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Demagnetization factors play an important role in micromagnetics modeling but exact solutions only exist for
a limited number of particle shapes. Here we use a Fourier space based approach coupled to the concept of
magnetic charges to derive analytically the demagnetization factors for shapes that are subsets of a sphere:
spherical sectors and spherical caps. For the uniformly magnetized hemisphere, which is a special case of both
geometries, the exact demagnetization factors are shown to be N, = N, = 7/(9z) parallel to the bottom plane

and N, =1-14/(9x) in the direction of the dome. Additionally, we provide expressions for shape amplitudes
and demagnetization fields of these objects in terms of rapidly converging series. Our work demonstrates the
potential of evaluating shape amplitudes to determine demagnetization factors in certain geometries and our
results may facilitate numerical simulations of, for example, ferromagnetic droplets.

1. Introduction

The demagnetization factors, functions of the geometrical shape of a
given body, are proportional to the magnetostatic energy density of the
body itself, when it is uniformly magnetized. The computation of mag-
netostatic energies, by far the most difficult aspect of micromagnetics,
is greatly simplified when demagnetization factors are known explic-
itly. For example the Magtense micromagnetics solver [1] relies on
analytical solutions for the demagnetization field of a tetrahedron [2].
Also, analytical results on demagnetization effects are useful in testing
and benchmarking such numerical software.

In presence of sufficiently strong applied magnetic field, large mag-
netocrystalline anisotropy, or in case of sufficiently small particles [3,
4], the magnetization topography is well represented by a single uni-
form single-domain state. An example of a physical realization with
hemispherical geometry is found in ferrofluid droplets on a flat surface
in a uniform applied field [5-7]. In such cases, a number of exact,
analytical expressions for demagnetization factors may be obtained for
simple shapes: Maxwell gave the expression for bodies in the shape
of ellipsoids of revolution [8,9], rectangular blocks were first solved
by Rhodes and Rowlands [10,11], followed by blocks with triangular
cross-section [12,13]; cylinders were discussed in Refs. [12,14,15]
and more recently in Ref. [16,17]. The analytical results, particularly
those for ellipsoidal and rectangular bodies, have been used exten-
sively to elucidate the quantitative aspects of the geometry of domain
structure [18].

Later the problem was worked out in a very general fashion by using
Fourier-space techniques [19]. With this development, the class of exact
solutions has become much broader. As it stands, the demagnetization-
factor problem can be considered solved for all uniformly magnetized
bodies, for which the corresponding shape amplitude is known [20].
Results originating from this development include the demagnetization
factors of the elliptic cylinder [21], torus [22], ring with rectangular
cross section [23] and cylindrical shell [24], as well as an alternative,
more transparent and computationally advantageous solution for the
ellipsoid [25].

In this paper, we extend the set of solved demagnetization prob-
lems to the hemisphere and related shapes. The present contribution
will assist in developing, validating and benchmarking micromagnetics
solvers; especially given recent interest in the magnetism of curved
geometries [26], including solid spherical caps [27,28].

2. Problem and methods

We consider a uniformly magnetized hemispherical magnet of ra-
dius R, with saturation magnetization M|, as well as spherical sectors
and spherical caps (Fig. 1). We derive exact expressions for the demag-
netization factors, N, N, Nz, for each shape, i.e. the eigenvalues of
the demagnetization tensor N which connects the M and H fields by

H;=-N;M; (i,j=x,y,2). (€D)]
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Fig. 1. Illustration of the shapes for which we calculate the demagnetization factors
(top row), and the magnetization states for which we calculate the demagnetization
field (bottom row). Arrows indicate magnetization direction. Cartesian and spherical
coordinates are shown on the hemisphere, while radius R, opening angle 6,, and
cap height z, = Rcosf, are shown on the spherical cap. Note that we never use
the Cartesian coordinates in calculations, but instead define x = z/R = cosf and
Xo = zy/R = cos @, to be consistent with standard notation for Legendre polynomials.
The spherical cap and sector are drawn with an opening angle of 6, = 60°, and the
figures are to scale.

X

Given the eigenvalues, N can be expressed in any inertial reference
frame by a standard coordinate transform. We also derive the demag-
netization field with in-plane magnetization for the hemisphere and
spherical cap, as well as for the axially magnetized hemisphere (Fig.
1).

