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Plasmons and polar phonons are elementary electrodynamic excitations of matter. In 2d and at
long wavelengths, they couple to light and act as the system polaritons. They also dictate the scat-
tering of charged carriers. Van der Waals heterostructures offer the opportunity to couple excitations
from different layers via long-range Coulomb interactions, modifying both their dispersion and their
scattering of electrons. Even when the excitations do not couple, they are still influenced by the
screening from all layers, leading to complex dynamical interactions between electrons, plasmons
and polar phonons. We develop an efficient ab initio model to solve the dynamical electric response
of Van der Waals heterostructures, accompanied by a formalism to extract relevant spectroscopic
and transport quantities. Notably, we obtain scattering rates for electrons of the heterostructure
coupling remotely with electrodynamic excitations. We apply those developments to BN-capped
graphene, in which polar phonons from BN couple to plasmons in graphene. We study the nature
of the coupled excitations, their dispersion and their coupling to graphene’s electrons. Regimes
driven by either phonons or plasmons are identified, as well as a truly hybrid regime correspond-
ing to the plasmon-phonon-polariton at long wavelengths. Those are studied as a function of the
graphene’s Fermi level and the number of BN layers. In contrast with standard descriptions in
terms of surface-optical phonons, we find that the electron-phonon interaction stems from several
different modes. Moreover, the dynamical screening of the coupling between BN’s LO phonons
and graphene’s electrons crosses over from inefficient to metal-like depending on the relative value
of the phonons’ frequency and the energetic onset of interband transitions. While the coupling is
significant in general, the associated scattering of graphene’s carriers is found to be negligible in the

context of electronic transport.

I. INTRODUCTION

Van der Waals heterostructures™ (vdWH) have
emerged as some of the most promising ways to explore
and exploit the properties of materials at the nanoscale®.
Stacking different layers of 2d materials offers the op-
portunity to tailor novel properties. Unsurprisingly, this
comes with some challenges on the modelling side. The
electrodynamic response of a material, i.e. the response
to a momentum and frequency-dependent electric poten-
tial V(q,w), dictates a wide range of physical proper-
ties. This is evident from the fundamental importance
of the inverse screening function? in describing optical
and electronic properties. The electrodynamic elemen-
tary excitations of the system are intrinsic, self-sustained
collective modes driven by long-range electromagnetic
interactions®. This work will focus on plasmons and po-
lar phonons, that is collective oscillations of electronic
or atomic plasma. Other excitations such as excitons or
magnons are out of scope.

In 2d and at long wavelengths, longitudinal plasmons
and phonons couple to light®®. The resulting light-
matter quasiparticles, polaritons, are usually discussed at
momenta close to the light cone (g9 = w/¢, where ¢ is the
speed of light). However, highly-confined plasmon- and
phonon-polaritons?18'in 2d materials have been observed
at momenta 10 to 100 times larger. Those can be studied
without accounting for relativistic retardation effects, as
will be done here. Electrodynamic collective modes in

general are also a major source of scattering, via remote
interactions between layers! ™8, A good understanding
and predictive models for the emerging interlayer cou-
plings between collective modes thus lead to the exciting
prospect of engineering light-matter interactions®” and
electron scattering!? in future photonic and electronic
devices based on vdWH.

To obtain polariton dispersions, one can resort to
empirical and analytical approaches such as continuum
electrodynamics??22, ultimately relying on parametrized
models for the dielectric functions. As a conse-
quence, electron scattering involving coupled plasmons
and phonons systems#3 27 is not treated from a fully mi-
croscopic point of view.

