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Abstract

When the energy levels of a double-well system are nearly aligned, a beating motion occurs
between the two wells. However, in the case of quantum resonances this scenario is much more
intricate because in the complex plane two different types of resonance crossings (RCs) there exist,
and beating motion occurs in only one of them. In this paper we use a quantitative criterion to
determine whether the parameters of the quantum system are associated with one type of RC or
the other. This analysis is essential for designing a quantum sensor made by heterostructures that
easily and quickly measures whether an electric field has a predefined intensity.

1. Introduction

It is known that in a double-well system, when the energy levels are nearly aligned, a wave packet pre-
pared within one of the two wells will oscillate between the two wells due to the resonance tunneling
effect, and the oscillation period is given by the inversion of the splitting of the energy levels (see section
8.5 [1]). It is thus a sort of quantum sensor with basically two outputs: the beating motion of some
physical observable, e.g. the survival amplitude, between the two wells when a pair of energy levels is
aligned or no significant oscillation otherwise.

The typical model of such a quantum sensor consists of an internal (or unperturbed) asymmet-
ric double-well Hamiltonian under the effect of a Stark potential dues to a DC electric field. The basic
idea is that the DC electric field produces a change in energy levels, and when the electric field strength
reaches a predefined value such that two energy levels cross, a periodic beating motion between the two
wells occurs. Therefore, it is possible to check whether the intensity of the DC electric field is close to
the predefined value simply by observing the presence or absence of such a beating motion. The advant-
age of this device is its simplicity and speed of response in order to check whether the strength of the
DC electric field falls within a certain range, without the need to measure its period as in quantum
sensors based on the Ramsey interferometer [2] (see also [3] and the references therein).

The applications of such a quantum sensor can be many; we can mention a couple of them as
examples. For example, it checks very quickly and easily whether the charge value of a nano-battery [4]
becomes lower (or higher, while charging the battery) than a given value. Also in medical diagnostics,
this device could find application in encephalography [5] to monitor the presence/absence of electrical
activity.

A first attempt to propose such a device has recently been discussed [6] in a toy model where the
two wells are modeled by attractive Dirac’s d. To go beyond this toy model and develop a realistic
model, we can consider the case in which the two wells are realised by heterostructures as explained by
[7], see also [8]. Experiments with heterostructures began to be performed since the 70s; in one of these
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experiments a clear evidence was given for the resonant tunnel effect between barriers [9]. In later years,
this type of experiment was greatly expanded considering also the case where an external electric field
applied to the heterostructures is present; in such a case the most relevant phenomenon is the resonant
tunnel effect between the two wells through the barrier for critical values of the strength of the electric
field. For instance, we just name a few of the many experimental works devoted to the study of the res-
onant tunneling effect between symmetric or asymmetrical coupled quantum wells for different values
of the heterostructure GaAs/AlGaAs parameters [10—16]; in particular, to the analysis of coherent oscil-
lations of a wave packet in double-well structure [17] and to the study of the dependence of resonant
tunneling times between quantum wells on barrier thickness [18]. This line of experimental research is
still very active, as demonstrated by recent works [19, 20].

The analytical study of the crossing of bound states as the electric field strength varies was analysed
for a GaAs/AlGaAs heterostructure (see section 3.13 [8] for numerical results, and also [21] for a review
and [22] when the double-well potential is confining). In fact, no bound states are allowed when the
electric field is turned on, but quantum resonances with a non-zero imaginary part that substantially
determines the time dynamics of physical observable occur. It should be emphasised that in the above
quoted papers the phenomenon of resonant crossing is not analysed in its entirety because the kind
of crossing depends not only on the internal barrier but it depends on the external barrier due to the
electric field, too. This fact has important implications because, as we will show later, the phenomenon
of resonances crossing is not always associated with beating motion, which is the cornerstone of above
mentioned quantum sensor. A detailed phenomenological characterisation of the different types of res-
onances crossing was provided [23] (see also the numerical experiments in tilted symmetric [24] and
asymmetrical [25, 26] double-well structures), but without giving quantitative results; a similar study
was also carried out by [27] where the two wells were modeled using attractive Dirac’s deltas. Finally, in
the case of double-well potentials, we mention also two recent theoretical researches on the analysis of
quantum tunneling in the dynamical systems framework [28] and on the dependence of the switch rate
from the barrier thickness [29].

