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Abstract

Although the academic literature contains many contributions presenting different modeling approaches of positive
displacement machines, some architectures, such as bent-axis units, have been studied less than other types, such
as gear or swash plate units, in recent years. This article presents the hydro-mechanical modeling of a reference
bent-axis unit that can function as a pump or a motor. The study adopts a lumped parameter approach to examine the
hydro-mechanical aspects of the machine in detail, emphasizing the main components and their interconnections.
For each main component, the study begins with the kinematic aspects and ultimately solves the dynamic analysis
with equilibrium equations of forces and moments. Additionally, the model incorporates parametric, vector, and
modular features to generalize the analysis to similar geometries and avoid limiting its usage to a single operating
mode. A genetic algorithm was employed to address the critical challenge of parameterizing lumped-parameter
models for hydraulic machines, particularly with regard to the geometric and frictional characteristics of lubricating
gaps. This algorithm uses experimental measurements of mechanical and volumetric efficiency within a defined
operating range. This methodology robustly identifies model parameters, which can support machine design and
operational behavior analysis within complex hydraulic systems.
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Latin Letters

a Acceleration vector (ms™?)

F Force vector (N)

M Moment vector (N m)

v Velocity vector (ms™!)

R Rotational matrix (null)

Ag Generic area (m?)

Ao Generic orifice area (m?)

B Bulk modulus (Pa)

Cy Drag coefficient (null)

Clar Maximum flow coefficient (null)

d,D Generic diameter (m)

Dp; Piston diameter (m)

D;pp Diameter of piston spherical end (m)

fa Friction coefficient (null)

h Generic leakage gap (m)

hea Gap height between case and cylinder block (m)
1 Moment of inertia (kg m?)

[, L Generic length (m)
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lc Generic contact length (m)

l; Length of the i-th piston out of chamber (m)
np Piston number (null)

p Pressure (Pa)

Pea Case pressure (Pa)

DPeh Piston chamber pressure (Pa)

Psph Piston spherical end pressure (Pa)

(0] Volumetric flow rate (m3s~!)

Opr Drain flow rate (m3s—1)

Qin Flow rate entering a volume (m3s~1h

Oout Flow rate exiting a volume (m3s~ 1)

r, R Generic radius (m)

Ry Pitch radius of the ball joint centers (m)
R, Piston pitch radius (m)

Smin Piston chamber length at inner dead center (m)
T Generic temperature (°C)

t Time (s)

Vv Generic volume (m?)

Veno Dead volume of the piston chamber (m3)
Ven Piston chamber volume (m>)

Vist Dead volume of the piston inner bore (m3)
Greek Letters

B Inclination angle of bent-axis unit (deg)

8 x' rotation of the i-th piston (deg)

n Generic efficiency (null)

A Flow number (null)

Ai y’ rotation of the i-th piston (deg)

Aerit Critical flow number (null)

7 Dynamic viscosity (kgm~!s™1)

1) Angular velocity (rads™!)

o Fluid density (kgm™>)

T Shear stress (Pa)

0 Generic angular position (deg)

0; Angular position of the i-th piston (deg)
6io Initial angular position of the i-th piston (deg)

1 Introduction

The academic literature contains many contributions focusing on the analysis and mathematical modeling of the
fluid-dynamic and mechanical aspects of positive displacement machines. However, some architectures, such
as the bent-axis type examined in this paper, have been studied less frequently despite their widespread use in
industrial and mobile applications. Bent-axis units typically demonstrate greater efficiency and fewer wear issues
than swash plate units. Consequently, they can facilitate more effective energy management and reduce operating
costs [1]. These two aspects are of particular interest in modern fluid power applications. However, bent-axis
units require greater control force for displacement control. This is an important issue for systems that implement
variable-displacement machines coupled with traditional or innovative electro-hydraulic controls. Therefore, it is
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crucial to promote the efficient design of machines by making simulation and developing analysis tools available
to industry and research communities.

In bent-axis units, which fall into the category of axial piston machines, the pumping movement of the pistons
is obtained by combining the rotation of the unit shaft and cylinder block with the inclination of the cylinder
block itself with respect to the shaft axis. Like swash plate units, these bent-axis piston machines (with fixed or
variable displacement) are complex machines whose correct functioning depends on the behavior of the lubricant
gaps between the internal components. These gaps include the space between the cylinder block and the spherical
valve plate, the space between the valve plate and its bushing (for variable displacement units), and the interfaces
between the pistons and the cylinder block, as well as the spherical joints of the central pivot and the single
pistons. Oil films must provide lubrication and keep parts in mediated contact to enable the exchange of reaction
forces and moments. However, leakage through these films must not significantly affect the volumetric efficiency
of the machine. Therefore, when analyzing these machines, it is essential to consider both the fluid dynamic
and mechanical aspects because the interaction between these two elements determines the overall behavior and
efficiency of the machine.

In recent decades, great attention has been given to gear pumps (e.g. [2-14]) and swash plate units (e.g. [15—
22]). Different approaches have been used for analysis, such as CFD, lumped parameter approaches, kinematic and
multibody models, and FEM models. These approaches are often validated by comparing them with experimental
testing of the units.

As mentioned, however, fewer publications have examined similar topics in the context of bent-axis positive
displacement machines. Abuhaiba et al. [23], for example, carried out a kinematic and geometric analysis of a
particular bent-axis pump, in which a double universal joint transmits motion between the shaft and cylinder block.
Understanding the volumetric and hydro-mechanical efficiencies of these machines requires examining friction
and leakage flow rates. In addition to reference texts on tribology [24] and lubrication [25], several publications
have focused on the relationships between leakage and volumetric efficiency, and between friction and hydro-
mechanical efficiency. Examples include the work of Hong et al. [26] and Kumar et al. [27]. Finally, Roccatello et
al. [28] carried out the most detailed mechanical modeling of the main components of bent-axis units to date. In
this publication, the authors propose analyzing and resolving the equilibrium equation systems of the individual
components in order to determine all the unknown reaction forces and moments of the system. This provides an
overall understanding of how the machine behaves as a whole.

These studies have contributed to the development of increasingly advanced modeling and numerical simula-
tion tools for bent-axis units. However, many of these tools are based on specific geometries and are therefore
highly dependent on them. Additionally, high-fidelity models used to analyze specific features — such as inter-
actions between components, frictional effects, and lubrication gap heights — entail significant computational
costs. Therefore, the objective of this work is to develop a flexible tool capable of adapting to different geometric
configurations of these machines. Furthermore, a compromise has been sought between accurately modeling the
aforementioned features and reducing simulation times. In fact, reducing computational time is essential to obtain
tools that are not only accurate but also efficient with respect to experimental testing.

In this context, our main motivation for starting the activity presented in this article was to propose a compre-
hensive model for a bent-axis unit that addresses both fluid-dynamic and mechanical aspects. We developed this
model according to the lumped parameter approach. The model must be robust enough to highlight the influence
of operating parameters and main design details for different units. We chose to create the model in Simcenter
Amesim, using the Submodel Editor Tool to provide specific or adapted models of the internal components and
aspects when needed, which can be implemented in C code. This allows the unit to be easily integrated into a
hydraulic circuit that represents the application, thus opening up a range of possibilities to study the interaction
between the machine and the system and analyze the effects of certain design choices. This also promotes trou-
bleshooting analysis of the unit and system. For this activity, we selected two reference units manufactured by
Dana [29]: a fixed-displacement unit (SH11C) and a variable-displacement unit (SH7V). However, the objective
was also to create a numerical tool capable of replicating not only the reference units for detailed modeling, but
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Fig.1 Schematic of the fluid dynamic model for the bent-axis unit. Solid lines connect scalar ports, and dashed lines connect
vector ports

also many similar machines. For this reason, we considered pump/motor units and adopted a parametric, vector,
and modular approach to generalize the analysis and avoid limiting the model to a single operating mode. This
paper briefly reviews the fluid dynamic model because similar analyses have been applied numerous times to
positive displacement machines. Instead, the focus here is on the details of the mechanical analysis. Thus, we
present the main components included in the model, their parameterization, their kinematic and dynamic behav-
ior, the interfaces with other mechanical or fluid-dynamic elements to obtain a detailed analysis of the machine.
Finally, the paper presents an alternative method for calibrating the unknown terms of the model — such as friction
coefficients and leakage gaps — without introducing more complex model or relying on uncertain experimental
results. The calibrated model is then tested throughout the entire operating range of the unit for its validation.

1.1 Fluid dynamic model

This section presents the modeling of the fluid dynamic aspects of the bent-axis unit. As mentioned in Section 1,
although this work focuses on the mechanical modeling of the unit, a brief presentation of the fluid dynamic
model is necessary because it interfaces with the mechanical part to exchange the input and output information
needed for correctly and completely modeling the unit. For instance, calculation of pressure forces acting on the
piston heads requires knowing the pressure trends within the piston chambers. Conversely, these pressure trends
are also functions of the chamber volume derivatives resulting from piston velocities, which are calculated in the
mechanical model. Thus, the mechanical model presented in this work is complementary to the fluid dynamic
part, and vice versa.

