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ARTICLE INFO ABSTRACT

Keywords: We propose a deviatoric strain energy function (SEF) for inflated elastic membranes. The proposed function is
Deviatoric SEF specifically designed to capture the essential features of the pressure-deflection response of circular membranes.
Bu;ge tests The model parameters are calibrated on pressure-deflection data obtained from bulge tests performed on two
Softening

different elastomers. Besides the pressure curve, we measure the transversal stretch and radial stretch at the
membrane’s pole, as well as the deformed profiles. These data are used to further validate the proposed SEF,
demonstrating that it overcomes the limitations of current models in accurately simulating both the mechanics
and kinematics of inflated membranes. In addition, the proposed SEF offers several advantages: (1) a simple
polynomial expression, (2) a clear interpretation of each term’s role on the pressure response, and (3) a well-
defined strategy for parameter fitting. Combined with a volumetric SEF previously developed by the authors,
the proposed function forms a complete SEF for modeling the inflation of compressible membranes. This study
helps bridge a gap in the literature by providing original experimental insights and theoretical advancements

Compressibility
Nonlinear elasticity
Nonlinear fitting

in the modeling of inflated membranes.

1. Introduction

Inflated membranes are capable to withstand large elastic deforma-
tions. For this reason, they find application in several technological
fields, such as structural and aerospace engineering (Ma et al., 2018;
Huntington, 2013; Jenkins, 2001; Jones, 2014), electronics (Stewart
and Sitaraman, 2021; Liu et al., 2021), biomechanics (Murphy and
Rajagopal, 2021; Takashima et al.,, 2007; Serina et al., 1998), soft
robotics (Gorissen et al., 2019; Chen et al., 2019; Walker et al., 2020)
and energy storage (Yazdi et al., 2020). Inflated membranes are typi-
cally made of elastomers, but in recent years innovative materials such
as foams (Vandeparre et al., 2013; Doutres et al., 2011; Hailan et al.,
2021) and gels (Tamura et al., 2011; Wang and Zhang, 2014; Ma et al.,
2019) have become increasingly popular.

The scientific interest towards inflated membranes demands for a
deep understanding of their mechanical behavior. However, the strong
nonlinearities involved forced researchers to adopt mainly numerical
approaches to solve problems of inflated membranes. As early as 1952,
Adkins and Rivlin derived the solution of the benchmark problem of
the inflation of a circular membrane (Adkins and Rivlin, 1952). Since
then, numerous researchers developed numerical approaches for more
complex problems, involving contact mechanics (Patil et al., 2015;
Liu et al., 2018), pre-stretched membranes (Patil and DasGupta, 2013;
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Chaudhuri and DasGupta, 2014) and different geometries (Tamadapu
and DasGupta, 2014; Reddy and Saxena, 2017).

The experimental investigation and analytical modeling of inflated
membranes still have extensive gaps. The simplest experimental test
is the bulge test, namely the inflation under lateral pressure of an
initially flat circular membrane, and it was performed in many studies.
However, most of them focused on measuring the inflating pressure and
the deflection of the pole (Sheng et al., 2017; Pelliciari et al., 2022).
Only a few works provided information on the deformed configurations
of the membrane or on the strain field in the material. Li et al. (2001)
monitored the deformed shape by a high-speed optical measurement
system placed above the membrane. Pamplona and Mota (2012) inves-
tigated the response of a skin-like elastomeric membrane inflated over
a rigid and an elastic foundation, monitoring the deformed shape by a
lateral camera. Machado et al. (2012) developed a procedure to recon-
struct the surface curvatures from 3D-Digital Image Correlation (DIC)
measurements, subsequently deriving the stress and strain fields along
the membrane profile. However, in all these works the deformations
attained are relatively small, and the material behavior is simulated by
the simple Neo-Hookean and Mooney-Rivlin models.

On the other hand, analytical solutions for the inflation of a circular
membrane can be found only under simplified assumptions. Fichter
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(1997) derived an approximate solution based on aseries expansion,
assuming small strains and linear elastic material. Yang et al. (2021) de-
rived a closed-form solution for Neo-Hookean materials assuming very
large strains. Yuan et al. (2021) proposed a solution for incompressible
Mooney-Rivlin materials assuming spherical deformed configurations.
In previous works (Pelliciari et al., 2022; Sirotti et al., 2023), we
developed an approximate analytical solution for unstretched and pre-
stretched Mooney-Rivlin membranes. However, as highlighted by ex-
perimental tests, the Mooney-Rivlin model was inadequate to capture
the complex response of inflated membranes.

The constitutive models commonly adopted in inflated membrane
problems suffer from significant limitations. They are typically cal-
ibrated using simpler tests, such as uniaxial tension, which do not
represent the complex mechanical behavior of inflated membranes.
In addition, simple models are often used to simplify mathematical
formulations and computations. As a result, there is no guarantee that
these models can accurately capture important phenomena observed in
inflated membranes. In particular, their performance near limit-point
instabilities and under very large deformations is often not thoroughly
assessed. Moreover, their predictions of strain quantities and kine-
matics are often neglected or rarely validated against experimental
measurements.

Lastly, there is lack in the literature of experimental and analytical
studies on membranes involving material compressibility. This is due
to the fact that elastomers are typically modeled as incompressible
materials, as their bulk modulus is much larger than their shear mod-
ulus. However, in agreement with previous authors (Blatz and Ko,
1962; Starkova and Aniskevich, 2010), we showed in Pelliciari et al.
(2023) that large volume changes can occur in some kind of elastomers,
especially at large deformations. In Sirotti et al. (2024), we showed
numerically the impact that compressibility can have on the mechanical
response of inflated membranes. Despite our efforts, this last study
lacked an experimental investigation aimed at determining the actual
volume changes occurring in the membranes.

In light of the above considerations, this work brings several con-
tributions in the experimental investigation and analytical modeling of
inflated circular membranes. Firstly, we perform comprehensive bulge
tests on two kinds of elastomer. These materials were previously tested
in simple tension in Pelliciari et al. (2023), where their volumetric
properties were characterized by a novel volumetric SEF. Besides the
pressure curve, during the bulge tests we perform measurements of
kinematics quantities to provide a comprehensive characterization of
the membranes’ response. Specifically, we reconstruct the deformed
shapes and the radial stretch at the pole of the membrane by recording
the test using a lateral and an upper camera, respectively. Furthermore,
two lasers are employed to measure the transversal deformation at
the pole of the membrane. This data provides information on the
volume changes occurring at the pole and, to the best of the authors’
knowledge, it is the first time this has been reported in the literature.

The hyperelastic model for inflated membranes is developed adopt-
ing the split of the energy function into its deviatoric and volumetric
parts. The function proposed in Pelliciari et al. (2023) is assumed as
volumetric SEF. To choose a suitable deviatoric SEF, we select the most
popular current deviatoric SEFs in the literature and examine their
effectiveness by fitting the experimental data. We show that all current
models exhibit limitations in accurately simulating the experimental
response of inflated membranes. Consequently, we propose a novel
deviatoric SEF to overcome the limitations of current models. The
proposed model is fitted to the experimental data and proves excellent
accuracy in capturing the pressure vs. deflection curves as well as the
kinematics quantities.

To resume, the main innovations of this work are the following:
(1) a novel deviatoric SEF specifically calibrated for inflated mem-
branes, (2) comprehensive bulge tests of circular membranes, with the
measurements of radial and transversal stretch at the pole, and (3) ex-
perimental validation of the volumetric SEF previously proposed in Pel-
liciari et al. (2023), which effectively captures the volume changes
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occurring in the material. These contributions extend and deepen the
overall understanding of the mechanics of inflated membranes, ex-
panding the potential applications of these structures as soft actuators,
sensors, energy harvesters and biomedical devices.

