 +y

meaning that Af; ., (k) cannot have contribution from +a3z. So the only contribution to Eq. (H169) comes from the
in-plane +4; hopping terms. Since +§; all give 22 + y? = a?/3, we can safely replace the L, factor in Eq. (H169)

224y?
by 3/a?, resulting in
(Do, )]
— Ci(Rpr o)k | (€2 XT); (2,y,0)i B
= Y (o 0, + 3 00—t

— Z e*i(R+T1*T2)'k |:(622X/3’r)1 (*i[(fya t(r)])alag + (x(’zg/,i(’)))z (t(T‘) B Uyt(r)ay)alaz]
R

r=R+4T1—T2

3i

== [<ez><vk>i (=il Poop, B, ) 4 B By O ([, ()], = 0 [, (R oy)mj :

(H173)

Q1o

where hy,, . (k) is defined in Eq. (H150), and [hy, ,, (k)]
we have

, is the 7173 block (2 x 2) of Ay, p, (k). In the matrix form,

T1T

31 .
Afi,pzpy (k) = ) [_1 (€. x vk)i [7'00'2;’ hpmpy(k)] + (akm78ky’ 0) (hpmpy(k) - Tanhpmpy(k)TO‘Ty)] ) (H174)

where 7y is the identity matrix in the sublattice subspace.

Now we adopt the small |k | approximation. As discussed in supplementary information H1 a, the Fermi surfaces of
the o-binding electron states are around I'-A, which have small [ky|. Then, we consider h,,_, (k) to first order in ky,
which is related to the effective Hamiltonian hs¢(k) in Eq. (H48) by a basis transformation R.rs. (The reason for us
to use different basis for hy,p, (k) and heys(k) is that the atomic basis (Eq. (H151)) for hy,,, (k) is convenient for the
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study of EPC since EPC cares about atomic motions, while the parity-eigenbasis (Eq. (H46)) for hefs(k) is convenient
for band topology and band geometry since the parity-eigenbasis are energy eigenstates for ky = 0.) Explicitly, under
the first-order |k | perturbation, we have

hp,p, (k) = Reffheff(k)Riff ) (H175)
where h.yr(k) is in Eq. (H48),
1 1
7 0 7 0
0 — 0 7 1 ,
Rpp=| _1 % o9 |~ 7 [To00 + iTyo0] (H176)
V2 V2
1 1
0 - 0 L
and Cszy,kReff = Ciff,k with c;wy’k in Eq. (H151) and Ciff,k in Eq. (H46). Then, Af; ;. p, (k) in Eq. (H174) becomes

3 .
lefAfi,Px;Dy (k)Reff = $ [71 (62 X Vk:)i [T()O'y, heff(k)] =+ (8;%,8;%,0)1- (heff(k) — Todyheff(k)’ro(jy)]

3i ) i

= E(am +64y) | i Z € Ok, [Tooy, va(keTyor + kyTyo2)] + 2000, (ko Tyor + kyTy0-)
i'=z,y
3i ,

= E(ém +64y) | i Z €' ‘walryoy, (Tyow, Ty05)ir] + 2va(Tyos, 7402 )i

i'=z,y

ibva

= ?(611 + 5zy) Z ei i(_TyUszyo'w)i’ + (TyavayUz)i
=z,y
ibva
= ?(52'% +8iy) [= (70, 7y02 )i + (Ty0w, Ty02)i]
=0.

(H177)

Therefore, under the short-range hopping and small |k | approximation, Af; ., (k) in Eq. (H166) can be neglected
owing to the form of the GA that we choose (Eq. (H160)). Combined with Eq. (H170), we arrive at

fier(k) = leffi,pxpy (k)Reyps = iviOk, hepr(k) (H178)

where 7=z, is in Eq. (H167), o is in Eq. (H171), Resy is in Eq. (H176), and h.ss(k) is in Eq. (H48).

We now show that the GA in Eq. (H160) reproduces exactly the electron and EPC Hamiltonian under the short-
ranged hopping and small-|k; | approximations. Specifically, the parameters in the electron and EPC Hamiltonian
should be related to the parameters in the GA Eq. (H160), and the question is whether Eq. (H160) imposes any extra
constraints on the hopping after adopting the short-ranged-hopping and small-|k| approximations. In Eq. (H48),
there are three independent parameters besides the global energy shift: tp .5, .., m, v. They are related to the
parameters in Eq. (H160) by '

[og 1 (o
tBpopy= = toF(c?) , m = —3ty = toF(0) exp[%aﬂ v = —?tg = —5 50 exp[%aQ] . (H179)
On the other hand, for EPC, the GA gives
Jiers(B) =12¢Y0,2tB pop, = SIN(K2C)0iz + 175, 100Ty 040z + V5, 10aTy0 04y - (H180)

By projecting the EPC f; 5., (k) in Eq. (H83) to the basis Eq. (H46) and by only considering the zeroth order of ky,
we obtain

fierp(k) = —i2¢4g sin(k.c)d;, + (—1)7a(73 — A7) Ty liz + (—1)7a(73 — A7) Ty0 04y (H181)
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meaning that

~ ~ 2 1 g,
Y9 = _’Va,ztOF(CQ) y V3T = g’ya,\\té)F(O) eXp[,yﬁ : a2] : (H182)

Since Vo1, Vo2, F(c?), F(0), t, are independent parameters, the GA Eq. (H160) does not impose any extra constraints
on the Hamiltonian and EPC after adopting the short-ranged-hopping and small-|k | approximations. Therefore, the
GA Eq. (H160) is exact after adopting the short-ranged-hopping and small-|k;| approximations, meaning that the
electron Hamiltonian and EPC can always be precisely reproduced by GA after adopting the short-ranged-hopping
and small-|k | approximations. From Eq. (H182), we have the following relations:

Yop = —— (H183)
B,pxpy,z
and
Yo = T (H184)
t3

Based on the form of f; .rr(k) in Eq. (H178), we can define the energetic and geometric parts of f; ¢y (k), which
read

FErr(R) =17 > [0k, Be (k) Pegrn(kn)

n=1,2

52?7("7) =iy Z Eeyfn(k) [0k, Pepyn(kn)] ,
n=1,2

(H185)

where E.¢ (k) are the doubly degenerate bands in Eq. (H51), and P.fy (k) are the projection matrices in Eq. (H52).
To define the energetic and geometric contributions to ), let us first look at the expression of (I')*?*P¥ in Eq. (H89) un-
der the Gaussian, short-ranged-hopping and small-|k | approximation with basis of h¢/f (k) in Eq. (H46). Specifically,
under the Gaussian, short-ranged-hopping and small-|k | approximation, we have

1BZ
(T)*Pebr = DI > 0 (n— Eepra(k1))6 (= Eeppa(ka)) 51 (1, k) (H186)
7 ki,k2
where
1BZ
Do(p) =2 6 (1 — Eeppa(k)) (H187)
k
with the factor 2 comes from the double degeneracy,
h
U517 (ki ko) = s Tr [Peff,l(km)Fai,eff(khk2)Peff,1(k2,H)ng,eff(khk2) . (H188)
o==,1
and
Fsicrs(ki ko) = X3 ficpr(ka) = fierr(Rr)xs’! H189
62,eff( 15 2) Xs fl,eff( 2) fz,eff( 1)X5 . ( )

Moreover, x5/ = szf%(xgqpy + x5y ") Reff, meaning that

1 1
eff _ eff _
= , X2 = T20Q - H190
X V2 V2 0 ( )
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Then, we have

D5 P 7P (ke k)

h

= g Tr [Peff,l(kl,u)(ngfffeff(kﬂ — fE (k)X Pegpa (ko) (XGTT FE (K1) — ffeff(k2)X§ff)]
=i

D7 E79 (ke ko)
h e € € €0 €0 €
o ST [P (er )G £ 2) = FE g (RN ) P (o) (5 1955 (n) = £255 1 (o)) + e

- 2m
B s

Fi{f’9607geo(k1; k)g)

h e €0 €o € € €o €eo €
T Tr {Peff,1(k1,u)(ngf Doty (k2) — ffeff(kl)ngf)Peff,l(kzm)(ngf Dot p(k1) — fieff<k2>x($ff):| )
o==,i
(H191)
resulting in
| 1Bz
(L) pervletel = D2 (1) D (= Beppa (k)8 (1 = Beppa (ko) THH (e Keo) (H192)
7 ki,k2
where label = E — E, E — geo, geo — geo.
Finally, we arrive at
>\0' = >\O',E + )\o,geo + >\J,E—geo ) (H193)
where
2 1 D, (1) oDy, E—E
Ao E= — D, )PPy
2 1 Dy (p) oDy s B —
Ao E—geo = — =Dy Z I)PePy-Bmgeo H194
2 1 Dy (1) -
)\0' o = — D T SPaPy,geo—geo ,
Do (1)

and By represents the portion of the electron DOS at the Fermi level for sp,p, orbitals.

As shown in Eq. (H180), the EPC coupling f; .fs(k) does not depend on kj. On the other hand, i)Eeff(k)
and f72% (k) defined in Eq.(H185) have kj dependence, since the expression of the energy bands (Eq.(H51))

and the projection matrix (Eq.(H52)) involves infinite order of kj. Nevertheless, the |ky|-independent f; .rr(k)

means that ffe/fg;o(k) as well as Fi{f’E_E/E_geo/geo_geo(k:1,kg) in Eq. (H191) are only reliable to zeroth order

in ky, since the high-order-k; correction of f;.rs(k) would change the higher-order-k; terms in ffe/fgjfo(k) and
eff,E—E/E—geo/geo—geo ko k
Fll ( 1, 2)

In the following, we may use the full expression of f%, ; ¢ (k) and f¢} (k) in Eq. (H185) to derive o] BB/ Egco/geomgeo g oy

as intermediate steps. But eventually, we will only keep the energetic and geometric contributions to A, from the

zeroth-order-| k| part of Fi{f’EfE/Efgeo/geofgeo(k17 ko)

b Ner
To address Ff{f’E_E, we first note that

Xiffpeff,l(k\\) = Peff,2(k)Xiff , (H195)
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according to the expression of x*/7 in Eq. (H190) and Pes¢n(ky) in Eq. (H52). The simple reason for Eq. (H195) is
that /7 anti-commutes with the matrix part of hers(k) in Eq. (H48). Then, we have

rif! ’E‘E(kl, ko)

QmB Z Tr{ er o (ki) (G fz,eff(kQ) - ffeff(kl)XEff)Peff,l(kz,H)(X;ffffeff(kl) - ffeff(k2)X§ff)}

o=+,1
h . .
=\ " 2ms Tr [Peff,l(kl,\\)ffeff(kl)X5ffPeff,1(k?2,H)X(;ffffeff(kl)} + (k1 © k)
S==%.i
h . .
omp > T {Peffyl(kl,\\)fil,zeff(kl)XéffPeffal(kQ,H)fz’?eff(k2)x(;ff} + c.c.
S=+,i
(H196)
Combined with
eff ef 1
Z XaffPeff,n(ku)ngf =3 (H197)
o=+
from Eq. (H195) and
Peppn(R)fE 5 (R) = ;¢ (R)Pegyn(k) = 1[0k, Eefyn(R) Pegrn(k) , (H198)
we further obtain
FT{f’EfE(k k2)
h
= e k 2 B, k)12
QmB Z% Ok, Eeypa(ki)]® + mp ;% Oy Eepgi(ka)]
h
—? Imp Z [0k, Eep1(k1)] [0k, Eeppi (ko)) Tr |Pegra(k1n)Xs  Pepa(kan)Xs } +ece.
b=+
h 9 )
= 2mB Z’Yz 8k1 iteff,1 (kl)] + 72mB Zi:’}/i [8k2),;Eeff,1(k2)} (H199)

- Z% 5 51@11 e £.1(k1)][Oks ; Eegg,1(k2)]

h h
- ) 73,z[8k1,zEeff,l(kl)]2 + 7737z[ak272Eeff_’1(k32)}2
mp B

2m
2 2h 2
Yoz — [(%1 Eerpa(k1)|[Ok, . Eeppa(ka)] + O(ki]7)
where Oy, Eeyy1(k) = Ok, €0(k,) as shown in Eq. (H51) is independent of kj. As a result, by only keeping the zeroth-
order-|k | term of T F~F (K, k), we obtain

1BZ
1

)PP tE = s D0 0= Beppa (k)6 (= Begpa(k2)) T (ko ko)
)
| Bz ,
~ D2 Z 0(p = Bepra(kr) 0 (= Eeyra(ke)) @73,2[3k1,2Eeff,1(k1)}2

o 2 (H200)
1 2% 1BZ

_ 2 2h B

Dg(‘u)’ya,z 2mp %;50}1 Eeff,l(kl)) 8k1,zEeff,1(k1)
1BZ

- 2mB DU(H) Za(ﬂ/_Eeff’l(k)) Vg,z[aszeff,l(k)]z s
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1BZ
> 0 (= Eepra(k1) O, Bepa(ki) =0 (H201)
k1
for the second equality, which is derived from both C3 and m, symmetries. Eventually, we have
s - Rl Vo, Ok, Begy1(k)]?
R . / dor, e I (H202)
2mB U(:U’) (27T) FScrsn |vk eff,l( )|
and
g2l b Do(p) h 1 YV / dor Vo2 [0k, Eesyr1(K)]?
7F N w7 D) 2mp Do(p) (271)° Jps,, \VeEerra(k)| (H203)
_ Do) 5. 9 / do, Ok Beyypa (k)
D(u) mp (w?) (27)° Jrs.,,,  [ViEerra(K)l
C. )\U,Efgeo
For T'{/5F79¢ e have
PP (ke ko)
h
= M T [P (o) (7 £ g (k) = FE 1o s ) P (oo 77 255 () = £223 (k257 + e
o==,i
= i[O . k Ok, , Fe k
2m3 6:%:117 ko i Beppa(k2) = Ok, Eepya(kr)]
x Tr {Peff 1 (k1 )X Pegpa (ko) 05T 1225, (k) — ff{:(}f(kQ)ngf)} +ce
h .
= 27 llyi[akQ,iEeffyl(kQ) - 8k1,iE€ff,1(k1>]
mp ,
==+,
X T | P (i )XG Peg g (oo )G £205 1) = £265 () xGT) ] + e,
h .
= M Zl%‘[akz,iEeff,l(kﬂ - akl,iEeffyl(kl)] Tr {Peffyl(kl,u)fz eff(kl) Peffyl(kz,u)fz eff(kQ)] tce. .
(H204)
Combined with
Te[Pespa (k) f255 () = 10 D Beppn(k) Tr[Pegya (k) Peggon(ki)] =0, (H205)
n=1,2
we arrive at
D7 E79% (e k) = 0, (H206)
resulting in
Ao, E—geo = 0. (H207)

The results stay the same if we only keep the zeroth-order-|k; | term.

d. )\cr,geo

Now we discuss Ay geo- Since fﬁ:;’cf in Eq. (H185) is nonzero only for ¢ = z, y, the contribution to A, geo comes from
the in-plane motions of B atoms. In fact, to the zeroth-order of ky, the in-plane motions of B atoms only contribute to
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Ff{f’geo_geo in Eq. (H191), since the zeroth-order-k part of Ff{f’E_E only comes from the motion along z as shown
in Eq. (H199) and T¢7F79°° 5 yero as shown in Eq. (H205).
In Fi{f’gw—geo in Eq. (H191), Xj_ff and /7 correspond to the same and opposite motions of two NN B atoms,

respectively, according to Eq. (H190) and the meaning of y, shown in Eq. (C17). Then, let us split T'$/599079 jnto
two parts:

50 by o) = T (o) 4 D0y ) (H203)
where
Fi]{ﬁgeo—geO(kl, kg)
h eo €eo e €eo €eo e
S D TP (o) T 225 (k2) = F225 (X ) P oo, )X 255 () = 225 (k2| + e

2m
B s—¥

(H209)
corresponds to the contribution from the same motions of two NN B atoms, and

D] 199079% (g ko)
h
= g Tr [Peff,l(kfm)(xiff 969 (ko) — F75  (RO)X T Pagpa (o) (X £955 5 (Ra) — F255 1 (R2)x eff)} + c.c.
o==,i

(H210)

corresponds to the contribution from the opposite motions of two NN B atoms. Recall that the dominant phonons to
the EPC constant A are the Ey phonons along I'-A (enhanced to Ey4 at I' and A), which originate from the opposite
in-plane motions of NN B atoms. Therefore, for small |k |, we should expect that I‘f{’;geo 9¢°(ky, k3) must be small
while I‘f{’f;geo*geo(kh k3) is large. Indeed, we will show that to zeroth order in |k, Ff{ageo 9¢°(ky, kg) is zero, while
I‘i{’f;geo*geo(k: ko) saturates to its nonzero upper bound.