Figure 1 shows a schematic of the fluid dynamic model of the unit, where we considered a bent-axis motor with
port B of the valve plate as the input port and port A as the output port. Note that a lumped parameter modeling
approach always requires connecting a capacitive element to a resistive one.

The fluid-dynamic model is a combination of hydraulic variable/fixed capacities and variable/fixed resistances.
The main flow, in fact, passes first from the inlet port B chamber through the valve plate (Ap ;) to the piston
chambers (C#, i) and finally again through the valve plate (A 4 ;) to the outlet port A chamber. The main equations
required for fluid dynamic modeling are the hydraulic pressure buildup equation (Eq. (1)), which links the pressure
in the control volume to the mass flow rate, the equation of state of a fluid (Eq. (2)), which describes the properties
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of the fluid, and the general resistance equation for both laminar and turbulent flows (Eq. (3)).

dp . B 0; 0 dv )
dt VvV e eont gy

dp p d

r_ ap (2)
dt B dt

2-A 2-A Jo
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Specifically, Eq. 3 follows the Simcenter Amesim approach, using the flow number A (a modified Reynolds
number accounting for geometry and viscosity) and a hyperbolic tangent function [30]. This formulation ensures
a smooth and numerically stable transition between linear laminar leakages and quadratic turbulent flows.

In fact, it is necessary to consider both the turbulent main flow from the inlet to the outlet port of the unit,
as well as the laminar leakage flow from the pressurized zones to the casing. These leakages must provide both
lubrication and counter-pressure forces that balance the various components and keep them in equilibrium. We
considered the following main leakages of the unit.

e Leakage in the spherical interface between the cylinder block and the valve plate (Q7—4 and Q_p).
e [eakage between each piston and its seat in the cylinder block (Qr—pc.;).
e [ eakage between the ball joint of each piston and its seat in the shaft (Q1_sc ;).

Evaluating all these leakages is also necessary to determine the total drain flow rate (Q p,) and, consequently,
the volumetric efficiency of the bent-axis piston unit. We considered oil films with constant height to simplify
the study and allow the lumped parameter modeling without the need for CFD analysis. Since these values are
generally unknown, so we first used standard values from literature and then adjusted them using the complete
model. The approach followed to tune these unknown values is described in the Results section (Section 7).

1.2 Introduction to the mechanical modeling

This subsection introduces the lumped parameter approach that we followed to model the mechanical part of
the bent-axis piston unit. We considered the various geometric and non-geometric features that characterize the
reference unit in order to create a model that can be adapted to machines with similar geometries and characteristics
by simply introducing different parameter values. Another fundamental aspect of the mechanical model is the
vector format feature we incorporated during its development. This allowed us to focus on the i-th piston of the
unit instead of considering all the pistons together. This approach enabled the model to simulate machines with
different numbers of pistons 7 p, which became one of the parameters that characterize the unit under analysis. Of
course, it was also possible to consider all the other pistons by shifting the i-th piston by the correct angular offset
(k-2m/np,withk =1,2,...,np — 1). As mentioned, we modeled the mechanical part of the unit in a modular
manner, identifying and analyzing the various main components of the unit individually before connecting them
to create the complete mechanical model. Therefore, it was necessary to define all inputs and outputs for modeling
the individual components and interfacing each of them with the adjacent ones.
Referring to Figure 2, the main components that guarantee the correct operation of the machine are:

pistons (1)

cylinder block (2) and central pivot (3)

valve plate for fixed or variable displacement (4)

unit shaft (5) and bearings (6)

servo piston (7) and device for displacement variation (8)
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Fig.2 Main components and reference frames considered
in the mechanical model of the bent-axis unit @

shaft axis jh——

The following list outlines the main steps in the analysis of mechanical components.

. Choice of the appropriate reference frame for the analysis.

. Parameterization of the component identifying all the independent parameters.

. Kinematic analysis of the component (when necessary), i.e. position, velocity and acceleration analysis.
. Dynamic analysis of the component identifying all the forces and moments acting on the component.

. Definition and solution of the equilibrium equation using Newton’s second law of motion.

DN W~

Note that step 5 may require the introduction of simplifying hypotheses. In fact, it is impossible to develop
a detailed model of this type without using an in-depth CFD or multi-body analysis for certain specific aspects
— such as contacts between bodies or hydrodynamic forces of oil film — and without the introduction of certain
simplifying hypotheses. After defining the modeling of the individual components, it was then possible to connect
and interface them with the fluid-dynamic model to create the complete model of the bent-axis piston unit.

We then used the mathematical modeling presented in the following sections as the basis for the realization of a
numerical model developed in Simcenter Amesim [30]. This numerical tool can simulate the behavior of generic
bent-axis units once the machine has been unambiguously parameterized.

1.3 Nomenclature and convention for force/moment

This section presents a compact and unambiguous nomenclature used to define the various terms and facilitate
the writing and understanding of the equations. Different subscripts define the various characteristics of the
force/moment considered. The first subscript refers to the element on which the force or moment is applied, or to
the elements involved in mutual reactions. A second subscript indicates the type of force or moment. Finally, a
third subscript identifies the force/moment components along the reference axes. Table 1 shows the nomenclature
used for the first and second subscripts for the force and moment types.

For mutual reaction forces/moments, we used (A — B) as the first subscript to indicate that component A exerts
this force (or moment) on component B, while the force or moment type is not specified. Below, we provide a
couple of examples for a better understanding of the nomenclature used.

Equation 4 represents the component of the weight force of the pistons along x-axis.

Fpig, @)

Equation 5 represents the component of the friction force exerted by the pistons on the cylinder block along
Z-axis.

Fpi—cbyy,, Q)
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Table 1 List of abbreviations

Element Abbreviation
Piston pi
Cylinder block cb
Shaft sh
Valve plate vp
Casing cover co
Servo piston act
Weight g
Pressure pr
Casing pressure ca
Viscous friction visc
Dry friction fr
Churning losses cl
External ext

Bold letters refer to force/moment vectors with positive or negative magnitude and direction, while normal
letters refer only to the force magnitude.

We also define the convention for the signs of forces and moments. Any force is considered to have the same
direction as the chosen reference frame axis. If a force acts in the opposite direction of an axis, it will have a
negative sign in its analytical expression.

In this way, the generic translational equilibrium is a sum of all the vector contributions, where minus signs may
only appear in the analytical expressions of the contributions. Note that bold initial letters refer to force/moment
vectors with their own magnitude, direction, and sign. Normal initial letters indicate the magnitude of the vectors.

In deriving the equations of rotational equilibrium with respect to a generic point, we considered both forces
and distances to be positive. If the cross product of force and distance results in a negative moment according to
the right-hand rule, a minus sign is inserted into the equilibrium equation.

1.4 Reference frames

Itis necessary to introduce the reference frames used to perform the kinematic and dynamic analysis of the machine
components. We considered a fixed reference frame, Oxyz, and a rotated frame, Ox’y’z’, (Figure 2) obtained from
the former by rotating it by an angle of 8 around the x-axis. This angle is equal to the inclination of the bent axis
of the unit. Note that the rotation 8 in Figure 2 is negative, as it is discordant with the positive rotation direction
defined by the right-hand rule. Point O is the center of the ball joint of the central pivot.

Note that the fixed reference frame of the unit may not be parallel to the ground reference frame. In fact, both
the Oxyz and the Ox’y’7’ reference frames corotate with the bent-axis unit and its spatial orientation.

Thus, we could analyze the unit behavior using the more suitable frame of reference by switching from the
fixed to the rotated frame without altering the validity of the expressions. Switching between the two reference
frames relies on two rotation matrices. Naming O the fixed frame Oxyz and O’ the rotated frame Ox’y’z’, Eq. 6
and Eq. 7 respectively provide the rotation matrix to pass from O to O’ and from O’ to O.

1 0 0
§0—>0': 0 co§ﬂ sin 8 (6)
0 —sin B cos B
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Fig.3 Frame of reference A; xp yp zp centered in the ball
jointin y’z’ plane

y
1 0 0

quo: 0095,8—smﬁ (7)
0sinB cospB

We also considered a third frame of reference A; xp yp zp centered in the ball joint of the i-th piston and
moving with the piston itself. This frame is used to express the force acting on the piston and has the z p-axis
directed along the longitudinal axis of the piston itself. Note that the reference frame A; xp yp zp can be derived
from Ox’y’z’ using a rotation matrix obtained by considering a rotation around both x” and y’. Naming P the A;
xp yp zp frame considered, Eq. 8 and Eq. 9 respectively provide the rotation matrix to pass from O’ to P and vice
versa, considering a negative rotation around x’ (§; < 0) and a positive rotation around y’ (A; > 0) (Figure 3).

COS A; 0 —sin A;
50’—)P = —.sin i sin §; CF)S 8; — CcoS A; sin §; (8)
sin A; cosd; sind; cosA;cosd;
CcosA; —sinA;sind; sinA; cosd;
§P—>0/ = 0 cos §; sin §; 9)

—sinA; —cosA; sind; cos A; cos §;

The following sections present the analysis and modeling of the main components.

2 Piston model

In this section, we present the kinematic and dynamic analysis of machine pistons. The motion of the bent-axis
pistons combines rotation around the shaft axis and axial translation due to the inclination of the valve plate, while
ball joints prevent parallelism of the pistons. Figure 4 shows the parameterization scheme of a single piston.