The paper is organized as follows. In Section 2, we recall basic
concepts in the modeling of hyperelastic materials. In Section 3, we
present the characterization of the materials considered and the bulge
tests performed. In Section 4, we review some of the most popular
deviatoric SEFs in the literature and we show their limitations in the
modeling of inflated membranes. Based on these issues, in Section 5
we propose an original deviatoric SEF specifically designed for inflated
membranes. In Section 6 we fit the proposed SEF to the experimental
data, discussing the results. Conclusions are drawn in Section 7.

2. Theoretical background

The mechanical behavior of a hyperelastic material derives from
the definition of a strain energy function W. Under the assumption
of frame-indifference and isotropy, W is a symmetric function of the
principal strain invariants (Upadhyay et al., 2019), namely

W =W, 1. 1) b}
with I, I, and I; defined as

I =tB =7+ 43+ 43,

I= 3 @B —tr (B)] = 2223 + 2242+ 2223, @
Iy =detB = 274343,

where B = FF7 is the left Cauchy—Green deformation tensor, F is the
deformation gradient, and 4,, 4, and A5 are the principal stretches. The
Cauchy stress tensor describes the stress in the deformed configuration
and can be written as (Ogden, 1997)

T =pl+ B+ p_ B, (3

where fy, f;, and p_, are functions of the principal invariants given
by
2 ow ow 2 oW ow

fo= T <Iza—12 ”3E>’ B = N by = —2\/I_3E- 4

Elastomers are typically modeled as incompressible materials, based
on the observation that their bulk modulus is much larger than their
shear modulus. However, several researchers brought experimental
evidence of significant volume changes in certain types of elastomers,
in particular when large deformations are involved (see, e.g., Pelliciari
et al., 2023; Blatz and Ko, 1962; Starkova and Aniskevich, 2010 and
Kugler et al., 1990). Since we are interested in a comprehensive descrip-
tion of the response of elastic membranes, including the kinematics of
deformation, we consider the general case of compressible materials. To
this purpose, we adopt the split of the strain energy function (Sansour,
2008; Moerman et al., 2020):

W =w, (I.L,)+ W, ), (5)

where J = /I; = detF and I, = J=2/31,, I, = J=*/I, are the so-called
deviatoric strain invariants. The strain energy is now decomposed
into two uncoupled terms, W, and W,, responsible respectively for
the deviatoric and volumetric deformations. Consequently, the Cauchy
stress tensor can be expressed as T = Ty + ¢,I, with
1 dw,

op = gtrT = T 6)

In Pelliciari et al. (2023), we investigated the volume changes aris-
ing in elastomers at large deformations and proposed a volumetric SEF
specifically calibrated for the volumetric deformations of elastomers.
The volumetric SEF is expressed by W, (J) = « [H 1-NY. )+
HUJ-DHY{ )], where « is the bulk modulus, H is the Heaviside step
function and ¥,, ¥, are functions regulating respectively the response
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Fig. 1. Experimental data from simple tension tests on EPDM and NR. (a) Nominal stress vs. longitudinal stretch, (b) lateral stretch vs. longitudinal stretch and (c) hydrostatic
stress vs. volume change. The continuous black line in (b) represents the response of an incompressible material, 4, = 1/4/4,. The continuous black line in (c) represents the
hydrostatic stress given by Eq. (8), whose parameters are reported in Table A.2. A detailed description of the experiments can be found in Pelliciari et al. (2023).

for volume shrinkage and volume expansion. Since membranes can
sustain only tensile stress, we restrict our interest to the case of volume
expansion, where J > 1. Therefore, the volumetric SEF reduces to
rePI=D 4 g e=PaI=D) 1 ]

P16 (1 + B2) b16>

+ K'qﬂg In <c0sh (Jﬂ_ ! )), ()
3

whereas the hydrostatic stress o, is computed as

W, (J) =¥, (J) =x(l - q) [

PO = POTD | gy tanh ( & ) -®
B+ b : B3

In addition to the bulk modulus x, the volumetric response is controlled
by four parameters: g, §,, f; and g. More details about the role of these
parameters and the mathematical properties of the volumetric SEF can
be found in Pelliciari et al. (2023). Henceforth, we assume Eq. (7) as
volumetric part of the SEF. In the following section we present the
bulge tests carried out on the elastomeric membranes. Successively, we
seek a suitable function to assume as deviatoric part of the SEF to obtain
a complete description of the mechanics of elastic membranes.

dw,
op(J) = — = k(1= q)

Remark 1. In the framework of the split of the SEF, the response of
the material to purely volumetric deformations is completely described
by the volumetric part W), and it is independent from the deviatoric
part W,. Indeed, the parameters of W), can be determined based solely
on the volumetric curve o, vs. J by means of Eq. (6). In case of
simple tension, we have dW,,/dJ = o), = 0, /3 and the hydrostatic stress
can be fitted to the experimental data provided that volume changes
are measured. The volumetric parameters determined in this manner
characterize the material response to volume changes and they do not
depend on the particular deformation.

3. Materials and experiments

In this section, we present the materials considered in our study and
the bulge tests performed. First, we briefly summarize the materials
characterization done in our previous work using simple tension tests.
Subsequently, we provide a detailed description of the experimental
setup for the bulge tests and discuss the results obtained.

3.1. Description of the materials considered

We analyzed two kinds of elastomers: EPDM (ethylene propylene
diene monomer) and NR (natural rubber). In Pelliciari et al. (2023),
we subjected both materials to uniaxial tensile tests monitoring their
lateral deformation to characterize their stress vs. stretch response and
their compressibility properties. The results are reported in Fig. 1.

Fig. 1(a) shows the nominal stress vs. stretch response. Both mate-
rials undergo very large stretches before failure, exhibiting the typical

strain hardening effect due to the limit chain extensibility of polymers.
Their capability to sustain large deformations makes these materi-
als ideal for membrane applications such as energy harvesting and
actuators (Koh et al., 2010; Li et al., 2013).

Fig. 1(b) shows the lateral stretch (4,) vs. longitudinal stretch
(4,) curve. The continuous black line represents the behavior of an
incompressible material, given by 4, =1/ \/A_X Despite being nearly
incompressible at small strains, EPDM significantly deviates from the
incompressible curve as the stretch increases, indicating a marked
compressibility. Therefore, a compressible model is necessary for an
accurate description of its response. In contrast, NR remains approx-
imately incompressible over most of the deformation range, starting to
deviate only at 4, ~ 5.

Fig. 1(c) shows the volumetric curve in volume expansion for both
materials. This curve was obtained by computing the hydrostatic stress
as o, = 5,,/(347) and the volume change as J = 1,4;. As EPDM reaches
a maximum volume change of 60%, it is necessary to account for
material compressibility in its modeling. In contrast, NR reaches a vol-
ume change of about 10%. An incompressible model would be a good
approximation of this material. However, volume changes in the bulge
test could be larger and become non-negligible. For this reason, we
chose to adopt a compressible model for NR as well. In Pelliciari et al.
(2023), we fitted the parameters of Eq. (8) to the volumetric curve for
both EPDM and NR. The fitted curves are represented by the continuous
lines in Fig. 1(c) and the optimal parameters are listed in Table A.2.
These parameters comprehensively characterize the materials’ response
to volume changes and will remain fixed in the subsequent analyses.

3.2. Bulge tests setup

Four membrane specimens of thickness H = 2 mm were prepared for
both EPDM and NR. As depicted in Fig. 2(a), a custom-built steel device
was used for the bulge tests. It consists of a hollow cylinder, closed at
the bottom, with a flanged cap at the top that features a 40 mm radius
hole for positioning the circular membrane specimen.