Since previous studies have not used quantitative tools to establish the nature and behaviour of
quantum resonances and the properties of the associated metastable states, it emerges that a more com-
prehensive analysis is therefore needed, and in this paper we take a significant step toward a deeper
understanding of quantum resonances in tilted double-well (TDW) systems. More specifically, in this
work we apply a criterion, introduced in a general setting by [30, 31] and recently used by [6] in a toy
model, for analysing the nature of resonances crossing in a realistic TDW model based on heterostruc-
tures; not only that, we also explores in depth for the first time the relationship between the nature of
resonance crossings (RCs) and the symmetry properties of the associated metastable states. As a result,
the theoretical foundation for the design of quantum sensors based on this effect follows.

Even if we restrict our analysis to tilted double square well potentials we point out that this ana-
lysis can be extended, in principle, to the case where the two wells have different shapes; however, in
this case, the calculation of the intersection point is much more difficult from a computational point of
view, as well as the calculation of Agmon distances discussed in section A.3. Also the extension to tilted
multiple-well may be considered, provided that, in addition to these difficulties, it is taken into account
the semiclassical analysis developed in [32] for multiple-well problems.

The paper is organised as follows: in section 2 we introduce and describe the mathematical dimen-
sionless model of the TDW, with special emphasise in section 2.1 to the analysis of the resonances
crossing; section 2.2 is devoted to the analysis of the dynamics of the survival amplitude in a numer-
ical experiment. In section 3 we consider a proposal for a quantum sensor based on a TDW, the val-
ues of the parameters are of order of the ones considered in typical experiments, and the dimensionless
Hamiltonian corresponds to the one studied in the previous section. In section 4 we collect some con-
clusions. Eventually, an appendix is added where some technical results concerning Quantum resonances
(section A.1), Localisation of the metastable states (section A.2) and Agmon’s lenght (section A.3) are
collected.

2. Methods

We now consider the one-dimensional Hamiltonian

H=—— +Vy q, (x) — Fx, (2.1)

in dimensionless units such that 2m =1, h=1 and e=1 (where e is the electron charge), where the
potential V,, o, — Fx has a TDW shape (see equation (2.4) and figure 1). It has no eigenvalues and we
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Figure 1. Plot of the tilted double square well potential. The internal barrier between the two wells is (x2,x3), and for a given
value E of the energy the external barrier is (x4,%), X = —E/F.

assume, for argument’s sake, that it admits only two sharp quantum resonances E; and E, (by sharp
resonance we mean a quantum resonance whose imaginary part is, in absolute value, very small) with
associated metastable states 1/, and ;. The energy levels of these two resonances depend on the strength
F of the electric field and, for a suitable value of such a parameter, we can make the two quantum res-
onances closer and closer. We recall that the imaginary part of a quantum resonance is strictly negative.
Two different kinds of RC may occur:

- Type I RC when there is an exact crossing of the imaginary parts of the resonances and an avoided
crossing of their real parts;

- Type II RC when there is an exact crossing of the real parts of the resonances and an avoided crossing
of their imaginary parts.

Only in exceptional cases, for very particular values of the model’s parameters, the exact intersection
of the two resonances may occur.

The dynamics of physical observable can be described by means of quantum resonances. For
instance, the survival amplitude defined as

A <t> = <,¢)O7 e—itH/hw0> ) (22)

where 1 is the initial state at the instant t, (for the sake of simplicity we may always assume that t, =0
and (-,-) denotes the scalar product in L*(R,dx)), has dominant term for intermediate times given by
(see formula (A.2) in appendix A.1)

2

A() ~ ZcEje*itEf/h, (2.3)

j=1

where the coefficients cg; depend on the initial wavefunctions 1)y, because H has only two sharp reson-
ances E; and E,. When the imaginary parts of the two resonances E; are quite close each other and the
coefficients cg, are both quite different from zero then an interference effect is triggered in (2.3) and, as
a result, A(#) exhibits an oscillating damped behaviour with a pseudo-period given by T =27 }i/w where
w = |RE, — RE;|. Otherwise, A(t) exponentially decays without significant oscillations. Therefore, we
expect to see large oscillations of the survival amplitude only in the occurrence of RC of type I because
at the crossing point SE; = SE,.