In order to be predictive in complex systems, a micro-
scopic ab-initio approach that directly simulates the elec-
trodynamic response of vd WH is highly desirable. Unfor-
tunately, direct ab initio calculations of vdWH including
plasmonic and phononic excitations are costly. Indeed,
lattice mismatches imply large supercells which in addi-
tion to the number of layers increases considerably the
number of atoms in the simulation cell. Another strat-
egy is to coarse-grain the layer properties and focus on
interlayer interactions. The single layer quantities are
easily obtained from first principles, and used in a model
to build the properties of the multilayer. In the cur-
rent framework, this amounts to extracting single layer
dynamical responses from ab-initio, and model the mul-
tilayer response.


https://arxiv.org/abs/2403.14322v2

We build on a previous work based on this strategy
in the static limit!? and add dynamical electronic and
atomic contributions. With respect to similar efforts in
the literaturé?® 3l the Van der Waals electrodynamics
(VED) model presented here offers both technical and
conceptual improvements. Technical improvements in-
clude the full momentum-dependent phononic response,
rather than resorting to the long-wavelength limit of Born
effective charge models?”, which notably misses the cor-
rect relative weight of electronic and phononic polariz-
abilities. This is key to match our results to density
functional perturbation theory (DFPT) in the appropri-
ate limits, in terms of both dispersion and intensity of
the collective modes. Conceptual progress stems from
a simple yet powerful setup and exploitation of the for-
malism. We first build a matrix describing the response
of given layer when a potential perturbation is applied
to another layer. The imaginary part of this matrix
yields the elementary excitations of the vdWH. From
those, the response to an arbitrary external potential
or charge density perturbation can be reconstructed and
then projected on a given probe. When perturbation and
probe are uniform over the layers, the model yields the
basic spectroscopic properties of the slab, such as the
Electronic Energy Loss Spectroscopy (EELS) cross Sec-
tion in transmission. More complex quantities describ-
ing surface-probing experiments can also be extracted.
Importantly, by perturbing and probing with a charge
density localized on a given layer, we extract scattering
rates for electrons coupling with plasmons, phonons, and
hybrid excitations?32027532 Gych ab-initio calculation of
interlayer electron scattering mechanism, including dy-
namical screening from electrons and phonons, opens ex-
citing perspectives for the study of vdWH. Indeed, they
can be used for transport calculations?#2733759 Raman
scattering?#2  excited carriers relaxationl®347  and
superconductivity®® oy,

We focus on graphene encapsulated with multilayer
hexagonal boron nitride, a prototypical system both
for polaritonics and electronic transport. It hosts both
charge plasmons from graphene and polar phonons from
BN. Their coexistence in the same energy range leads
to their mixing and anti-crossingt?261 We present an
extensive exploitation of the VED framework, discussing
spectroscopic spectral functions and electron scattering
including contributions from plasmons, phonons, and hy-
brid excitations. We analyse the contributions of differ-
ent layers to gain insight on the nature of the excitations
(plasmon, phonon or hybrid), and propose a method
to separate the corresponding scattering strengths. We
study the impact of two main parameters for BN-capped
graphene, i.e. the number of BN layers and the Fermi
level (electron doping) of graphene, that can be tuned
experimentally??®3 to change the properties of the plas-
mons, phonons, and their scattering of electrons. We fo-
cus notably on the nature of the polaritonic states, and
the dynamical screening of the remote coupling between
graphene’s electrons and BN’s LO phonons. Gaining

access to the microscopic origin of the interactions, we
progress over state-of-the-art modelling and show that in
realistic systems the remote coupling is mediated by sev-
eral different LO phonon branches, and assess its impact
on the graphene’s resistivity value at room temperature.
The paper is structured as follows. Section [[I] describes
the theoretical and computational frameworks. Section
describes the collective modes of the BN/graphene
systems. Section [[ITA] considers graphene’s plasmons
and BN’s phonons before coupling, validating the method
against known results and DFPT calculations. Section
[[ITB] explores the nature of the excitations in the cou-
pled system, as well as their dependence on the number
of BN layers and graphene’s Fermi level. Finally, Section
[[V]studies the coupling of graphene’s electrons with those
collective modes, and compares the associated scattering
rates to those associated with graphene’s intrinsic optical
modes.