Start from FT{J;‘]EO 9¢%(ky, ko). Since x4 = 14/v/2, we have

Feff geo— geo<k1’ k2)

11,4+
_ % Tr [Peff,l(kl,”)(fz eff(kz) fz eff(kl))Peffyl(kQ,H)(fz eff(kl) fz eff(kQ))] + c.c. (H211)
o=+,
= O(|k1,1l, |[k2,1]) -

So we can neglect Feff 9e0mIC (K ko).
Now we discuss F‘f{f_geo 9€°. From Eq. (H210), we have

(& eo—geo h 1 €eo €
L2000 (b, b) = —ffzﬂ[em(kl DX F325 1 a) Peyg 1 (o) 255 ()|

h 1

— §m—BZTr{ er (K, H)fz eff(kl)X Peff 1(k2,)x™ o zgz;f(kl)}

e (o} e eo H212
Zﬂ[ I 954 (o) Peg (o, )XY F255 (ki) Pegga (k)| (F212)

+ im—B Z;Tr { ffpejf 1(ka20) f7 eff(kQ)X Pejf (k) f! eff(kl):|
= Z(k1,k2) + Y (k1, k2) ,

where

Z(ky, k) = {—ZTr[ eff Dot (k1) Peppa (k) fy eff(kl)X Peff 1(kg, H)} + (k1 < kZ)}
(H213)

Y(ki, ko) = {ZTF{ effPeff 1(ke, H)fz eff(k2)X Peff 1k, H)fz eff<k1>] +C~C-} .
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We separate Fi{f,’gw—geo(kl, ko) into Z(kq, k) and Y (k1, k2) because Z(k1, k2) is always non-negative and provides
an upper bound of Y (k1, ks). Specifically, non-negative Z(k1, k2) is given by
Z(ky, k2)

=93 Z Uf m(k2)X i Lot (k) Unn (k1)U n(k1) (= f fo(kl))xe_fol,m(k2) + (k1 < k2)

2
- 2mB Z ’ XSG (k) UL (k1) + (k1 k) 620,
where Peyp1(k) =32, Urn(k)UT (k) with Uy, (k) in Eq. (H53), and we have used
(65 (BT = — f265 1 (k) (H215)
given by Eq. (H185). Then, we have

(kl,kz) =Y (k1 k2)

- 7§m713 Tr{ 11 (R )X P25 (ko) Pep g (o) £155 ; () x <Y

- *7ZTY Pegpa(kin)f! eff(kl)X TPegpa(Roai)x® Zgz?cf(’ﬁ)

h 1 [ e €eo o 1
— 5> T [T FI (o) Pegpa (ko )X 25 1 (k1) Pegpa (Kt

(H216)

—*7ZTY ffpeffl(kZH)fleff(kQ)X Peffl(kl\\)fleff(kl)

— eff pgeo geo eff
__5771713 TT{ Pegga(kern)(xs zeff(k2)+fi,eff(k1)x5 )

Peyy (ke H>< 7 1925 1 Uer) + 1225 1 (o)™ |
2

=S Z UL o) 1225 o)+ 725 )NV )| > 0.,
where we have used Eq. (H215) for the last equality. Therefore, we arrive at
Fi{f;9607geo(kla kQ) S 2Z(k13 k?) ) (H217)

where Z(k1, k2) is defined in Eq. (H285).
Now we show that to zeroth order in |ky|, the upper bound in Eq. (H217) would saturate. First, note that

ig,z;f(k) = i’)/z( )AEeff(kH>8k eff, 1(k> ) (H218)
where
AEcss(ki) = Eepfo(k) = Eeppa(k) = 2¢/m? + |d(ki)| . (H219)
Then, combined with Eq. (H195), we know x*// would anti-commute with 1755 (R):
X187 (R) = 00 (D) A By (k)X 00, Pepa(R) = 10 (<) ABep s (k). P2 ()X (1220)
= 19 (=) ABep 7 (k1) (=) 0k, Peg 1 (k)X = =755 ()X
As a result, we know Z(kq, kg) —Y(k1, k2) in Eq. (H216) is zero to zeroth order in |k |:
" , 2
Z(k,ka) — Y (Ko, ka) = Z U o) 1255 (2 + 1255 1 (o)X VUL (k)|
(H221)

2
QmBZ‘ W (255 5 (Ra) = F125 (k) Urm(R2) | = O(kera, [Ra)
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Combined with Eq. (H212), we know that the upper bound in Eq. (H217) is saturated to zeroth order in |k |, leading
to

Fi{’figeofgeO(kl’ kZ) = ZZ(kl, k2)||k1,u = |k 1 |=0 + O(|k1’u |7 |k2’H D . (H222)

Now we derive 2Z(k1,k2)| g, =k, ,|=0- From Eq. (H218) and Eq. (H213), we have

27 (k1, ko)
1 e
= ﬁm*AEfff(kl,u)Zﬁ [ T Oy Pepsa (k) Peg (ki) , Pepa (k)X Pegpo (oo, u)} + (k1 > k2)
h 1
= §m7BAEeff (k1,1 Z% Tr 3k1 er g1 (Ri) Pegppa(Ki)Ok,  Peppa(Rai)Peyr2(ke, Hﬂ + (k1 < ka)
(H223)
meaning that
QZ(kl’k2)|\k1,u|=\k2,u|=0
ol ,
= 5= AB (kg Y T Ok, Peppa(ern)Pegs (ki i)k, Pegg (ki) Peyr2(0)]
e i=ay (H224)
[k1,1|=0
h 1
+ §m7BAE§ff(k2,H V2 ZTT [0k, Pega(K2)Pegy(k2) Ok, Peyyi (ko) Peyys,2(0)] ,
‘ [k2,1|=0
Since
Pess,2(0) = diag(0,0,1,1) (H225)

owing to m < 0 according to Eq. (H50) and Eq. (H36), Pesy,2(0) is the projection matrix to the parity-odd combination
of p,/py orbitals according to the basis in Eq. (H46). Then, we have

)|\k'1 i|=[k2,u|=0

27 (ks

h1

" 2mp Vo D 2 {Angf(kl,H)[geff,La(kl,H)]ﬂ’\kn,ul:o+ Angf("’Qa”)[geffvlaa(k%”)m|k2,u\:0} ’
i=,y a€{(pz,—),(py,—)}

(H226)
where
[9esf1.alben)]; =Tr [@c o551 (k1) Peg g1 (k)0 Pegra(kn)éessablssa ] (H227)
is the OFSM according to the definition in Eq. (G16), o € {(pz, —), (py, —)}, and
0 0
0 0
geff,pm,— = 1 ) geff,py,— = 0 (H228)
0 1
are parity-odd combinations of p,/p, orbitals. Eventually, if we neglect O( ), we arrive at
T L9e079% oy ep) = 7% » > AEBZ5(0) [9ef7.1.a(0)];; (H229)
i=2,y a€{(px,~),(Py,—)}
(T)SPePy-geo=geo h 1 % . / doy, 70 1 iz T,y ZaE{(m,—) (py, =)} AE Eff(o) [9er£.1.0(0)]; . (H230)
2mp Dy (1) 27)3 Jps,. ;. |ViEesypi(k)l
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and

(H231)

)\O',_(JEO =

D, (1) 73,\\ Q / dow Dicay Zae{(pz,f),(py,f)} Angf(O) [9es£,1,a(0)];;
D(p) mp (w?) (2m)3 Jps,,,, IViEess1(k)l ’

where v, is defined in Eq. (H184). As shown in supplementary information H7, Eq. (H231) is nonzero, meaning that
the upper bound 2Z(k1,k2)lx, = |k, ,|=0 1S non-vanishing.

In the derivation of Eq. (H231), we have used Z(k1,k2) to approximate Y (ki,kz) since they are the same zero
momenta (Eq. (H221)), where Z(k1, k2) and Y (k1, k) are defined in Eq. (H213). Eventually, the OFSM comes from
the Z(kq,k2) as shown in Eq. (H226). If we do not use Z(k1, k) to approximate Y (ki, k2), then we would have a
different geometric quantity that comes from Y (kq, k3). Explicitly, Y (kq, k2) can be simplified as

Y(’Cl,kg)
= 2 - ZTF [ I Pep (o) 55 (k)X Pegpa(lr ) 7 eff(kl)} +c.c.

h 1
4mB

S DT [CaCh PR F55  (62)Car Gl Pegpa (o) J355 , (Rn) | + e

a,a’€{1,2,3,4} @

A1
=———AE.5(k1,1)AEcss(ka)

4mp (H232)
x oy YT [CaCaPeff,l(kz,u)5k2.iPeff,1(k2,u)Ca'Cl/Peff,l(kLu)3k1,iPeff,1(k1,u)} +ec.

a,a’€{1,2,3,4} i

= _ZmiBAEefoCl,H)AEeff<k2,H) Z Z Vi Acs1aari(k2,n) Actf,arai (k1) + c.c.
a,a’€{1,2,3,4} i

h1
= —meAEeff(h 1) AEesp(k2,i)ve, Z Z effilaar,i(B21)Acfp1,ara,i(kr) +c.cl

a,a’€{1,2,3,4} i=z,y

where
Acttiaari(kn) = CLPess (k)0 Pegsa(ki)Cor = Tr [Car (L Pep s (Ki)Ok, Peppa(Fn)] (H233)
and
1 0 1
1 0 1 1 1 0 1 1
_ 1 =L 7 = — H234
G1 7 |1 G2 7 o @) 7| 1 Ca VAR ( )
0 1 0 -1
Thus,
Fi{figmigeo(klak?) = Z(kl’k2)‘|k1,u|=|k2,u|=0 + Y(kl’k2)||k1,u|=|k2,u|=0

[k1,1|=|Fk2,1|=0

_ hs,
9 Zn H eff Z Z [geff,l,a(o)]ii

=2,y a€{(px,—),(Py,—)}

he,
H gff Z Z [-Aeff,l,aa’,i(O)Aeff,l,a’a,i (O) + C-C~] )

4 mp
i=r,y a,a’€{1,2,3,4}
(H235)
resulting in
; _ h 1 1% ’ya JAE? +1(0)
1—\ SPpxPy,geo—geo _ i d o 1= e f fAV) ) . 0 )
r) 4mp D, (p) (2)3 /FS s TF kB (R)] 2 [9er5.1.0(0)];;

i=z,y ae{(pzvf)’(p:w*)}

1 1 " N
_5 Z -Aefﬁl,aa’,i(O)Aeff,l,a’a,i(0) - 5 Z Aeff,l,aaﬂi(O)Aeff,l,a’a,i(o) )
a,a’€{1,2,3,4} a,a’€{1,2,3,4}
(H236)
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and
)\a,geo = Aa,geo,f,l + >\U,geo,7,2 ) (H237)
where
Dy(n) 7ou  Q / AEZ;(0)
)\0', eo,—,1 — : do Ok = 1\ [ge ,1701(0)]1‘1‘ ) (H238)
! D(p) 2mp (?) 27)° Jrs.; , VieBers.1 (k)| zgy ae{( pzz):(m =)} "
and

A QZ_EDU(M) Vol Q / dow AEZ;(0)
nae 2 D(p) 4mp (W?) (27)° Jps,pn | ViEerpa(R)|

X Z Z [Aerriaa,i(0)Aerri,00a,i(0) +cc] .

i=z,y aa’€{1,2,3,4}

(H239)

Ao,geo,—,1 and Ag geo,—,2 have the same meaning as Ageo,1 and Ageo 2 in supplementary information A except that we
now go beyond two bands and Ay geo—1 and Ay geo,— 2 are only in the x.ps— channel. Eq. (H237) would be the
expression of Ay geo if we do not use Z(ky, ka) to approximate Y (k1, ko). Nevertheless, Eq. (H221) shows that

> > Gerrra(O)]; ==Y > Acsriaai(0)Acsf1,a0a,i(0) + cc. (H240)

=2,y a€{(Pz,—),(Py,—)} =2,y aa’€{(pz,—),(Py,—)}

which allows us to merge them in Eq. (H237) and restore Eq. (H231). In other words, Ao,geo,—,1 and Ag geo — 2 can be
merged t0 2As, geo,—,1, and thus we do not explicit use the complex vector field in Eq. (H233).

Before moving onto the topological contribution, we note that by replacing xif 7 to Xif 7 in the derivation of

Eq. (H217), we can also define the upper bound for I’f{ﬂ_yeo 9°°(ky, k), which reads
D51599079% (kg ko) < 27" (Key, ko) (H241)
where
Z'(ki,k2) = —5— ZTY [Xeff iz;f(kl)Peff,l(kl,H).fgz;)ff(kl)Xj—ffPeff,l(k2,H):| + (k1 < k2) . (H242)
Nevertheless, explicit evaluation gives that Z’(kzl,kzg)hkl V=lka|=0 = 0, which is consistent to the fact that
Fi{ﬁge"_geo(kl,kg) is zero to zeroth order in |k;|. Therefore, FT{fJ’rgw—geo(kl,kg) also saturates to its upper

bound in Eq. (H241), but its upper bound vanishes.

€. )\o',topo

At last, we consider the topological term. First, we evaluate >, > et —).(py.o)} AEZ£(0) [gerf.1,a(0)];; from
the expression of gesr1,o (ki) in Eq. (H227) and the expression of Angf (ky) in Eq. (H219). Specifically,

> icay Ok d(ky)|?
> > AEZ:1(0) [gerf.1,a(0)];; = 4m? ’y2m2 =2 Ok, d(ki)]* . (H243)
1=y e {(parm).(py )} i=oy

Note that

|0k, d(ky)|* =

d(ky)|e?®V |2 = (0, |d(ki)|)* + |d(ki)[?|0k,0(k1)[* > |d(ki)[? |0k, 0(ki)|* | (H244)
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where d(k;) = |d(k))|(cos(0k, ),sin(fg,)). Then, combined with the expression of (I')*"*P¥9°°79 in Eq. (H230), we

arrive at

<F>spmpy,geofgeo _ h 1 vV / dO’k PYZ,H Zi:m,y |6kld(ku)|2
FSeppn [ViEespa (k)|

- 14 / do ’YZ,H Dicay |d(Ey)|?|0k,0(ki)|?
FSepjn k ViEerri(k)l

iyl 1% / do |d(ky)|?
FScrrn

Vv

T 18, 0(Fe)|2
k‘vkEeff,l(k”l b 00| (H245)

fw2 1 Y% |d(k;H)|2
Nz ! dog o7 |0, O(K1)|?
3/FS £ k\VkEeffl(k || ke 0(K1)|

2
>h’7(2f,u 1 v [stff do| O, 0 ku)ﬂ
)

> |ViEesra(k)|
mp Do(p“) (27T \[FSPffl dO’k Td(k{uf)P

where we have used the Hélder inequality (Eq. (F77)) for the last inequality. The Fermi surface of E.ss1(k) can be
expressed as F'Serr1 = Up_ce(—mn)F'Sefri k. With FSerpi k. is the intersection between F'S.rr 1 and the fixed k.
plane. Then,

m/c /c
/ d0k|ak\\9(k\\)| :/ de/ dak\\|ak\\9(k\\)| :/ dkz/ do’k‘u‘akue(k”)‘
FSeffJ 77‘(‘/(; FSeffwlykz 77!‘/6 FSeff,l,kz:U
/e
> [ a.
—m/c

where we have used the fact that F'Scrr1.1,—0 is a closed loop of ky that encloses I' once, W; is the winding number
in Eq. (H54), and the relation between W, and the effective Euler number AN is in Eq. (H58). As a result, we have

(H246)

w/c T/c (2’/T)2
/ dku ~3kH9(k:H) :/ deQTFWd :/ deQWAN: AN,
FScffi,k,=0 c

—m/c —7/c

(T)P=Puge0=920 FW?;,H 1 2m [AN]2 , (H247)
e Do) frg,, o
and
Aogeo > %’(” ) P 210 (AN (H248)
() mp (w2} [ oy e B
derived from Eq. (H194). By defining
Ao topo = %'(’”L ) 27‘2””2 2t (AT , (H249)
(1) mp(w?) c fFSe“1 doki‘vﬁi‘%"m,}k)‘
we eventually have
Ao.geo = Ao topo - (H250)

We note that >, > e ((pa.—).(py,—)} Jef £,1,a(0) itself in this case is not bounded from below, because

Dicay Ok dk)? 0242
Z Z getf1,a(0) = S =— (H251)

2
=,y «€{(px,—),(Py,—)} " "

relies on the ratio between v? and m? owing to the nonzero gap at I' (which is [2m|) for the o-bonding states, where
we have used the explicit expression of d(k) in Eq. (H49). For example, if the gap limits to infinity, we should not
have any geometric effect of U.ys1(k). Nevertheless, the following quantity is bounded from below:

AEZ;1(0) [gesr.1,a(0)]; 47
do GFi L “z/ dowlOn0(k1) = W H252
/Fscff,1 by 2 2 2|d(ky)[? FSefra [0, Ok c ¢ ( )

i=2,y a€{(pz,—),(py,—)}

where the expression of Wy in Eq. (H54) is used.
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5. ppy General Symmetry-Allowed Hopping Form: Consistent with Gaussian Approximation

In this part, we show that even if we use the general symmetry-allowed hopping form for p,p, orbitals, we would get
the same energetic and geometric contributions to A, from the GA, under the same NN and small k; approximation.