Before proceeding with the analysis, it is necessary to introduce the following assumptions and hypotheses we
considered.

e Contact between i-th piston and cylinder block is centered in a point.

e Contact between i-th piston and shaft is centered in point A;.

e No relative rotation of i-th piston around its longitudinal axis.

e No phase shift between shaft and cylinder block, i.e. points A; and B; are in phase.
e Point B; travels along piston chamber axis.

e Point B; position depends only on cylinder block rotation.

e Pressure trends within leakage gaps are linear and not logarithmic.

e Infinite stiffness of the components.

The following list contains the main outputs of the piston analysis.
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Fig.4 Piston z
parameterization (y’z’ /
plane)
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e Piston kinematics: ag , ;, a4, a,.

e Piston chamber volume: V., ; (9, B).

e Reaction forces exchanged with cylinder block: Fcp— pi).i-

e Reaction forces and moments exchanged with shaft flange: F(s,— pi).i-
e Friction forces exchanged with cylinder block and shaft.

2.1 Kinematic analysis

We considered the analysis of the i-th piston. Results for the other pistons can be obtained by shifting the i-th
piston by the appropriate angular step 6;,. The center of the piston ball joint, point A;, must move on a circular
trajectory in the xy plane of the fixed reference frame Oxyz. The position of A; expressed in the rotated reference
frame Ox’y’z’ can be obtained using the rotation matrix Ro/_, p (Eq. 6), as provided in Eq. 10.

—Ry - sin(%; + %0)

OA/ =R, -OA =R, | Ra-cos(® + i) (10)
0

In Figure 4, point B; is the center of rotation of the i-th piston axis with respect to the chamber axis. The rotation
matrix for the chamber axis is provided in Eq. 8. This point must move on a circular trajectory in the xy plane of
the rotated reference frame Ox’y’z’. Thus, the position of B; is obtained in the rotated frame and then in the fixed
frame Oxyz using the appropriate rotation matrix (Eq. 7). The piston axis zp, and then the angles §; and A; for
unambiguously identifying frame P, can be identified from the position of points A; and B;.

The position of the center of gravity of the i-th piston, G ; ;, expressed in the Ox’y’z’ frame can be obtained
using Eq. 11, where the distance |A;jGyp; | between A; and G ; ; is known.

0
0 (11)
|AiGpiil

OG,ii = OA; + Roo

The second derivative of Eq. 11 provides the acceleration vector of point G ,; ;, which is necessary for evaluating
the inertial forces, F; ;,, acting on the center of mass of each piston.
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The actual stroke of the i-th piston is also a function of both the swash plate angle, 8, and the piston angular
position, ;. Referring to Figure 4, Eq. 12 provides the derivative of the oil volume in the piston chamber considering
these angles and other geometrical features, where s,,;, is the chamber length when the piston is at inner dead
center.

T .
Vch,i(ﬂi, ,B) = ZDIZH : (_Ra ' (1 — COos 191) : SlIl,B + Smin) + Vcho + Vpisl() (12)

Note that V., represents the dead volume given by the inclined inlet/outlet channels of the cylinder block, and
Vist, 1 the dead volume given by the inner bore of the piston.

Calculating the volume and its derivative for the i-th piston chamber is necessary to evaluate the pressures (and
pressure variations) within the chambers in the fluid-dynamic model of the unit.

2.2 Dynamic analysis

2.2.1 Weight force

The piston weight force, expressed in the Ox’y’z’ reference frame, can be obtained by rotating the components of
the weight force vector expressed in the fixed reference frame of the machine (assumed known), using the rotation

matrix 2(0—>0/) (Eq. 13).

[Fpi,gof] = §(0—>0’) [Fpi.co] (1)

The weight force is applied at the center of mass of the i-th piston, G ; ;.
2.2.2 Pressure forces

Pressure forces acting on the piston can be applied on different zones, such as the piston head and pressure forces
on the spherical end. Note that these forces only have a non-zero component along the z p-axis of the piston.

Equation 14 provides the pressure force exerted on the i-th piston head by the oil within the chamber, which is
applied at point B; and directed along z,-axis. Equation 15 identifies the pressure force exerted by the oil in the
casing. This force is considered to be applied at the center of the ball joint, A;.

an”.
Epiiiprp., = —Peh.i - ) (14)

FpiJ.prAlzp =

T n2 2

The evaluation of the pressure force on the spherical end of the piston depends on its geometry and the varying
pressure zones. For simplification purposes, we identified two different zones: a full pressure zone, which is
directly connected to the chamber through the internal piston bore and the recess, and a medium pressure zone,
which is located between the recess and the casing. Note that these areas must be projected differently onto the
spherical end of the piston based on their inclination.

Considering only the force component along the z p-axis, Eq. 16 provides the expression of this pressure force,
where A, is the full pressure area and A p,,, is the medium pressure area (Figure 5). This force is applied at the
ball joint center, A;.

2
We summed the pressure forces in Eq. 15 and 16 to obtain the total pressure force acting on the spherical end
of the i-th piston, Fp; ;. ,-

FPisiprAzzp = psph,i . Aprf + : Aprm (16)
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Fig.5 Pressure areas on piston spherical end: full pressure
area, A pris and mid pressure area, A,

The components of Fj; ;. , and Fp; ; , , along the z p-axis are the only non-zero components. These forces can
then be decomposed in the Ox’y’z’ reference frame using the rotation matrix of Eq. 9.

2.2.3 Friction forces

This contribution considers the effects of friction between the piston and chamber surfaces which are in relative
motion. Both the viscous friction in the seal leakage gap and the static pressure force were considered, as provided
in Eq. 17.

7 ((Dpi + hpi—ep)*> — D2)
Fpi,iviscz, = - 4 7 : pch,z+

7 i Dpi VB ey, (17)
hpi—cb

A non-negligible friction component exists in the mixed contact (metal-to-metal and mediated through an oil
film) between the i-th piston and the shaft. We included this effect by defining a friction torque for each plane (y'z’
and x’7’), i.e., a friction torque (Eq. 18) for each relative angular velocity (§; and A;).

Dsph
2

M(shfpi),ifr - _fa : F(shfpi),i : (18)

We also assumed that the i-th piston and the cylinder block are always in contact. According to Eq. 19, there
must be a mutual friction force along the z’-axis, which opposes the motion of the piston.

Fieb—pivis, = —F(pi—cb),i, (19)

The rotation of the pistons in the casing oil also generates a viscous friction moment that must be considered in
the total torque of the shaft [16]. Referring to Figure 4, the expression of these churning losses can be written as
given in Eq. 20.

1
Mpiia, = =5 Ca-p- w? - R} - Dy - (20)

The term /; is the length of the piston outside the chamber. Note that we are not including the torque calculated
in Eq. 20 in the piston equilibrium. Instead, it will be considered in the shaft rotational equilibrium around the
Z-axis.
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Fig.6 Piston free-body diagram on y’z’ plane and x’z’ plane

Table 2 Equilibrium equations for the i-th piston

Translational equilibrium - x’, y’ and z’-axis
Fpiig + ¥piipa +Fpiipp +Fisn—piri +Fieo—piri +Fiev-piyis + Fpiiyise +Fpiiy =0 (23)
Rotational equilibrium about B; - x’ and y’-axis

BiGopii % (Fpii, + Fpiii) + Bii x (Fion—piy.i +Fpii,a) +

24
+Msh—piyi;, +Mish—piyiy,. = Ipiig -2 @4

visc

2.2.4 Reaction forces

The unknown terms in the equation system represent the reaction forces between the pistons and the adjacent
components, which are the shaft and the cylinder block.

Fsn—piy,i = —F(pi—sh),i (21)
Fcv—piyi = —F(pi—cb),i (22)

2.2.5 Free-Body diagrams

After introducing all the known contributions acting on the i-th piston, it is possible to proceed with the realization
of the free-body diagrams.

Figure 6 shows the unknown terms highlighted in red, while Table 2 shows the equilibrium equations developed
for the i-th piston, written using the vector form of Newton’s second law of motion.

As mentioned, the reaction forces exchanged with the adjacent components are the unknown terms of the system,
1.e.: Fish—piy.iss Fish—pi), iy Fsh—piyiys Fieo—pi.iys Fieb— pidiy-

The terms F(Cb Pigr,s M (Sh=pi).ifr, and M sp—piy,i iy ,in fact, can be written as functions of the five unknowns
listed above. The equatlons in Table 2 can be decomposed along the axes of interest, obtaining a system of 5
equations in 5 unknowns. The rotational equilibrium along the z-axis will be considered only in the shaft model.
In addition, note that Fcp—pi),i o is a nonlinear term. Therefore, we used an iterative process instead of a known
method for nonlinear system resolution because it is simpler to implement in the code in Simcenter Amesim.
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Fig.7 Cylinder block parameterization and areas of interest with side section (y'z") and rear-front view (x"y")

3 Cylinder block model

This section presents the analysis of the cylinder block, following the same approach as for the pistons. After
evaluating the couplings and tolerances between the components, we considered the central pivot of the unit as
rigidly connected to the block itself. Furthermore, certain designs preserve the balance of the system even in the
absence of a central pivot, demonstrating that this component is not essential for its operation. Figure 7 shows the
parameterization of the cylinder block and the central pivot. Mechanical modeling of the cylinder block focuses
on analyzing the pressure forces and their point of application, which push the block away from the valve plate,
and evaluating the thrusting forces that push the block against the valve plate. Before proceeding with the analysis
and the free-body diagram of the cylinder block, it is necessary to introduce the following assumptions.

e Mixed contact between cylinder block and valve plate (metal-to-metal and mediated through oil film).
e Reaction forces (fluid-dynamic and contact forces) in mixed contact are concentrated in a single term applied
at point H».