II. ELECTRODYNAMIC RESPONSE OF VAN
DER WAALS HETEROSTRUCTURES

The density-density response of a system at momen-
tum ¢ and frequency w, x(q,w), enters the determination
of many physical quantities, from spectroscopic responses
to intrinsic scattering mechanisms. This Section first
shows how the Van der Waals ElectroDynamics (VED)
model builds the response of a layered heterostructure
from single layer responses. Then, it shows how it can
be used to obtain the collective modes dispersions, their
EELS and surface-probes responses, and their coupling
to electrons to deduce scattering rates.

A. Van der Waals ElectroDynamics (VED) Model

The VED is the dynamical generalisation of the model
developed in Ref?. The general idea, sketched in Fig.
is to build the electrodynamic response of a layered
Van der Waals heterostructure (vdWH) from the re-
sponse of single layers. The following methodology is
general, but we will specialize to BN-capped graphene
as a prototypical system. The response of each differ-
ent layer is simulated and parametrized from first prin-
ciples. The static, clamped-ions electronic response is
directly extracted from density functional perturbation
theory (DFPT) calculations, therefore including local-
fields and exchange-correlation effects. The dynamical
contribution from free carriers is modelled within the
Random Phase Approximation (RPA), equivalent to a
time-dependent Hartree theory without local-fields. The
dynamical atomic response is evaluated from DFPT in-
gredients. The ab-initio simulation of the whole vdWH,
very costly even in the static Born-Oppenheimer approxi-
mation of DFPT) is avoided. Direct ab initio simulations
of the interplay of dynamical contributions from plas-
mons and phonons would further require time-dependent



density-functional theory, extremely costly in large su-
percells.

Here, the dynamical response of the full vdWH is ob-
tained by solving a self-consistent set of equations that
determine the potentials and charges on each layer. The
computational burden of our method is limited to the
single layer static DFPT response calculations needed
for each different kind of layer, plus a small overhead
to solve the coupled equations of the VED model¥. The
single layer responses are easily parametrized and stored,
such that for all vdWH combining layers in the database,
only the VED coupled equations are left to solve. The
main approximation of this methodology is to neglect
the wavefunction overlap between layers. This essentially
comes down to an interlayer coarse-graining approxima-
tion where different layers see each other only through av-
erage macroscopic potentials. This approximation holds
remarkably well in vdWH, where the interlayer bonds are
weak by definition.

VAN

e

FIG. 1: Sketch of the Van der Waals electrodynamics
(VED) model. Single layer monopole (f°) and dipole
(f1) density responses to even (¢") and odd (¢!)
potentials are extracted from DFPT. This is then used
to build the multilayer response to arbitrary potential
or charge perturbation.

1. General definitions

The general aim is to simulate the macroscopic charge
density response of the vdWH to a macroscopic external
potential. When working with screening/dielectric prop-
erties in 2d , it is preferable to Fourier transform only the
in-plane space variables (z,y — q), while keeping the full
out-of-plane z dependence of the response. The external
potential perturbation Vext(q,w, z) is thus periodic in-
plane and monochromatic at momentum q and frequency
w. The total charge density response p(q,w, z) is deter-
mined by both the rearrangement of the electronic cloud
and the displacement of the point-like ions. For both
electrons and atoms, the responses are assumed to be
isotropic in the plane, depending only on ¢ = |q|. This is
usually a good approximation for many 2d material (e.g.
hexagonal materials like BN and graphene). Within lin-
ear response theory, the charge density is obtained via

the density-density response function x as

p(gyw,2) = / X002 7 W0, 7). (1)

The integration in the out-of-plane variable is meant to
cover all the space, since z is free of periodic boundary
conditions. The connection between the total and the
external potential is then given by the inverse dielectric
matrix

e Nqw, 2,2)=6(z—2)+

2me? "
e /dz//e—q\z—z IX(q;W7 ZN, ZI). (2)
q

The possibility of having any kind of external potential
has to be reduced in order to have a tractable problem,
while at the same time maintaining the main physical
features of the perturbations. Therefore, we find it useful
to restrict the z dependence of the external potential to a
simplified functional form. As formalized in the following
Section, we follow the approach of Ref™ which is an
approximation of the exact method of Ref/22.