The device functions as a pressure tank with three openings. At the
top opening, a Trafag International NAH8254 pressure sensor (0—10 bar
range, 0.03 bar precision) measures the internal pressure. The central
5 mm diameter opening allows airflow from a compressor through a
gun equipped with a manometer. A screw-type regulator controls the
flow, ensuring quasi-static test execution. The bottom opening trans-
mits data from a Microepsilon optoNCDT ILD1420-500 laser sensor
(100-600 mm range, 0.01 mm accuracy), which is aligned orthogonally
to the membrane’s pole. During inflation, the laser tracks its displace-
ment, providing deflection data of the membrane’s pole. Both pressure
and laser signals are acquired using a PXI-based data acquisition system
operating at a 10 kHz sampling rate, ensuring accurate detection of
potential instabilities during quasi-static inflation.
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Fig. 2. Bulge tests on EPDM and NR circular membranes. (a) Experimental setup. During the first test, a camera orthogonally placed above the membrane recorded the test. The
radial stretch 1, at the pole was computed by DIC post-processing, as described in Appendix B.1. In addition, a second camera was used to record the test from a lateral orthogonal
view, reconstructing the deformed shapes as described in Appendix B.2. During the remaining three tests, the camera at the top was replaced by a second laser to measure the
variation in thickness at the pole. (b) Initial and deformed configurations as recorded by the lateral camera and schematization of the computation of transversal stretch A, at
the pole. Laser 1 and 2 measure their distance from the lower and upper surface of the membrane, respectively. The displacements of these surfaces, respectively d, and d,, are
directly obtained from these measurements and the transversal stretch at the pole is computed.

For the first test on both materials, two cameras were installed to
record videos of the tests and derive information on the deformation of
the membrane. One camera was placed above the membrane, aligned
orthogonally to the initially flat membrane and centered on the pole.
By performing a DIC post-processing on MATLAB, described in detail in
Appendix B.1, we computed Ag, the stretch in the radial direction at the
pole of the membrane. The second camera was placed in front of the
membrane to capture a lateral orthogonal view of the test. As described
in Appendix B.2, the video was again post-processed on MATLAB to
reconstruct the deformed shapes of the membrane during the test.

During the remaining three tests, the cameras were removed and a
second laser, identical to the one described above, was installed above
the membrane, maintaining the same orthogonal alignment and central
positioning. The two lasers, placed below and above the membrane,
measured their respective distance from the membrane’s surfaces dur-
ing the test. These measurements provided the displacement of the
lower and upper surfaces, denoted as d, and d, respectively. The
transversal stretch at the pole of the membrane was then calculated as
Ar =1+ (dy —d;)/H. A schematic representation of this computation
is given in Fig. 2(b).

3.3. Bulge tests results

The results of the bulge tests are shown in Fig. 3. The pressure
vs. pole’s deflection curves are depicted in Fig. 3(a) and (d) in terms
of normalized pressure p = pL/H and normalized deflection § = §/L,
where H =2 mm and L =40 mm are the membrane thickness and
radius, respectively. The variation among the four tests was minimal for
both EPDM and NR, so we will consider their average in the subsequent
analyses.

The pressure vs. deflection curve for EPDM exhibits a limiting
pressure point around 6 = 1.5 followed by a softening branch. The
pressure then rises again due to the limiting chain extensibility of
polymers, until failure. In contrast, the pressure curve for NR does
not show a softening branch. After the characteristic abrupt decrease
in stiffness around & = 1, the curve remains monotonic with pressure
nearly constant. At very large strains, the curve stiffens again until
failure. These represent the two typical pressure responses of inflated
membranes. A hyperelastic model specifically designed for inflated
membranes must accurately reproduce both.

Fig. 3(b) and (e) show the Ay vs. § curve for EPDM and NR,
respectively. It is interesting to observe the strong correspondence
between the ultimate stretch attained during the bulge test and that
reached in simple tension test for both material. This result may seem
counterintuitive, since the bulge test subjects the material to a biaxial
stress state, which is more demanding than the uniaxial stress state in
simple tension test. However, this result suggests that failure occurs
when the materials’ fibers attain their ultimate stretch, regardless of
the stress required to reach this condition. This result agrees with what
was observed for the graphene-based polymer nanocomposite inflated
membranes studied in Pelliciari et al. (2025).

Finally, Fig. 3(c) and (f) display the A vs. § curves for EPDM
and NR. For both materials the measurements recorded during the
three tests showed little variations in the range of small and moderate
values of deflection. For large values of deflection, the measurements
registered increasing discrepancies, particularly marked for NR. At
large strains, the thickness of the membrane reduces significantly,
affecting the accuracy of the instrumentation and causing inconsistent
measurements. This happens mainly because the significant thinning
of the membrane reduces the quality of the reflected laser signal
and may lead to partial light penetration. Additionally, progressive
polymer crystallization during stretching can locally alter the surface
optical properties, further degrading the measurement. These combined
effects, along with the intrinsic limitations of the sensor, are believed
to contribute to the observed noise.

In the next section, we examine the effectiveness of current devia-
toric SEFs in modeling the response of inflated membranes by fitting
their parameters to the experimental data discussed above. We decided
to include only the pressure vs. deflection data in the fitting procedure,
as it is the most accurate measurement and the most relevant data from
a practical standpoint. Moreover, it allows for the definition of a clear
objective function to be minimized. Successively, we utilize the 1 vs. §
and the Ay vs. § curves as an a posteriori check to evaluate the ability of
these models to provide a comprehensive description of the mechanics
of inflated membranes. On the other hand, due to the high nonlinearity
of the problem, it is unlikely to obtain a perfect representation of the
deformed configuration of the membrane with just a small amount
of parameters contained in the SEF. In addition, in previous works
(see Pelliciari et al. (2022)) we observed that minimal discrepancies
in the deformed shapes can lead to significant errors in the pressure vs.
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Fig. 3. Experimental curves from bulge tests on EPDM (Figs. (a), (b) and (c)) and NR (Figs. (d), (e) and (f)) circular membranes: (a), (d) normalized pressure p = pL/H vs.
normalized deflection § = §/L; (b), (e) radial stretch at the pole A, vs. § and (c), (f) transversal stretch at the pole A, vs. 5. The discrepancies in the measurements of 4, at large

values of deflection are due to the significant reduction in membrane thickness.

deflection curve. Therefore, we do not involve the deformed shapes in
the evaluation of the accuracy of current SEFs. We rather consider the
experimental deformed shapes in Section 6 for a qualitative validation
of the deformed shapes obtained by our proposed model.

4. Limitations of current deviatoric SEFs

In recent decades, several researchers have proposed SEFs to sim-
ulate the large deformations of elastomers. However, determining a
formulation capable of making accurate predictions across the widest
possible range of loading conditions remains an open problem. In this
work, we do not aim to address this issue. Instead, our focus is on
identifying a suitable SEF for inflation problems of elastic membranes,
ensuring that it captures their essential mechanical features. Moreover,
we restrict our attention to isotropic materials, although the modeling
of anisotropic behavior is gaining increasing interest (Borjalilou and
Asghari, 2022; Sedighi et al., 2021).

In the following, we examine some of the most popular deviatoric
SEFs available in the literature. We demonstrate that each model has
limitations in accurately simulating the experimental response of in-
flated membranes and we identify some key features that the deviatoric
SEF should possess for an accurate modeling of this problem. Moving
from these considerations, in the next section, we propose a deviatoric
SEF specifically designed for the inflation of elastic membranes.