The following list contains the main outputs of the cylinder block analysis.
e Hydrodynamic/contact equivalent force generated within the spherical leakage gap between cylinder block and
valve plate: F(yp_cp).
e Point of application of this equivalent force: H,.
e Mutual reaction forces between cylinder block and shaft: Fs,_cp).
The kinematic analysis of the cylinder block is of no particular interest since it has already been included in the

piston analysis with the evaluation of the motion of point B;. The rigid body formed by the cylinder block and the
central pivot simply rotates around the z’-axis with angular speed w.

3.1 Dynamic analysis

This section provides an overview of all the known and unknown forces/moments acting on the cylinder block, as
previously done in the piston analysis.

Meccanica (2026) 61:66 @ Springer


https://doi.org/10.1007/s11012-026-02126-2

66 Page 14 0f 37 https://doi.org/10.1007/511012-026-02126-2

o Fcp,: cylinder block weight force
o F(,i_cp): piston reaction force

Some other terms of the equilibrium equations must be introduced in more detail instead.
3.1.1 Reaction forces with unit shaft

The reaction force between the cylinder block and the unit shaft has three non-zero components along the x’, y’
and z’-axis.

F(sh—cb) = _F(cb—sh) (25)

The first two components are unknown for the equilibrium system, while the z’-axis component is known
because it is given by the elastic force of the spring inside the central pivot. During the machine assembly, in fact,
this spring is compressed to push the cylinder block against the valve plate and the central pivot against the shaft
flange simultaneously.

3.1.2 Pressure forces and moments

It is necessary to evaluate the areas of interest on the front and rear surfaces of the cylinder block to determine the
hydrostatic axial thrusting forces acting on the component. These areas are defined by the geometries of both the
cylinder block and the valve plate. Figure 7 identifies the following surfaces of interest.

Acp1,;i: area 1 between two consecutive bores on block rear surface.
Acpo.i: area 2 between two consecutive bores on block rear surface.
Acp3.i: area 3 between two consecutive bores on block rear surface.
Acpa it circular area of piston bore on block front surface.

Acps i elliptical area of piston bore on block rear surface.

Acpe: lateral projection of the spherical cap.

Acpp: area on block front surface where casing pressure acts.

Acpp: area on block rear surface where casing pressure acts.

After evaluating these areas using geometric or trigonometric relationships, it is mandatory to consider the
correct pressure acting on each surface. The hydrostatic forces acting on the geometric center of these surfaces,
in fact, can be evaluated by multiplying the mean pressure by the corresponding area.

As outlined in the assumptions, the logarithmic pressure trend in the annular gap was not considered. Instead, we
considered a mean pressure defined by the boundary conditions for each area. Some of these forces can be grouped
together in order to make the writing of the subsequent equations more compact. In particular, we considered the
hydrostatic force, Fep,,,; (Eq. 26), as the sum of the contributions that tend to move the block away from the valve
plate and Feyp,,;, (Eq. 27) as the sum of the contributions that tend to move the block toward it. Both these forces
have non-zero components only along the z’-axis. Equation 28 represents the total pressure force along the x’-axis,
considering both A.pe projections: one subjected to high pressure (B) and the other to low pressure (A). Finally,
Eq. 29 provides the total force of the casing pressure acting on the z’-axis of the cylinder block.

n

Feb = Z (FAcbl,iZ/ + Facb2,i, + FAcb3,iZ/) (26)
i=1

n

Feb g = Z (FAcb4,izr + FAcb5,iZ/) (27)

i=1
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Febyyyy = Facve A + Facbe /B (28)
Fep, = Facvr, + Facbr, (29)

Knowing the magnitudes (pressure times area) and points of application (geometric center of each area) of all
these pressure forces allowed us to derive the point of application of the equivalent F¢;,,, (Eq. 26) and Fep,,,
(Eq. 27) by using Varignon’s theorem. In this way, it was possible to evaluate the position of the total hydrostatic
force and the consequent tilting moment vector, which we considered in the equilibrium equations. Eq. 30 and 31
show these contributions groped together.

n

Mep,. = Z (Macpi,i +Macpa,i + Macs3,i) (30)
i=1

n
Mep,, = Z (Macpa,i +Macps.i) €19
i=1

The corresponding points of application are Hr for Fp and Hiy for F

push pull ®

3.1.3 Friction forces

The relative rotation between the cylinder block and the valve plate generates a viscous friction moment due to the
presence of a spherical leakage gap. Starting from the analytical expression of the friction moment generated in a
circular recess pad, given in Eq. 32 [25], the different viscous contributions of the interface zone between cylinder
block and valve plate can be evaluated considering the correct angular [0, 6»] and radial sector [R, R2].

6 Ry
M(Cb_vp)viscz/ = _[0\ /; (I"T) rdrd (32)
1 1

In addition, the rotation of the cylinder block in the casing oil generates a viscous friction moment that must
be subtracted from the moment available at the machine shaft (or added to the moment required at the shaft when
considering a pump). Referring to Figure 7, Eq. 33 expresses the churning losses torque obtained by integrating

the linear velocity profile v = wRp M) within the gap between the casing and the block itself [16].
D b Dep + hca ? he
Mep,, =27 Lep - o - @D, 2 ) n 1_% (33)
< 2 hea ZCb + heq

3.1.4 Contact-Hydrodynamic forces with valve plate

As mentioned, we combined the hydrodynamic contributions from the leakage gap and the metal-to-metal contact
forces into a single unknown term. In fact, it is difficult to evaluate the individual portions of these contributions
without performing CFD analyses to determine the pressures and heights of the oil gaps. This mixed term, called
F (vp—cb), is unknown for the cylinder block model. The vector force F(,,,—¢p) consists of three non-zero components
along the axes of the Ox’y’7’ reference frame, as the interface between the cylinder block and the valve plate
is a spherical cap. The point of application of this force, called H, = (x}lz, y}b, z}lz), is also unknown. For
convenience, we reported this force on the z’-axis and consider the equivalent transport moment components
Mup—ch),, and M(vp—cb)y/ as unknowns, as done by Roccatello and Nervegna [28] in their discussion for similar
machines. In addition to the aforementioned terms, an unknown balancing moment, M,,_cp) ,, must exist to
ensure the cylinder block rotates at a constant speed @ around the z’-axis, as assumed at the Beginning of the
analysis.
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3.1.5 Free-Body diagrams

The free-body diagrams and the resolution of the equilibrium equations of the cylinder block are given in Appendix
A.

4 Shaft model

This section presents the analysis of the machine shaft and its roller bearings. The magnitudes of the axial and radial
loads, in fact, determine the life of the bearings and, under ideal conditions, the life of the machine itself. Before
proceeding with the analysis and the free-body diagram of the shaft, it is necessary to introduce the following
assumption in addition to those already mentioned.

e Contact between shaft and central pivot is centered in the ball joint center O.
The following list contains the main outputs of the shaft model.

e Torque absorbed by or delivered to the shaft, depending on whether the machine is used as a pump or a motor:
M torque-
e Radial and axial loads discharged by the shaft on tapered roller bearings: Fc1,, Fc2, and K.

Figure 8 shows the shaft parameterization for the case with the O arrangement of bearings. This parameterization
considers /¢, and /¢, as negative values, and a; and ay as positives values regardless of the bearing arrangement.

O arrangement: by = (lo, — |a1])by = (I, + |az|)

X arrangement: by = (o, + |a1])by = (I, — |az|)

The discussion with the X arrangement of bearings is totally equivalent. The only difference lies in the definition
of the distance between points C and C» and point O, as shown above.
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The kinematic analysis of the shaft is of no particular interest because we assumed that it rotates with a constant
angular velocity .

4.1 Dynamic analysis

This section provides an overview of all the known and unknown forces/moments acting on the unit shaft, as
previously done for the other components. We considered the fixed reference frame Oxyz to express all the
forces/moments and report the equilibrium equations.

o Fyj, I shaft weight force
o F(,i_sn): piston reaction force
o F(cp—sn: cylinder block (central pivot) reaction force

Some other terms of the equilibrium equations must be introduced in more detail instead.

4.1.1 Shaft external forces

The term Fy, , represents the known external forces applied at point E of Figure 8, which can have three non-zero
components, i.e., Fyj, Fshpy, s and Fy,

exty ? extz *

4.1.2 Bearing reaction forces

Each tapered roller bearing performs both radial reactions along the x and y-axis, and axial reactions along the
z-axis. These forces are unknown in the system and must be obtained from the equilibrium resolution. After
evaluating the individual components of these forces, it is possible to calculate the total radial and axial loads
exerted by the shaft on the bearings.