Since for any uniformly magnetized shape the trace of the magne-
tometric demagnetization tensor is unity, meaning N, + N, + N, =
1, and considering that N, = N, by rotational symmetry, we only
have to calculate one factor. We choose to compute N,, the axial
demagnetization factor, from the following expression [19]

1 &’k 2.0
.= 8ﬂ3v/F'D(k)' K, @
where
Dk) = / e krgr 3)
object

is known as the shape amplitude or, in other words, the Fourier
transform of the shape of an object.

As for the demagnetization field generated by the uniformly mag-
netized object, we recall that [29]

d*k ik-r

M,
Hr)=—-— [ — D(k)(m k)ke

873
where m = M/MO. Considering that VX H = 0 so that H = —Vg,
the computation reduces to evaluating the scalar potential, ¢, which is
given by

4

<p(r>=—7 / —D(k)(m -k)el*T, 5)

as can be verified by substitution. For the hemisphere and spherical
sector, we carry out the integrals in Egs. (2)-(4) directly. However
for the spherical cap we found it more expedient to use the notion of
magnetic charges.

In the present context, the H-field and scalar potential bear a strong
resemblance to the E-field and associated potential in electrostatics. In
particular, since H = y; B — M we have

V-H=-Vl¢=-V-M (6)
so ¢ is governed by a Poisson equation and
L, =-V-M @)

may be regarded as an effective volume charge density, which is
identically zero when the magnetization is uniform. From Eq. (7) we
can derive the density of magnetic surface charges, ¢,. Integrating
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Eq. (7) over an infinitesimally thin box containing a surface patch, it
follows from Gauss theorem that

m = Mijg — Mgy - 1t ®

where M;, (M,,,;) is the magnetization right inside (outside) the surface
and fi is an outward facing unit normal.

We can also develop an expression for N; in terms of magnetic
charges by comparing two expressions for the magnetostatic self-energy
E,, which is the work required to assemble a magnetization distri-
bution against the dipole-dipole repulsion. Starting from Eq. D.12 in
Ref. [30] we find that

Em=—@/M-Hdr=@/M-wdr

"20 @V - Mdr = —/(ppmdr )

That means that the energy in the demagnetization field is given by an
integral over the scalar potential and magnetic charge density. This is
completely analogous to the work required to assemble a collection of
charges in electrostatics, see e.g. Sec. 2.4.3 in Ref. [31]. In Ref. [25] it
was shown that

Ho MGV

0 n
E, = T(Nxmg + N,

also holds. By combining Egs. (9) and (10) for a given magnetization we
may calculate demagnetization factors directly from the demagnetiza-
tion field, thus circumventing the shape amplitude. There are situations
where this approach is particularly convenient.

+Nm) 10)

3. Shape amplitudes

Here, as in the rest of the paper, we choose a spherical reference
system conventionally oriented, with r = (r,0,¢) and k = (k,0’,¢’) in
spherical coordinates (Fig. 1).

3.1. Spherical sector

The spherical sector is the intersection of a sphere with radius R
and a cone with opening angle 6, so it has the spherical coordinates
(r,0,¢) = (R,0..0y,0..27). Its shape amplitude is (see Eq. (3))

R 0y 2 .
D(k) = / rdr / sin 8d6 / dge ik, an
0 0 0

Using the decomposition of a plane wave into spherical waves, com-
monly referred to as Rayleigh’s expansion

o 3
e =dx N (=) jokr) Y (1Y YO, b, a2

£=0 m=—¢
where j, is a spherical Bessel function of the first kind, and

2041 —m)!

Y0.9)= @ +m)!

P} (cos 0)e'md 13)

a spherical harmonic function with P’ an associated Legendre polyno-

mial. Writing out Eq. (12) in terms of P}’ yields

—ik-r 1% m (f m)!
e Z‘B( i) (2f+1)jf(kr)m_z_f( R
X PY'(cos 0') P (cos )eim =", a4

Integrating over ¢, only the m = 0 terms remain and we obtain

D) =2z Y (=)’ (2¢ + 1)Ps(cos 0')
=0

R 1
x / r2drj,(kr) / dxP,(x) (15)
0 X0
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where x, = cos 6, and we used the identity
6o 1
/ P;(cos 0)sin0do = / P,(x)dx. (16)
0 X0

We define the coefficient functions
1
ay(xg) = Q€ + 1) / dxP,(x), a7
X0

noting that a((xy) = 1 —x, while for # > 1 it follows from P,(1) = 1 and
a known recurrence relation (Eq. (12.88) in Ref. [32]) that

ag(xg) = Pp_1(xp) — Pry1(xp). (18)

Next we define the auxiliary functions

R
Fy(k) = / 2 j,(kr)dr. 19)
0

While F, can be expressed in terms of hypergeometrics, their explicit
form is not particularly enlightening or useful so we keep them implicit.