We still consider a 2 x 2 hopping matrix function ¢(r), whose basis are (pg,p,) of B atoms, and will still use O(2)
and m, symmetries for ¢(r). The part of the derivations in supplementary information H4 are valid here, and we will
not repeat them. We will focus on the difference brought by the general symmetry-allowed ¢(r). The first difference
brought by the general symmetry-allowed ¢(r) is that Eq. (H160) cannot be used, since Eq. (H160) introduces the GA.
Instead, we should use

(Va2 + 42, |2]) = Fi(Va? + 2, |2])
$2+y2
pp2(Va? + % [z]) = —5—Fa(Va? +y2,|2])

a

with Fy(y/22 + 42, |2|) a smooth function. Then 8,,t(0, —ry, |z|) (with 7y = /22 + y?) in Eq. (H165) becomes

(H253)

N ~ ~ , 0
Dt (0, =11, 121) = [saFn1 (71, [21) 4+ syt (ras [2]) + 652Fn (s |2)] i | 2P0 12D
0 pp1(ri, |2])

- - - , 0
+ [GixVi2(mn, |2]) 4+ Gig Vi 2(1, 2]) + 0iz¥z2(rus |2])] i pp2(ris 7))
0 —pp2(71,2|)

i [ ppa2(ris lz]) 0
2+ By

1 - - -
=3 iz Vi1 (7 12]) 4+ Say 1 (riy |2]) + i1 (s [2])] i (60, =7y, |2]) + 0yt (0, =7y, [2]) oy

1 . - -
+3 iz 20, 12]) + SayVi 2(ruy |2]) + 8izVa,2(rs |2])] 73 [£(0, =7, |2]) — oyt (0, —ru, |2]) oy

Ti
+ (0w + 0iy) 5 (800, =71, [21) = 0yt(0, =y, [2]) oy ]
I

where

_ 1
Fua(r, |2]) = T,*Ham log [| Fy (7, |2])]

(H255)
Yz (T, 12]) = 20.2 log [|Fi(ru, |2])]]
and [ = 1,2. Then, 0,,t(r) becomes
1 - . -
Ort(r) = B [GiaVi,1 (s [2]) + Sy i1 (ris |2]) + 0izVa 1 (7, [2])] 74 [E(r) + 0yt ()0
1 - - -
+ 5 [6iaVi,2(rns [2]) + diyYu2(rns |2]) + 0izVz2(rus [2])] 74 [H(r) — oyt (r)oy] (H256)
(ez X T)i . T
+ (52 + 5iy)W(—1)[0y7 t(r)] + (ix + 5iy)m t(r) — oyt(r)oy] .

Since we only care about the NN hopping among the B atoms in one plane and the +as hopping among B atoms in
different layers, we can approximate

~ ~ L, a
(e, 12]) = Ani(—=,0) =y,
V3 (H257)
Ve (i, 12]) = F20(0,¢) = vz
resulting in the following form of f; ,_,, (k)
i
[fipopy (k>]rla1,rza2 =5 (i1 + iy i1 + 0iz721) [Ok, Ppop, (K) + T00y Ok, My, p, (k:)roory]_’_lmﬂ_w2
i
+ = [GiaV1,2 + GiyVi,2 + 0i272.2) [Ok, hpp, (k) — T00y Ok, hp, p, (k)TOO—y]Tlalﬂ'zow (H258)

2
+ I:Afi,pxpy (k)] Tion,Ta0
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where Af; . p, (E) is in Eq. (H169).
Now we adopt the linear k approximation for the electron Hamiltonian. Combined with the short-range hopping,
Eq. (H177) show that Af; ., (k) becomes zero. Moreover, we note that

Ok hp,p, (k) = =2ctB p.p, .= sin(k.c)0;. + vaRefnyaleffﬁix + vaRefnyazRifféiy , (H259)

where the expression of the 4 x 4 matrix Ry is in Eq. (H176). Combined with the fact that R.y; commutes with
ToOy, We have

Ok, hpzpy (k) + TOUyaki hpzpy

(k)rooy =0 for i =,y
Ok hp,p, (K) — 100y Ok, Iy, p, (k)00 = 0 for i = 2 .

(H260)

It means that we can safely tune vy ; and .2 in Eq. (H258) without changing f; ;,p, (k) under our approximation.
Moreover, such tuning does not change iliompy (k) and f77° (k) to the leading order either, as fpmpy (k) and f77° (k)
come from ¢ = z and ¢ = x, y, respectively, to the leading order, because the dispersion is quadratic along x —y and the
eigenstates of hy,,, (k) is independent of k.. Then, we choose v 1 = yi,2 =71 and 7.1 = 722 = 7. in Eq. (H258), and
get the same form of f;, , (k) as Eq. (H178) derived from GA. As a result, the all the later energetic and geometric
contributions to A are the same as those derived from GA.

6. Symmetry-Rep Method: Analytical Geometric and Topological Contributions to A,

In supplementary information H4, we derive the analytical geometric and topological contributions to A, based on
the GA with a 4-band p,p, model. In this part, we derive the analytical geometric and topological lower contributions
to Ay in Eq. (H92) from the 6-band sp,p, model with the symmetry-rep method, in order to check our results. We
will show that the two methods give the same results.

a. Symmetry-Rep Method: Energetic and Geometric parts of the EPC

The key first step is again to specify the energetic and geometric parts of the EPC. Although MgBs is not strictly a
2D material, we can follow the same spirit of supplementary information D to identify the energetic and geometric parts
of the EPC. It is mainly because (i) the symmetry group of MgBs is effectively 2D, (ii) ﬁ\,spxpy (ki) and JF(TJ_’prpy (ki)
only relies on the momentum components in the 2D plane (i.e., zy plane), and (iii) Eq. (H67) is generalizable to
jN""’prpy (k.). Now we move on to the details.

Since we have used the momentum derivative to the carry i index in f; 5., (k) in terms of the momentum derivatives
as shown in Eq. (H83), and we just need to reexpress fvu spopy (B1), fJ_’szpy (ki) and fﬁ e (k) by using the symmetry-

rep method. To do so, we need to first express hgp,p, (k) in terms of hq (k) according to Eq. (D32):

hepepy(B) = Y ha(k)ta , (H261)
a=1,...,.8
where
ha(k) = 0y, hp,p, (k) | (H262)
hspp, (k) and t1 23,4 are in Eq. (H22), and
ts = EBso s t6 = EBp,p,.05 t71 =1tBsz, 18 =tBp.p,.z - (H263)
We can explicitly verify that
% k;ﬂ:gz Tr[hq(k)ha (k)] = 0 for a # d’ . (H264)

Then, by comparing hgp,,, (k) in Eq. (H22) to Eq. (H67), we obtain
J?\Msznwpy(k\\) = Z 'AYaatahspzpy (k)
a=1,2,3,4 (H265)
fﬁ,spmpy (kz) = (fs/satB,s,z + :)/98t3,pxpy,z)hspxpy (k) )
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where we have generalized Eq. (H67) to ﬂ,spmpy (k.).

On the other hand, ﬁ_}spzpy (k1) is nonvanishing for MgB,, there are symmetries such as m, that has Zmy,L = —1
according to Eq. (D20), and MgBs is TR invariant. Then, we should try to find @); that satisfy Eq. (D44). According
to Eq. (H5), the symmetry reps for the basis c;rc B,spapy right below Eq. (H22) are

0 0 0 1 0 0
00 0 0L -
00 0 0¥ 1
Ucs,spop, =
1 0 0 0 0 0
01 Yoo o
0¥ L 00 o
00 0 10 0 (H266)
00 0 01 O
I oo o000 -1
el 10000 0
01 0 00 O
00-100 0
Umz,spmpy = ]16><6
UT,spIpy = Tgxs6 -
Then, by choosing @; to be
00 0 00 O
00 0 00 —i
00 0 01 O
=iL, , =i H267
Qu=ily, Q=10 g0 o (F267)
00 —-i00 O
01 000 O
with
00 0 00 O
00 -100 0
L= |0i0000 (1268)
00 0 00 O
00 0 00 —i
00 001 O
Eq. (D44) is satisfied. Then, we have
~ . . . 1. . .
Trspap, (k1) = 36 (Quia(R) + ha(k)Q1) = 547 (Quhs(k) + ha(k)QT) (11269)
which leads to
= . . 1.
fJ_,spzpy (kH) = I[Lyv (’768t4 - §W7at3)hspzpy (k)] (HZ?O)

based on Eq. (H267) and Eq. (H262). It means that Af;(k) = 0 in Eq. (D43). The appearance of L, is consistent
with the appearance of 190y in Eq. (H174) derived from the GA.
By combining Eq. (H265) and Eq. (H270), we arrive at

J?\Msmpy(k\\): Z &aﬁtahspzpy(k)

a=1,2,3,4
~ . . 1,
fL-,smpy (ki) = 1[Lyv (Y601, — §’Y7at3)hspwpy (k)]

fﬁ,spmpy (kz) = (fs/satB,s,z + :)/98t3,pxpy,z)hspxpy (k) )

(H271)
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where the basis is c;rc B, spapy right below Eq. (H22),

. I O (11272)

1 TB2

with x> " defined in Eq. (H86). As a result, we have

fi’SPzPy (k) = ff‘spwpy (k> + gi;mpy (k) ) (H273)

where

ffspwpy (k) = (6ix + aiy)i Z 'Ayaata Z akiEsszpy’n(k>P8pwpy,n(k)

a=1,2,3,4
. . . 1,
+ (0iz + diy )i Z €rii[Ly, (Y601, — 577@3) Z Ok, Espop, (k) Psp,p, n(K)] (H274)
iV =x,y n

+ 157,2 (’?88153,5,2 + ’?Qatsypmpy,z) Z 8162Espzpy,n(k)Pspzpy,n(k) )

ff?f)wpy( ) = (i + Giy )i Z YaOk, Z Esp.p,n(k)Ok, Pop,p, n (k)
a=1,2,3,4

+ (0iz + 5iy)i Z ewi[Ly, (960¢, — 5'?73253) Z Esmpy,n(k)aki/Psmpy,n(k)] (H275)
i'=xz,y n

+10;, ('AVS@B,M + 'AVQatB,pzpy,z) Z Esmpy,n(k)ak szupym(k) )

and Esp,p, n(k) and Py, (k) are energies and projection matrices of hsp, p, (k) satisfying hap,p, (k) Psp,p,.n(k) =
Esp.p,n(k)Psp,p, n(k). We note that we do not simply include fp, p, -(k) (Eq. (H83)) in Afi(k) in Eq. (D49), since
we have the momentum derivative along z now and thus can obtain the energetic and geometric parts of fyp,p, .- (k)
as shown in Eq. (H273). ‘

b. Contributions to Ay

In this part, we will show different contributions to (I')*’**¥ in Eq. (H89) and )\, in Eq. (H92). Let us first dis-
cuss oha?¥ (k1, ko) defined in Eq. (H88). First, I'hn?? (k1, ko) has the following expression according to Eq. (HS8),
Eq. (H85) and Eq. (H273):

Lobebv (K, ka)

h
= om Z Tr {Pszpym(kl) T%,SPz Py (k17k2) SPxPy,M (k2)Fiz ,SPxDy (k17k2)}
B e(B1,B2}.i
h - H276
= mm Z Tr [Psmpy,n(kl)( o " fi 15Dz Dy (k2) — fi,smpy (k1) ( )
B T€{B1,B2},i
Xipzpy)PSPJcpy,m(kQ)<X pzpyfl SPaPy (kl) fz SPxPy (k2) prpy)]
= D0 B8 (R keg) + DyhePv 920799 (o kep) + Dokl 2790 (ko Keo)
where
Dobapr =8 (K, ko)
h SPx Py SPxPy
= 2mB Z ZTY[ SPxPy, M kl)( peb fspmpy (k2) fz ,SPxDy (kl) e ) (H277)

T€{B1,B2}

PsPrpyf (k2)( o fsprpy(kl) fz spzpy(kQ) SPTP’/):| y
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DohaP 0% (K, ko)

h SPaPy p B SPz Py
= 2mB Z ZTI’ |: SPxPy,T kl)( 1,5Pz Py (kZ) fl sSSPz Py (kl) /) (H278)

T€{B1,B2} 1
Pap.pyan (R2) 077 255, (Rn) = fio (k)P | + hee.

and

s ,geo—geo
LoD 9e079% (ky, k2)

n SPa Py eo eo Spwp
= O T PR OGP 1 (k) = 25, (o) (H279)
T€{B1,B2} 1
Pspmpy) (kQ)( b ’Lg§;:cpy(kl)_ ’i:;zpy(k2) szpy):| .

The different contributions to A, are defined in Eq. (H193).

Before moving on to deriving the expressions of A\, g, AsE—geo ad Ay geo, we rewrite (I')
the convenience of later discussion. Similar to the discussion in supplementary information H4d, we can split
I‘fﬁﬁp”’geo_gw(kl, k) into two parts:

SPxPy,geo—geo for

Fsplpy,geo geo kl; k2 Z leizgy,geo—geo(kl, kg) , (HQSO)
where
AL k) = i ST [P ) 25, ) 2 B
(H281)
Pap.pyn(k2) OGP £250 (k) = 250, (k2 )s)]
and x 7" are defined in Eq. (H272). Then,
(D) $P=Pu-9e0=ge0 _ <F>ipmpy,geo—geo () $PePu-geo=geo (H282)
where
1BZ
(D)3=Praeom9% = Esp,p,n(k1)) 0 (1 = Esp,p,m(k2)) Topn 0777 (ka k2) - (H283)
k: k2 nym
and x"P¥ are defined in Eq. (H272) Again, Fs%py 99790 (ke ko) has two parts:
Fiﬁ’pf’g607geo(kl7 k2) = an7,(k1, k2) + Ynm,f(kla k2) ) (H284)
where
nm, (kh ki2 = {_47“/1]3 Tr |: P=Py zgzgrpy (k1) spry,nUCl) l-g’g;mpy(kl)XszpyPSplpwm(kg)} + (kl 4 k:g)}
Yim —(k1,ks) = {4mB ZT { szpypspry (k2) 32;11% (k2)XSprypSprm (k1) ig,i;zxpy (kl)} + C.c.} .
(H285)
Again, Z,,, _(k1, k2) is always non-negative and provides an upper bound of Y,,,,, —(k1, k2), i.e
Do P99 (ke ka) < 2Zpm,— (K1, k2) (H286)

where Z,,, —(k1, k2) is defined in Eq. (H285). Similar upper bound has been derived in Eq. (H217) for the four-band
effective Hamiltonian Eq. (H48), but Eq. (H286) holds to all orders.
We will discuss in supplementary information H6 ¢ that under the small k; approximation, the upper bound in

Eq. (H286) is nonzero and saturated and T',-""9“°79%°(k; ko) is negligible, and thus we can use 2Z,,,, — (k1, k2) as

nm,+
. . SPx Dy ,gEO—gEeo
a good approximation for IPzPy.9¢0—39 (k1, ko).
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c. Symmetry-Rep Method: Zeroth-Order |kna| Approzimation For fi sp,p, (k)

To derive analytic expressions for A g, A, E—geo and As geo , We should derive analytic expressions for fiEsp,py (k)

in Eq. (H274) and for f/$° (k) in Eq. (H275). Since the Fermi surface of HB’S“F’” in Eq. (H22) is around T-A, kja

1,5PxDy

should be small on the Fermi surface. Therefore, we will only explicitly derive the expressions for i,Eprpy (k) and
geo

+spap, (k) to zeroth order in [kjal. To do so, we only need the explicit forms of the energy bands Egp,p, n(k) and

the projection matrices Py, p, n(k) to first order in |kjal in Zﬁgpmpy (k) (Eq. (H274)) and in f75) (k) (Eq. (H275)).