4.1.3 Churning losses moment

Among the viscous effects, the rotation of the pistons in the casing oil causes a churning loss moment [16], as
provided in Eq. 20. These churning losses are considered within the term M pi—sh) ;, ;-

4.1.4 Free-Body diagrams

The free-body diagrams and the resolution of the equilibrium equations of the shaft are given in Appendix B.

5 Valve plate model for variable displacement

The following section deals with the modeling of the valve plate for bent-axis unit with variable displacement. We
considered the machine guide pin to be rigidly connected to the valve plate itself. The guide pin is also coupled
with the servo piston of the unit via a ball joint to control the bent-axis inclination, 8. The article focuses on the
variable displacement plate because it is more complex than the fixed displacement one, which was developed but
not included in this discussion. Figure 9 shows the parameterization of the variable displacement valve plate.

Before proceeding with the analysis and the free-body diagram of the valve plate, we introduce the following
assumptions.

e Mixed contact between valve plate and unit cover (metal-to-metal and mediated through oil film).
e Reaction forces and moments with the machine cover must ensure the valve plate balance.
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Fig.9 Valve plate parameterization and areas of interest with front and rear view (x"y’)

The following list contains the main outputs of the variable valve plate analysis.

The resultant reaction forces generated by mixed contact between the valve and the unit cover, obtained by
merging the hydrodynamic and contact contributions: F(co—yp)

The point of application of this reaction force: H3.

The equivalent transport moments to report F ., on the z’-axis: M(w_v,,)y, and M(co_vp)z,.

The servo piston force needed to maintain the inclination angle fixed in steady-state analysis (i.e. for fixed
displacement): F4¢;—yp).

The bent-axis angle B = B(¢) obtained from the system dynamic equilibrium in dynamic analysis (i.e. for
variable displacement).

5.1 Kinematic analysis

Before proceeding to the dynamic analysis, this section analyzes the relationships linking the linear displacement
of the servo piston with the variation of the displacement angle 8, which characterizes the inclination of both valve
plate and cylinder block. Figure 10 shows the detail of the servo piston in the machine section.

With a small approximation, we can obtain Eq. 34 referring to Figure 10. Note that O”C’ is the position of the
servo actuator, while both O”C and e are functions of the bent-axis angle 8 and can be evaluated applying the
Pythagorean theorem to the triangle HO”C and Carnot’s theorem to the triangle O O”C. In particular, € is the
angle between the direction O”C and the servo actuator axis.

0"C' ~ 0C - cose (34)

Thus, Eq. 34 defines the position of the servo piston as a function of the bent-axis angle § and vice versa. We
could then obtain the expression of the servo piston speed by deriving Eq. 34.
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Fig. 10 Servo piston and valve plate detail for the
displacement variation

5.2 Dynamic analysis

Similarly to the previous sections, we can now move on with the introduction of all known and unknown
forces/moments acting on the valve plate for variable displacement.

e F,),: valve plate weight force

o F(p—yp): reaction force with cylinder block

® M(cp—up),;,.: Viscous moment with cylinder block
o F(o_yp): Cover reaction force

® M., yp): Cover reaction transport moment

Although the weight and reaction forces with adjacent components are totally similar to the ones considered
for the other components, some other terms of the equilibrium equations must be introduced in more detail.

5.2.1 Pressure forces

As done for the cylinder block, first, it is necessary to identify the different areas of interest where a certain pressure
acts to assess the different contributions of hydrostatic forces. Figure 9 shows the front and rear views of the valve
plate, highlighting these areas.

The hydrostatic pressure force on the valve plate is determined by discretizing the contact surfaces into defined
areas using geometric area calculations. The points of application of the pressure forces are located at the barycen-
ters of these areas. We then assigned an average pressure to each area based on the boundary conditions considering
linear pressure trends. These forces were systematically grouped in F,, ,, (i.e., the total hydrostatic force that
tends to move the valve plate away from the unit cover) and F,, ,, (i.e., the total hydrostatic force that tends to
move the valve plate toward the unit cover).

5.2.2 Servo piston forces

The servo piston that manages the displacement variation exerts the force F 4/ —yp) on the ball joint of the guide
pin. Note this force has non-zero components along y" and 7’ axes. We are not considering the x’ component as it
can be included in the cover reaction force Fco—yp).

Section C.1 and C.2 present the evaluation of these contributions, dividing the cases of steady-state (f=constant)
and dynamic analysis (B=variable).
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Fig. 11 Valve plate parameterization and areas of interest with front and rear view (x"y’)

5.2.3 Friction moment with unit cover

This contribution represents the mixed friction moment (metal-to-metal and through oil-film) between the valve
plate and unit cover due to their relative rotation during the displacement variation. It is evaluated about the point
O using the normal component of force F(¢,—,p) at point K" multiplied by a friction factor, as shown in Eq. 35.

M(co—vp)frx/ = fa : \/F(co—vp)yr2 + F(co—vp)zr2 ' |OK/| (35)

This term is not an additional unknown, as it is function of two unknown terms already considered in the
equilibrium equations, F(Co,v,,)y/ and F (co—vp) /- Note that we used |OK’| as the distance to calculate the moment

instead of |OH3| with a small approximation for simplicity.

5.2.4 Free-Body diagram

The free-body diagrams and the resolution of the equilibrium equations of the variable valve plate are given in
Appendix C.

6 Valve plate model for fixed displacement
This section briefly presents the analysis of the valve plate for a bent-axis unit with fixed displacement (Figure 11),

which is similar to the analysis of the variable-displacement valve plate.
Before proceeding with the dynamics and the free-body diagrams, we introduce the following assumptions:
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e The stiffness of the valve plate is considered infinite.
e The pressure trend within the leakage gaps in the front and rear is considered linear.
e The valve plate is considered fixed as the reactions with the machine cover must ensure its balancing.

The following list contains the main outputs of the fixed valve plate analysis:

e The resulting reaction force exerted by the machine cover to maintain static equilibrium, merging hydrodynamic
and contact contributions: F(co—yp).

e The point of application of this reaction force: Hs.

e The unknown reaction moment between the plate and the unit cover around the z’-axis: M (co—vp)-

6.1 Dynamic analysis

Similarly to the previous sections, we introduce all known and unknown forces and moments acting on the valve
plate. Note that kinematic analysis is of no particular interest for this component as it is considered fixed.

o F,), : valve plate weight force.

o F(p_yp): reaction force with cylinder block.

® M(cp_yp): friction reaction moment with cylinder block.

® Fup,uon> Fop,,: total hydrostatic pressure forces acting on the front and rear surfaces.
e F(.y—up): unit cover reaction force.

® M co—yp): unit cover reaction moment.

The hydrostatic pressure forces can be evaluated similarly to the model of the variable displacement valve plate,
where the only difference is in the definition of the thrust areas (Figure 11) Although the weight, the reaction and
the pressure forces are totally similar to those considered for the other components, other terms in the equilibrium
equations must be introduced in more detail.

6.1.1 Unit cover reaction forces and moments

The mixed contact between the fixed valve plate and the unit cover generates a mutual reaction force characterized
by three non-zero components along the three reference axes. These components represent the primary unknowns
of the equilibrium equations. The reaction force acts at a specific application point Hs, whose coordinates x}IS
and y},s are also unknown. However, the coordinate z’ of Hs is known, as the point must necessarily be on the
rear surface of the valve plate. In addition to these forces, an unknown reaction moment is introduced between the
plate and the unit cover around the z’-axis, denoted as M¢,—,p, to ensure the rotational equilibrium of the plate
around that axis. Note that these reaction contributions are introduced solely to ensure the static balancing of the
valve plate and do not represent primary parameters of interest for the overall dynamic performance of the unit.

6.1.2 Free-Body diagram

The free-body diagrams and the resolution of the equilibrium equations of the fixed valve plate are given in
Appendix D.
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7 Results
7.1 First results

The previous sections provide a detailed description of the bent-axis unit model, focusing on the mechanical part
of the machine. Figure 12 shows the complete model of the bent-axis unit, which incorporates both the fluid
dynamics part (presented in Figure 1) and the mechanical components and their interconnections.

It is important to note that parameterizing this model is not straightforward. While some parameters, such as
the geometrical features of the components, are easily accessible, others, such as the leakage gap heights or the
friction coefficients, are generally unknown or difficult to evaluate.

These parameters usually depend on the machine’s operating conditions. For instance, the gap heights of the
oil films between components change with pressure and relative rotational speed [27, 31-34]. Similarly, several
studies have demonstrated that the friction coefficients of mixed contact (steel-on-steel and oil-mediated) also vary
within the machine’s operating range [26, 35, 36]. Furthermore, the geometric tolerances of individual components
may cause these parameters to differ from machine to machine. For these reasons, accurately measuring these
parameters is a complex and resource-intensive task, whether through dedicated experimental testing or special-
ized numerical analyses. Experimental approaches often require controlled test rigs and extensive measurement
campaigns to cover the machine working range, resulting in high costs and lengthy development times. Likewise,
numerical methods that can overcome the limitations of the lumped parameter approach require detailed models
and substantial computational resources to achieve sufficient accuracy. Additionally, detailed modeling of these
leakage gaps makes the numerical model computationally costly and does not guarantee the correct calibration of
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Fig. 13 Example of numerical results obtained with the SH7V55 model, using p;y = 150 bar, poyr = 0 bar, maximum
displacement V = 61 cc/rev, n = 1000 rpm and literature values for friction factors and gap heights

these parameters. Similarly, experimental measurements are usually performed on simplified layouts due to the
difficulty in evaluating these quantities [37—40].