Remark 2. The formulations we examine were introduced in the
context of incompressible hyperelasticity as functions of the principal
invariants I; and I,. In case of compressible materials, these models
represent the deviatoric part of the SEF, provided that the principal
invariants I, and I, are replaced with the deviatoric invariants I, and
I,. Since we adopted the split of the SEF, in the following discussion
we will write these models as functions of 7, and I, and we will refer to
these models as deviatoric SEFs. In case of a SEF written as function of
the principal stretches 4;, these are replaced by the deviatoric stretches
defined as 4, = J~!/34,.

Table 1
Current SEFs from the literature. We considered the most popular models with up to
four parameters. Although these models were introduced for incompressible materials,
we adopted them as deviatoric part W, of the SEF for compressible materials, using
the isochoric variables I,, I, and Z. In the analyses, these models were coupled with
the volumetric SEF given by Eq. (7).
I,-3
=)

Formulation w,

Yeoh and Fleming
(1997)

% (1-e B9y~ (1, —3)In (1 -

Mooney-Rivlin (Rivlin, C (I, =3)+C, (I,-3)
1948)

Carroll (2011) AL +BI* + VI,

I, -3 I
—-C,J, In I_T +Cin( 5

M Hi
Yo

L=
ai

Gent-Gent (Pucci and
Saccomandi, 2002)

Ogden (1972) (A4y + 43 + 47 -3)

4.1. Review of current deviatoric SEFs

The deviatoric SEFs considered in this study are listed in Table 1.
The Yeoh-Fleming model (Yeoh and Fleming, 1997) combines concepts
of the classic Yeoh and Gent models to achieve accurate simulations
across both small and large strains. The model is solely function of the
first invariant 7, and it involves four parameters. In Pelliciari et al.
(2023), we identified the Yeoh-Fleming model as the most accurate
deviatoric SEF for reproducing the response of EPDM and NR under
simple tension. For this reason, it is considered the primary candidate
for the deviatoric SEF in the response of inflated membranes.

The Mooney-Rivlin model (Rivlin, 1948) has a linear dependence
on both the first and second strain invariants, and involves two ma-
terial parameters. The inclusion of the I, term in the SEF introduces
deviations from molecular theory predictions. It is well known that
this model is not effective at large strains, as it does not capture
the strain hardening resulting from the limiting chain extensibility
of polymers (Pelliciari et al., 2022; Sirotti et al., 2023). However, it
provides good accuracy at small and moderate strains. Its mathematical
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Fig. 4. Fitting of current SEFs to experimental data on EPDM (Figs. (a), (b) and (c)) and NR (Figs. (d), (e) and (f)) in terms of (a), (d) normalized pressure p = pL/H vs. normalized
deflection § = §/L; (b), (e) radial stretch at the pole A, vs. § and (c), (f) transversal stretch at the pole A vs. §. The following acronyms are used: Exp = Experimental data; YF
= Yeoh and Fleming (1997); MR = Rivlin (1948); C = Carroll (2011); GG = Gent-Gent (Pucci and Saccomandi, 2002); OG = Ogden (1972).

simplicity has made it one of the most widely used models in the
literature.

The model proposed by Carroll (2011) was derived on a phe-
nomenological basis. It is composed by a neo-Hookean term enriched
with two terms added to capture the residual stress in simple and equib-
iaxial extensions. In particular, it exhibits a dependence on the second
invariant expressed as /T,. From a molecular-based standpoint, this T,
term arises by the constrained cross section approach of the topological
tube model (Miehe et al., 2004; Khiém and Itskov, 2016). Despite
having only three parameters, it has proven effective in modeling the
nonlinear deformations of elastomers across all strain ranges.

The Gent-Gent model is another popular three-parameter model. It
was introduced by Pucci and Saccomandi (2002) by adding a logarith-
mic function of I, to the classic Gent model to improve its accuracy in
the range of small and moderate deformations. This term comes from
the rational approximation of the response function (Anssari-Benam,
2021; Horgan and Saccomandi, 2002). Finally, we considered the well-
known Ogden model (Ogden, 1972; Kuznetsov, 2024). This model is
written as a sum of terms depending on the principal stretches raised to
variable powers. For this study, we adopted the two-term Ogden model,
consisting of four parameters.

4.2. Fitting of current deviatoric SEFs to experimental data

The current deviatoric models listed in Table 1 were coupled with
the volumetric function given by Eq. (7) to obtain the complete SEFs.
Then, for each SEF we solved the boundary value problem for the
inflation of a circular membrane. Finally, we performed a parameter
fitting to determine for each model the set of deviatoric parameters that
best matches the experimental data. Appendix C reports the numerical
solution for the inflation of circular membranes and details on the
fitting procedure for the optimization of material parameters. As noted
in Section 3, the fitting procedure was performed on the experimental
p vs. § curve.

We remark that nonlinear fitting can easily lead to computational
challenges, mainly due to the existence of multiple local minima and
the need for an appropriate initial guess for the parameters (Destrade
et al., 2017; Ogden et al., 2004). Here the fitting procedure is further

complicated by the nature of the function being minimized. Specifi-
cally, the pressure vs. deflection curve derives from a system of dif-
ferential equations that must be solved numerically for each set of pa-
rameters. This significantly increases computational complexity, high-
lighting the importance of models with parameters that are easy to
control.

The results of each model are shown in Fig. 4. Specifically, Fig.
4(a) and (d) show the results of parameter fitting on the p vs. &
curves. Most discrepancies were found in capturing the response of
EPDM, particularly in the region around the limiting point. For the
Yeoh-Fleming model, the errors in the limiting point region can be
attributed to its lack of dependence on I,. While a sole dependence
on [, may be sufficient for accurately modeling certain stress states
and offers mathematical simplicity, the need for an I, term has been
pointed out by several researchers, especially in case of biaxial stress
states (Horgan and Smayda, 2012). From an experimental standpoint,
as early as 1951, Rivlin and Saunders (1951) provided evidence of
the strain energy function’s dependence on I, based on biaxial tests.
More recently, this evidence has been reinforced by many studies (see,
e.g., McKenna, 2018; Yohsuke et al., 2011; Kawabata and Kawai, 2005
and Falope et al., 2024). From a theoretical standpoint, the I, terms
arise naturally when molecular chain entanglements are incorporated
into the molecular-based statistical treatment of rubber elasticity (Wag-
ner, 1994). Furthermore, excluding the I, terms from the strain energy
function leads to a universal relation for biaxial deformation that is
inconsistent with experimental data (Wineman, 2005; Anssari-Benam
et al.,, 2021). For these reasons, the dependence on I, is a necessary
requirement for a consistent simulation of elastic membranes inflation.

The Carroll and the Gent-Gent models both incorporate a depen-
dence on I,, expressed as \/Tz and In (I,/3), respectively. However,
these functions do not lead to improvements in the limiting point re-
gion, suggesting that they are not suitable for modeling membranes’ in-
flation. Moreover, these models have only three parameters, which are
insufficient for accurate modeling across the full range of deformation.

Despite having four parameters, the Ogden model exhibits the same
limitations of the previous models in simulating the response of EPDM.
Nevertheless, it provides the most accurate simulation for the p vs.
curve of NR.
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Fig. 5. Effect of softening on the I, term of the proposed energy, Wi =B (I, - 3) ¢,, normalized for B = 1. (a) Plot of W, for different values of critical invariant I,.; (b) Plot
of Cauchy stress o7, vs. stretch in case of equibiaxial tension of an incompressible material. The stress o7, derives from Wj, and is computed as o;, = 204 - rl)aw,—: /oL,.