With Egs. (17) and (19), the shape amplitude for a spherical sector
takes the simpler form

D(k) =27 Y (=)’ as(x) F (k) Ps(cos 0). (20)
£=0

3.2. Hemisphere

The hemisphere is the special case of a spherical sector where 6, =
7/2. In this case x, = 0 and Eq. (17) simplifies to
Q¢ -3

Qo
for # > 1 while a,,(0) = 1. Thus for the hemisphere specifically, all terms
where ¢ is even and non-zero vanish. For convenience we define

a @ =0 , ay_(0=DHuar-1 (1)

et _ap (22-3)
a, = (—1) azf_l(()) and Ay = ﬁ = W (22)
From Eq. (20) we then arrive at
1 ) [se]
D(k) = 5 D(k) = 2zi Y agFar_ (k) Psy_y(cos8) (23)
/=1
with
Dg(k) = 4z R%j,(kR)/k (24)

the shape amplitude of the sphere.

In Fig. 2 we use Egs. (20) and (23) to numerically compute the
shape amplitude. We plot | D(k)| since this is the relevant quantity for
demagnetization factors (cf. Eq. (2)). This essentially produces a Fourier
space representation of the shape. For the sphere, rotational symmetry
is retained, but we observe secondary rings around the center. The
6, = 37 /4 spherical sector is shorter in the z-direction, hence elongated
along the k_-axis and giving the impression of a rounded rectangle. The
hemisphere is more oblong still, and the x/4-sector is the most diffuse
in k-space due to its smaller size in real-space.

4. Demagnetization fields
4.1. Hemisphere: axial state

With the shape amplitude written down, we can calculate the
demagnetization field generated by the hemisphere inside and outside
from Egs. (4) and (5). Inserting th -k = k, = kcos@ in Eq. (5) for
axial magnetization, using the complex conjugate of Eq. (14) for the
exponential and integrating over ¢’, we have

)

Y i@ + 1)P,(cos )
=0

iM,
T

0 1
x / kdk j, (kr) / xdx P,(x)D(k, x) (25)
0 -1
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Fig. 2. Absolute value of the shape amplitude for different spherical sectors, including
sphere and hemisphere, computed using Egs. (20) and (23). The opening angle 6, is
shown in the top-left corner and a side-view of the geometry in the bottom-left. The
colorscale is normalized to the highest value of |D| for each shape.

with x = cos §’. Since D(k, x) has split into a real and an imaginary part,
we compute the two parts separately. We obtain ¢ = ¢, + ¢,, where
(see Appendix A for intermediate steps):

_mz [1/R® for
Y= 1P for

r<R

r>R (26)
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i.e. the dipole potential (m = 2zR>M,/3 is the hemisphere’s dipole
moment), and the final expressions for the ¢, potential in the two
regions r > R and r < R are

3 0 £ 2/’ 1
oulr = R) = =2 Z:l(—l)”af 7 Paeeos 0R wr @7
and
opr<R = Z( 1)%,;[ - Pa(c0s0)

20 -1 3N\

~ 573 Paralcost) ( = )| = (28)

with a, defined in Eq. (22). We note that ¢,(r < R) can be 51mp11f1ed by
reindexing # — # + 1 in the second part and using that a,,; = 52— f+2 ay.
Introducing @, = m/(4xR?) = MyR/6, the rescaled radius p = r/R and
a new set of coefficients §, = (—1)”a,/(¢ + 1), we can thus write the
normalized magnetic potential ¢ = ¢/¢, as

P2 =50 - Z it Par(eos0) 29)
@(p<1)=pcosd
-2 Z By |(4¢ + Dp — 22 + Dp*| Pyy(cos6) (30)

Note that the potential is continuous across the two regions at p = 1;
its value at p = 0 (center of the hemisphere’s bottom surface and
south pole) is —3/2, while at p = 1, & = 0 (north pole) is 3 — \/_ ~
1.586. Note also that the electric potential of a uniformly polarized
hemisphere coincides with the magnetic scalar potential just obtained
with the substitutions m — p (magnetic moment into electric dipole
moment) and ¢, — V, = p/(4reyR?) = PyR/(6¢,), where P, is electric
polarization density.