We emphasize that we will only use the first-order-|kja| approximation for the energy bands and projection ma-
trices Do 7" (ky, ka), TP 9779 (ke ko) and Dy? ™9 (ky ko) in Bq. (H276), which contain f5,, (k)
(Eq. (H274)), f75,.,, (k) (Eq. (H275)). We do not need to (and will not) use the first-order-|kja| approximation for

the energy bands and projection matrices in the other parts of A, (Eq. (H193)), unless specified otherwise.

To derive the expressions of Ep,p, n(k) and Py, p, n(k) to first order in [kja|, we can expand hy,,,, (k) in Eq. (H22)
to first order in |k |, resulting in

hspzpy (k) = Uspzpy hspmpy’eff(k)UT + O(V“W‘Q) ) (H287)

SPxPy

where O(|kja|?) include second-order and higher-order terms,

1 1
7 0 0 7 0 0
1 1
0 7 0 0 7 (3
0 0 L 0 0 —=
Uspop, = 1 V2 1 vzl (H288)
7 0 0 - 0 0
1 1
0 - 0o o0 L (1)
1
0 0 ~ 0 0 7
the columns of Uy, ,, are eigenvectors of hyp,p, (k= 0), and
hspzpy,eff(k)
Ei s +2tp s, cos(k,c) (0,0) 0 (ivakza, ivakya)
—iv kg .
B h.c. [E4 + 2t p.p, = cos(k¢)]oo ( 1 “) (=) (dy (k) oy + dy (K1 )o)
= —ivnkya
h.c. h.c. E_ s +2tp s, cos(k,c) (0,0)
h.c. h.c. h.c. [E_ + 2t p,p,.- cos(k.c)|og
(H289)

The meaning of d(ky) in Eq. (H289) is the same as that in Eq. (H48); the explicit expression of d(k) is in Eq. (H49).
As discussed in supplementary information H1 ¢, we will keep d(k)) instead of directly writing out its explicit form
in order to keep track of its winding number. The relation between the parameters in Eq. (H36) and those in the
tight-binding model (Eq. (H287)) is

V3

Ey = Epp.p, =3t =0.614eV | E_ = Eppp, + 32 = 67466V , v =~ ts = 2,300V
3 3
v = fgul = —2.86eV , vy = gu =286V, By, =FEp,+3t =978V , E_, = Ep., — 3t = 6.42V

tp.=—0.085V .
(H290)



Based on Eq. (H287), the energy dispersion reads

Espopy (k) = Eq (k) + O(|kyal?)
Ep,p,2(k) = Epp, .+ (k:) + O(lkial?)
E8p1py73(k) = Epzpy,—i-(kz) + O(|kua|2)
EszpyA(k) = Es,—(kz) + O(|kzua\2)
Eépzpy75(k) = Epzpy,—(kz) + O(|k\\a‘2)
E@Pwyvﬁ(k) = Epmpy,—(kz) + O(|"7Ha‘2)

with

Es,i(kz) = EB75,0 + 3t + 2tB,s,z COS(kJZC)

Epp,+(kz) = EBp,p,.0 F 3ta + 2t p,p, - cos(k.c) .

As a result of Eq. (H291), we have

Vi, Esm;ﬂy,n(k) =0+ O(|k\\a|l) >

which means that

ffspmpy (k) = fgfspmpy (k) =0+ O(|k\\a|1)
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(H291)

(H292)

(H293)

(H294)

for Eq. (H273). We note that we always use Esp, p, (k) to label the energy bands of the tight-binding model
(Eq. (H22)), and this is why we include O(|kjal?) in Eq. (H291). Therefore, Eyy,p, (k) is in general non-degenerate
away from T-A. Clearly, the difference between El,, . 2(k) and Ep, . 3(k) happens at O(|kjal|®); so do Eyp,p, 4(k)
and Egp,p, 5(k). With the parameter values in Eq. (H290), only Ep,,, 2(k) and Egp,_p,, 3(k) are cut by the Fermi

surface.

For projection matrices, from Eq. (H287) we obtain

Uspopy1(k) = Us +(k) + O(|kyal?)
Uspop,.a(k) = Us (k) + O(|kua|2)

)

_ ky kz
NGET RN
(Usmpy,Z(k) Usmpy,fi(k)) = Upmpy,-i-(k) k., Y Ky v
VE2HRZ L\ [R2+k2

ky

ko
W2+R2  \Jk2AR2
(Uspmpy,S(k) Uspwpy,ts(k)) = Upzpy,f(k) v Y k

km Y
NN

+ O(|kyal?)

+O(|kua|2) 5

(H295)



where
1 1
V2 V2
iv/2koats B iv/Zkoats
(EpTPy (kz)—Es 4 (kz)) 2(Epgpy .+ (k) —Es,— (kz))
fky ta . i %kyat4
2 Epzpy k)—Es 1 (k. _ 2 Epzpy, ky)—FEs _ (k2
vt = | T | | T
V2 V2
3k aty i/ Skaaty
2(Epu> (k )—Es 4 (k2)) Q(Epzpy,-\%-/(EZ)_Es,—(kZ))
k: yaty i %k‘yat4
2(EpIpy,—(kz)*Es,Jr(kz)) 2(Epgpy .+ (k=) —Es, — (kz))
i\/%km(lt4 i\/gkyam
0 O 72(E:nzpy,-_%-(kZ)_Es,—(kZ)) 72(Epmpy,+(k2)_Es,—(kZ))
1 0 —idy (k) _idm(kH)
V2 6v/2t> 6y/2t>
0 1 _idg (k) idy (kn)
Up,p, +(k) = V2 + 6v/2t2 6v/2t2
=Py 0 0 2 ke at4 ‘\/gkyahl
1 0 2(EP7:P1; +(k )—Es,—(kz)) 2(Epgpy .+ (kz)—Es,—(kz))
2 _i ziﬂeu) ld\ﬂcu)
62t 6+/2t
0 _% _idg (k?HQ) id, (k1))
6v/2t 6v/2t>
\/>k at i\/gkyat
0 0 Mgy ) B ) Wy () e ()
1 0 —i y(kH) _idrn(kH)
6v/2 6y/2
\(/)5 % _ ida\:/(?\\ ) idqiﬂcut)z
_ 2 62t 6V 2t
Upmpy,— (k) - 0 0 + 1\/§kzai4 i\/gkyzm
1 2(Epypy,— (kz)—FEs,4(kz)) 2(Epgpy,—(kz)—FEs 1 (k)
V2 0 idy (ki) idg (ki)
1 6v/2to 6v/2to
0 7 id (ki) —idy (k1)
6v/2t2 6v/2to

The expressions of the projection matrices can be obtained from Py, n(k) = Usp,p, n(k)U, I

SPxPy,M
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. Again, we

note that we always use Usp,p, .n(k) and Psp,p, (k) to respectively label the eigenvectors and projection matrices of
the tight-binding model (Eq. (H22)), and this is why we include O(|kyal?) in Eq. (H295). From the Eq. (H295), w
obtain the following relations for the projection matrices, which read

Psmpy,l(k) = P

Pep.p,, (k) =

Psp.p, .2 (k) +

ngmpy (k)

where

1
0
110
Pos(k) = Usp (R)UL (R) = 5 | |
0
0
1
0
1 0
P (k) =Us - (R)UL_(k) = 5 |
0
0

+(k) + O(|kyal?)
— (k) +O(lkyal?)
epzpy,?)(k) = Pp,p,.+ (k) + O(|kyal?)

o O O o o o
o O O o o o
S O = O O
o O O o o o
o O O o o o

o O O O o O
SO O O O o O
o O = O O

O O O O O O
o O O O o O

SPpr 6(k) = Ppwpyv_

(k) + O(|kyal®)
B iv3tsPr (k)
4(Ep1~py,—(k2) - Es7+(kz>) 7
V3t PP Py (k) x PP
4(Epmpy7+(k2) - Esﬁ(kZ)) ’

(H297)

(H298)

(H299)
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I o
o o

N

l\ft XSPpr.Pl(kH) SPaPy i~
- +—Py(ky), (H300
A(Ep,p, + (k) — Es _(k2)) 6ty a (ki) ( )

N|—=

O OoONE O

sz;nyHr(k) = Upzpy,+(k)Ugmpy,+(k) =

O OoOn= O O

N|—=

O O O O OO
(an)

|

D=

O O O O O O
o O O
= O O

i\/§t4151(k?u)

* 4(Epwpy,f(kz) - Es,Jr(kZ))

i ~
Popy— (k) = Up,p, —(R)US, (k) = *@Pz(ku), (H301)

o O o o o o
o O O O
N= O O O O
o O O O o O
O O O O
N O O O O

0 kza kya 0  kga kya
—kea
~kya 0 0 —kya 0 O

0 kya kya 0  kga kya
—kza 0 0 —kga 0 O
~kya 0 0 —kya 0 O

o
o
|
e
8
S
o
o

2 (ky) = (H302)

o O O O

Py(ky) = ’ (H303)

(ki) —d. (k1)
—dz (ki) dy(ky)

O O O O O O

and d(ky) and dy (k) are defined in Eq. (H49). Eq. (H297) shows that

ZESMU k)Ok. Pap.pyn(k) = > [Es5(k2)0k. P s(k) + Ep,p, 5(k2)0k. Po,p, 5(k)] + O(lkial*) = 0+ O(|kyal')
i (H304)

meaning that
255, (K) =0+ O(lkyal') (H305)

for Eq. (H273). With Eq. (H294), Eq. (H305) and Eq. (H297), we can write fZ
as the following:

E
fi,spzpy (k)
= iaiz(ﬁ/gatB,s,z + ﬁgatB,pach,z) Z 8kz Espzpy,n(k)Pspxpy,n(k)

(k) and f72° (k) in Eq. (H273)

»5PxPy 1,SPxzPy

= 1002 (%8015, . +%90t5,.,,.-) Zak 5.5(k2)diag(1,0,0,1,0,0) + Z . By, 5(k2)diag(0,1,1,0,1,1) | + O(lkyal')
= i6;, [ i Zak ,.5(k2)diag(1,0,0,1,0,0) Zak vy (k2)diag(0,1,1,0,1,1) | + O(|kyal')
B ,8,2 B,Pzpw —

+O(lkial')

:i&izl s > Ok Es s(k.)diag(1,0,0,1,0,0) + Yoz > 0. Ep,p, o(k:)diag(0,1,1,0,1,1)
B.s.z 54 S—+

(H306)
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geo
©,8Pz Dy (k)

:(5iw+6iy)i Z Z 86 81@ 55< ) plpw( )ak pry,ﬁ(kﬂ
a=1,2,3 =+

4

. . . 1.
+ ((5135 + (5zy)l Z €;741 Ly, ('768154 - 5’)’78t3) Z [Es7g(kz)aki,P575(k) -+ Epmpy’g(kz)aki,Ppwpy,(;(k)] =+ O(|kua‘1) ;
i =x,y o=+

(H307)

where the expression of v, . is in Eq. (H183). For k) in Eq. (H306), we have converted 9y, . to —— and

i Spmpy ( tg,

converted 0y Bopapy.s 10 , which is enabled by the short-ranged nature of the electron Hamiltonian Eq. (H22)

thP:EPy z
and the small-k; approximation. Specifically, owing to the two approximations, the k, dependence of E; s(k,) and
Ey,p,.5(kz) only relies on tp s . and tp ;. p, =, respectively, and E, s(k.) and E,_ ,, s(k.) couple to different matrices,
which enables the conversion.

On the other hand, the derivatives with respect to hopping parameters still appear in ig’ggwy (k) (Eq. (H307)). To

address this issue, recall that the states of Eq. (H22) near the Fermi level around I'-A mainly originate from the p,p,

orbitals of B atoms [91]. Moreover, we eventually project Zg z; Py (k) to the Fermi surface according to the expression

of the (I')?“°77°° in Eq. (H192). Therefore, the projection of fJ¢’ », (k) to the p,p, subspace is reasonable. We will
geo

§ 5PoPy (k) rely on just one hopping parameter and allow the conversion of hopping

derivatives to the normal coefficients in f7¢° (k). To derive the projected f7¢° (k), we define
1,8Px Py 1,8Pz Py

show that the projection will make

sk o

Upiny = (Upopy (k= 0) Uy, (K =0)) = , (H308)

ooyl oo

o¢lo ©
- o ogf oo

\

‘ —

oo otk
|

S
S

where Uy, p, + (k) are in Eq. (H296). Then, we consider U} [  (k)U,,p,, which reads

PzPy Y 1,SPzPy

T geo
PxPy i,spmpy( )U;szy

= (i 0 > Aube Y [Es,g(kz)ngpyakips,é(k)UpIpy n E,,zpy’g(kz)ngpyakiszm(k)UpI,,y}
a=1,2,3,4 o==+

5m + 5zy Z €

i=z,y

+ (65 + 0iy)i Z €4

i'=x,y

= (0iz + diy)i Z YaOk, [ Epmpy,+(kz) - Epzpy,f(kz)) pzpyak mpy,+(k)Upzpy}
a=1,2,3,4

1,
yUpa:py’ (768754 2778&;) Z |:ES,6(kz)Ugmpy8ki/ Ps,é(k)Upzpy]
o=+

. 1,
U;mpyLyUpmpya (768754 - 5778t3) Z {prpy15(kz)Ugmpyaki/ Ppmpyvé(k:)prpy] + O(lkua‘l)

o=+

+ (0iz + 51’1/)1 Z €iril [U;IpyLyUpzpyv (Y60r, — '778153) {( p:pyﬁr(k ) — Epzpy,(kZ))ngpy8k;Pp1py,+(k)Upzpy]}

i'=x,y

+O(lkyal")

4
= £(51w+51y)( pmpy,-&-(k ) Epzpy,—(kz» chpyakz pmpy7+(k)Upmpy

A7 . .
- %(5296 + 6iy)1 Z €4/l |:Up pyL Uplpya [(prpy,+(kz) - prpy,f(kz)) pzpyak pﬁpy#(k)UpwpyH

i'=x,y
+ O(|kua|1) 5
(H309)
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where we have used L,U,,,, = Up,p, Ul  L,Up,, and U;IpyLy = Ul L,Up,., Ul for the first equality, the

PPy pupy PPy Y PaPy Y papy
second equality comes from U} , Pss5(k)Up,p, =0 and

U 3k¢Ppwy,—(k)Upwy =-U} 6kippzpy,+(k)Upmpy Vi=uz,y. (H310)

PzPy PxPy

The third equality in Eq. (H309) is derived from

(Epmpy,+(k2) - Epzpw— (kz))ngpy 8/@: Ppmpy,+(k)prpy

0 0 10k, dy (k) 10k, dy (k)
_ 0 0 00, da k) —0kdy k) | (H311)
—i0k, dy (ki) —i0k,d. (k) 0 0 ’
—iakidm(ku) iakidy(k:u) 0 0
geo

and d(ky) only depends on t3 according to Eq. (H49). So by projecting . 5Papy (k) to the p,p, subspace, we have
converted the derivatives with respect to hopping parameters to a scalar factor. The conversion relies on the fact
that within the p,p, subspace, only one hopping parameter ¢3 is responsible for the geometric properties of the
wavefunction to first order in |kjal, as discussed in supplementary information H 1 c.

To further simplify Eq. (H309), we note that owing to the explicit expression of d(ky) in Eq. (H49), Eq. (H311)
leads to

1 .
) Z €irql [UgwpyLyUpzpy» [(Epmpy,+(kZ) - Epzpy,f(kz))U;rzpyakgppzpy#(k)Upzpy}}
i'=x,y (H312)

= (Epmpy,+(kZ) - E;Dmpy,—(kZ))U;mpyakipmey&(k)Upmpy ’

which holds because of the O(|k|) approximation that we made for the electron Hamiltonian. Then, we simplify
Eq. (H1309) into

T (R)
PPy’ 1,SPxPy PaPy

Y3 = .
=2 t3 4 (51‘1‘ + 5iy)1(Epzpy,+(kz) - Epmpqw_(kz))U;wpyakiszpy;Jl‘(k)UPmpy + O(|k\\a|l) .
(H313)

With the expression of v, in Eq. (H184), we arrive at
Uz;rmpy fig,:;mpy (k)Upwy - i’)’o,H (51'1: + 5iy)(EPmPy7+(kZ) - Epmpy,—(kZ))UgmpyakiPpwy&(k)Upmpy + O(|kHa|1) : (H314)

In principle, one can use the expression in the last line of Eq. (H309) for U;zpy e (k)Up,p, instead of Eq. (H314),

1,8Pa Py
which might change the eventual expression of Ay 4e0; but it cannot change the value of Ay geo due to Eq. (H312) under
our approximations. Therefore, we will use Eq. (H314).