Finally, the Mooney-Rivlin model provides strong accuracy in the
region of small to moderate deformations for both EPDM and NR. The
good agreement in this region is attributable to its linear I, term.
On the contrary, its linear dependence on both 7, and I, prevents it
from capturing strain hardening at large deformations. We remark that
strain hardening should be governed by the invariant I, since at the
microscopic level it is connected to the finite extensibility of polymer
chains (Gent, 2005). Moreover, the linear I, term does not capture
the softening branch that occurs for EPDM after the limiting point.
Therefore, despite adjusting the limiting point region, the linear I, term
is not adequate to accurately simulate the response at large values of
deflection.

Fig. 4(b) and (e) show the results in terms of Ag vs. § curves. For
EPDM, all the models considered exhibit significant discrepancies from
the experimental data, especially at large deformations. In contrast,
the behavior of NR is well captured by the Carroll model. However,
note that the Ogden model, which provides the best simulation of
the p vs. § curve, shows significant errors in terms of radial stretch.
This could be related to the fact that the Ogden model’s parameters
are purely phenomenological and lack of physical interpretations, as
already pointed out by other authors (Arruda and Boyce, 1993).

Finally, Fig. 4(c) and (f) show the results in terms of Ay vs. § curves
for EPDM and NR, respectively. For both materials, the simulations
agree with the experimental data trends. Moreover, the simulated
Ar curves show minimal discrepancies across different models. This
demonstrates that the deviatoric part W, has little influence on the
transversal stretch, which is instead primarily governed by the volu-
metric part W),,. This result further validates the adopted volumetric SEF
given in Eq. (7), which was calibrated using volumetric curves obtained
from simple tension tests.

The above discussion highlights some necessary characteristics of
the deviatoric SEF to model the response of inflated membranes:

+ The SEF should include a term dependent on I,, mainly responsi-
ble for the range of moderate deformations. A linear function of
I, is a suitable candidate for an accurate modeling in this range.
However, the I, term should decay at large deformations to
reproduce the softening branch that may occur after the limiting
pressure point.
The SEF must be capable of reproducing the strain hardening
occurring at large deformations due to the limiting chain extensi-
bility of polymers. In particular, the hardening behavior at large
strains should be governed solely by a I, term.
» The SEF must be able to accurately model both behaviors of the
pressure vs. deflection curve, namely when it exhibits a softening
branch and when it is monotonic.

In the following section we propose a deviatoric SEF which pos-
sesses these characteristics and overcomes the limitations of current
models.

5. The proposed deviatoric SEF

We propose a deviatoric strain energy function of the form

Wy (I 1) = A (T, =3) + B(,=3) ¢, (1) +C (I, -3)", )
where
-1
_ f2—3>2 2
I,)=|1 10
¢: (1) [+<12,c—3 ] (10

is a function that introduces softening in the term B(I, —3). This
function comes from the concept of softening hyperelasticity developed
by Volokh (2004, 2007, 2010) to model material failure within the
framework of hyperelasticity. In Pelliciari et al. (2025), we extended
this concept to model the effect of graphene nanoparticles on polymer
composites. Eq. (10) corresponds to the model we proposed in Pelliciari
et al. (2025) with g =2.

The critical strain invariant I, . defines a limiting value for the I,
term of the energy, Wi, = B(I, — 3)¢,. Indeed, as I, — oo, W, tends
to the constant value B(I,, - 3). Conversely, when I, . — oo, function
¢, tends to unity and the softening effect vanishes. The effect of I,
on Wi, is shown in Fig. 5(a). To demonstrate the effect of softening
on the stress, Fig. 5(b) shows the Cauchy stress of, Vs. stretch under
equibiaxial tension, condition that occurs at the pole. The stress oy,
derives from the W;, term of the strain energy function and is computed
as o, = 2(A* — A72)0W,; /91, assuming for simplicity an incompressible
material.

The deviatoric SEF proposed in Eq. (9) consists of three terms. Even
though these terms are not independent, they primarily govern the
pressure response in different regions, as shown in Fig. 6. Specifically:

+ The linear I, term governs the response at small and moderate
strains. This term corresponds to the classic Neo-Hookean model
and it provides an excellent fit as long as the deformation is small.
The I, term corrects discrepancies at moderate strains, partic-
ularly in the limiting point region. Note that B(I, —3) is the
Mooney-Rivlin I, term, which provides great accuracy in this
range of deformation (see Fig. 4). The function ¢, is necessary to
introduce a reduction in this contribution after the limiting point,
particularly when the pressure curve exhibits a softening branch.
In addition, this ensures that the response at large strains is solely
governed by 1.

The fourth-power I, term controls strain hardening at large de-
formations. A logarithmic term, as in the Yeoh-Fleming model,
would be more theoretically sound, since it introduces a limiting
stretch linked to the concept of limiting chain extensibility. How-
ever, we chose the (I; —3)* term for the following reasons: (1)
the exponent at the fourth power effectively captures the strain
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Fig. 6. Regions of influence of the terms of the proposed deviatoric SEF. The linear I, term governs the behavior at small to moderate strains. The I, term regulates the behavior at
moderate strains near the limiting point, after which the function ¢, regulates the softening region. The fourth-power I, term then controls strain hardening at large deformations.
The right side of the figure shows the effect on the softening region as the value of I, increases.

hardening of polymers, as also observed by Carroll (2011) from
a phenomenological approach, (2) its polynomial form simplifies
numerical procedures, offering computational advantages and (3)
contrary to the logarithmic term, the fourth power has minimal
influence in the small-strains range, ensuring a clear separation
of the contributions of each term simplifying the optimization
process.

The proposed model counts for 4 parameters: A, B, I, and C. The
critical strain invariant I, . can be linked to a critical value of stretch 4,
computed for simplicity by the relation I,, = A% + 2472 for equibiaxial
tension of an incompressible material. Although this relation is not
exact for the considered membranes, it is a reasonable approximation
which allows to link I, . to experimental data. Specifically, by reading
the stretch at the pole corresponding to the softening branch of the pres-
sure curve, an initial estimate of A, can be obtained and subsequently
refined by a fitting procedure.

Since the model parameters have a clear effect on the pressure
curve, their calibration can be performed following a well-defined
strategy:

(1) Firstly, parameters A and B are independently fitted based on the
first branch of the pressure curve, up to the limiting point. During
this step, C = 0 and I, . is set to a sufficiently large value to avoid
softening from occurring.

(2) Parameter C is then calibrated to capture the hardening rate of
the final branch of the curve. Due to the fourth-power in the I,
term, variations of C do not affect the response up to the limiting
point.

(3) Finally, the critical strain invariant I, , or the critical stretch 4, is
calibrated to obtain an optimal transition between moderate and
large strains. As already observed, A, can be directly estimated
from experimental data in case the measurement of the radial
stretch is available.

(4) The set of parameters calibrated manually in the previous steps
serves as initial guess for an optimization process aimed at refin-
ing the fitting accuracy. Details about the optimization process
are found in Appendix C.

The simplicity of parameter calibration is a significant advantage of the
proposed model. This is particularly important in the context of inflated
membranes, where numerical procedures are typically required to solve
the equilibrium equations. In the following section, the proposed model
is fitted to the experimental data and the results are discussed.