4.2. Hemisphere: in-plane state

When the magnetization points along the x-axis, k - = k, in
the scalar potential (Eq. (5)). Since k, = kcos¢'sin@’, we break the
azimuthal symmetry and, seemingly, complicate things. However, look-
ing ahead, the in-plane state implies the absence of magnetic charges
on the circular bottom surface of the hemisphere, so that, in the end,
both the potential and the demagnetization factors are going to be less
cumbersome than for the axial state.

Like the axial case, we use Rayleigh’s expansion, Eq. (14), but due
to the extra cos ¢’ originating from k,, we use the identity

2z
/ cos ¢'dg ™ = 2(8,1 + Sy 1) 31
0

for the azimuthal integration. Furthermore, since sin§’ =
and

—Pll (cos 0",

¢ -m
Crmie 32)

the potential for in-plane polarization ¢* may be written

P;m — (_l)m

_ 1M, < . 20+ 1
_4—20054'); i +1)Pn(cos€)
X / kdk j,(kr) / dx P! (x)P} (x)D(k, x). (33)
0 -1

Once more (see Appendix A for intermediate steps), the 1/(2Dg(k))
term in D(k, x) generates a dipole potential

x_ mx 1/R® for r<R
#a = {l/r3 for r>R G4

only now oriented along x. After adding ¢; and non-dimensionalizing
as in the axial case (see Appendix A), the result is:

@ (p<1)=pcosesind + %cos ¢ Z ﬂfp%lef(cos 0) (35)
/=1
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cos q.') sin 9

=X
Pz ==

= cos 1) Z 2/’+1 zlf(cos 0). (36)

4.3. Spherical cap: in-plane state

The spherical cap is essentially the spherical sector without the
conical part. The shape amplitude calculation is difficult for this shape,
so instead we use magnetic charges to calculate the scalar potential.
From Egs. (6) and (8) it is seen that p,, = 0, while o,, = M, sin6 cos ¢
on the curved top and zero on the bottom plane. Hence we have the
boundary-value problem

Vip=0 , 0,0 = M, sin 6 cos ¢. (37)

r=R,0<0,
We solve Eq. (37) in Appendix A.3, finding that

M,R? & T
0 Cosq;; rﬁyf(xo)Pf'(cos 6) (38)
=1">

X

where r_ = min(r, R) and r, = max(r, R), and the coefficients are

1 [Pf(xo) = Proa(x0)  Praa(xo) = Pr(xp)

20 +1 20 -1 20 +3 (39)

ve(x0) =

for # > 2 while y,(xy) = Bx — 2 — x;)/6.

We note that in the special case of a hemisphere (6, = 7/2 — x, = 0)
we have y,,,; =0 for # > 1 while y; = —1/3 and y,, = f,/2. Inserting
in Eq. (38) reproduces the potential in Section 4.2 as it should.

In Fig. 3 we use the results of Sections 4.1, 4.2 and 5.3 to compute
the normalized scalar potential. Since H = —V¢ the field-lines of the
demagnetization field go from positive potential (red) to negative po-
tential (blue), so the plots indicate the demagnetization field structure
as well.

In every case with in-plane magnetization, there is mirror symmetry
through a vertical, zero-potential plane at x = 0. There is a compact
region with positive magnetic charge (positive potential) at x > 0 and
negative charge at x < 0, suggesting a nearly dipolar field outside.
However, we note that the magnitude of the potential is greater on
the curved, upper part because this is the location of magnetic charges.
This gives an asymmetric field which is stronger on the top-part than
bottom.

For the axially magnetized hemisphere (bottom plot), the zero-
potential contour is curved upwards, both inside and outside the hemi-
sphere. This is because the positive and negative potential regions are
asymmetric, since the positive magnetic charges are spread on a curved
surface and the negative ones on a flat surface.

5. Demagnetization factors

As noted previously, for determining the demagnetization tensor,
N, for the shapes of interest, it is sufficient to calculate one demagne-
tization factor since N, = N, by symmetry and N, + N, + N, = | for
uniformly magnetized objects.