2.1. Resonances crossing criterion
In order to quantitatively study the RC in an explicit model we consider the double-well potential with
square wells

0 ifx<x:=0
ap if x) <x<x:=x+Ly,

Varao (1) =¢ 0 if oy <x<x3:=x+1Lp, , (2.4)
ay if x3 <x<x4:=x3+ Ly,
0 ifx<x
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under the effect of an external homogeneous electric field with strength F. Here, for the sake of definite-
ness, we set x; =0 and F > 0. When «;,; < 0 then the potential has two wells with lengths L, and L,,,
and for energies E in the range (—Fx; + a1, —Fx4) two barriers occur: one internal (or inner) barrier,
between the two wells, with length Ly, and another one is external (or outer) with length Lj,, depending
on the value of the electric field strength F (see figure 1).

We consider, for argument’s sake, the case where a;; = ; and where the first well is larger than the
second one, i.e. Ly, > Ly,; hence, for F =0 the double-well operator H has two real-valued eigenvalues
E, < E; < 0 where the ground state wavefunction 1, associated to E; is mostly localised within the left-
hand side well, while the second wavefunction v, associated to E, is mostly localised within the right-
hand side well.

When we vary the parameter F and it takes strictly positive values then the spectrum of H is purely
essential and it coincides with the whole real axis, i.e. o(H) = 0es(H) = R; therefore, the discrete spec-
trum is empty and there are no eigenvalues and the two former eigenvalues E; and E, obtained when
F =0 switch to sharp resonances and, for a critical value for F, they cross.

Quantum resonances are computed here looking for solutions to equation Hy) = Eip, where SE < 0,
with matching conditions

¥ (x) and di{idix) continuous at x,, n=1,2,3,4, (2.5)
outgoing condition % (x) — 0 as x — —oo and the Siegert’s outgoing condition [33, 34] that, in the case
of Stark potential, takes the form [27, 35]

¥ (x) = B; () +14; (¢) , as x = +00; (2.6)

where ¢ = —(Fx+ E)/F?/? and A; and B; are the Airy functions.
In order to study the kind of crossing we introduce the two single well operators

2
Hj:—%jL\/j—Fx, (2.7)
where V; =V, o and V, =V, ,, are single well potentials obtained by filling one of the two wells. Let
1; be the ground state resonance of H; and let Fc be the value of F such that p := R, = Rys,. Then,
when we consider the TDW problem (2.1) the two resonances E; and E, will cross at a value, denoted
by fc, close to Fc. For F = F¢ let p; be the Agmon’s length (defined in appendix A.3) of the internal bar-
rier at energy u and let p. be the Agmon’s length of the external one; then semiclassical analysis predicts
that we have a RC of type I when p; < 2p., and a RC of type II when p; > 2p.. We must emphasise that
such a semiclassical result, obtained in the limit % < 1, still holds true also in numerical experiments
where £ has a fixed value [36].

Concerning the metastable states v; of H associated to the quantum resonances E; we also find that
in the case of quantum crossing of type I with F close to the crossing point F¢ they are equally localised
within both two wells; otherwise, the first metastable state is mostly localised within just one well while
the second one is mostly localised within the other well.

This result is rather important, and it holds true in a general TDW model (see appendix A.2 for
details). In conclusion, we can state that:

Proposition 1. Let H be a one-dimensional Schrodinger operator with a TDW potential with two sharp
resonances. Then:

(A) In the case of RC of kind I with F close to F¢ the imaginary parts of the two resonances are very close to each
other, and the associated metastable states 1, and 1, are equally localised within the two wells.

(B) Otherwise, that is, in the case of RC of type I with F sufficiently far from F¢ or in the case of RC of type II,
the imaginary parts of the two resonances are rather different from each other; moreover, one of the associated
metastable states is localised within just one of the two wells, and the other metastable state is localised within the
other well.