2. Dual basis set

To write the response problem in an easily solvable
matrix form, the first step is to approximate the contin-
uous out-of-plane variables of the response function of
Eq. with discrete indices over the layers. For each
layer, Vixt(2) is expanded over N, elements composing a
subset of a complete basis set. The induced density can
itself be expressed as a linear combination of (different)
Ny basis vectors. Eq. [1| then transforms into a matrix
equation with densities and potentials expanded over a
dual basis set (in the same spirit as Ref%%).

We start by defining the mapping between the out-of-
plane coordinate z and the layer index. For N, layers,
ke{l,..,N;} and

z € |z —d/2, 21+ d/2] — k. (3)

We assume that each layer has a finite thickness d in
the out-of-plane direction around its central coordinate
zk, within which the density response is fully contained.
d depends on the kind of layer but for simplicity, here,
we take it to be layer independent. Within the ‘boxes’
defined in Eq. [3] we define the restricted (N, = 2) basis
set for the external potential in the form

0 , (4)

with ¢ = 0,1. Analogously, we define the restricted basis
set for the densities as



which we refer to as profile functions. Fj(z) are the nor-
malized out-of-plane profiles of the density response to
the basis potentials of Eq. [d] when the k layer is placed
at z; = 0, as depicted in Fig. They separate the den-
sity response into monopolar (z-symmetric, ¢ = 0) and
dipolar (z-antisymmetric, ¢ = 1) components. In princi-
ple, they might depend on ¢ and w. However, we have
observed negligible dependence on ¢ and assume the same
for w, as discussed in Section[[TA 6] The profile functions
(Eq. (A2) of Ref*”) are normalized as

/dzf,i(z)(ﬁf(z) = 00k (6)

The admitted potentials in our problem can now be writ-
ten as

ka 0, W)k (2), (7)

q,w Z

Vilg.w) = [ dafio)V @..2). (®)
Similarly, for the density

Zpk g, w) fi(z (9)

q,(JJZ

pi(gw) = / Go(plaw,z).  (10)

Notice that in Eq. [[]and in the Random Phase Approx-
imation (RPA), the induced density is the sum of two
contributions due to the purely electronic polarization
(‘el’) and the atomic (phonon) mediated one (‘ph’). Since
the observables that we study in this work are integrated
quantities along z, it is convenient to approximate atomic
polarization to have the same z-profile of the electronic
one, with a small error as discussed later. In formulae

p;c(qv w) = pz,el(Qa w) + p}.c,ph((Lw)' (11)

8. Single layer response function

We here consider the basic building block of our
methodology, i.e. the response of each single layer to
potential perturbations. As shown in Ref?? the out-
of-plane dependence of the single layer density-density
response function can be written in a separable form, i.e.
with functions of only z or z’. Accordingly, in this work
we express the density-density response function for a
single layer in the dual basis set as

) = Z Qk(g,w) fi(2)fi (), (12)

[XlL}k; (qv w, 2, ZI

Qh(g,w / dade $i(2) Daawly (0.0, 2 2)6(), (13)

where QY and Q; are the amplitudes of the ‘monopole’
and ‘dipole’ response functions®Y. Note that the off-
diagonal matrix elements of xq1, (i.e. fi(z)fi(z) with

4

i # j terms) are null since for the single layers consid-
ered in this work we have in-plane mirror symmetry. To
simplify notations, we will now drop the (¢,w) depen-
dence when not essential. The density response for a
single layer embedded in an heterostructure reads

P = Qi Vi om (14)

where V}! 4 is the effective potential felt by the embed-
ded singfe layer. It is the sum of the actual external
potential and of the tails of the macroscopic Hartree po-
tential induced by all the other layers. V}' 4 reduces to
just the external potential if the single layef is suspended
in vacuum.

4. Interaction between layers

The process of obtaining the multilayer response from
the single layer response functions above is described in
Ref1?. Only the main steps are summarized here. The
objective is to reduce the problem to a finite and limited
number of elements, i.e. the layers, interacting with each
other via simple interlayer couplings. Those interlayer
couplings contain all the information about the out-of-
plane structure of the system. The starting point is the
Poisson equation for the potential induced by the charge
variations

2e?