In the following, we will discuss Ay, E—geo, Ao,z and Ay geo in Eq. (H193), one by one.

d. )\U,Efgeo

. E . eo .
As shown in Eq. (H306) and Eq. (H307), f;%, , (k) only has i = z component and ﬁspzpy (k) only has i = x,y com-

ponents to zeroth order in |kjal. As a result, Ffﬁpy’E—geo(kl, k) in Eq. (H278) would be of order O(|k1,j1a|, |k2,1a|),
meaning that

2 1 Dy (p)

(T)*P=Pr B9 = O(kp 1) = Aoypgeo = [O(ke1)] (H315)

where kg is the largest value of |k | on the Fermi surfaces of the sp,p, orbitals.
Eq. (H315) matches Eq. (H207) derived from the GA.
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€. )\a,E
Now we discuss A\, . Recall that Ep, , n—23(k) are cut by the Fermi energy p = 0. Then, for Ffﬁpy’E_E(k:l, ks)

in Eq. (H277), we only need to consider n,m € {2,3}. Since we only care about Ffffﬁpy’E_E(kl, k) to zeroth order in
k1, and ks, we will need the following expressions

Psmpy,Z(k) = Upzpy1+(0) ( )Ungy +(0) + O(‘k“ ‘1)

: . (H316)
R@pmpy,S(k) = Upa‘,pyy"l‘(o) (k )Upry,+(O) + O(|kH| ) ’
where
0 0
1
5 oo
0o L
Up.p,.+(0) = v (H317)
0 0
1
-4 01
0 -
according to Eq. (H296), and
1 (k2 —k}o, + 2k.kyo,
Pi(ky) ==+ K . H318
« () 2 2|k |2 ( :
Now we try to simplify Eq. (H277). To do so, first note that
Ul e OXT T E L (R)T, =i Z 9 kU, 4 (OX T, (0) +O(ku ")
PzDy,+ Xt Z,8PzPy pzpy7+ Yo,z k2 papw PaeDy,+ Xt PPy, + Il
(H319)

U;Ipy,-i-(o) Zl?spzpy (k)xsplpy Upzpy,-&- =i%,2 Z O E DDy 0 )U;Ipy,ﬁ-(o)xsplpy Upzpy,-&-( )+ O(|ky |1)

according to BEq. (H306) and Eq. (H296). Combined with Eq. (H316), we are ready to deal with (I)*7*PvF~F iy
Eq. (H192) based on Eq. (H277):
<1—\>spzpy,E7E

1BZ
d (/1’ - Espwpy,n(kl)) ] (M - Esp$py, (k2)) prpy,E E(k’l, k2)

kl ko n m€{2 3}
1BZ

Z Z 0 (1= Espop, (k1)) o (u— Esmpyym(kﬂ)

kl,k:2 n,me{2,3}
% {FZ%P;/,E—E(k:p kQ)’\kl,H = |k, |=0 + O(|k17ua|, |k27ua|)} (H320)

1BZ

2mB Z Z o (,u - ESPzPyv”(kl)) g (/‘ - Esmpyym(k2))

k1,k2 n,me{2,3}

. Z Tr |: ( " (kH 1)Upa:py,+(O>(XipmpnyE73pmpy (k2> - ffspwpy (kl) Sp‘tpy)
T€{B1,B2}

Up,py.+(0)Pym (K 2) pry,Jr(O)(Xipxpyffspwpy(kl) FE s, (R2)X szpy)Upzpw(O)} +O(lkpa|") -

We note that we only expand I‘ff;ﬁpy’E_E(kl, k) in series of |ky|, while leaving Eyy,p, n(K) in 6 (1 — Esp,p,n(k))

untouched. Therefore, Eyp,p, n(k) in 6 (u— Esp,p,n(k)) is not generally degenerate with other bands away from
I-A.
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For the integration on the Fermi surfaces, we have

1BZ

Z 0 (“ - Esmpy,n(k)) F(k)Py(ky)
&

v / 1 1 1k2—k2 12k, k
- dog—— F(k) |-+ Yo, 4 = L2l o
(217;)3 FSapypy.n |vk:Es;og;py,n(k)| ; 22 |kyf? 2 |2 (H321)
= dop—————F(k)=-
@mﬁ%mm VeEopry 8] 2
1BZ 1

= Z g (M - Esmpym(k)) F("’)i
k

for any F' such that F'(C3k) = F(k) and F(k + G) = F'(k) with reciprocal lattice vector G, where F'Sy,_,, » is the
Cs-invariant Fermi surface given by Eqp, p, n(k) = . We need F(k + G) = F(k) because we need to extend the

domain of k to R? and then reduce back to 1BZ for the first equality in Eq. (H321), since the Fermi surface in 1BZ
might be disconnected. Then, we obtained

<1—\>sp1py,E7E

1 A 1BZ

= —— 5 _E,gzy’nk 6 _E.Szy,mk
D7 (1) 2mp k§2n,mez{2,3} 7 B (BN B )

2
X |:YU,Z Z(8k2,2Epzpy75(k27z) - 8k71,zEpzpy76(kj1,Z))
o=+

<Y T [P kn)U 4 OXT T Vg, 4 (O Py (ks 20U, (O Upy 1 (0)] + Okl -
T€{B1,B2}

(H322)

Combined with the fact that

S T (UL O Uy O (O Uy, 1 (0)] =1, (H323)
T€{B1,B2}
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we can further simplify Eq. (H277):

<F>spmpy JE—F

1BZ

- QmB Z Z 0 (1= Bsp.p,in (k1)) 0 (1= Bep,p,.m(Kz2))

ki,kan m€{2 3}
2

X |:YU;Z Z(akZ,zEpl‘py7§(k2;z) - 8’*31,2prpy75(k1,z))
o==%

1 — $PaDy
x7 > T [Ugipy&(ow P Uyt OUS (O U,y 1(0 >] +O(kpal")
T€{B1,B2}
1BZ

= 4D2 2m Z Z 6 (,LL - Espzpy,n(kl)) 6 (M - Espn:pyym(kQ))
B kikan ,me{2,3}

2
X ['Yo,z(akz =z pmpy,+(k2,z) - 8k1,zEpmpy7+(k272))):| + O(‘kF,H |1)
1BZ

- 4:D2 2m Z Z 0 (“ - Espzpym(kl)) 0 (,U - E3pzpy,m(k2)) (’70,2)2
B ki1,k2 n,me{2,3}

(H324)

X [(51@ zprpy,+(k2,z)) + Ok, Bpopy 4 (k2,2))? = 20k, By, p, 4 (k2,2)0k, . Epp, +(k2,2)] + O(lkra|")
1BZ

= 4D2 ) m Z Z 0 (,u - Esmpy,n(kl)) 0 (:“ - Esz)zpy,m(’@)) (’VJ,Z)Q(akz,zEpzpy,f(k2,Z))2
B ki ks n,me{2,3}

+O( D)
1BZ
= .0 m S S 50 Fappyn(¥)) (o). By (1) + Ol
Bk ne(2.3)
1 h(vs,2)* v / 1 2 1
= MANLILZEN dokis———7 Ok, Ep,p,,— (k)" + O(lkpul") -
D, mo 2 O s, g ] 0 (e
Eventually, combined with Eq. (H291) and Eq. (H193), we arrive at
\ - 1 h('YU z)2 vV / (ak E; n(kH - O7kz))2
prpva E — ) z PzPy, 1
v D, mn @ 2 Jes, T Waag ] OUE) (32
ne{2,3} spzPy,n z Dy
and
(Y0,2)* Do(p) © / (Or. Esp,p n(k))* 1
= o = H32
)\U,E 2mB <w2> D(M) (271—)3 e FSupun, ndak ‘vkEspzpy,n(kﬂ O(‘kF7H| ) ) ( 3 6)

where the expression of v, . is in Eq. (H183).
Eq. (H326) matches Eq. (H203) derived from the GA, if we neglect the O(|kp,i|') part and take Ep, ,, 2(k) =
Esp.p,.3(k) = Ecgra(k).

f~ )\a,geo

Now we move onto (I')*P=Pv9°°79% in Eq. (H282) and Ay geo in Eq. (H193).

As shown in Eq. (H280), I75n"" %79 k1, k2) is split into two parts—I,1 =" 979 (k1 ky) in Eq. (H281). In
the following, we will show that Tphn""9“°"9“°(ky, ko) can be approximated by the upper bound 2Z,,, _(k1, k) of
Lyhebud€0m9 (k1 ky), where Znm,— (K1, k2) in Eq. (H285) and the upper bound is shown in Eq. (H286). To show this,
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we define

ATSPePy9€0=9€0 (I ko)
_ I‘Spwpyxgeofgeo(kl kz) - 2an,f(k1a kQ)

4m32ﬂ{ ey (B0 (255, (62) = F250 (k1) Papp, o (k2) (255, (k1) = 155, (k2))

(H327)
* T ZTr{ e ) T 57, ) 15, ()
PSPrpy,m(kQ)(Xspzpy Zgizxpy (kl) + zi;zpy (kz)xipzpy)
By substituting Eq. (H307) into Eq. (H327), we obtain
Arspzpy,geofgeo(kl’ k2)
o T [Pupyn (o) 25, () = 725, (60) Pap ) (725, () = 125, ()
1=x,y
h ]‘ €eo €eo T €eo €eo
+ Zmig Tr |:Psp3__py7 (kl) e py( ;{Spmpy (k2) - iq,spzpy (kl))PSprp147 (k:Q) r py( ﬁSPzpy (kl) - ig73pzpy (k2))i|
i=x,y
+O(|k1,1al, |k2,1a|)
= O(|k1,1a|, |k2,1a]) ,
(H328)

where we have used the fact that fi_./, s,.p, (E) is off-diagonal in the sub-lattice basis as shown in Eq. (H83) with
Eq. (H67) and Eq. (H70). Then, we obtain

s ,geo—geo
Lo 9e0m9% (key, ko)

h 1 SPx €eo €eo SPx
=——-—>» Tr [ Peby g9 (k1) Psp,p,.n(k1) f! (k)X Py, m(k2) | + (k1 <> k2) + O(|k1al, [k, 1al)

2 mp 1,5PxPy 1,8PxPy -

(H329)

As discussed in supplementary information H6 ¢, only n,m € {2,3} are cut by the Fermi level. Since the deviation of
Pisp.p,2(k) and Py, . 3(k) from the p,p, subspace is at the order of |kja| according to Eq. (H316), we have

Pspmpu U;Dpr Uprpu PSPTPU 2 (k)Umey Ugwpy + O(|k I a|)

: (H330)
PSPEPyv UpmprpIpy Spmpy73(k)U;Dmpy Upzpy + O(|kHa|) )
where U, p, is in Eq. (H308). Then, combined with
XSpry Upzpy = Upzpy U;pr spwprpIpU (H331)

T SPaPy __ 77} ‘Spry
pzpyx_ Uptpy Upmpy Upzpy
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which are derived from Eq. (H272) and Eq. (H308), we have for n,m € {2,3}

Fspepgeo—060 Joy k)
—ffZT P12 ) Up, U, Peeyin (80U, U,
igizzpy(kl) SplpyUpmprpmpyPspIpy,m(kﬂ pxpr;Lp + (k1 <> k2) + O(|kq1 10, |[k2,1a])
2 o ZT&" TP U, U 1250, 810U, U Pepyn (B1)Up,
Ul 1950 ) Ul X U Ul Papey (B )UpmemJ + (k1 < ko) + O(lky.yal, k2. 1a])

B, sPa
= 5 mp Z PaPy,t kl Z) - prpy (kLz))zT |: Peby Upwpu Upmpya Ppmpzp ( )Upriﬂy Upwpypspmpy, (kl)Upmpy

1=,y

ngpyakippwpyv"‘(kl)(]pwpy U;l];mpy Dby Upwl’y Up,pypspmpy (kz)Upmprpzpy} + (kl e kQ) + O(‘kl,HQL |k2,Ha|)

R sps
= §mB Z DDyt kl Z) - pwpy (kl,z)> Tr[ p. Pyak PzDy,+ (kl) S‘pmpy,n(kl)

1=,y
ak DaPy,+ (kl) pwpypspzpy,m(kQ)] + (kl e k2) + O(|k1,Ha‘a ‘k2,Ha|) )
(H332)

where we used Eq. (H314) for Ugwpy {spapy (K1) Up,p, -

With Eq. (H332), we now discuss (I')*=Pv9°°79¢ in Eq. (H192), which reads

1BZ
<F> SPxPy,geo—geo __

spzpy,n(kl)) 0 (/J/ - Espzpyvm(kg)) Ffﬁ’zpy,geo_geo(kla k2)
k:1 ko n,m
1BZ

ﬁ’Yg I
=23 o D2 Z > (= Eappyn(k1)) 6 (1t — Eap,pym(k2)) (Ep,p, +(k1.2) = Ep,p, — (k1.2))?
kl k2 n,me{2,3}

X Z Tr Xgpjpuak Pyopy+ (k1) Psp,p, (k1) Ok, Pp,p, +(k1)x SpmpuPspxpy (k2)] + O(kr,1)

i=z,y

1BZ

R
=25 D2 72 2 5 Bapn(k0) 8 (1= B, m(k2)) (B (k1.2) = By, = (k1.2)?
k1,k2 n,me{2,3}

X Z Tr[ Splpyak pmpy,-i-(kl) spxpym(kl)ak pzpy,-i-(kl) o prpry7+(0)P( )m(k2 H) Paby,+ (0) "’O(kF,H)

1=x,y
’Y Dl =
- - Z Z 5 szpy,n(k)) (Epzpy,+(k1,Z) - Epzpy,f(kl,z))Q
() 5 ne{2.3}
|: spryak prpy +(k)Pszpy’"(k)akippmp117+(k) e prpru ( )Ugmpyv""(o) +O(kF’H) ’
i= a:,y

(H333)

where U, ,, +(0) is in Eq. (H317), we have used Eq.(H316) for the third equality, and used Eq.(H321) for the
fourth equality. Note that again, we only expand I'yyi” 7" 9%°(ky, ko) in series of |ky|, but leave Eyp,, (k) in
§ (1 — Esp,p,,n(k)) untouched.



140

Combined with Eq. (H194), we have

)\o,geo
BZ
2 1 D, () ’YU H E 2
= A7 Da(/’c) s x ,n(k) AE
N R {w?) D(u) " = pepyn(R) DB p, o
x Z Tr [Xipmpy5kippzpy,+(k)Pspzpy,n( )k, pzpy,+(k)XspryUpzpy,+(0)ngpy,+(O)] + O(kr)
i—zy (H334)
DO'()U’) ’70 Il / 1 2
D(p’) mB WZ 6%3} FSspypy,n |VkEspmpyvn(k)| Pebyt
x Z i Propy,t (K) Popopyn(K) Ok, Po,py 4 (K) Pp,p,,— (0)] + O(kg)
=,y
where v, is in Eq. (H184),
AEPzpy;"l‘ = Epmpy,-i-(kl,z) - Epmpy,—(kI,Z) = —0ty (H335)
(H336)

based on Eq. (H292), and we, for the last equality, have used

P = Uy, — (U},

U]}, +(0)x (0) = Pp.p,.—(0)

SPxPy U.