As a comment to the above Proposition we can state that the exact crossing of the imaginary part of
the two resonances is associated to the symmetry of the two metastable states; this result, which is well
known in the case of symmetrical double-well potentials, is here extended to the case of asymmetrical
potentials.

Here, we consider a numerical experiment with the following data in dimensionless units: a; = o, =
—0.264(4) - 10%; the left-hand side well has length L., = 60; the right-hand side well has length L, =

4
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Figure 2. Here we plot the real parts (left-hand side panel) and the imaginary parts (right-hand side panel) of the two resonances
E; (full line) and E, (broken line) of H in the case of internal barrier length L;,, = 150 in dimensionless units; dot lines corres-
pond to the real parts of the two resonances 1 and i, of the single well operators (2.7). Dot lines cross at Fc = 0.228(6) - 1073;
the imaginary parts of the two resonances cross at fc = 0.228(7) - 10~>. We observe a type I crossing where we have an avoided
crossing of the real parts of the two resonances and an exact crossing of their imaginary parts.

40; the internal barrier has length L, = 150. When F =0 then H has two eigenvalues
E; = —0.168(7) - 107% < E, = —0.123(0) - 10~ 2. (2.8)

When we switch on the external electric field, i.e. for F > 0, then the general solution to equation Hy =
Ev is given by

ad; (Q)+0bB; (¢) if x<x

cA; (¢1) +dB; (1) if x1 <x<x,
Y (x) =< eA; (Q)+fBi () if 6, <x<x;

A (&) +hB; () if x5 <x<2x4

CA; (O)+mB; () if x4<x

where ;= —(Fx+ E— qa;j)/F*/3, j = 1,2, then the outgoing conditions (2.6) implies that b=0 and ¢ =

im, for some m # 0. We then impose the validity of the matching conditions (2.5) and finally solve the
resulting equation for different values of F; in such a way we can compute the two quantum resonances
as function of the electric field strength and we can observe the occurrence of a type I crossing when F
runs in a neighbourhood of F¢ (see figure 2).

In fact, the value of F at which the two single well resonances p; and pu, of, respectively, H; and H,
have the same real part is Fc = 0.228(6) - 107, and at this value we have that y = —0.175(7) - 10~%; the
value fc for which the imaginary parts of the quantum resonances E; and E, of H exactly cross is given
by fc =0.228(7) - 10~°. The ratio between the Agmon’s distances is (see appendix A.3)

pPi

2 =0239(7) <1,
2pe

in agreement with the fact that we have a type I crossing.

2.2. Analysis of the survival amplitude
Concerning the time behaviour of the survival amplitude A(t) = (1), # /) we stress that it depends
on the kind of RC. In fact, in the TDW model considered in the previous section, where we have only
two sharp resonances E; and E,, the behaviour of the survival amplitude is expected to be given, at
intermediate times, by formula (2.3). Since both resonances have a strictly negative imaginary part, we
expect to observe a damped behaviour of the survival amplitude.

In the case (A) we have that SE; ~ QE, when F is close to Fc and, therefore, a damped oscillating
behaviour due to the interference between the two metastable states occurs.
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Table 1. table of values of the quantum resonances E; and of the coefficients cg,j = 1,2, for different values of F; this model
corresponds to a type I crossing where L, = 150 and the critical value is Fc = 0.288(7) - 10~>. Here F, = [1 4 ~/100] Fc.

F F_4 F_, Fc F Fs

RE —0.175(4) - 10> —0.175(6) - 102 —0.175(9) - 1072 —0.176(8) - 10> —0.177(9) - 1072
SE —0.465(6)-107'¢  —0.387(5)-107"°  —0.848(3)-107"*  —0.273(9)-107"°  —0.459(0) 107"
RE, —0.173(5) - 1072 —0.174(6) - 1072 —0.175(5) - 1072 —0.175(8) - 10> —0.175(9) - 1072
SE —0.624(8)-107"  —0.103(5)- 107" —0.942(9)-107"  —0.191(4)-107"*  —0.113(4)-107"
T 0.143(6) - 107

Ree,  0.987(0) 0.951(7) 0.494(6) 0.492(7) - 107" 0.141(1)- 107"
S, —0.367(4) - 107° —0.149(4) - 1078 —0.366(1) - 1078 —0.238(4) - 107° —0.509(3) - 1071°
Reg,  0.134(4)-107" 0.490(4) - 107" 0.508(5) 0.951(5) 0.986(2)