5.1. Hemisphere

We consider the axial demagnetization factor N, given in Eq.
(2), which involves the square modulus of the shape amplitude. Re-
examining Eq. (23), we note that it has separated into a real part,
equal to half the shape amplitude of the sphere, and an imaginary part,
featuring an infinite series. Its square modulus is then

|DK)|*> = |Re —iIm|? = ‘-ltz)s(k)2 + 47252 (k, x) (40)
where
S(k,x) =Y ag Py () Fy_y(k) = Y S, (41)

/=1 /=1
The first term yields half the demagnetization factor of a sphere,
since the prefactor is 1/4 but the volume V is half that of a sphere,
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Fig. 3. Magnetic scalar potential for spherical caps and hemispheres, normalized to its
maximal value. Shape outlines are drawn on top with arrows for magnetization direc-
tion and opening angle 6, indicated in the bottom and top left corners, respectively.

and the demagnetization factor for a sphere is 1/3. Thus the integral
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reduces to

1 3 ) '
N,=-— k-dk S*(k, x)d 42
z 6+2;rR3/0 /—1x (k, x)dx (42)

In Appendix B.1 we evaluate the rest of the expression. The final result
is

(] (]
11 1221
No=++13p+1Y _
z 6+4f:]b‘)+8f:] Z+17 43

with the coefficients given in Egs. (B.5) and (B.6). The series evaluates
to N, =1-14/(9xr) = 0.504851, so that the other two demagnetization
factors are N, = N, = 7/(9x) = 0.247574.

5.2. Spherical sector

For the spherical sector we insert Eq. (20) into Eq. (2) to obtain

[ 1 o
N.(x,) = é / K2dk / Pdx Y i "a,(x)
0 -1

n,m=0
Xy, (%) F, (k) Fy (k) Py (X) Py (X). 44

We evaluate the expression in Appendix B.2, eventually finding
that

1 % o
Nz(x0>-m§)[p,,<xo) =g, 45)

where p, and g, are found in Egs. (B.14) and (B.15).
We note that when x, = —1 (sphere) g, = 0 and p, = 8/36,, so that
N,(-1) = 1/3 as expected.

5.3. Spherical cap

For the spherical cap, we calculate the in-plane demagnetization
factor, N,, from the in-plane magnetized state M = Me,. From Egs.
(9) and (10) we then have

gy ]
N, = @ pdr. (46)
* M g Vcap (00) "

We evaluate the cap volume and integral in Appendix B.3, finding that

3

PR R 2
" @ &+ D “@7)

=1

X

with y, defined in Eq. (39). In the limit §, — = (sphere) we have
ve(=1) = —(2/3)3,, so that N, = 1/3 hence N, = N, = 1/3 as they
should. In the limit 6, — = /2 (hemisphere) we find after some algebra
(see Appendix B.3) that N, = N, =7/©x) so that N, = 1-14/(97) just
like we found in Section 5.1.

In Fig. 4 we plot demagnetization factors for the shapes shown
in Fig. 1 as function of opening angle, in addition to the sphere for
comparison. We see that the spherical cap and sector both converge to
the sphere for 6, = = and the hemisphere for 6, = /2, as they should.
For 6, > /2 the cap and sector are nearly equal, because the only
difference is that the cap is flat on the bottom while the sector curves
inwards. In the opposite limit, §, — 0, the sector becomes long and
narrow, approaching N, = 0.5, N, = 0 just like a very thin cylindrical
rod. Meanwhile the cap becomes flat, approaching the N, =0, N, =1
result of a flat plate. Finally, we note that the hemisphere has a greater
axial factor and lower in-plane factor than the sphere, which is simply
because a hemisphere is flatter than a sphere of equal volume. It is
worth highlighting that the demagnetization factors for the spherical
sector are non-monotonic in the opening angle. The N, of the spherical
sector reaches a maximum of ~0.58 at an opening angle of ~ 70°.
Furthermore, rather surprisingly, a spherical sector with opening angle
of ~ 25° is isotropic, having all demagnetization factors equal to 1/3.
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Fig. 4. Demagnetization factors, N, (top) and N, (bottom), for spherical cap (red
curve) and spherical sector (blue curve) as a function of the opening angle, 6, compared
with the hemisphere (solid black line) as well as sphere, thin rod and flat plate (dashed
black lines).

6. Conclusion

By evaluating and integrating the shape amplitude following the
Fourier approach, we determined the demagnetization factors of the
general spherical sector in terms of a rapidly converging series. Using
the complementary method of analyzing magnetic charges, we deter-
mined the magnetic scalar potential and the demagnetization factor
for the general spherical cap, again in terms of infinite series. For
both shapes, the hemisphere is a special case where the infinite series
can be summed exactly, yielding N, = N, = 7/(9x) for the in-plane
demagnetization factors and N, = 1—14/(9x) for the axial factor. These
exact results may facilitate future analytical and numerical modeling of
micromagnetic systems.