Nevertheless, it is possible to present some numerical results obtained with the model using literature values
for these unknown parameters [31, 36, 41]. These results demonstrate the model’s ability to calculate the overall
behavior of the machine and efficiencies, as well as all internal variables, such as forces, moments, pressures,
and contact point positions. Regarding the geometric parameterization of the model, we considered an SH7V55
bent-axis unit with variable displacement, manufactured by Dana [29]. As mentioned, the unknown parameters of
the model (i.e., friction factors and leakage gap heights) were tuned according to the literature.

Figure 13 shows some of the internal results of the model as a function of the angular position of the shaft,
which were obtained considering a SH7VS55 unit working as hydraulic motor at its maximum displacement (i.e.,
V = 61 cc/rev), and imposing an inlet pressure of p;y = 150 bar, an outlet pressure of poyr = 0 bar, and a
rotational speed of n = 1000 rpm. In particular, Figure 13 presents the oscillating torque at shaft, the chamber
pressure of the i-th piston, the equivalent dynamic loads of the two bearings (for the calculation of their life) and
the piston balancing factors.

All these internal variables that the model evaluates can be used during both the design phase and the analysis
of the machine’s behavior in particular operative conditions. The balancing factor of the components, such as the
pistons or cylinder block, illustrates how the model can be used during the machine design phase. For the pistons
in particular, the static balancing factor is defined as the ratio of the hydrostatic force pulling the piston away
from the shaft to the hydrostatic force pushing it toward the shaft. The dynamic balancing factor is defined as the
ratio of the total force (including inertial forces, weight forces, frictions, etc.) pulling the piston away from the
shaft to the total force pushing it toward the shaft. These balancing factors can be studied to modify the piston
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Fig. 14 ISO scheme diagram of the test rig for bent-axis motor and sign convention for bent-axis unit

geometry and obtain the desired value of these variables. On the other hand, for example, the equivalent loads on
the bearings can be used to evaluate the fatigue life of these components under specific conditions, according to
standard calculations [42].

However, the aforementioned unknown parameters can significantly affect the numerical results of the model, as
already demonstrated in the literature. Leakage gaps, in particular, have a greater impact on fluid-dynamic behavior
and volumetric efficiency of the machine, while frictions have a greater impact on its mechanical behavior and
hydro-mechanical efficiency. For these reasons, it is important to correctly tune these parameters to obtain a
validated tool that can replicate the machine’s behavior within its operational range.

7.2 Model tuning

This section presents an alternative method for tuning unknown parameters without introducing more complex
models of leakage gaps and lubricating contacts.

First, we selected the SH7V 55 bent-axis unit with variable displacement as the reference machine to determine
the geometrical parameters. Subsequently, we aimed to tune the remaining unknown parameters of this reference
unit to minimize the discrepancy between the simulated and experimental data for both mechanical and volumetric
efficiencies. For this minimization, we considered several steady-state operating points within the unit range of use
(called “calibration points”), which are defined by combinations of differential pressure (A p [bar]) and rotational
speed (n [rpm]). These operating points were then replicated for different displacement values, repeating the
experimental tests and data acquisitions at 25%, 50%, 75% and 100% of the maximum displacement of the
reference bent-axis unit to cover all the operating range of the machine.

However, note that this grid of points must not cover the entire operational range of the unit. In fact, it is
necessary to maintain part of the operating range outside of this calibration so that it can be used to validate the
tuned parameters.

We implemented a dedicated test rig to acquire the experimental data in these calibration points for the reference
bent-axis unit, whose ISO diagram is depicted in Figure 14.
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Figure 14 also shows one of the working configurations of the reference machine, used as a hydraulic motor,
where port B is the high-pressure port of the unit. This is the configuration used for the model calibration and
validation, but we also tested the unit in the other working configurations.

The following list contains the experimental data acquired from the test rig:

e Unit rotational speed, .

o Torque at unit shaft, Mo, que-

Tank oil temperature, 7.

Port B pressure (pg), temperature (7g) and flow rate (Q p).
Port A pressure (p4), temperature (74) and flow rate (Q 4).
Drain pressure (pg4;), temperature (75, ) and flow rate (Qg;).

Note that we could estimate the volumetric and hydro-mechanical efficiencies for each working point from the
experimental data [43]. This calibration method thus involves an optimization process in which the objective is
to minimize the relative error between the experimental and numerical results concerning these efficiencies. The
design variables in this optimization are the unknown parameters that need to be calibrated namely:

Leakage gap height between the cylinder block and the valve plate, hcy.

Leakage gap height between the piston side and the cylinder block chamber, 4 pc.

Leakage gap height between the piston spherical end and the ball joint seat on the shaft flange, hg;.
Friction coefficient between the cylinder block and the valve plate, f(cp—up)-

Friction coefficient between the piston and the cylinder block chamber, f(;i—cp).

Friction coefficient between the piston spherical end and the ball joint seat on the shaft flange, f(pi—sn).
Viscous friction coefficient for churning losses, C.

Rolling friction coefficient for bearings, f;o;.

Note that we also considered a feasible range of variation for these design variables, taken from the literature,
in order to obtain a feasible set of parameters. In particular, the range of variation for the leakage gap heights is
defined by the values derived from analyzing the tolerance chains of the machine components [1]. On the other
hand, the range of variation for friction coefficients considers the value of dry steel-on-steel contact as its critical
upper limit and the coefficient of fully lubricated contact with a hydrodynamic oil film as its lower limit [44, 45].
Note that it is also possible to refine the variation ranges to focus the optimization on the most feasible solutions.

We tested several optimization algorithms and found that the genetic algorithm (GA) [46] was the best for
this application. In fact, the optimization problem addressed in this work has a potentially multimodal search
landscape because multiple combinations of model parameters can produce similar levels of agreement with
experimental data. The objective function is defined only at a discrete set of calibration points corresponding to
selected operating conditions (defined by A p and n) and is evaluated through numerical simulations. Consequently,
gradient information is not analytically available, and the problem can be considered a black-box optimization task
with a complex, coupled search space. For these reasons, a GA was adopted as a robust global optimization strategy
capable of effectively exploring irregular and multimodal design spaces without requiring derivative information.

After selecting a GA, different levels of optimization can be distinguished based on the number of calibration
points considered, as presented in the following sections. The first level involves optimizing (and defining an
optimal set of parameters) for each calibration point. Conversely, the second level of optimization aims to obtain
a single set of unknown parameters for all calibration points, as well as for every operating condition of the unit.
Note that these levels require different objective functions for this reason.
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7.2.1 First-Level optimization

As mentioned, the first-level optimization aims to tune the set of unknown parameters in each calibration point.
Figure 15 shows the grid of calibration points used for this level. Equation 36 and 37 provide the objective
functions to be minimized during the optimization process, which leads to a tuned set of parameters at each
calibration. Two separate objective functions were considered because the friction coefficients only affect the
hydro-mechanical efficiency, while leakage gaps mainly affect the volumetric efficiency. The subscript £ indicates
the generic rotational speed of the calibration point and the subscript j indicates the generic pressure difference
of the calibration point.

eXp sim 2
Nam; — THM,
Fobj_ﬂHMkyj = ( n]exp - (36)
HMk'j
exp sim \ 2
ﬂv,{,. - 77ka
Fobj—'}vk_j = ( jnexp - (37)
Vi, j

This optimization was the starting point of this process because, as previously discussed, the values of all these
unknown parameters are dependent on the operating conditions of the machine and therefore exhibit variability
accordingly. The optimization process defines a unique combination of unknown parameters for each calibration
point. These combinations can then be used to create lookup tables that evaluate the parameters for intermediate
operating conditions.

Table 3 and 4 provide the percentage error values for the hydro-mechanical and volumetric efficiencies using the
calibrated set of parameters at each calibration point, considering the unit at 100% of its maximum displacement.
We obtained totally similar results repeating the process at 75%, 50% and 25% of the maximum displacement of
the unit.

Note that the numerical values of the percentage errors in Table 3 and 4 depend on the number of iterations
and the stopping criteria of the optimization process. However, the calibration obtained with this process seemed
satisfactory, with an error below the 1% threshold at every calibration point.