Scg,  0.117(0)-107'° 0.121(4)-107° 0.458(6)-107° 0.731(1)-107% 0.842(5)-1078

0.94

Lb1=150

Lb1=150 - .-
—— — = F(-4)

0.5%10%(6) 1%10°(6) 1.5¥10%(6)

, 2.24107(-6) 2.286*10°(-6) 2.36*10°(-6)

F

Figure 3. In the left-hand side panel we plot the graphs of | A(#)| for F = F_4,F_5, Fc, F>, F4; we see that large oscillations only
occurs when F is close to Fc, the beating period is T = 0.143(6) - 10 in dimensionless units. In the right-hand side panel we plot
the value of the amplitude M of the beating motion when F runs in the interval [F_, F4]. In this case the values of F¢ (broken
line) and fc (dot line) are very narrow. Here F, = [1 4 /100]Fc.

On the other hand, in case (B) we have that E; is rather different from &E, and therefore one of
the two terms e~ 5 in (2.3) decays much faster than the other one; consequently, we expect to observe
an exponential decay of .A(t) without significant oscillations.

This scenario becomes more explicit when the initial state ¢ prepared within only one of the two
wells is chosen. In fact, in this case the two coefficients cg, and cg, are of the same order in case (A)
because the two metastable states 11 and v, are equally localised within both wells; while in case (B)
one of these coefficients is negligible because one of the two metastable states is localised within one well
and the other is localised within the other well.

It should be noticed that in the experimental papers cited in the introduction it is implicitly assumed
to be in case (A); but this is not necessarily always true. In fact, for different choices of model paramet-
ers, it is possible to fall into case (B) [36].

We now calculate the survival amplitude for the TDW model introduced in section 2.1 where we
observe a RC of type I; the calculation of |A(#)| is performed using formula (2.3) and the initial wave-
function 1)y is prepared on the left-hand side well. We also represent the value of the amplitude of the
oscillations

M:= mtax\A(t) | —mtin|A(t) [,

as function of F.

In table 1 are collected the values of the quantum resonances E; and of the coefficients CE)> j=1,2,
for some values of F. We observe that when F is close enough to the value F¢ then the imaginary parts
of the two resonances E; and E, are very close to each other, and the two coefficients cg, and cg, are
almost equal in absolute value; in such a case a beating motion is expected with beating (pseudo-)period
given by T = 27 /|RE; — RE,|. On the contrary, when F is not so close to Fc then the two imaginary
parts of the resonances are very different and also one of the two coefficients is almost equal in absolute
value to 1 while the other has a value close to 0; in such a case no wide oscillations are expected.

Therefore, a damped oscillating behaviour is observed in figure 3 for |.A(¢)| when the intensity F of
the external field is close to Fc. Furthermore, the value of M reaches a maximum value at F = Fc and,
outside a small interval centred on F, it decreases rapidly.

6
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In conclusion, we can state that for this choice of parameters, significant oscillations of the survival
amplitude are observed when F is close to the predetermined value F¢, while for F outside the range
[Fc — Op, Fc + O], where the dr is less than 4% of Fc, there are no significant oscillations. It should be
noticed that a similar result is also obtained when the internal barrier is smaller, i.e. Ly, = 100, or larger,
i.e. Ly, = 200; the difference is that in the former case dr is of order of 10%, while in the latter case it is
of order of 2%.

3. Results

It is possible to design nanoscale devices that exhibit the characteristics described by the
Hamiltonian (2.1). For example, we consider GaAs/AlGaAs heterostructures of the kind

AlGay_As/ly, - GaAs/ly, - Al;Ga;_sAs/ly, - GaAs/Al;Ga;_As,

where s € (0,1), under the effect of a DC electric field perpendicular to the growth direction z of the
heterostructure. Under the parabolic approximation of the band and in the envelope function approxim-
ation introduced in the 80s [37], see also [7, 8] for a review and [38, 39] for the mathematical justifica-
tion, the Schrodinger equation reduces to a one-dimensional equation where the potential has a double
square well shape under the effect of a Stark perturbation (see figure 1 in dimensionless units). We must
emphasise that when we extend the model by adopting the Kane approximation of the band, then the
steady states are now described by a fourth-order equation (see [40] and the references therein); we do
not consider this case in the present work.
With more details, in the envelope function approximation the time independent Schrodinger
equation takes the form Hip = £ where
n d