CRediT authorship contribution statement

Frederik L. Durhuus: Writing — review & editing, Writing — original
draft, Visualization, Methodology, Investigation, Formal analysis. Ellen
Fogh: Writing — review & editing, Visualization, Methodology, Inves-
tigation, Formal analysis. Thomas Jauho: Methodology, Investigation,
Formal analysis. Marco Beleggia: Writing — review & editing, Writ-
ing — original draft, Supervision, Methodology, Investigation, Formal
analysis, Conceptualization.

Declaration of competing interest
The authors declare that they have no known competing finan-

cial interests or personal relationships that could have appeared to
influence the work reported in this paper.

Journal of Magnetism and Magnetic Materials 626 (2025) 173047

Appendix A. Scalar potential evaluation

A.1. Hemisphere: Axial magnetization

Here we calculate the scalar potential ¢ = ¢, + ¢, for the axially
polarized hemisphere, where ¢, results from the real part of the shape
amplitude (first term in Eq. (23)) and ¢, from the imaginary part (rest
of Eq. (23)).

Inserting in Eq. (25) we find that

Y i"2n+ 1)P,(cos )
n=0

o 1
X / Jn(kr)ji(kR)dk / xP,(x)dx.
0 -1

iMyR?

Pa =~ o

(A1)

Since x = P;(x), it follows from the orthogonality of Legendre polyno-
mials that

M, R?
(A.2)

[s+]
04 = cosf / Ji(kr)j; (kR)dk
0

The remaining integral is a special case of Eq. (4.13) in Ref. [33], but
can also be derived from Eq. (1) in Ref. [34] using the relation

5 =) 5= T 20

between spherical- and regular Bessel functions of the first kind. The
result is

(A.3)

r<R

z [r/R* for
{ r>R a4

(o]
/0 Jl(kr)ll(kR)dk:E R/r?  for

which yields Eq. (26).
This leaves ¢,, which is given by

_ MO :n
Op=—= i"(2n+ 1)P,(cos 6)
2r =

) 1
X/ kdkj,,(kr)/ xdx S(k, x)P,(x) (A.5)
0 -1

where

Sk, x) = Y (4¢ = Day Fyp (k) Py (x) (A.6)

£=1

is the series in Eq. (23). Using the identity
Q2n+2)

@2n+DH2n+3)°

which follows from Bonnet’s recursion formula and orthogonality, the
integration along x gives

1
/ xdxP,(x) P, 1(x) = (A.7)
-1

1
¢ - 1)/ xdx Pyp_ 1 (x)P,(x)
-1
4¢ 4¢ -2

= a7 110t gy 30 (A.8)
so that we split ¢, further into two parts:
M, o 13 ® R 2 . N
Pp=—— Q=D af/ kdk/ 2 jop_ er)dr
oA 0 0
X [2 jop (k) Pys (€0 0) — (28 — 1) jap_o (ki) Pys_n(cos O)]. (A.9)

To carry out the integration in k, we use the transform in Eq. (A.3) and
Eq. (6) in Ref. [34] to find that

0 . I -l ,
/0 kdk jpp_y(kr') jpp(kr) = EW@(V_ r) (A.10)
and
o , 2
[ ks Gz ) = FE 007 <) (A1D)
0 2 pr2

We can then straightforwardly integrate along /' to get the final expres-
sion for ¢, stated in Section 4.1.



F.L. Durhuus et al.
A.2. Hemisphere: In-plane magnetization
Dividing the hemisphere shape factor, Eq. (23), in a real and an

imaginary part and inserting in Eq. (33) for the in-plane potential, we
get ¢* = ¢ + ¢} where

. lMo - i"(2n+1)
%a = ¢z n(n+ 1)

Y 1
X / Jn(kr)j(kR)YdK P! (cos 0) / P! (x)P} (x)dx
0 -1
——
%%1
MyR* . .
= sin 6 cos ¢ Ji1(kr)j (kR)dk.
s 0

Using Eq. (A.4), this yields Eq. (34).
The remaining portion of the calculation is

(A.12)

= —co%qﬁz 2n+ i)Pn(cosé?)