X— PPy, t

derived from on Eq. (H272), Eq. (H301) and and Eq. (H317)
Eq. (H334) matches Eq.(H231) derived from the GA if we neglect the O(kp) term and take Ep p, (k) =
(k) corresponds to P.gy1/2(ky) if projecting P, ,, +(k) to the basis in

Eep,p,3(k) = Eegra(k), since P, o/
Eq. (H46) according to Eq. (H301), Eq (H300) and Eq. (H52

g. )\o',topo
At last, we consider the topological term. From Eq. (H316), we have for n € {2,3} and i = z,y,

TI“|: Splpyak p,py,—i-(k)Pspzpy,n( )ak PaxPy; +(k)x +(O)U;”py’+(0)}

Spmpr
(O)XPY O, Py, py 4+ (B)Up,p, o+ (0) P yn (Koir) pﬁpy,+(0)XSp1py5k Pp,py +(E)Up,p, +(0)| +O(|kyal”)

PxPy,

_ oy [t
- {Umy

1 T SPaxPy 2
= ST | (Uf o OX 0k Pyt () Uy, 1 0)

2
2 (k2 — k2o, + 2k, kyo,

(OO, Py (k) Upep, -+ (0)) p O([kial)

(H337)

()" | (U, e

where we used the form of the projection matrix in Eq. (H316) and the expression of Py in Eq. (H318). According to

Eq. (H300) with Eq. (H302) and Eq. (H303), we have
UL O 00, Py ()Up.py 4 (0) = — =0y, [d (e )ora + dy (k1 )] (11335)
Then, for n € {2,3} and i = z,y, we obtain
(ABpp, ) T (X770, Py, (6) Pap o (R)O0, P, 4 X U, (O], (0)]
— |0, d(F1)[> = (=)™ Tr | (Ok, [du(F)os + dy(Ki)o])? L kS)QTIzt%mky% O(|kual), (1339)
(dy(ky),dy(ky)) is defined in Eq. (H49). As
(H340)

where we used Eq. (H335), and d(k)) =

|0k, d(kn)|* = [0k, (ki)))? =+ |d(kn)|* |0, 0(k)|*

2 = (0,|d

d(ky)le*0)]
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where d(ky) = |d(k))|(cos(0k, ),sin(fk,)). Then, for n € {2,3} and i = z,y, we obtain

(AEpzpy,+)2 Tr [ ipmpyakippzpy,+(k)Psmpy,n(k)akippzpy#(k)xipmpy Upzpy.,Jr(O)U;mpy,—&-(O)}

. (k2 — k2)o, + 2kyk, 0, (H341)
< —[d(kn)[*10k,0(kn) [ = (=)™ Tr | (O, [du (k)0 + dy(Ki)2])? y2|kH E | +O(kial") .
Combined with Eq. (H333) and Eq. (H49), we have
<1—‘>spzpy,geofgeo
W2, ok LBZ
o, 2 2
2 D) Zmg 2 2 (= By, n(R)) D |dk) |0k O(k)|
k ne{2,3} i=z,y
2 p LBZ
a,ll
/ —Ey o, ok
+ D, (p) 2mp Z Z 0 (n spapyin())
k ne{2,3}
k2 — k2o, + 2k, kyo,
<37 () T | (B, [ () + dy (R )o])? ( S|+ Olke) (H342)
1=,y
2
You h oV / (k) [? 2
= — dop —————10k, 0(ky + O(kr,
2D, () mp (27)3 ne%:S} FSupupyon |vkESp1py,n(k)|‘ OCk)| (kr)
2
_ e bV 5 UFSS,,IW,L dor, ‘aku@(k“)@ + Ollmn)
= mg (27)3 Vi Espyny.n ()l Bl
2DU(/J’) mp (27T) n€{2,3} fFSsz)zpy,n Ok : |d(kH)|2
where we have used O, [dy(Ki)o, + dy(ki)o.] = (0i205 + 0iyo.)va from Eq. (H49) and
k% — ko, + 2k k0, k% — k%o, + 2k, k0,
To | @, [da (1) + d (k) ))? B B0l 2 2RRTe | ooy g gy | B Rloe & 2helde )
2|k | 2|k |
(H343)

for first equality, we use the Hodal inequallity in Eq. (F77) for the last inequality, and fyg,u is defined in Eq. (H184).
The sp,p, Fermi surface 'Sy, p, » can be expressed as F'Sqp,p, n = Uk_ce(—maF'Sspup, n,2D k. With F'Se 1 noD k.
is the intersection between F'Sgp_ . » and the fixed k. plane. Then,

w/c
/ dO’k|akH9(k:H)|:/ dkz/
FSspypy,n —7/c FSspypy,n,2D,k»

w/c
2/ dk., / dk -81“9(](:“)
—‘IT/C FSspg;py,nJD,kz:O
(H344)

where we have used the fact that FSprpy’n,QD)kZZO is a closed loop of k) that encloses I' once as shown by the Fermi
surface near I'-A in Eq. (8)(d), and AN is the Euler number difference defined in Eq. (H58). As a result, we have the
following lower bound of (I')*P=Pv-9079¢,

w/c
dow 0w, 00k0)| = [ k. [ Qo |0, 0K
—m/c FS

spapy,n,2D k=0

T/c 2
=/ dk 2Tt AN = @A/\/’,

—n/c c

2
<F>spmpy,geofgeo > Yo, ﬂQTFV 1
2Dy () mp 2 dopg |vkE8pmpy,n(k)|/|d(kH)|

f 3 AN2 + O(kp,u) . (H345)
ne{2,3} Y FSspupy.n

By defining

\ _DU(/L) '737\\ 27Q) 1
TP D () mp (w?) 2 Aok, [ViEsp,p,n(K)|/|d(F)[?

AN? . (H346)

ne{2,3} fFSSPmPyv”
This leads to
)\U,geo > )\U,topo + O(kF,\\) (H347)

according to Eq. (H345) and Eq. (H193). Eq. (H346) matches Eq. (H249) derived from the GA if we take Ep_ ,, 2(k) =
Espopy3(k) = Ecspa(k).
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FIG. 11.  (a) The black dots are the sum of A%, (I T" + (0,0, k.)) over the two degenerate bands along I-A near the
Fermi level, which is obtained from the ab initio calculation. The red lineis 35, <y gy il " (T, T+ (0,0, k2)) in Eq. (H354)
with parameter values in Eq. (H356). The horizontal axis is I" + (0,0, k.), which is the phonon momentum. (b) The black
dots are the sum of I'2 ™% (K K + (0,0, k.)) over the two degenerate bands for the nodal line along K-H. The red line is
Zn,m hrz, (K, K+ (0,0,k.)) in Eq. (H353) with parameter values in Eq. (H356). The horizontal axis is K + (0,0, k.), which
is K plus the phonon momentum. (c) The Eliashberg function o> F(w) in Eq. (B76) given by the ab initio calculation. The
dashed line is at frequency of the Ea, phonon at I, i.e., hwg,, (I') = 75.2meV.

7. Numerical Calculations of Contributions to A

In this part, we perform numerical calculations with our model. To do so, we need to determine the values of ¥4
parameters in the EPC Eq. (H80). However, according to the expression of the v parameters in Eq. (H103), Eq. (H183)
and Eq. (H184), we do not need to know the values of all 4. Explicitly, we only need to know the following 4 parameters:

’3/5 ) '3/10 ) ’AYQ ) :)/3 - :)/7 ) (H348)

where 45 and 419 are for the A, and 49 and 43 — 47 are for the A,.

Compared to the calculation for graphene in supplementary information F, the ab initio calculation for MgBs is
more complicated, and thus we cannot directly give the form of the gauge-dependent EPC Fi;(k1, ko) for MgB,
due to the random gauges in the numerical calculations. Instead, we will use the gauge-invariant I'2z (kq, ks) and
P (ky, ko) in Eq. (H88). Specifically, for the p, part, we sum over all p, bands for T'?z (k1, k), and obtain

242 ARAZ o2
SR (KK + (0,0, k) = 21405y AMoc

o o (sin(k.c))” , (H349)

where we used the form of I'2: (kq,ks2) in Eq. (H88). For the sp,p, part, we only consider k; = I' and ks, along
I-A, and n,m of [P (I, T + (0,0, k.)) are summed over the two degenerate bands (i.e., n,m € {2,3} as shown in
Fig.9(a)) along I'-A near the Fermi level, resulting in

3ha? . .2 .9 2 . 9
o (3 — A7) +2hvgme(sm(kz0)) : (H350)

S T (D,T 4 (0,0,k)) =
n,me{2,3}

In the ab initio calculations (procedure described in supplementary informationI), we can directly evaluate
[om(k1, ko), which we label as T'2 ?itio(k) ko). Then, > nm i (K, K+ (0,0, k) in Eq. (H349) corresponds

to the sum of T' nitio(K K + (0,0,k,)) over the two degenerate bands for the nodal line along K-H, since they
mainly originate from p, orbitals. 3, crs s LobaPy(T,T + (0,0, k,)) in Eq. (H350) corresponds to the sum of

rab mitio (T T' + (0,0, k,)) over the two degenerate bands along I'-A near the Fermi level, since they mainly originate
from p,p, orbitals. We plot the ab initio data in Fig. 11 as black dots. To test our approximation against the ab initio
data, we derive more general forms of 3, . Th= (K, K+(0,0,k.)) in Eq. (H349) and 3, (55, LohePy (D, T+(0,0,k.))

in Eq. (H350). Specifically, we allow longer-range hopping terms among B atoms, and then the form of the EPC of
interest becomes

Fp. 7imey(K 4 (0,0, k2), K+ (0,0, k7)) = [B1 + Bz (cos(k=c) + cos(kLc))] (=) (7y, —Tz)i

F

oo (K +(0,0,k,), K +(0,0,k.)) =18, 2(sin(k,) — sin(k.)) (70 + (—)"72) » (H351)
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and
U s 2 (0) Fap,py iz imay (T + (0,0,k2), T+ (0,0, k) Up, p, . 4(0) = [B3 + Bz.3(cos(kzc) + cos(K.c))] (=) (7o, 7
U;zpy7+(O)Fspmpy7.,.7z(F +(0,0,k.), T+ (0,0,%.)) ptpy7+(0) =if, 4(sin(k,c) — sin(k’c))o ,

(H352)

where Uy, p, +(0) is the basis for the parity-even combination of p,p, orbitals at I' as shown in Eq.(H317). As a
result, the more general forms of 3, TTh= (K, K+ (0,0,k.)) and }_,  coo5, T LoePy(T,T + (0,0, k.)) read

ZI‘ (K,K + (0,0, k,))

b 1
-3 Y oW [Pt (K (0,080 F_ (KK + (0,0,k)) (H353)
re{B1,B2},i
_ 4n :

h
_ [ﬁl + B.1(1 4 cos(k.c)]” + T%:(Sin(kzc))z

and

> Tmre(D,T 4 (0,0, k2))

n,me{2,3}
h 1
=3 Y T [U t (OU], (0)Fapp, (D (0,0, 2))
Te{B1,B2},i (H354)
Upwpy7+(O)U;1,py,+(O)Fsszpy T, z( ) (07 Oa kz))
ah omB2, ,
= — [B3 + B-.3(1 4 cos(k.c))]* + o (sin(k,c))” .
Compared to Eq. (H349) and Eq. (H350), we know
i Bla . ., AR ., B
7? = ﬁ1 ) 10 40’22 (93 —77)2 = 373 ) 73 2’4 ) (H355)

c

while £, 1 in Eq. (H353) and 3, 3 in Eq. (H354) are beyond our approximation. By fitting Eq. (H353) and Eq. (H354)
to the ab initio data Eq. (11)(a-b)), we obtain

& VeV Vi V
|ﬁ1|:0.055% ‘/Blz|_0006 mB ‘52Z|: yvev ms
- \/7 \/7 (H356)
eVimp m m
Bl = 0132 [Baz] = 0.002——=, [Ba.2 = 0 =

Clearly, we can see that f; ., and B3 . that are beyond our approximation are very small, and can be neglected. As a
result, we obtain the values of 4 of interests, which read

. eVim . . . eVim .
33 =0.004—22 | A% =0, (35— 47)% = 0.024—g =, 43 =0 (H357)
a’h a?h
Furthermore, the ab initio value of <w2> reads
ha/{w?) = 68meV . (H358)
Combined with
Dr(p) Do (1)
=0.577, =0.423 H359
D) D) (H359)

given by the numerical calculation in Ref. [91], we can evaluate the values of A\ g (Eq. (H141)), Az geo (Eq. (H142)),
Artopo (Eq. (H148)), Ao 5 (Eq. (H203)), A5 geo (Eq. (H231)), and Ay topo (Eq. (H249)), which are listed in Tab. III.
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by (Aab im’tio) AE /\geo )\topo
0.78 (0.67) [0.07| 0.71 | 0.32

)\ﬂ' )\W,E A7'r,geo )\‘rr,topo
0.16 0.07| 0.09 | 0.01
Ao’ )\U,E Ao',geo )\o',topo

0.62 0.00| 0.62 | 0.31

TABLE III. The numerical values of the A and its various contributions for MgBy. A% ™ = (.67 in the bracket is the ab initio
value for .

From Tab.III, A = 0.78 from our model is close to the ab initio value A% "#° — (.67 verifies the validity of
our approximations. Moreover, A, is much larger than A, which is consistent with the understanding that the o
bonding under Es, phonon modes accounts for the main contribution to the EPC constant A in the literature [91].
In particular, we find that the geometric contribution is 91.7% of the total A, and most geometric contribution comes
from the o bond. On the other hand, the energetic contribution from the ¢ bond (A, g) is negligible. Therefore, it
is the geometric property of the Bloch states that supports the large EPC constant from the ¢ bond. The geometric
contribution is further bounded from below by the topological contribution in the bands, indicated by Aiopo ~ 0.44Agc0-

a. Numerical Evidence for the Irrelevance of On-Site EPC Terms for the o-bond-stretching ion Motions

According to Ref. [90], we know the EPC mainly comes from the bond-stretching ion motions—the ion motions
that stretch the bond between neighboring B atoms, e.g., the F5 modes along I'-A. In principle, there are two possible
originsg of the EPC from the bond-stretching ion motions: (i) the change the hopping between two neighboring ions
from the ion motions and (ii) the change of the on-site potential or coupling between the orbitals from the ion motions.
In this work, we use the two-center approximation to describe the EPC, meaning that we only consider the change of
the hopping induced by the bond-stretching ion motions, while neglecting the on-site terms. We, in this part, provide
numerical evidence for our approximation.

For the bond-stretching motions, the hopping change term (or the term within two-center approximation) reads

Z ; Z ; -1
HE'PC,twofcenter - TR,Z’ (UR+TB1,Z' - uR+TB27i) + C3TC3_1R,1‘C3 (uR+a2+‘f‘Bl,j - uR*a1+a2+TB27j) (03)]'2'

R, R,ij
+ E CS 2R i (uR ai+azx+7TRB1,J uR7a1+-ng,j) (CS> + h.c.,
R,ij

(H360)

where

R, i 3 3 3. CR+7p2.px
TR,i - (CR"FTBI;pz CR+TB17Py> (ﬂ3017 Proo + 5202)1' 2P
CR+7p2,py

. 1 [+ n =~ _ig.2m 2m 2n io, 28 CR+az—a1+7p2,p
C3TC;1R,1'C3 = (CR+G2+TBIJ7w cR+a2+7-Bl,py> (B3e 195 g,elv s ,5100 Jrﬂge v g,e%); ®
CR+az—a1+752,py

CR—ai1+Tp52,py

(H361)

27 -2 _ (.t i 7 —ig,4x io, 4% 73 2 —io,Ax io, 4=\ [ CR—a1+TpB2,px
CBTCsTQRviC?’ o <CR7G1+112+7'317:D1 CR*G1+G2+T31,Py> (,836 VS 0,€70, B1og 4 Pae” TV S 0,€!7Y )’L ’

and Tp1 and T2 are defined in Eq. (H1). The onsite term (which is beyond the two-center approximation) reads

& 1
HEPC,onfsite = E SR,i(URJrTBl,i - UR+TBQ,i) + E CS 1R lC (uRJraerTBhJ uR*al+a2+TB2,j) (03)ji

R,i R,i,j
2
+ E 03 2Rz (uR aj+azx+Tp1,j T UR—a,l-i-ng,j) (03)ji ’
R,i,j

(H362)
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where

& = Pt ~, c
Sm=§:Ghﬂmchﬂmﬂﬂwﬁwmwwm<j”%> (H363)
T R+7,py
and 035’0;1 r:C5 " and C%S’ 2r.iC5 2 can be obtained from symmetries.
To numerically compare the amplitudes of Hgpc two—center a0d HEpc on—site, we adopt the method in Ref. [90]

and distort the lattice with the I'-Fy, bond-stretching motion (i.e., a frozen Es, phonon at I'):

URirpy = —(c08(6),sin(6), 0)ea
URtrp = (cos(6),sin(6), 0)ea

where a is the in plane lattice constant and € measures the distortion. We note that the distortion does not break the
lattice translations. With this distortion (or the frozen phonon), the two-center EPC Hamiltonian becomes

(H364)

Hfrozen,two—center - Z TR,i(COS(¢)a Sln((b) O 26a + Z C13 oy R ZC ! (COS(¢)7 Sil’l((b), O)j2€a (CS)ﬂ