H:—w@—k%lm—e}'z, zeR, (3.1)
where m* is the effective mass of the electron, e is the electron charge and F is the strength of the elec-
tric field. In this framework we assume the validity of the time-dependent Schrédinger equation

ihGe = Hy
{w@ﬂhowﬁ)’ (3.2)

where 1)y(z) is the initial wave-function; in fact, ¢» would be the envelope function (see section 7.6 [41],
see also [42, 43]). The double square well potential has the form

0 ifz<z:=0
v itz <z<zyi=21 44,

Voun(@)=¢ 0 fz<z<z:=z+b, ,
vy if 3 <z<z4:=235+ 4y,
0 ifz<z

where v1,v, <0, the two wells have lengths ¢, and ¢,,, and the internal (or inner) barrier has length
{y,. Typically, lengths of the wells £, j = 1,2, and of the barrier {}, are of order of several tens of
angstrom A.

We consider here the simplest case where the effective electron mass in the wells coincides with the
one in the barriers and is given by m™ = 0.067m, for the GaAs lattices (1, is the electron mass). In fact,
such an approximation holds true provided that the parameter s is not too large, typically s < 0.3 (see
figure 2.17 by [8]). A more refined model is to assume that the effective mass m* = m*(z) depends on
the spatial coordinate, then the matching conditions satisfy the so-called Ben-Daniel and Duke condi-
tions (see section 2.6 by [8]), that is the continuity of ¢ and of m%(z)%’. However, in this paper, we do
not dwell on the analysis of such matching conditions.

Let n=1A =107""m and A = #?/(2m*n?) then equation (3.1) takes the dimensionless form (2.1)
where
A

,and F = —F.
ne

n

E=AE, V=AV, xnzz—, n=1,2,3,4, x=
Ui

| N

Then, the lengths of the wells and barrier are, in dimensionless units, Ly, = n_1€wj, j=1,2,and L, =
1~ 4p,. Furthermore, equation (3.2) becomes
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{ IE = H’(/) ’
v (x7 t)|t:0 =1 (x)
where
t=A7/h.

Concerning o, following the model proposed by section 3.9 [8] hereafter we assume, for the
sake of definiteness, that v; = —165meV (which corresponds to the case s/20.2), then ;= v; /A
= —0.264(4) - 1072

When F=0 then H has two eigenvalues (2.8) that correspond to

& =-95.9(3) meV and & = —69.9(4) meV.

For F >0 then these two eigenvalues switch to quantum resonances and the crossing point is around
Fc =0.228(6) - 107°; that is

Fe=An"te 'Fc =13.0(0)kV-cm™!.

We recall that the RC is of type I, see figure 2, in agreement with the fact that 2’;\ =0.239(7) < 1.
Finally, the beating pseudo-period at F = F¢ is given by 7 = 0.166(3) - 10~'%s. and the oscillations last

for times of order t = 10", that is 7 ~ 107 3s.
4. Conclusions

The proposal device has the following feature: when the heterostructure with an internal barrier of
length £, = 150 A is perturbed by a DC electric field then, simply observing whether the survival amp-
litude has an oscillating behaviour or not, we can verify that the strength of the electric field is equal to
Fc =13.0(0)kV - cm™! with a tolerance less than 4%.