Although this process allows for excellent result alignment on efficiencies (erry,,, < 0.2% and err,, < 0.7%),
and so on the general behavior of the machine, calibrating the parameters for each considered point does not
allow for easy validation of the model. In fact, the model validation must be carried out outside the considered
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Tablg 3 Percentage relat.ive error on hydro—mechanical Speed Pressure [bar]
efficiency between experimental and numerical results on [rpm] 25 50 100 150 200 275
each calibration point with first-level optimization

250 0.012 0.01 0.001 0.011 0.002 0.009
500 0.02 0.063 0.009 0.002 0.014 0.001
750 0.023 0.001 0.002 0.005 0.001 0.013

1000 0.017 0.003 0.032 0.006 0.012 0.001
1500 0.103 0.025 0.012 0.002 0.008 0.001
2000 0.167 0.012 0.006 0.016 0.004 0.002

Table 4 Percentage

; . Speed Pressure [bar]

relative error on volumetric (rpm] 25 50 100 150 200 275

efficiency between

experimental and 250 < 0.001 0.004 0.002 0.002 < 0.001 0.004

numerical results on each 500 0.127 < 0.001 0.001 0.004 0.001 0.001

calibration point with 750 0.338 0.001 0.004 0.002 0.001 0.001

first-level optimization 1000 0.603 0.135 < 0.001 <0.001 0.001 < 0.001
1500 < 0.001 < 0.001 0.006 0.575 0.003 0.002
2000 0.182 < 0.001 0.365 0.001 0.243 0.11

calibration grid, where the set of parameters is undefined. Thus, we considered a second-level optimization to
obtain a calibrated set of parameters that can be used even outside the calibration grid.

However, note that this first level of optimization can be reused to examine a specific operating point in more
detail after the model has been validated to minimize error at that point. This process may also involve adjusting
the variation ranges based on the results of the second-level optimization.

7.2.2 Second-Level optimization
This optimization process aims to obtain a single set of parameters for all calibration points and all operating

conditions of the unit (defined by A p, n and V). We also reduced the point number of the calibration grid (passing
form 36 to 9 points) to consider a reasonable number of points in the objective functions (Equation 38 and 39).

Vinax Nmax  Pmax n;;gl _ 77?1% 2
— m.k, j m.k,j
FObj—UHM - E : § : E : exp (38)
m=Vnin k=Nmin J=Pmin HMp .,
Viar n V4 eXp sim 2
max max max Ny T ny y
— m,K,J m,K,J
Fobj—py = § E E — o (39)
m=Vpin kK=Nmin j=DPmin nvm,k,j

Note that the summations in Equation 38 and 39 are necessary to consider all the calibration points and all
possible displacements into the objective functions. The subscript k indicates the generic rotational speed of
the calibration point, the subscript j indicates the generic pressure difference of the calibration point, while the
subscript m indicates the generic displacement of the unit.

As mentioned in the previous sections, these unknown parameters may vary depending on the operating condi-
tions of the unit. However, they can be used throughout the entire operating range, eliminating the need for more
complex models or extensive experimental activities to estimate leakage and mixed contacts. In order to achieve
this, the model must be validated using the set of tuned parameters even outside the calibration grid.
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Fig. 17 Relative error map on hydro-mechanical and volumetric efficiencies obtained by comparing the experimental and
numerical results at 100% of the unit displacement. The orange dashed lines highlight the calibration area

Therefore, we created a validation grid consisting of several points, which are used to compare the experimental
and numerical results obtained from the model with the calibrated set of parameters. Figure 16 shows the verification
grid for the SH7V55 unit compared to the calibration one used for the second-level optimization.

Figure 17 and 18 show the relative error graphs for hydro-mechanical and volumetric efficiencies. These graphs
were obtained by comparing the experimental results with the simulated results using the set of tuned parameters
from the second-level optimization. In particular, Figure 17 illustrates the graphs for the unit at 100% of its
maximum displacement, while Figure 18 illustrates the graphs for the unit at 75% of its maximum displacement.

Note that the x-axis differs in the two cases due to the limited maximum displacement verification speed. In
fact, it was not possible to test the unit at a higher speed because of the power limitations of the test rig.

The error graphs demonstrate that the set of calibrated unknown parameters considerably aligns the results
concerning both hydro-mechanical and volumetric efficiency. The relative errors achieved by comparing the
efficiencies of the calibrated model with their experimental counterparts are below the 5% threshold across nearly
the entire operating range. The only points at which the relative error exceeds this threshold are in the bottom
right corner of the hydro-mechanical efficiency graph at 75% displacement (Figure 18a). However, this is a critical
operating point for the mechanical part of the machine, which has a very low pressure difference and a high
rotational speed. Nevertheless, the model can simulate the machine’s behavior under these conditions with an
error below 10%.

We obtained similar results repeating the process at 50% and 25% of the maximum displacement of the unit.
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Fig. 18 Relative error map on hydro-mechanical and volumetric efficiencies obtained by comparing the experimental and
numerical results at 75% of the unit displacement. The orange dashed lines highlight the calibration area

Thus, we can conclude that this “optimization” allowed us to calibrate certain unknown parameters that would
otherwise be impossible to define without more in-depth analyses (CFD, multibody, dedicated tests, etc.). This
tuning of the unknown parameters ensured a good alignment between the complete model and the experimental
data concerning the general behavior of the unit even outside the calibration area. Therefore, the model can be
considered experimentally validated and can therefore be used for further simulations.

Obviously, the simulation of a different bent-axis unit may require a renewed identification and calibration of
the unknown parameters to achieve an accurate and reliable model representation. However, the parameter set
found for the reference machine can also be used for different machines, albeit accepting a few small errors.

8 Conclusions

In this paper, we presented the detailed analysis of the mechanical aspects of a reference bent-axis unit with
variable displacement. We modeled the machine under consideration in a parametric, vector and modular manner,
allowing us to create a numerical simulation tool that can replicate the behavior of the reference machine and
reproduce other units with similar geometry and characteristics.

The article focuses on the mechanical aspects, presenting the main components of interest, their interconnection
with adjacent elements, as well as their kinematic and dynamic analyses. This analysis required introducing certain
simplifying assumptions to obtain a system that could be solved without the use of further CFD or multibody simu-
lations. Nevertheless, the presented results demonstrate the robustness and consistency of the model in simulating
the machine behavior.

We tested the model considering a reference machine and using some experimental results to tune the set of
unknown parameters. In fact, some values — such as leakage gaps or friction coefficients — are uncertain but still
affect the volumetric and hydro-mechanical functioning of the machine. The paper presents an alternative method
for calibrating these parameters without introducing more complex models or relying on uncertain experimental
results. This process aims to calibrate these parameters to minimize the error between numerical and experimental
results, considering a reduced grid of steady-state operating points of the unit. The calibrated model was then
tested throughout the operating range of the unit to validate the process, demonstrating a good alignment with
experimental results. In fact, the model replicated the general behavior of the reference unit with a relative error
in the efficiencies below the 5% threshold in nearly the entire operating range of the unit.

Additionally, we also developed a model for a bent-axis unit with fixed displacement. Using a modular approach,
in fact, allowed us to simply replace the model block of the variable-displacement valve plate with a fixed-
displacement one, after being properly developed with a totally similar analysis. However, we did not include the
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calibration and results for the fixed-displacement model in the paper in order to maintain a clear and streamlined
presentation of the work and avoid unnecessary repetition.

In conclusion, this work yielded a validated simulation tool that can simulate the hydro-mechanical behavior of
bent-axis units with similar geometry in detail, by adjusting the parameterization and operating conditions of the
machine considered. Moreover, the presented process for the calibration of frictions and leakage gaps has proven
to be an alternative to more complex models with good result alignment. The presented model can be used for
various applications, including studying the impact of geometric modifications during the design phase, using it
as a virtual test rig for specific operating conditions, and integrating it into system models.

Appendix A Cylinder block FBD and equilibrium equations

This Appendix follows Paragraph 3 and includes the free-body diagrams and equilibrium equations for the cylinder
block.

Figure 19 shows the free body diagrams of the cylinder block, including all the forces/moments acting on it
along the axes of the Ox’y’7’ reference frame. Note that the unknown terms are highlighted in red.

Table 5 shows the equilibrium equations developed for the cylinder block using Newton’s second law of motion.
Table 5 provides the system of six equations in eight unknowns: Fop—cb) s Fish—cb),» F(vp—cb))./a F(sh_cb)y,,
Fup—cb).» Mwp—cp),, (Which is function of y}lz and z}lz), Mwp—ch), (which is function of x}{z and z},z) and
M (vp—cb) -

This is an underdetermined system with fewer equations than unknowns with thus co? solutions. Therefore, it
is necessary to introduce some assumptions to obtain a determined system of n equations in #n unknowns.

Fisn-cby,, | Fish—cb), cbpush
i
— (\
0. H Hyp FC”gZL Fcbm‘ Cack Ffbtilf
—<,F(Sh_:b) T Fa ’|GCb i Febpr 7 111 & |
Y y HlR HlR. !
v v \\
F(v —cb) Mcadz’ F,
F(pi_Cb)'ifTZy B | u, p 21 (wp—cb)x/ B
i B e JOR D) B 1
Fpp—
F(pi,i—cb)yr Wp=cblys
y' y

Fig. 19 Cylinder block free-body diagram on y’z’ plane and x'z’ plane

Table 5 Equilibrium equations for the cylinder block

Translational equilibrium - x’, y’ and z’-axis
Feo, + Febpug + Febpu + Fevy + Fevg + 211 Fipizcoyi + Fishco) + Fop—ct) + Fiev—piris, =0 (A1)
Rotational equilibrium about O - x’, y" and 7’-axis

OHir x Fep,,, +OGeh x Fep, + Y1) (OBi x F(pi—cp).i) + OHir X Fep,,, +

— (A2)
+OH2 x Fyp—cp) + OGache X Fepyy, +Mich—vp),;,. + Mep, =0
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Appendix A.1 Position of contact-hydrodynamic force

We assumed that the contact point between the cylinder block and the valve plate, H>, lies on the xy’-parallel
plane which is at a distance L ¢ ys + L, from point O, instead of on the spherical cap. This assumption is necessary
to avoid including the equation of the sphere of radius R;,,, which would introduce a non-linearity into the system
of equations. Note that the actual z’ coordinate of point H, should not vary much, as this point must lie on a
spherical cap with large radius.