Via(g.0,2) = o [[@e = p(g,0,2). (15)
In the dual basis set introduced in this work, the matrix
elements of the Coulomb interaction read

oi(g) = 2~ F;i{( ) (16)

F,z{ /f,C /e_q|z_z/‘ff(z’)dzdz',

which essentially describe the potential generated by a
unit monopole (j = 0) or dipole (j = 1) charge-density
on layer [ and projected on layer k. Eq. [I5]then becomes

kalpl (17)

Notice that in the above equations the Coulomb potential
is assumed to be frequency-independent. This assump-
tion is valid if we restrict to wavevectors much larger than
the light cone ¢ > ¢, i.e. if we can disregard relativis-
tic retardation effects. The collective modes discussed
in this work, including highly-confined plasmon-phonon-
polaritons, are far from the light cone. In general though,
relativistic retardation effects are important when dis-
cussing phonon-polaritons in 3D materials"’, meaning
that there will be a critical threshold for the thickness
of any heterostructure after which the approximation of
Eq. fails to describe the physics of phonon-polaritons,
i.e. their wavevectors get near to the light cone.

i
Vi ind =



5. Multilayer response function

Given the coupling of Eq. [16] one can build a set
of linear equations describing the collective response of
the layers’®. As anticipated, each individual layer k is
assumed to respond to an effective external potential Vg
which is the sum of the applied external potential plus the
sum of the potentials induced by all other layers through

Eq. [[7] i.e. to

Vki,cff = Vki,oxt + Z U]Zc]lpg (18)
l#k,j=0,1

Using Eq. we can write a self-consistent system of
equations for pj:

l#k,j=0,1

Eq. is composed of 2 x N; equations to solve for p}:C at
each ¢ and w, where ¢ =0,1 and £k =0,...,N;.

Once the system is solved, one can determine the density-
density response function of the full heterostructure. In
fact, the matrix-form of the multi-layer density-density
response function of Eq. [1]is

Xig(a,w) = / dzd? 9 (2)x(q.w. 2, 2)61 (<), (20)
and its value can be deduced from

Zxkl I ext" (21)

Mind that the above equation is the matrix form of Eq.
[I] written in the dual basis set introduced in Sec. [[TA2]
and it is different from the single layer density-density re-
sponse function of Eq. because it relates the induced
density on each layer to the external potential applied
to the full heterostructure, rather than to the effective
potential felt by each layer.

6. Computation of single layer response

While the basis set in which potentials are decomposed
are simple analytical functions, the profile functions used
as a basis set for densities are material dependent and
computed in DFPT, as explained in App. As antic-
ipated, their dependence in q is very mild. Including it
for graphene and BN brings less than 1% impact on the
observables treated in this work, with respect to taking
the ¢ = 0 value. We therefore neglect it.

The fundamental building block of the VED method is
the single layer density response function to a potential
perturbation. As anticipated, in RPA it is split in purely
electronic (clamped-ion) and atomic-mediated contribu-
tions (total minus clamped-ion) as

Ql(qa ) el(Q7 )+Qf)h(qvw)7 (22)

where we have dropped the layer index for simplicity, as
we will do for the rest of this Section. In this work, we will
only consider dynamical contributions from plasmons in
metals (doped graphene) and longitudinal polar-optical
LO phonons in semiconductors or insulators (BN). They
contribute to the monopolar component of the electronic
and atomic contributions to the response, respectively.
The dipolar atomic contribution is neglected, while the
electronic dipolar contribution is evaluated in its static
limit. In other words, we assume:

%(g,w =10) + QY (q,w) (semiconductors)
el(Q7 ) (metals)

Q%(q,w) ~ {

QI(Q7w) = Qél(qaw = 0) (24)