Remark 3. To ensure physical plausibility, the range of model parame-
ters is constrained by the conditions A + B > 0, I, > 3 and C > 0. Nev-
ertheless, the inclusion of the softening function ¢, may lead the pro-
posed SEF to violate the Drucker stability criterion, d>W /dF? > 0 (Boyce

and Arruda, 2000), for certain parameter values and deformation
ranges. As pointed out by other authors (Anssari-Benam, 2023; De-
strade et al., 2017), there is no fundamental reason to rule out the
possibility for the SEF to attain a negative tangent modulus during
the deformation. This describes the phenomenon called continuous
softening, i.e. a softening which takes place progressively in the pri-
mary loading path as the deformation increases (Anssari-Benam, 2023;
Anssari-Benam and Saccomandi, 2024). Moreover, in membrane’s infla-
tion, we remark that a softening branch in the pressure vs. deflection
curve does not necessarily imply a softening branch in the stress vs.
stretch curve.

6. Fitting and discussion

As previously done in Section 4, the numerical solution to the
inflation of a circular membrane for the proposed model was computed
following Appendix C. We remark that the complete SEF is given
by W =W, (I,I,) + W, (J), with W, and W), expressed by Egs. (9)
and (7) respectively. For both EPDM and NR, the parameters of W,
are known from their volumetric curve. The parameters of W, were
fitted on the experimental j vs. 6 curves and are listed in Table A.4.
The results obtained from the proposed model are compared with the
experimental data in Fig. 7.

The simulated p vs. § curve accurately fits the experimental one
for both materials, as shown in Fig. 7(a) and (d). In particular, the
proposed model successfully captures the response around the limiting
point region for EPDM, overcoming the limitations of the existing
formulations. This is due to the function ¢, introduced in the I, term
of the energy, which reduces this contribution allowing to properly
simulate the softening branch, while preserving the accuracy at large
strains given by the I_;‘ term. Note that the optimal value A, =3.1
corresponds to a deflection 6 ~ 1.6, which actually falls within the
softening branch of the p vs. § curve.

Fig. 7(b) and (e) show the simulated ip vs. § curves compared
with experimental data. For EPDM, the curves exhibit discrepancies at
large values of deflection, which are however reduced compared to the
current formulations analyzed in Fig. 4(b). On the contrary, for NR the
simulated Ag vs. § curve matches the experimental one. This represents
a significant improvement compared to existing formulations. In fact,
as discussed in Section 4.2, the Gent-Gent model and the Ogden model
simulate accurately the j vs. § curve but commit significant errors in
the radial stretch Ag.

Finally, the response in terms of A; vs. § curve is shown in Fig. 7(c)
and (f). The simulated curve is accurate for both materials. This out-
come was expected, since the transversal stretch is primarily governed
by the volumetric part of the SEF, which had already demonstrated to
be effective. This result confirms the ability of the adopted W}, to model
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Fig. 7. Fitting of the proposed model to experimental data on EPDM (Figs. (a), (b) and (c)) and NR (Figs. (d), (e) and (f)) in terms of (a), (d) normalized pressure p = pL/H vs.
normalized deflection § = §/L; (b), (e) radial stretch at the pole A, vs. § and (c), (f) transversal stretch at the pole 4, vs. 5. The proposed model corresponds to W = W, (I}, I,)+W,(J),

with W, and W, given respectively by Egs. (9) and (7).
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Fig. 8. Deformed shapes of EPDM (Figs. (a), (b), (c) and (d)) and NR (Figs. (e), (f), (g) and (h)) inflated membranes for different values of deflection at the pole. The deformed
coordinates 7 and z are normalized with respect to L. The value z(0) corresponds to the normalized deflection §. For each deformed shape, the error in pressure and in the radial

stretch at the pole are computed, denoted respectively as 4 and AAg.

the real volumetric behavior of the materials, regardless of the specific
stress state.

Fig. 8 compares the deformed shapes predicted by the proposed
model with those detected by the lateral camera during the bulge
tests. The data processing and the reconstruction of the experimental
deformed shapes are described in Appendix B. The comparison is made
for the same values of deflection of the pole. The simulated deformed
shapes are accurate throughout the entire inflation process. For clarity,
in correspondence of each deformed shape we computed 45 and Aip,
representing the errors in terms of pressure and radial stretch at the
pole. The error in pressure is minimal, as observed in Fig. 7(a) and (b).

Although the error in terms of Ay increases for EPDM at high values of
deflection, it remains below approximately 5%.

We remark that, due to the highly nonlinear nature of the problem,
capturing the entire mechanics and kinematics of membranes with a
single four-parameter function, while fitting only the pressure curve, is
not feasible. From this perspective, the results obtained by the proposed
model are excellent, as a simple fitting of the pressure curve has
also led to a highly accurate approximation of kinematic quantities
as the stretches at the pole and the deformed shapes. This outcome is
likely attributable to the clear physical interpretation associated with
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Fig. 9. Fitting of the proposed incompressible model, Eq. (11), to experimental data on EPDM (Figs. (a), (b) and (c)) and NR (Figs. (d), (e) and (f)) in terms of (a), (d) normalized
pressure p = pL/H vs. normalized deflection § = §/L; (b), (e) radial stretch at the pole A, vs. § and (c), (f) transversal stretch at the pole A, vs. 5. The black dashed lines in

(c), (f) represent the compressible model, already reported in Fig. 7.

each parameter, which contributes to the robustness of the proposed
hyperelastic formulation.

6.1. Incompressible materials

Since volume changes are negligible in most elastomers, it is natural
to investigate the effectiveness of the proposed function in the case of
material incompressibility and to compare the results of the incom-
pressible model with the results of the compressible model shown in
the previous section.

In case of incompressible materials, the deformation is isochoric,
I; = 1, and the SEF is solely function of the first and second principal
invariants of strain, W = W ([, I,). An incompressible material can
be described by the proposed deviatoric SEF, provided the deviatoric
invariants I; and I, are replaced by the classical principal invariants
I, and I,, obtaining the expression

(1)

The boundary value problem for the inflation of an incompressible
circular membrane was solved, assuming Eq. (11) as material model.
The system of differential equations in case of incompressible material
is derived in Appendix C.1. As done in the previous sections, the
set of optimal parameters for the proposed incompressible model was
determined by fitting the experimental p vs. § curves for both EPDM
and NR, while the remaining data were used as validation. The optimal
parameters are reported in Table A.5.

Fig. 9 shows the result of the fitting to the p vs. § curves, as well
as the comparison in terms of Ag vs. § and Ay vs. § curves. For EPDM,
the incompressible model accurately fits the pressure curve up to the
hardening branch, where it begins to deviate. The radial stretch A,
shows some discrepancies in reproducing the experimental response,
though these errors are of the same magnitude as those observed in
the compressible model. The most significant difference between the
incompressible and compressible models is observed in the transver-
sal stretch Ap, as shown in Fig. 9(c). Specifically, the compressible
model proves to be much more accurate in capturing the experimental
measurements.

W (1,1;)=A(1, -3)+ B (I, -3) ¢, (1) + C (I —3)4.
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In the case of NR, material compressibility is less pronounced,
therefore the results provided by the incompressible model align closely
with those given by the compressible model. Specifically, the simulated
pvs. 5 and Ay vs. § curves are consistent with the experimental be-
havior. Minor discrepancies between incompressible and compressible
models are found in the A; vs. § curve. The incompressible response
seems to deviate from the average trend of experimental data, con-
firming the small compressibility arising at large deformations for
NR.

The results of the proposed SEF applied to the case of incompressible
membranes highlight the following two aspects:

+ As shown in the pressure-deflection curve of EPDM in Fig. 9(a),
compressibility has a direct impact on the pressure response.
Specifically, the incompressible SEF fails to accurately reproduce
the full pressure response of EPDM. In contrast, when volume
changes are accounted for using the compressible formulation,
as in Fig. 7(a), the model achieves excellent agreement with
the experimental data. Hence, for materials exhibiting significant
volumetric deformation, adopting an appropriate compressible
model is essential.