Ri,j
+ Z 3T 2, O (cos(9), sin(9), 0),2¢a (C3) ,, + hc.
R,i,j
i (H365)
Ck,TBl,pm
f f Chr1.p,
Z ( k751 Pz k »T B1,Py Ckﬂ'Bz,;Dz Ckﬂ'Bszy) htwo—center(k) T TB1:Py ,
* Ckv“'BQ,[)m
Ck7TB27py

where

, (k) = <02><2 26&21‘]‘ Zi:o efitin,-k:(gseficry%o.xeiﬂy23 6100+626 io, 2z o, eloy 25 ) (Cg‘)ﬂ (COS(¢),SiH(¢),O)j
two—center -

h.c. 02><2 .
(H366)
On the other hand, the two-center EPC Hamiltonian becomes
Hfrozen,on—site = 9 Sr.i(cos(¢),sin(g),0)i2ea + Y | CsS, 5! (cos(g), sin(g), 0),2¢a (C3),,
R, R,i,j
+ > O35, 2,05 *(cos(9),sin(6),0),2¢a (C3) ,
R,i,j
§ (H367)
kyr1,ps
T T A ckﬂ' sPy
Z ( k sTB1,Px k sTB1,Py Cka"'BZapz Ck77'32apy) honfszte(k) CT mop ’
k k,TB2,px
Ckﬂ'B?vpy
where
Al —io, 2nm io, 22T 73 ar —io, 2nm io, 22T n .
hon—site(k) =T ® Z(ﬁ?)e v3 g,e' %S 7ﬁ10-0 + ﬂze v.3 g,e? 3 )i (03 )ji (COS(¢),SID(¢), O)j . (H368)
ij,m

To compare the effect of Hyrozen,two—center a0d H frozen,on—site, 1t us focus on the k = I' point:

ewo—center (0) = 22 B car, (cos(6)a, + sin(0)o) (H369)

M%GTO(COS(@USE +sin(¢)os) -

han—site(o) = 9

As we can see, only the (Eg + Bg) matters for the two-center EPC at k = T', and only the (Eé + Eé) matters for the
on-site EPC at k =I', under the I'-Ey, frozen phonon.
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To specifically compare (B + fs) to (8} + B4), we choose
UR+trp, = (0,1,0)ea

H370
UR+7p1 = (07 71,0)6& s ( )

which means ¢ = —m/2. Without the distortion, the electron Hamiltonian for p, and p, orbitals at I" reads
hpmpy (0) = EB,pmpy,O + QtB,pmpy,z + 3to700 , (H371)

according to Eq. (H22). Then, if only the two-center term matters, we have

hpmpy (0) ~+ Rtwo—center (0) = EB,pmpy,O + 2tB,pmpyyz + 7y (3t200 - 3(52 + E3)€ao'z) s (H372)
which has eigenvalues and eigenvectors as
EB,pmpy,O + 2tB,pxpy,Z + (3t2 - 3(52 + §3)€CL) : (170’ i170)/\/5
EB,pzpy,O + 2tB,pzpy,Z + (3t2 + 3(62 + 63)60‘) : (07 17 0’ :I:l)/\/5 )

(134

(H373)

(134

where the values before are eigenvalues and the vectors after
on-site term matters, we have

are eigenvectors. On the other hand, if only the

hpmpy (0) + hon—site(0) = EB,pzpy,O + QtB,pzpy,z + 3taTp00 — 3(/@ + Eé)ecm’oaz ) (H374)
where
BB p.p,.0 + 2tB p.p, = £ 3ts — 385 + By)ea: (1,0,41,0)/v2

% - (H375)
EB,pzpy,O + 2tB,pIpy,z =+ 3ty + 3(ﬂé + 54/1)5‘1 : (O» 1,0, Zlil)/\/5 .

From Eq.(H373) and Eq.(H375), both the two-center and the on-site terms can open the gaps at the previ-
ously doubly degenerate energy level Ep p . 0 + 2tB p,p,,- + 3t2 and at the previously doubly degenerate energy
level Eg p,p,.0 + 2t8,p.p,.» — 3tz . Nevertheless, they open the gaps in different ways. Note that (1,0,1,0)/v/2
and (1,0,—1,0)/+/2 are respectively the bonding and anti-bonding state of p, orbitals, and (0,1,0,1)/v/2 and
(0,1,0,—1)/+/2 are respectively the anti-bonding state and bonding state of p, orbitals. Then, Eq. (H373) suggests
that the bonding and anti-bonding states of the same orbital would have opposite energy shifts for the two-center
term, while Eq. (H375) suggests that the bonding and anti-bonding states of the same orbital would have same energy
shifts for the on-site term. According to Fig. 12, we can see the the bonding and anti-bonding states of the same
orbital indeed have opposite energy shifts, and barely have the equal shifts. In addition, there are two signatures of in
the band structure that come from these opposite energy shifts in Fig. 12 with the frozen E5; phonon in Eq. (H370)
for e < 0: (i) the top two p,/p, bands cross with each other along I' — M, while the bottom two p,/p, bands along
I' — M have no crossing, and (ii) the bottom two p,/p, bands cross with each other along I' — K, while the top two
pz/py bands along I' — K have no crossing The I' — M signature is shown in Ref. [126], but the I' — K signature is
missing in Ref. [126]. Moreover, the wavefunctions are not presented in Ref. [126].

To more precisely compare the amplitude, we include the both distortions into the Hamiltonian at I and get

hpmpy (O) + htwo—center(o) + hon—site(o) = EB,pwpy,O + ZtBJ)zpy,z + Ta;(3t20'0 - 3(32 + Eg)ECLO'Z) — 3(5& + 5&)6&7’00’2 s

(H376)
which has eigenvalues and eigenvectors as
Ey=EByp.p,0+ 2B p,p,.- +3t2 — 3(B2 + Bs)ea — 3(By + Bh)ea : (1,0,1,0)/v/2
Ey =FEpp,p,0+2tBp,p,.. — 32 + 3(Bs + B3)ea — 3(%& + %ﬁ))ea (1,0,-1,0)/v2 (H377)
Es = BB p.p, 0 + 2L8,p.p, - + 3tz + 3(B2 + Bs)ea + 3(By + Bi)ea: (0, 1,0,1)/v2
By = Epp,p,0+ 25 p.p,.= — 3tz — 3(B2 + B3)ea+ 3(B} + Bh)ea: (0,1,0,-1)/v2 .
From DFT calcualtion for e = —0.004+/3, we get
E; =6.231eV
Ey =0.7202eV (H378)
E3 =6.899¢V

Ey = 0.1675¢V ,
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e=0 ——— €=-0.004V3

-5 M r K

FIG. 12. On the right, the plot shows the band structures for MgB2 with no frozen phonons (blue) and with frozen E3, phonon
in Eq. (H370) with € = —0.004v/3. Both I' — M and I' — K paths have mirror symmetries, since the former is along y and the
latter is along x. On the left, the 4 plots are the 4 p,/p, wave-functions at I" for MgBs with frozen Ea4 phonon in Eq. (H370)
with € = —0.004y/3. The signs of the blue and yellow parts of the wavefunction are opposite. This figure is also shown in
Ref. [127].

which gives
Ey—Ey+E4— Es

Ba+Bs = — — —14.68V/a
., B +E g (H379)
By + By = = " = ~1.387cV/a .

€

Therefore, the effect of the on-site EPC term under the bond-stretching motion in Eq. (H370) contribution is negligible
compared to the two-center EPC term, serving as a numerical evidence for the irrelevance of the on-site EPC term.

By comparing Eq. (H360) to Eq. (H67) and Eq. (H69), we find that 43 = —Bg? and 47 = Eg%, and thus

(H380)

R ) ~  ~ /3 eV3?  [mpa?
73—’)’72—(524‘53)7 >

— 2 _
= 25.43¢V/a® = 0.1651— o

ev3/2 mpa?
a? h2

which is close to the value of |§3 — 47| = 0.1549 given by Eq. (H357), showing the consistency in the

numerical results.

8. /{w?) Approximated by wg,,(I")

In supplementary information H7, we directly use the ab initio value of <w2 > for the calculation. In this part, we
will show that \/(w?) can be well approximated by the frequency of the Es, phonons at I', labelled by wg,, (T').
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As shown in supplementary information H7, the main contribution to A comes from the p,p, c-bonding states near
I-A. Then, let us focus on the EPC for the p,p, o-bonding states exactly at I'-A. Moreover, as shown in Fig. 11(a),
the EPC barely changes along with the phonon momentum, and thus we will only look at EPC among the two p,p,
states at I point near the Fermi level. As shown in Eq. (H352), the projection of the EPC Fy, p, - :(I',T") to the two
DDy states at ' point near the Fermi level read

U;Ipy,+(0)F5sz'py;Tyi(F7 F)Upwpya+(0) = B(_)T(Tzv 72)i(0iz + 6iy)(57',‘r131 + 67',7'132) ) (H381)

where Up_p, +(0) is in Eq.(H317) and is formed by the two eigenvectors for the two parity-even p,p, states at I
point near the Fermi level, and we include (07 r5, + 0+ 75,) because we have neglected the Mg atoms in the EPC
Hamiltonian. Eq. (H381) is in the atomic basis for the ion motions, which are labelled by 7,4 according to Eq. (B40).
Now we switch to the phonon eigenstates at I'. According to Eq. (B45), in the phonon eigenbasis at I', we have

U} s () Eapp, i (D D) Uy, (0) = > UL (0)Fapypy i (0, T)Up, p, 4-(0) v (D))

3
~‘

(H382)

B
= — (=) (72, 72)i [U*(F)]-ri )
\/’nTB TE{T§7B2} ’LE%»:U} l

where v;(T') is the eigenvector for T' phonons labelled by I. Eq.(H382) clearly shows that to have a nonzero

T
Upa:py7+
which are nothing but the E,, phonons at I'. Therefore, we should expect the Eliashberg function o@?F(w) in the

definition of (w?) (Eq. (B76)) to peak at the frequency of Es, I' phonons, and we should expect /{w?) =~ wpg,, (T').

Indeed, the ab initio calculation shows hwg,, (I') = 75.3meV, which deviates form the ab initio value of iiy/{w?) in
Eq. (H358) by 11%, i.e.

(O)ﬁspmpy,l(l“7 )Up,p,.+(0), vi(I') must have nonzero z,y components that are opposite for B1 and B2 atoms,

(W?) —wn,, (T)
{w?)
Consistently, the Eliashberg function a?F(w) peaks near the frequency of Es, I' phonons as shown in Fig. 11(c).
Therefore, with 11% error, we can approximate y/(w?) with WE,, (T).

=11% . (H383)

Appendix I: Details on ab initio Calculation

In this work, ab initio calculations on MgBs were carried out with two methods. The two methods are distinguished
by whether the Wannier interpolation is used and by various other aspects like the exchange-correlation functional.
The calculation on graphene was done with only the Wannier-interpolation method. In the following, we will first
present the general discussion that is valid for both methods and then distinguish and compare the two methods. We
will show that the two methods give reasonably similar results.

1. Electron model

For both methods, the electronic states are modeled using a plane-wave basis set on a grid of k-points. Within the
density functional theory (DFT) formalism, the many-body Schrodinger equation can be approximated as a series
of one-particle Kohn-Sham Hamiltonians, which relate to the single-particle Bloch state |1),5) and energies E, in a
Schrodinger-like manner:

Hnp) = Enke|thnk)- (11)

The Kohn-Sham Hamiltonian has the general form:

2

HKS —

= g (V) 0(), (12)

where m. is the mass of an electron. The first term is the kinetic energy operator, while the second represents the
potential, which generally has three contributions:

v(r) = v°7i(r) + oM () + v*(r). (13)
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On the right-hand side of Eq. (I3), the first term denotes the interaction between the electron and the ions in the
system. This interaction is commonly described using pseudopotentials [128, 129].

The potential v(r) in Eq. (I3) is the electrostatic Hartree potential, which accounts for the mean-field interaction
felt by the electron in the presence of the other electrons in the system:

() = e2 / arr 2T (14)

]

Here p(r) is the electron density and e is the electric charge of an electron. The final term of Eq. (I3) is the exchange-
correlation potential. In general it is challenging to formalize this quantum mechanical electron-electron interaction,
and there have been significant research efforts devoted to finding expressions for this interaction. The specific
approximations that we make for the exchange-correlation potential will be specified in supplementary information I4
and supplementary informationI 5.

Given the Kohn-Sham equation for a single electron in Eq. (I1), and the ingredients for the electronic potential
generally defined in Eq. (I3), one can solve for the single particle states |¢,%) in a self-consistent manner.

2. Phonon model

The motion of atoms in solids is often, to a good approximation, describable within the Harmonic approximation.
In this approximation, phonons can emerge as normal modes of vibration for the system. Analogous to electrons,
these phonons can be labelled by their mode index [ and wavevector g. Eigenvectors for phonons modes are given by
diagonalizing the dynamical matrix D(q), which is defined in Eq. (B29) for the analytical study. For DFT calculation,

it is more conventional to define the dynamical matrix D(q) as:

D(q)rriir(q) = T (R)e R, (15)

1
> ¢
Vmemh &
where ® is the interatomic force constant matrix that reads

82E 78Fi/,R+T/

o7 (R)

= = 16
Our ;OUR 1 it our,; 16)

and recall that ug4 - ; is the motion of the atom with equilibrium position R + 7 along the direction 4. The variable
F; r+y+ represents the force felt by the atom with equilibrium position R + 7 along the direction ¢. In general the
interatomic force constant matrix can depend on two unit cells, R and R’, but in practice only the difference R — R’
matters for our purposes, and we therefore take one of them zero.

In examining Eq. (I6), the main ingredients involve either the total energy or the forces on each atom. DFT has
been widely used to theoretically study phonons in materials, in part because both of these quantities are readily
available. There have been two popular approaches for describing phonons in materials, both of which we employ in
our work.

The conceptually simpler approach is known as the “frozen-phonon” method, which relies on finite displacements
to evaluate the elements of the interatomic force constant matrix given by Eq. (I6). Specifically, we can write the
force derivative as a discrete derivative:

OFy riv _ AFy pyr
au‘r,i Au‘r,i

(I7)

In this approach, one can generate an interatomic force constant matrix ® by perturbing each of the atoms of the
unit cell in different directions and measuring the changes in the forces on the atoms of the system. Using Eq. (I5),
one can also generate the dynamical matrix which can then be used to capture the phonon eigenvector and phonon
frequencies for the system. Note that this approach requires a summation over unit cells R in Eq. (I5). Thus it is
often important to include many unit cells such that all relevant interatomic interactions are captured and also so
that the dynamical matrix can be described at different g-points. The “frozen-phonon” method is used by method I
with Wannier interpolation for graphene as discussed in supplementary informationI4.

An alternative approach to describing the phonons of the system is known as density functional perturbation
theory (DFPT). A comprehensive review of this method can be found in Ref. [70]. The DFPT method is used by
both methods for MgB, as discussed in supplementary informationI4 and supplementary informationI5.
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3. EPC

As outlined above, the phonon eigenvectors and frequencies are computed on a grid of g-points, along with the
EPC matrix elements g, which read

h
Gmn k+ 7k = s . 7 Imn k7 I8
1(k+q.k) Nowi(@)’ 1(k.q) (18)
gnml(ka q) = <wm,k+q|alqv|¢n,k>a (19)

where G,,n(k, k') is in Eq. (B47). Here g depends on the band indices n and m of the electronic states, the phonon
mode index [, the wavevector of the initial electron state k and the wavevector of the phonon emitted q. The variable
My is a reference mass. The electronic states in our cases are obtained from Kohn-Sham DFT (Eq. (I1)). The operator
01qV (r) is defined as the follows [130, 131]:

aql‘/("") = Z i Z [5[((])]7_2- auR+‘r,iV(r) ) (110)
Rt @

where [0;(q)],;, = \/Mo/m+ [vi(q)],;. (Note the Fourier transformation is in a different convention than Eq. (B14).)
Essentially, 0;qV () describes how the self-consistent potential V' changes as a result of collective ionic motion arising
from a phonon indexed by lg. In the end, we need to compute the Fermi-surface averaged EPC constant A in Eq. (B71).

The EPC can be evaluated either with Wannier interpolation (method I in supplementary informationI4) or directly
(method IT in supplementary informationI5). In the following, we will describe the two methods.