The predefined value F¢ depends on the lengths of the inner barrier and of the two wells. Therefore,
it is possible to design devices capable of measuring electric fields of any desired intensity by appro-
priately modulating the lengths and depths of the two wells and the length of the internal barrier. For
instance, leaving the shape of the two wells unchanged, if the length of the internal barrier is £, = 100 A
then the device can check if the electric field strength is equal to 10.4(0)kV -cm™! with a tolerance less
than 10%; while, if we change the length of the internal barrier to £, =200 A then the device can check
if the electric field strength is equal to 17.3(3)kV-cm ™! with a tolerance less than 2%. In both cases, the
RC is of type I

However, it is important to emphasise again that when projecting such a device one must be sure to
have a RC of type I; otherwise, that is the model’s parameters correspond to a RC of type II, then the
beating behaviour of the survival amplitude is not triggered. This fact can be verified by calculating the
Agmon’s lengths of the barriers p; and p. and checking whether 2’26 < 1; in fact, this theoretical criterion
holds in the semiclassical limit / < 1, but it has also been verified to be valid in realistic models [36].
This fact means that the range of validity of this device is determined by the condition p; < 2p., where
these two terms are given by formulas (A.13) and (A.14).

We close by underlining that our method sound to be quite robust with respect to perturbations.

For instance, if we add a (relatively small) perturbation to the TDW potential in (3.1) then we actually
expect the value F¢ of the intersection point to change slightly, but the dynamics of the survival amp-
litude maintains an unchanged behaviour in the vicinity of the new intersection point.

Data availability statement

All data that support the findings of this study are included within the article (and any supplementary
files).

Competing of interests

The authors declare no competing interests.



10P Publishing

J. Phys.: Condens. Matter 38 (2026) 045301 A Sacchetti

Appendix
Here, we describe with more details some facts concerning quantum resonances and semiclassical results.

A.1. Quantum resonances

Quantum resonances constitute a mathematical model of metastable states: a resonance is a complex
number whose real part is the rest energy of the state, and its imaginary part gives the rate of the decay
of the state. If the system is described by the Hamiltonian (2.1) (where 2m =1, e=1 and /i = 1), the
resonances are defined as the complex-valued poles of the meromorphic continuation of the kernel of
the resolvent operator [H — E|~! from the half-plane SE > 0 to the non-physical half-plane SE < 0
(sometimes authors refer to k = v/E as a resonance). Equivalently, resonances may also be defined by
means of the Siegert’s outgoing conditions [33], see also [34] for a rigorous mathematical study of
quantum resonances.

In their seminal paper [44] Garcia—Calder6n and Peierls discussed the possibility of expanding e
in terms of the eigenvalues/resonances E of H and their associated eigenvectors/metastable states ¢g. In
particular, under suitable assumptions on the potential and if H has no resonances with zero energy,
then the kernel U(x, y;t) of the evolution operator e~ is given by [45]

—itH

U (x,y;t) = Z e Fap (x) e () +

eigenvaluesE

+ Z e*itEq/)E (x)Ye(y)+ 0O (F3/2> as t — 400, (A.1)

resonancesE

where the resonant metastable states ¢r associated to the resonances are normalised with respect to a
suitable weighted norm and where the eigenfunctions g associated to the eigenvalues are normalised as
usual, i.e. (¢, ¥E) = 1.

Suppose now to consider the time evolution of physical observable; for instance of the survival
amplitude defined as (2.2). Thus, in absence of stable states the survival amplitude decreases in time
because (A.1) takes the form

A=Y cEe*“E+o(f3/2) , (A.2)

resonancesE

where

e = (Yo,%E) (Yo, YE) - (A3)

This decay is, for a generic Hamiltonian without stable states, the contribution of different kinds of
decay:

- for short times, that is in the so called quadratic Zeno region, the dominant term is a quadratic-type
term [46];

- for intermediate times the dominant term is of exponential type and it is due to the decay effect
associated with sharp resonances (that is with imaginary part small enough: |SE| < 1);

- for long times the dominant term is given by the power-law tail O(t~*/2); in fact, when the potential
is not bounded from below, like in TDW potentials, this term is absent.

A.2. Localisation of the metastable states
As pointed out in proposition 1, for a TDW model the metastable states associated to the quantum res-
onances Ej, j = 1,2, are equally localised within both two wells in the case of RC of type I with F close
enough to the crossing point F¢; otherwise, one metastable state is mostly localised within only one well
and the other one is mostly localised within the other well. This fact can be seen in numerical experi-
ments, see figure 4 where the two resonances E; and E, are calculated in table 1.