The proposed SEF is also effective for incompressible materials.
Indeed for NR, which is nearly incompressible, the prediction
remains equally accurate. This is a relevant observation, as in-
compressibility is a common assumption for most of elastomers.
Therefore, the proposed SEF demonstrates robustness even when
applied to incompressible membranes.

7. Concluding remarks

The analysis of circular inflated membranes lacks comprehensive
experimental investigations and analytical modeling. In this work, we
performed bulge tests on two kinds of elastomers, EPDM and NR, whose
pressure vs. deflection responses represent the two typical behaviors of
elastic membranes. In particular, EPDM shows a limiting point followed
by a softening branch and strain hardening, whereas NR exhibits a
monotonic trend. Besides the pressure curve, we measured the radial
and transversal stretches at the pole of the membranes, as well as their
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deformed shapes. These measurements represent a relevant novelty
compared to previous experimental studies, which are typically limited
to the pressure vs. deflection curve.

We have shown that the most popular SEFs in the literature fail to
accurately simulate the experimental response of these materials. The
most relevant limitations were found in modeling the limit point region
and the subsequent softening branch in EPDM. For NR, the Ogden
model fitted well the pressure curve, but it provided an unrealistic
prediction of the radial stretch.

To address these shortcomings, we proposed a novel deviatoric SEF
specifically designed for the inflation of membranes. The proposed SEF
consists of three terms and counts for four parameters. Its advantages
are: (1) mathematical simplicity, (2) clear effect of material parameters
on the pressure curve and well-defined strategy for parameter fitting,
and (3) accuracy for both typical responses of inflated membranes.

The proposed deviatoric SEF was coupled with the volumetric SEF
W,,, defined in Eq. (7), to obtain the complete SEF for inflated mem-
branes. The model parameters have been fitted to the experimental
pressure vs. deflection curves, demonstrating the effectiveness of the
proposed SEF. In addition, the simulation of the radial stretch was
significantly improved compared to the current models. Finally, the
results for the transversal stretch further validated the effectiveness of
the volumetric SEF W), in capturing the real volume changes in the
materials.

In conclusion, this work brought the following major advancements
in the study of inflated membranes:

+ Original experimental investigation on inflated circular mem-
branes, providing measurements of the radial stretch and
transversal stretch at the pole.

» A novel deviatoric SEF, capable of capturing the mechanics and
kinematics of inflated membranes.

« Validation of the volumetric SEF previously developed in Pelli-
ciari et al. (2023) based on simple tension tests. This function
captures the real volume changes occurring in elastomers at large
deformations.

The proposed SEF can serve as a reference model for characterizing
the mechanical response of elastomeric membranes. Although the pro-
posed SEF was specifically calibrated for membrane inflation, where
the stress state is typically biaxial, we believe that it possesses all
the necessary features for accurate predictions under different stress
states. In order to extend the application of the proposed SEF beyond
membrane contexts, we recommend validation under compressive and
shear stress states, which are not encountered in membrane problems.
Additionally, it can be extended to anisotropic materials by including
the contribution of anisotropic invariants (Holzapfel and Ogden, 2025),
opening up a wide scenario of potential applications such as biological
membranes.
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Table A.2

Optimal parameters of the volumetric SEF W, given by Eq. (7). The parameters were
determined in Pelliciari et al. (2023) by fitting the hydrostatic stress given by Eq. (8)
to the volumetric curves derived from simple tension tests.

Rubber x (MPa) b b By q

EPDM 490 2.23 9.05 6.88 x 107* 0.974

NR 710 7.09 69.25 13.14x 1074 0.723
Table A.3

Optimal parameters obtained by fitting the current deviatoric SEFs to the experimental
p vs. & curves. If applicable, the units are in MPa.

Model EPDM NR
Yeoh and Fleming (1997) A=03 A=0.017
B =0.004 B=0.10
Cip =036 Cyp =033
I,=45 1,=62
Mooney-Rivlin (Rivlin, 1948) C, =046 C, =028
C, =0.074 C, =0.017
Carroll (2011) A=03 A=021
B=0.1x10"* B=03x107°
C=08 C=03
Gent-Gent (Pucci and Saccomandi, 2002) C, =05 C, =034
C, =045 C, =-0.09
J, =43 J, =60
Ogden (1972) =13 1, = 0575
w, =423x1073 Uy =5.1x1073
@, =2.047 a, =2.151
@, =6.16 a, =535

Table A.4
Optimal parameters of the proposed deviatoric SEF, given by Eq. (9), obtained by fitting
the experimental j vs. § curves. If applicable, the units are in MPa.

Model EPDM NR
A =045 A=0.282
B =0.0765 B =0.016
Proposed W,, Eq. (9) I, =93 L. =625
(A =3.1) (A =5)
C=1376x10"° C=024x107°
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Appendix A. Fitting parameters

Tables A.2—A.5 list the optimal parameters of the formulations used
respectively in Sections 3.1, 4.2, 6 and 6.1.

Appendix B. MATLAB post-processing

This appendix describes the MATLAB post-processing of the videos
recorded by the top and lateral cameras during the first test on EPDM
and NR membranes. From these elaborations we derived the radial
stretch at the pole of the membrane and the deformed shapes, respec-
tively.
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Fig. B.10. DIC analysis using Ncorr to determine the radial stretch A, at the pole. (a) Two frames extracted from the videos for both EPDM and NR, representing the undeformed
configuration and a deformed configuration during the bulge test. (b) Contour plots of Green-Lagrange strains ¢, and ¢, inside the ROI for EPDM corresponding to the last frame
of the test. Due to axial symmetry, these two strain components converge to the same value at the pole.

Table A.5

Optimal parameters of the proposed SEF in case of incompressible materials, Eq. (11).
The parameters are obtained by fitting the experimental p vs. § curves. If applicable,
the units are in MPa.

Model EPDM NR
A =0.525 A=0.287
. B =0.01575 B =0.01435
Incompressible W, Eq. (11) L, =209 I, =915
(4. =3.8) (4. =5.5)
C=0.68x107° C=095%x10"°

B.1. DIC analysis for the radial stretch at the pole

Before the test, the membrane specimens were prepared with sur-
face patterns to ensure accurate image correlation in the region close
to the pole. Specifically, both EPDM an NR membranes were marked
with a black pattern. The camera placed above the membrane recorded
the first test for both EPDM and NR. We extracted 200 frames from the
video and processed them using the Ncorr package in MATLAB. Fig.
B.10(a) shows two representative frames for both EPDM and NR, il-
lustrating the undeformed configuration and a deformed configuration
during inflation.

As shown in Fig. B.10(b), we defined a region of interest (ROI)
with a circular shape around the pole. Since the measurements were
taken using a single camera, reliable data can only be obtained at the
pole, where orthogonality is preserved and the measurements are not
affected by the curvature of the deformed membrane. Due to symmetry,
at the pole the deformation is equibiaxial, meaning the strains are
equal in all directions. A high-strain analysis was performed to compute
the Green-Lagrange strain components ¢, and ¢, during inflation. The
resulting contour plot confirms that ¢, and ¢, attain maximum value at
the pole and they are almost identical, as expected. To count for minor
discrepancies in the measurements, we considered the average of these
values, denoted as ¢,,,,. The radial stretch at the pole was computed as
Ag = m Finally, these data were synchronized with the j vs. §
curves to obtain the Ay vs. § curves displayed in Fig. 3.
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B.2. Reconstruction of experimental deformed shapes

The videos recorded by the lateral camera were imported into
MATLAB and divided into 50 frames. We developed a MATLAB code
capable of identifying the membrane’s border by applying a color filter.
Fig. B.11(a) shows the deformed profile of the EPDM membrane, as
recognized by MATLAB, for two deformed configurations. The distances
measured in the frames were converted in real distances by multiplying
them by a scaling factor, determined by ensuring that the pole deflec-
tion in the last frame matched the final deflection measured by the
laser. Fig. B.11(b) shows the reconstructed deformed shapes of EPDM
at different values of deflection.