4. Method I: With Wannier Interpolation

In this subsection, we describe the first method, which involves Wannier interpolation. For the electron calculation,
we use open-source DFT codes [132-134]. For EPC, Wannier functions (WFs) are used to represent the ab initio
data in real space [130, 135, 136]. Below we outline the general idea of this approach. The real space electronic
wavefunctions can be expressed using the reciprocal space wavefunctions from DFT as:

|W(xR> - Ze_ik‘RU;:a,k|wnk>- (111)
nk

Here, |W,r) is the real-space Wannier function (WFs) labelled by « and the lattice vector R. The main ingredients
in these expressions are the Bloch states |1,k) and the unitary matrix Ug. The well-known limitation of this trans-
formation is the fact that Bloch functions have a gauge freedom. This is not an issue in the reciprocal space Bloch
representation, however this freedom causes significant changes to the nature of the real-space Wannier functions.
To mitigate this issue, maximally-localized Wannier functions are used. The unitary matrix Uy is defined such that
the real-space spread of the Wannier functions is minimized and thus the WFs are maximally-localized [135-137].
Within this basis, the WFs are guaranteed to be exponentially localized [138]. This essentially gives us an ab initio
tight-binding description of our system.

With the electron Wannier function, the interpolation in Ref.[130, 131] works as follows. First, we compute
gmni(k, @) with DFT on a grid of k points, labelled as g°FT(k, ). Then, we use the following expression to Fourier
transform anl:LlT(k, q) into real space:

DFT
1

—i(k-R' +q- * ~ Uz
Goarril B R) = - 30 >0 e E AU g0l (B @)U e [01(a)

L — 112
Ry (112)

nml k,q

where k,q are summed over the DFT grid for k and q. gaa-i(R,R') is local, i.e., gao ri(R,R') decays
to zero for large |R — R/|, because if k,q are summed over an infinitely-fine grid, we have gno -i(R, R) =
(Wa0|Oug.r .V (r)[Wa ). Therefore, we can put a cutoff on |[R— R'| for gaa’ ri(R, R') and transform goo +i(R, R')
back to momentum space, resulting in the interpolated g,ni(k, q).

a. Details for graphene

We use the JDFTx software package [132] to calculate the electron-phonon interactions in graphene. For the DFT
calculation, the electronic structure is computed using a 24 x 24 x 1 k-point mesh. The 2D nature of the system is
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captured using a Coulomb truncation scheme [139]. In short, this approach removes long-range Coulomb interactions
in the aperiodic out-of-plane direction to ensure there is no artificial interactions between unit cells. To do this, the
Coulomb potential V(r), which is normally long-ranged, is augmented by a Heaviside function ©(r, — r) such that
for positions in the out-of-plane direction beyond 7, the Coulomb potential goes to zero. We use an in-plane lattice
constant of @ = b = 2.46 A. The electron-ion interaction is described using ultrasoft pseudopotentials [129], and the
exchange-correlation interaction is approximated using the PBEsol functional [140]. The kinetic energy cutoff for the
plane-wave basis set is 40 Hartree. We use a Fermi-Dirac smearing with width of o = 0.01 Hartree. As the name
suggests, this smearing function is used to describe the occupation F,j of the Kohn-Sham electronic states |¢nx)
using a Fermi-Dirac distribution function centered around the Fermi energy ep:

1

Fop = (Brn—er) o1

(113)

To describe the phonons and EPC, we use the frozen phonon approach (Eq. (I7)) on a 6 x 6 x 1 supercell of the
graphene unit cell. Then, all electronic states and EPC matrix elements are described in the basis of Maximally-
localized Wannier functions, as described above. We use seven trial Wannier centers composed of two carbon p,
orbitals, three Gaussian s-like orbitals located at the midpoint of the C-C bonds, and with two Gaussian s-like
orbitals located above and below the center of the hexagon, respectively.

b. Details for MgBs

In order to describe the electronic and phononic properties of MgBs, we use the Quantum ESPRESSO [133, 134]
code. Calculations are carried out using a 12 x 12 x 12 k-point grid and the plane-wave cutoff for the kinetic energy
is 40 Hartree. We use a Methfessel-Paxton smearing [141] with a width of 0.01 Hartree. We use norm-conserving
pseudopotentials and the exchange-correlation interaction is described by the LDA. In these conditions we find the
optimized unit cell parameters to be a = b = 3.03 A and ¢ = 3.47 A. The phonons are modeled using DFPT [70] on a
6 x 6 x 6 g-point grid. To interpolate the electron and electron-phonon interactions to much denser k and q grids, we
use the EPW [142] and Wannier90 [122] codes. We describe five energy bands near the Fermi level starting with trial
Wannier centers of two Boron p, orbitals and three s-like orbitals centered at positions (0,0.5,0.5), (0.5,0,0.5) and
(0.5,0.5,0.5) in lattice coordinates of the unit cell. The Eliashberg spectral function (Eq. (B75)) and EPC strength A
(Eq. (B71)) was then computed in EPW using a dense 60 x 60 x 60 grid of both k-points and g-points.

5. Method II: No Wannier Interpolation

In this subsection, we describe the second method without Wannier interpolation. We only use this method for MgBs
as a check. For method II, the DFT calculations and linear-response calculations were done using the QUANTUM-
ESPRESSO package [133, 134]. We used optimized norm-conserving pseudpotentials (ONCPSP) [128, 143], with the
Perdew-Burke-Ernzerhof (PBE) parametrization of the generalized gradient approximations (GGA) for the exchange-
correlation functional [144]. A 84 Ry cutoff was used for the plane-wave basis set. The phonon calculation was
performed on a 6 x 6 x 4 mesh of the BZ for the phonon momentum, using the DFPT theory. The electron BZ
integrals involved in DFPT were carried out in a 16 x 16 x 12 mesh of BZ for the electron momentum. On the other
hand, in order to compute the Fermi-surface average of the deformation potential for the EPC, we discretize the
electron momentum on a finer mesh (60 x 60 x 60) of the BZ.

6. Comparison of two Methods for MgB,

The two methods give very close values of A\: A\ ™.l — () 67 from the method I and A i IT — () 645 from the
method II, where the relative error is [(\@F "itio.] . \ab initio,ITy /yab initio.]| — 3 79 To further compare the results
from the two methods, we plot the sum of A2 (T T' + (0,0, k,)) over the two degenerate bands along I'-A near
the Fermi level obtained from the two methods in Fig. 13, where T, is defined in Eq. (B79). As shown in Fig. 13,
the two values are close—the averages of the plotted values from the two methods differ by 9.7%. The consistency
between the two methods indicates the strong reliability of our numerical calculations.
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FIG. 13. The black and orange dots are the sum of A%, ° (' T' 4+ (0,0, k.)) over the two degenerate bands along I'-A near
the Fermi level, obtained from the method I (supplementary informationI4) and method II (supplementary informationI5)
respectively.

Appendix J: Experimental Discussions

In this section, we present discussions on the experimental aspects.

1. Graphene

We first show that the energetic contribution Ag in Eq. (F71) can be directly measured from the width of the
in-plane optical phonon at I' (i.e., the Ey, phonons at T').

In general, for systems with spin SU(2) symmetry, the phonon linewidth ~4; of the [th phonon at g caused by the
EPC to the leading order has the following form

1BZ
g = % DD Gumi(k ke + @) [np(Ea(k)) = np(En(k + @) 6 (En(k +q) — Eu(k) = hwi(q)) . (J1)

k nm

where we choose the convention in Ref. [145, 146] which have been heavily used for the phonon linewidth in graphene,
Grmi(k1, ko) is in Eq. (B44), ng is the Fermi-Dirac distribution, n, m are spinless band indices, and the spin-double
degeneracy of the electron bands has been included. Eq. (J1) can be straightforwardly derived from Fermi golden rule.
For the phonons at I that are Raman active, their linewidths of the phonons at I' can be measured in the Raman
spectroscopy as the full width at half maximum (FWHM) of the corresponding peaks.

The E», phonons at I' of Graphene are Raman active, and thus we focus on them. Two Ey, phonons are doubly
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degenerate, and thus let us consider the average linewidth of each Es, phonon, which reads

EPC _ EPC
T, Esy lezE;gV
1BZ
= S S Gk R)P [ (Bu(R) — 1 (B ()] 8 (B () — Ea(k) — o, (1)) .
k nm l€E;,
IBZ
ZZ QwE 55 3 (Gl P [ (B () = 0 (B (1)) (B () = B () = i, (1)

lEE‘gg

where énml(kl, ko) is defined in Eq. (B46). Since énml(k k) = 0 for the acoustic phonons and the ion motions along
z, we can sum [ in Eq. (J2) over all phonons without changing ’yIEP ¢ leading to

1BZ

IEIEQC; - ZZ 2WE Z |Gnml k k [ ( (k)) - nF(Em(k))] 4 (Em(k) - En(k) - hwl(‘]))
1BZ " g (JB)
ZZ or_ @ (koK) [ (B (k) — np (B (k)] 6 (B (k) — En(k) — hwp,, (T))
k nm 29

where expression of T'y,,(k1, k) is in Eq. (B79). Since we choose a NN hopping electron model and we choose
the energy of Dirac point to be zero, the electron part has chiral symmetry. Then, according to the convention in
supplementary informationF, Es(k) = —Ej(k) > 0, and thus 0 (E,,(k) — E,(k) — hwg,,(I')) is nonzero only for
m =2 and n = 1, leading to

1BZ
2m 1
W = N mrlz(’% k) [np(Ey(k)) — np(Ex(k))] 0 (Ey(k) — Ey (k) — hwg,, (T))
R (J4)
1BZ
L 1 hwp,, () hwg,, (T)
D W ST (-2 (B2 5 B k) + s, 1)
Let us consider the case where p € (—MEZQ (F), FWEZQQ (F)), and focus on zero temperature. Then, the linewidth
becomes
1BZ
_ o wp,, (1)
EPC,T=0 Eag
’ wp, () hwp, D)\ = Eq( ——— | TI'12(k, k) .
ET (g ey = e 28 (00 + 5 rute )
The relation between 'yEPC and Ag is hidden in T'15(k, k):
R
Pzl k) = o 2 Tr [P1< ) Frih k)P (k) £, (k, )|
mc
= ch k) (= Ok (k) — Ok h(k)xr) P2 (k) (O, h(K)X7 — Xr Ok, h(k))]
2 (J6)
hy
= Ime i:Zwny[Pl(k)(Tzakih(k)—3kih(k)7z)P2( ) (O, h(K)T> — 70, 1(K))]
= 4 k) (720k, h(k)T= — O, h(K)) Pr(k) (70, h(K)T. — O h(K))] -
meo i=z,y

As O, h(k) only involves 7, and 7, as shown in Eq. (F15), we have 7.0y,h(k)7, = —0k,h(k), and T'12(k, k) can be
further simplified to

2
T (k. k) = % S T [Py (k)0 h (k) Py (k)0 h(K)] (1)
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Owing to the Hellmann—Feynman theorem, we know

Py (k)Ok, h(k)P1(k) = O, Er(k)Pi(K) | (J8)
and thus
Puath k) =7 5 @m0 = 1 (s R (19

As a result, the average linewidth of each E», phonons finally becomes

EPc,T:O‘ fyPm Q0 / d VLB (k)
Y w w = - Ok —— 1T k
T,Ea e (75 Bag (F),hE+g<F)> wp,, (D)me (2m)? El(k):—#gm VeEr(K)| 1 o)
hy2m Q /
= . do [ViEr (k)|
szg (F)mc (271')2 El(k):,h#.q(m
where the integral is along the line for Ey (k) = —M. By comparing to Ag in Eq. (F71), we arrive at
EPC,T=0 th  *Q /
’ w w = — do |ViE1(k
T e (20 ) = T e B J 2o 27 VB B)
(J11)
)
T wp, (1) "=
which, combined with the approximated analytical expression of <w2> in Eq. (F115), results in
'YEPC’T:O‘ () my\ — hQﬂ-wE% (F)will (K) )\E| 2 ()
I.E hw g ) hw g T — _ w g
v e (TEEIET) (00 rug, D) T
! g (J12)

2

1 wg,, (T)
= )\E| hwg, (T) = + B2 ’YEPC’TZO‘ hwg, (T) Awg, (T)\ -
p=-—"30—  2mhwp, (T) W,24/1 (K) ) TP pe (*7' 20 P2 )

Therefore, if we can measure the low-temperature average phonon linewidth of the Eoy phonons at I' that is caused by
EPC for p € (_ hwp,, (1) hwp,, (T)

2 ’ 2

), it, combined with the measured phonon frequencies, gives a direct measurement

B r
of the energetic contribution A\g at pu = qu().

The low-temperature average phonon linewidth of the Fy, phonons at I' that is caused by EPC' is measurable
in graphene. In graphene, the low-temperature average phonon linewidth of the Es, phonons at I' does not solely
comes from EPC—the EPC contribution is about 85% according to Ref. [147]—the remaining contribution is from
anharmonicities. In short, we have

M, Ezy = 71@:1520‘7 + ’YIQTLEQQ ) (J13)

where Y g,, is the total low-temperature average phonon linewidth of one of the Eay phonons at I', and ’Y?TLE% is the

part that comes from anharmonicities. Now the question becomes how to separate vglgg’; from the total linewidth

Ar,B,,- As shown in Eq.(J4), the zero-T yﬁgzcg has strong chemical potential dependence, i.e., yﬁgi’T:O =0

hwp,, (T)
for |u| > —+—

hu}E29 (F)
2

~ 0.1leV and '71]“3 gi’TZO has a discontinuous jump as |v| is tuned continuously into the range

lp] < ~ 0.1eV. On the other hand, 'yl“{LEzg only has weak dependence on the chemical potential [96].
Therefore, one can get the value of ’y{fﬁ’ ZZ’T:O for small chemical potential from the difference of low-temperature total
linewidth yr g,, at © = 0 and large p: \

EPC, T=0 ~ ~Jow T
T, E,, e (7 hwpgy, (1) mEzg(m) RV,
2 2

- : (J14)

=0 |u|>0.1eV

)

With this method, the Ramen measurement in Ref. [96] suggests

1 EpPcT=0

ho T ;

3

‘ oy, () hoy, 0y = T~ 13em ™", (J15)
e (- )
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where h is the Planck constant, c is the speed of light, and the error is considerable—about +3cm~!. Experimentally,
hwp,,(T) = 0.196eV (i.e., 1582cm™!) according to the measurement in graphene [147] and hwa, (K) = 0.156eV (i.e.,
1260cm 1) according to the measurement in graphite [97]. With these experimental values, Eq. (J12) suggests

Al e 010y = 0.0018 ~ 0.0034 , (J16)

s

whereas the model calculation suggests
ABly——g.1ev = 0.0032, (J17)

which is within the experimental errors. More precise measurement can be done in the future.

The total A of graphene may be measured from the Helium scattering [99]. Combined with the experimental
observation of Ag, it can serve as a probe as the geometric contribution Age,. Furthermore, the FSM in graphene may
be measured from the current noise spectrum [100] or more generally the first-order optical response [101], owing to
the two-band nature of graphene. Therefore, the following expression may be experimentally testable:

(g dop 220 _Tyfg, (k)]
Ageo  JPs WORTGE, , (R)] TInk |y Tr(gn. (k)]  he Al —
- - dO’k - 2.2 (w - 2|:u|/h) ] (JIS)
)\E IFS d(fk, VkEnF(k)| s FS |VkEnF(k)| 2mce
where
_ 4ARfpl Tr(gn, (k)]

Alw) = hw dog

_ (J19)
ch rs VB ()]

is the optical absorption coefficient for photons with frequency w in the unit system where 1/(4mep) = 1 [101-104].
Here we have used the expressions of Age, and Ag below Eq. (F71). Known experiments observe A(w) ~ 2.3% for
hw > 0.5eV, which gives Q:TCGQA(QJ = 2|u|/h) ~ 1.0, which is consistent with Eq. (F92). We note that such test is
for |p] > fiw/2 > 0.25eV, while our proposal of measuring A\g is for p = —0.1eV. Ff one can measure A(w) down to

hw = 0.1eV while measureing Ag and Age, based on our proposals, these measurements would serve as a good test

our theory, and relate the )‘)\g—;" in scattering experiments to the absorption coefficient A(w) in the optical response.

2. Other Systems

Besides graphene, it is possible to verify the relation between quantum geometry and the EPC strength in other
systems. On the surface of the topological insulator BisSes, the geometric properties of the Bloch states should vary
along the Fermi surface, due to the hexagonal distortion [105]. Furthermore, the coupling between the surface states
and the I' phonons in principle should be measurable in the momentum-resolved way in time- and angle-resolved
photoemission spectroscopy measurements [106-109]. Then, we can compare the EPC strength and the geometric
quantities (like FSM or OFSM) of the surface states, and check whether they have similar behaviors as varying
momentum on the Fermi surface.
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