This fact can be understood by making use of some semiclassical results (that is obtained in the
limit 1 — 0 where we set h := h/\/%) applied to Schrodinger operators (3.1), we refer to [30, 31]
for details. Indeed, it is possible to prove that the calculation of the doublet of resonances of H can be
reduced to the calculation of the two complex-valued eigenvalues of the 2 x 2 matrix

( Aﬂl fz )+o(h°°)e‘2”i/’“7 as h—0, (A-4)

9
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F=FC L FF(4) -

Figure 4. Here, we plot the potential (bold line), the energy levels RE; (full horizontal line) and RE, (broken horizontal line) and
the absolute value of the metastable states |11 (x)| (full line) and |1, (x)| (broken line). In the left-hand side panel we are at the
crossing point, that is F = Fc where RE; and RE, are almost aligned, and the two metastable states are equally localised within
both two wells; on the other hand, in the right-hand side panel we are slightly far from the crossing point, that is F = Fj, and it
turns out that one metastable state is mostly localised within one well and the other metastable state is mostly localised within the
other well.

where \; = Ap; and where y; are the quantum resonances of the single well operators (2.7) and where
B = ¢e P is a complex-valued coupling term, p; is the Agmon’s length of the internal barrier [z,,z3], as
defined in section 3 and ¢ is a quantity that satisfies

C'h 2 < |p| < Ch/?, (A.5)

for some positive constant C > 0. Hence, the two quantum resonances are given, up to a small remainder
term, by

1 1
gl,zN2(/\1+)\2)i\/4()\1—)\2)2+52,aS h—0. (A6)

At the crossing point where A := RA; = R\, we have that the dominant terms of the imaginary parts of
the single well resonances are given by

SA = —gre 2P/l and SN, = —dre 2P/ (A7)

where p, is the Agmon’s length of the external barrier [z4,Z] as defined in section 3 and where (;NS]-, j=
1,2, are two positive real-valued quantities such that

C'h V2 < g <Ch'/? j=1,2. (A.8)

In fact, the asymptotic behaviour of the single well resonances can be calculated by means of the WKB
approximation as well, see, for instance, the papers [12, 18, 47]; to our purpouse we focus our attention
on the exponential factors of the asymptotic behaviour. Hence,

1-~ 1 ~ ~
Eip~A— ii(bze_z”e/h + 3 \/—(b%e—‘me/h +@re=2ri/h as h— 0, (A.9)

at the crossing point where A := R\, = R\, and thus Proposition 1 follows. That is, RC of type I
occurs when 2p. > p;, and in this case the imaginary parts of the two resonances at the crossing point
are of order e~2?</", For the same reason, it follows that a RC of type II occurs when 2p, < p;.

In the case of RC of type I, in a neighbourhood of the crossing point where #8A; = R)\,, the two
eigenvectors w; of the 2 x 2 matrix are given by

1

wj ~ 7(2725_2’%”‘ ( 1)] q"ﬁ%e—z(z;;e—pi)/h 1 ash—0. (AIO)
2¢e—ri/h T\ \/ 15?

1/v2

Hence, the normalised eigenvectors are given by % ~ ( (—1)i/v2 ) as h— 0, and this fact means
j (=

that the two metastable states associated to the quantum resonances & , are equally localised within
both two wells. Otherwise, that is outside of such a neighbourhood or in the case of RC of type II, the

10
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normalised eigenvectors of the matrix (A.4) have the asymptotic behaviours ( (1) ) and ( (1) ), which

implies that one of the two metastable states is localised within one well, and the other metastable state
is localised within the other well.

A.3. Agmon’s length
The Agmon’s distance in R?, where d = 1,2,3,... is the spatial dimension, computed at an energy \ is
defined as the length of the geodesic path with metric y/[V — A, dx, dx is the standard metric in R?
and V is the potential (see section 3.2 [32] for details and further references).

In the case (3.1) the Agmon’s lengths of the internal and external barriers are simply given by

2 L 3/2]%
pi= 3Fee [( A — Fcez) LZ , (A.11)
and
_ 2 Yy 3/2 z
pe=—3 — [( A — Fcez) L4 ) (A.12)

In conclusion, in the case (3.1) it follows that

pi=0.430(2)- 10" %ev!/2. m, (A.13)
and

pe =0.897(3)- 10 8%eV'/2. m. (A.14)
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