X / ) kdkj, (kr) / dxP!(x)P (x)S(k, ). (A13)
0 -1

When expanding S(k, x) we are left with integrals of the form

/ de (x)P (x)P? e -1 X)- (A.14)
A more general version of this integral was studied by Infeld and
Hull (Section 9.3 in Ref. [35], note that they normalized P such that

P’"l =4/ MP'" and in their notation Y'"‘ =sinf P'"| ).
¢ |1&H 2(I+m)! 1&H 1&H

Using the various selectlon rules, the integral is zero unless n = 2¢ or
n = 2¢ — 2 and evaluating both cases with Eq. (9.3.9) in Ref. [35] we
get that

2n+1
At D) d P (X)P )P 1)
2
a7 (Bu2e = Bnara) - (A.15)
It follows that
MO < 4 oo R 72 . , ,
@, = —cos¢ 2(—1) af/ kdk/ 2 jop_y Ger')dr
T o 0 0
X [Py, (€08 0)jns (kr) + Py, (€08 0)jzp o (kr)] (A.16)

We have already handled the k-integrals in Appendix A.l. Inserting,
integrating over r, adding ¢ and non-dimensionalizing as in the axial
case, we get the @7 expression in Section 4.2.

A.3. Spherical cap: In-plane magnetization

Consider the boundary value problem, Eq. (37). The general solu-
tion to the Laplace equation, V2¢ = 0, in spherical coordinates is (see
e.g. Eq. (3.61) in Ref. [36])

¢

Pr.0.9)= 2 D, [Apur” + Bpr™ V1Y (0, )

=0 m=—¢

(A17)

where the spherical harmonic Y;" is given in Eq. (13). First we divide
the potential into an inside part i.e. (pir‘,‘ = @(r < R) and outside (p?n“t =
@(r > R). To prevent divergence we require B,,, = 0 for ¢" and A,,, =0
for @°". The potential is continuous at the cap surface, necessitating
B,,, = R***14,,, but the surface charge produces a discontinuity in
the gradient:

9,¢"(r=R) = 0,”"(r=R) =0, (A-18)

This boundary condition amounts to

||M8

Z Q¢ + DA RTY(0. )
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= M,0(0, — ) cos ¢psin b (A.19)
It follows from the orthogonality of spherical harmonics that
M0 2r () L "
m = W/o cos ¢d¢/0 sin® 0d0Y,"(0, ¢) (A.20)

From the ¢-integration the only non vanishing terms are for m = +1.
Using Eq. (32) we can write

My [ a1y e
Arxl = F o 4(2f+1)(f—1)'/ 1= x2P (xdx.

To carry out the x-integral, we use the recurrence relation, Eq. (12.86)
in Ref. [32]

(A.21)

Q€+ DV1=x2P) = (P — P (A.22)
and Egs. (17) and (18) to find that
_1(xg)  apy1(xq)
/1_ 2p> 1 _ Ap-1\Xo) Gy
/ X Py (odx = 2£+1[2f—1 20 +3
L [ Proa(xg) = Pp(xg)  Pplxg) = Ppya(xg)
= - A.2
25’+1[ 2¢ -1 20 +3 (823
for # > 2, while in the special case of # = 1
! 1 1 1
/XO VI=x2Prl(odx = 3 = 2xg + £X x3. (A.24)

Inserting in Eq. (A.17) gives the potential expressed in Eq. (38).

Appendix B. Demagnetization factor calculations

B.1. Hemisphere

Here we evaluate the axial demagnetization factor of the hemi-
sphere, starting from Eq. (42). The square of an infinite series involves
the sum of each term squared, plus twice the sum of any two terms:

= (S + S+ 85+ )

Z +2 Z SpSpp +2 Z Sy Sy + - (B.1)

‘=1 =1 =1

Now, using Bonnet’s recursion formula twice, one may show that

2+1D)(E+D) ,
| QE+1)(20+3)20+5) for Z1=7+2
2 _ 202242¢6-1) ’_
/—1 X Pp(x)Por(x)dx = FrhEr+Dacs) for =7 (B.2)
B> for ¢'=¢-2

2¢-3)2-1)(20+1)

and the integral is 0 for all other #,#’ combinations. Thus, the only
non-vanishing terms are

R 1
=Y &F,_ (k) / x?
¢=1 -1

and

Py, (x)dx = Z by F5,_ (k) (B.3)