After considering these assumptions, the system obtained is a determined system of six equations in six
unknowns. The calculation process starts with the assumption that the shaft reactions along the x” and y’ axes
are zero. This allowed us to determinate the initial unknowns through the translational and rotational equilibrium
equations. The position of the contact point H; is subsequently derived. If this point on the x’y’-parallel plane is
found to be outside the projection of the spherical cap, a correction is required. In such cases, H; is saturated on the
boundary circumference with R,nrq¢: s the radius. However, this modification alters translational equilibrium,
requiring the reintroduction of the shaft reactions to achieve balance.

Appendix B Shaft FBD and equilibrium equations

This Appendix follows Paragraph 4 and includes the free-body diagrams and equilibrium equations for the shaft.

Figure 20 shows the known and unknown forces/moments just defined for solving the shaft equilibrium equa-
tions, obtained with the O arrangement of the bearings. Table 6 shows the equilibrium equations for the unit
shaft.

Note that we did not initially consider the equilibrium equation for the rotation around the z-axis since we have
not yet evaluated the rolling friction moments exerted by the bearings. In fact, these friction moments are functions
of the unknown bearing reactions.

This is a system of five equations for the following six unknowns: Fsney,s Fsheo, s Fshc1y, Fshcz_‘, and Fshey,s
Fshczz- However, it is possible to consider the sum of the axial terms instead of the individual terms. In fact, it
is the sum of these loads (with the opposite sign, K, as provided in Eq. B5) that affects the calculation of the
dynamic load and life of the bearings. Considering five unknown terms in five equations, the system can be now
easily solved by known methods, e.g., by substitution. Note that the unknown forces listed above are the forces
exerted by the bearings on the shaft. It is mandatory to reverse their sign to consider the reactions exerted by the
shaft on the bearings. After evaluating the individual components of radial bearing reactions, it is also possible to
calculate the total radial loads acting on the bearings, e.g., Fic;, with Eq. B6 and similar for F¢», .

M pi-sn)ir, —J sl | Mepizsh)ify,

— J ~
F N f
H‘F(pi—sh),iz H ,‘-,—‘é
Mpi-sn) | in. ) )) { /
pi-sh).ifr, \ T
Text, ™ — T \ E. AR
F(cb—sh)y [ Cly ’,r \\\ L Czlx/i F(cb—sh)x
— 0 .\r\' A ; e 137\‘ ;
\ /’ \\
E “-f O F(eo-sn), E fe Gan G 0 ’

Fig.20 Shaft free-body diagram on yz plane and xz plane
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Table 6 Equilibrium

equations for the unit shaft Translational equilibrium - x, y and z-axis

Fon, + Foney + Foney + Fongy + Fep—smy + 21 Fpizen)i =0 (B3)
Rotational equilibrium about O - x and y-axis
OE x Fyp,., + O0Cy x FshC] + OGgh % Fshg"‘

ext B4
+0Cs x Fyney + 371 (OAi < Fipisny.i) + Mpi—sny, . =0 ®9
Ka = - (FShCIZ + Fshczz) (BS)
Fci. = JF%2 =+ F? (B6)
r shei, ShCly

Thus, it is possible to evaluate the equivalent dynamic loads using the signs and magnitudes of both the radial
forces and the total axial force, K, as proposed by standard approaches from SKF [42] or Koyo [47].

Finally, it is necessary to consider all the internal losses of the system for the calculation of the shaft torque. Note
that all these losses reduce the available torque at the shaft for a motor, while they increase the torque absorbed
by the shaft for a pump. Equation B7 shows the expression of the total torque at the shaft, including the sum of all
contributions, each with its own direction defined by the sign. Note that this expression aligns with the Simcenter
Amesim sign convention between ports.

Mtorque = _(M(pi—sh) + M(pi—sh)fr + Mpif, + Mcbf,+
+ Msh” + Mshrr + Mshsl + Mshdmg) (B7)

The list below contains an explanation of the terms in Eq. B7.

® M(,;_sp): sum of piston reaction moment.

o M pi—sh) 7t SUM of piston friction reaction moment.
e M, ,: sum of piston churning losses.

e M., 0 sum of cylinder block frictions and losses.

e Mj, : shaft seal resistant moment.

e My, : shaft rolling friction moment.

e Mj,;,,: shaft sliding friction moment.

® M;,,,,: shaft churning losses.

The SKF standard [42] outlines the evaluation of My,
condition.

5872

M;h,,» Mshg,» and M, depending on the working

Appendix C Variable valve Plate FBD and equilibrium equations

This Appendix follows Paragraph 5 and includes the free-body diagrams and equilibrium equations for the variable
valve plate.

Figure 21 shows the free-body diagrams for the resolution of the equilibrium of the variable valve plate, while
Table 7 provides the five equilibrium equations in vector form. In fact, we first considered these five equations of
static equilibrium (translation along x’, y’, z’ and rotation around y’ and z’). The sixth equation and the resolution
of the equilibrium system depend on whether we consider static equilibrium for steady-state analysis (S=constant)
or dynamic equilibrium for dynamic analysis (B=variable).
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Fig.21 Variable valve plate free-body diagram on y’z’ plane and x’y’ plane

Table 7 Equilibrium

equations for the valve
p]ate vag + vapuu + FUI’/msh + F(cbfvp) + F(cofvp) + F(actfvp) =0 (C¥

Rotational equilibrium about O - y" and z’-axis
OH72>< Fiep—vp) + OGyp X Fyp, + OK' X F(o—yp)+
+0C x F(act—vp) + M(m—vp) + M(cb—vp)v,v“ =

Translational equilibrium - x’, y’ and 7’-axis

(&)

Appendix C.1 Steady-State analysis

The steady state analysis required an iterative approach. First, we assumed that the servo piston force F4¢;—vp) (and
subsequent moment M, —yp)) is zero. Starting from this hypothesis, we could evaluate the first-attempt tilting
moment resulting from all the contributions that tend to rotate the valve plate around the x’-axis, Myi;; = > M.
Then, it is possible to obtain the first-iteration actuator force that the servo piston must exert to balance the
M;i11ing calculated, as shown in Eq. C10. The actuator force, in fact, must balance the tilting moment of all other
contributions to maintain constant angle f.

Miin
|0C|

Once we had derived this term, it was passible to proceed to the second iteration by introducing it into the
equilibrium equations, re-evaluating the M;;j;ing, and adjusting F| (act—vp),; 1O maintain the rotation balance. We
repeated the iterative process until reaching a small relative error between consecutive iteration. Finally, it is

possible to obtain the differential pressure in the servo piston chambers to achieve the actuator force calculated in
the last iteration.

F(act—vp)y/ = - (CIO)

Appendix C.2 Transient analysis

The servo piston forces F ¢ —yp) (and subsequent M4¢; —yp) around x") could be derived by the force exerted by the
piston along its own axis (y4¢¢ ), Which is function of the pressure difference within the servo piston chambers. After
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solving the equation system, it is then possible to express the dynamic equilibrium equation (3 M, = I - B+b-p)
concerning the rotation around x” and derive the sixth unknown S(#) by isolating the term 8 and then integrating
twice.

Appendix D Fixed valve plate FBD and equilibrium equations

This Appendix follows Paragraph 6 and includes the free-body diagrams and equilibrium equations for the fixed
valve plate.

Figure 22 shows the free body diagrams for the fixed valve plate, where the unknown terms are highlighted in
red. Table 8 shows the equilibrium equations developed for the fixed valve plate.

This system consists of 6 equations and 6 unknowns : the three components of the cover reaction force (Feo—vp,»
Fco—vp),/s Feo—vp,) , the application coordinates of Hs on the rear surface (x},s, y}IS) and the reaction moment
M¢,—yp. The system yields a single solution, ensuring the static balance of the valve plate.

M(Cb_vp)visc
Fop
push
0 FUppull / [
— - > >
Fco-vp), Hs
@ =)
F(Co—vp)y/ F(w D)yt
F y
(cb=vp) s Fich—vp)
F(cb—vp)y,
y' y'

Fig.22 Fixed valve plate free-body diagram on y’z’ plane and x’y’ plane

Table 8 Equilibrium

equations for the valve

plate for fixed displacement ~ Fupe + Fuppur + Fopug + Fico—vp) +Fieomvp) =0 (DD
Rotational equilibrium about O - y’ and 7’-axis
OH; x F(cb—vp) + Ova X Fupg + OHs x F(co—vp)+
Mco—vp) + Mco—vp),;,, =0

ranslational equilibrium - x’, y’ and z"-axis
T lat 1 lib .y and 7/

(D12)
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