Appendix C. Numerical solution for the inflation of circular mem-
branes

We consider a circular flat membrane with radius L and thickness
H. We define a cylindrical coordinate system (R, 0, Z) with origin in
the central point of the membrane. The membrane is inflated under
a uniform lateral pressure p and we assume the deformation is ax-
isymmetric. A generic material point P = (R, ©,0) moves to P’, with
coordinates (r, ©, z). The principal stretches read

M=Ag=Vr?+2z2 ly=r/R A3=ip=h/H,

where £ is the thickness of the membrane in the deformed configuration
and the prime denotes differentiation with respect to R.

We consider a hyperelastic material described by a strain energy
function W = W (I}, I, I3). The principal Cauchy stresses are given by

(C.1)

1 ow

_ i
TN 04 T Ay

[wl + (,1]2.+,1i)w2+,1]2./1§w3] , ijk=1,2,3.
J

(C.2)

where w; = 0W /dI;. In case of a strain energy function written ac-
cording to the split into the deviatoric and volumetric part, W =
W, (I}, I,) + Wj, (J), the derivatives with respect to the principal in-
variants are computed with the chain rule. The membrane assumption
o3 = 0 determines a relation between the transversal stretch 4; and the
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Fig. B.11. MATLAB post-processing of the video recorded by the lateral camera for EPDM. (a) Deformed membranes during the bulge tests. The red curves represent the deformed
profiles recognized by MATLAB by differences in color. (b) Reconstructed deformed shapes of EPDM membrane at different values of deflection. The deformed coordinates 7 and

z are normalized on the radius L. The value z(0) corresponds to the normalized deflection .

referred to the web version of this article.)

principal stretches, 4, and 4,. Except for a few cases of simple energy
functions, this relation can be obtained only in implicit form, namely
F (A, A, 43) =0.

The principal stress resultants per unit length are computed as T; =
0;A3H, with i = 1,2. The equilibrium equations in radial and normal
directions read
dr,

1
+ —(T,
dr r(]

~T=0 (€.3)

K\T; + K71, = p,

where K; = (A\n—A47')/(A% //1% —n?)and K, = (1/ 43 — #%)/(4{ A, R) are

the principal curvatures, with #n = /. Substituting the expressions for
T\, T», K;, and K, into Eq. (C.3), the following system of differential
equations is obtained:

S+ 51“’1 + &Hws +&3w;

V=
1 )
RA, [wl gy + w35 + SOy + S22 (4 )+ e ,12,12]
n—»14
X = ,
2 R
LA 2k (B =n?) = pAy a2y ) 22 — 5
"= + )
1

2¢2,1§R
(o))

where ¢ = pR/H and, for the sake of clarity, the following quantities
were defined:

ow w
_ 32 1 2 2 2 3 2
go_/ll—(uz (A —n)+ 4= o 2 (—n2% =022+ 13+ A2hy)
ow
21242 3
”"13’12@1 (A =1n),
51 =’7}»2—}» 5
= 0’1*/1@2 03/1/112 MA2 iy 22+ 2323 - 202
& =- 0/1’73 0/123 niy N4y 241 T 4347
/1 2 2 al 2 3 242 21242
&= 22002+ 22 23 — a2 220, + 22222, (C.5)
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025
&= 27/11/13 + A5+ A3,
& = 2 /1 A3 A3 + A543,

2 (52
£ = w, +Alw2+/13 (Alw3 +w2),

13

(For interpretation of the references to color in this figure legend, the reader is

H=w + A%wz + /1§ (A§w3 + wz) .

The derivatives of 1; with respect to A; and 4, must be computed
numerically by means of the implicit function theorem, namely
oAy _ 9F/oA, 0Ay _ OF/dk

04, 0F/dA;" 04,  OF/dl;

System (C.4) must be integrated from the pole to the outer bound-
ary, satifying initial conditions for A,,4,,# at the pole and the sup-
plementary condition A, (L) =1 at the outer boundary. The numerical
integration was performed by function ode45 on MATLAB by following
these steps: (i) set an initial condition A, for 4,, 4,,# at the pole and a
guess value p, for the pressure; (ii) the initial value for 15 is computed
solving numerically the membrane assumption o3 = 0 at the pole; (iii)
compute consequently di;/d4;, 0A3/0A,, dw,/dA;, Ow,/0A,, 0w, /04,
0w, /04y, dws /04, and ow;/d4,; (iv) the values of A, 4, and # at the
next point of the domain are computed from system (C.4); (v) steps (ii),
(iii) and (iv) are repeated for each point along the domain until 4, = 1.
The value of R at which 4, = 1 is denoted by R*; (vi) in general, R* will
not coincide with L since the initial guess value p, is not the correct
pressure. However, system (C.4) is invariant when a scaling factor is
multiplied to R (Yang and Feng, 1970). Hence, choosing y = L/R* as
scaling factor it is possible to compute the correct value of pressure as
p=py/y = poR*/L; (vii) perform again the numerical integration with
the correct value p, obtain the correct stretches profiles 4; and 1,. The
deformed coordinates r and z are computed by Eq. (C.1). In particular,
the value of z at R = 0 corresponds to the deflection of the pole §; (viii)
repeat this procedure for different initial conditions A, to derive the
entire pressure curve.

The optimization of model parameters was carried out on MATLAB
as well. The experimental p vs. § curves were imported as discretized
pairs p;, 5;. The constitutive parameters of the proposed deviatoric SEF
were gathered in the parameter vector 6 = [A, B, I, ., C]. The initial
guess for the parameters was determined manually as described in
Section 5. The objective function was defined as the squared root of
the sum of squared relative residuals between the experimental and
simulated pressure:

" (5(6.0) -5\
(")

where n is the number of points considered in the fitting. To perform
the minimization of Eq. (C.7) we adopted the function patternsearch.

(C.6)

obj (6) = (€7
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Box I.

Contrary to traditional algorithms such as fmincon, patternsearch does
not require gradient information. This makes it particularly suitable
for optimizing objective functions defined through numerically solved
ODEs, where analytical gradients are not readily available. On the other
hand, patternsearch was preferred over genetic algorithms due to the
small dimension of the parameter vector.

C.1. Solution for incompressible materials

In case of incompressible materials, the deformation is isochoric,
I, =1, and the SEF depends only on the first and second invariants
of strain, W = W (I, I,). The principal stretches A, and 4, are given
in Eq. (C.1), whereas the transversal stretch is computed by the in-
compressibility constraint, namely A; = 1/(4; 4,). The principal Cauchy
stresses read

1

(C.8)
242
22

a,.=2(w1+,1]2.w2) pram . ij=12,
and the principal stress resultants are computed as T; = o;H/(4;4;)
for i, j = 1,2. Using the equilibrium Egs. (C.3), the following system of
differential equations is obtained (Sirotti et al., 2024) (see Eq. (C.9)
which is given in Box I), where ¢ = pR/H and, for the sake of clarity,

the following quantities were defined:

Wi =nA3A3 =3ndy — A + 34y,

Wy = —nA3A =0+ A + Ay, €.10)
w3 = —n3A +ndydy + A3E — 234y, '

Wy = =00+ A+ A S — Ay A

Data availability

Data will be made available on request.
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