[so]
SeSeq1 =2 Z apapy Fop 1K) Fyp ()
/=1

1
></ szM_l(x)Pz“l(x)dx
-1

= 2 cpFpp_1(K)Fypyy (k) (B.4)
=1
where
o, 282-4r-1)
b= G —aar—har+ (B5)
and
4020 + 1) ®6)

T AU Gy DGl + DA +3)
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We are then left with the radial integrals. Using the orthogonality
of spherical Bessel functions

/ Rk, (ke p) = 60 =1 ®.7)
0
we find that
o ) R ) R ) ju 7[R3
! / !
/0 sz_l(k)dk='/o r dr/o redr ﬁé(r—r )= < (B.8)

The demagnetization factor at this stage is therefore
=11 Z b
6 ¢

D th; /0 K2k Fyp_y (k) Fapyq (k) (B.9)
=1

To evaluate the remaining integral we use the recursive relationship
between spherical Bessel functions

Jea1(X) = Q6+ 1)jp(x)/x = jo_y(x) (B.10)
and the Bessel integrals presented in Appendix A.1 to obtain
« ) ) 4 +1 [
/ K2dkjop_y (k'Y jogpy (hr) = . / kdk
0 0
(s
X g (ki g k) = / KAk, ('Y, (k)
0
——(4f+1) 2t,z@(r—r)——é(r—r) (B.11)
Thus
T4+l ZR3
/0 K2k Fyp_y (k) Fyp g (K) = 57 R - e
Il (B.12)
6 20+ 1)

Inserting in Eq. (B.9) gives the final expression for the demagnetization
factor Eq. (43).

B.2. Spherical sector

Here we evaluate the axial demagnetization factor of the spherical
sector, starting from Eq. (44). Similarly to the hemispherical case in
Appendix B.1, the integration along x annihilates all m terms except
when m € {n —2,n,n+ 2}. Using Eq. (B.2) to integrate the remaining
terms, we find that

N.(xp) = % an(xo) / K2k F2(k)

n=0 0

2 o0

v gaqn(x()) / KAk F, (k) F, 0 (K) (B.13)
where
_ 2 20202 +2n— 1)

Pal¥0) = 8, %0) o T i + 3) (B.14)
4,(x0) = a,(x0)a,42(x0) 2(n+ D)(n+2) B.15)

2n+1)2n+3)2n+5)

Referring to Appendix B.1, and substituting # — (n + 1)/2 in the
appropriate equations, the radial integrals are seen to be

L 3
/ k%ij(k):ﬂ (B.16)
0 6
and
/ K2 dkF, (k) F,, 5 (k) = —R3 u (B.17)
0 n+3

Considering that V = (2/3)zR3(1 — x,), we finally acquire Eq. (45).
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B.3. Spherical cap

Here, we evaluate Eq. (46) to determine the in-plane demagneti-
zation factor of the spherical cap, where as noted in Section 4.3 the
only charge is 6,, = M,sinfcos¢ on the curved top, so Eq. (46)
reduces to a surface integral. The cap volume equals the volume of the
corresponding spherical sector, minus the conical part:

0y R
Veap = 27 /0 sin 6d9 /0 r2dr — §R3 sin? 6, cos 8,
= §R3(1 - x0)* 2 + xg) (B.18)

hence
3 < ! |
N=—n i —— y(x)/ V1—=x2P;(x)dx,
* 721 = x0)22 + Xg) le 0 ¢

where we already did the azimuthal integral. For the remaining, polar
integral we can combine Egs. (32) and (A.23), yielding

1
/ V1= x2Pl(x)dx = £(¢ + Dy (x),
X0

so that N, is given by Eq. (47).

The hemisphere is a special case of the spherical cap where 6, =
7/2. Thus for x; = 0, Eq. (47) should reproduce the demag factors of a
hemisphere. Using that

(B.19)

(B.20)

. (2n= D! B
Py, (0) = (-1) W , Py (0)=0 (B.21)
Eq. (39) reduces to y,,,,(0) = 0 for n > 1 while y,(0) = —1/3 and
1

VR IR Gt )

722(0) = (=1) = , (B.22)
@+ 4\ /zr(n+2)
hence, we may write
2

N, 0) = -+iin<zn+1)—r(n_%) (B.23)

32 r(n+27? '

As may be verified by a computer algebra system such as Maple, the
exact value of the sum is N (0) = 7/(9x), in agreement with the shape
amplitude calculation.

Data availability

No data was used for the research described in the article.
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