In the general case, the dipolar atomic contribution stem-
ming from the out-of-plane response of ZO phonons
would appear in Eq. Neglecting it is a safe ap-
proximation in the main energy range of interest for this
work, i.e. around the BN’s LO phonons energy. Indeed,
Q' (g,w0) = Q4(,0) > QL(q,wro), as numerically
shown in App. For energies close to the BN’s ZO
phonon (wzo ~ wro/2), the approximation does not
hold, since the response is dominated by ZO phonons.
We choose to neglect ZO phonons in this work. However,
one might wonder if the ZO phonon’s response could lead
to significant alterations of the plasmon response. This
is not the case for the doping levels studied in this work,
since the ZO coupling to graphene’s plasmons is much
weaker than for LO, as also noted in Ref2?. This weaker
coupling can be understood as follows. The electric field
generated by graphene’s plasmon extend to other layers
as e~9*=%crl Since the plasmon dispersion is at rela-
tively small momenta, this generated potential is fairly
flat and its projections on the dipole profile functions of
BN layers are small (compared to the monopole ones).
The ZO mode being associated with the dipole part of
the atomic response Qll)h, it will only be weakly coupled
to the plasmon. Neglecting the atomic dipolar term in
Eq. 24]is therefore justified also for the determination of
the plasmon dispersion.

The static (w = 0) electronic contributions of Egs.
and [24] are parametrized from DFPT calculations, as de-
tailed in App. [B| and Ref™, while the dynamical ones
are modelled as follows. For graphene, we need le(q, w).
One can include the dynamical contribution from free
carriers by using the RPA through the non-interacting
(irreducible) polarizability, as

XlI‘I‘(q7 )

Qalg,w) = ) 25)
el 1- UGr GrX1rr(q7 ) (
FD _ 7’LFD
o LW d2 Enk Emk+q
Xi (q 2 Z/ 5mk+q + FL{U + zhnpl
(26)

X | <unk|umk+q> |2’



FD __ 1
enk ~ elenk—eF)/FBT 1

tion function for state of momentum k in band n with
energy e,k and Bloch periodic function wu,x, €r) being
the Fermi energy, kg the Boltzmann constant and T the
temperature. There is a factor 2 for spin degeneracy.
The plasmon linewidth 7,1 is an external parameter in
the model. In the case of graphene considered in this
work, we simply compute the above x;,; semi-numerically
in the Dirac cone model, with a Fermi velocity that in-
cludes GW corrections®®. The wavefunction overlap is
| (Unk|[tmitq) |° = 22250 with n,m = £1 for w7
bands and 6 the angle between k and k + q. Deviations
from the Dirac cone model are assumed negligible for the
frequencies and doping levels studied in the following.
The effect of other band levels beside m and 7* is also
neglected because their contribution to metallic screen-
ing is very weak®”,

For semiconducting materials with polar phonons, long-
range Coulomb interactions induce macroscopic electric
fields in the crystal. The microscopic responses to such
fields add up in a contribution QY (¢,w) that can be ex-

pressed in terms of macroscopic quantities only®?. We
deduce QJ},(¢,w) from the atomic contribution to the in-
verse dielectric function

] (aw) = / dzd2 6 ()6 (gr, 2 2V (). (20)

For BN’s single layer, the monopolar contribution may
be written as (see App. |A 2 D))

where n is the Fermi-Dirac occupa-

110 T 0 eLOqDL(q)eEOq
[e] (g,w) = [€1L,e1] (9) (1 T (hw + ihnro)? — h2w%0q
(28)

where eLODLeI’ZO is the long-range, in-plane polar contri-
bution to the dynamical matrix projected on the eigen-
vector of mode LO%Y, and

0
[ita] @ =1+ o8 pn(0)@0 (@)

is the static electronic dielectric function. The expres-
sion for eLquL(q)eioq where the profile of the atomic
polarizations are approximated with the electronic ones
is given in Eq. [A26] We found that a simpler yet more
accurate approximation (discussed in App. is to
deduce er,0,D"(q)e} o from the difference of the squared
frequencies of the LO phonon with respect to the TO
phonon

(29)

(30)

where wroq and wrog are computed via direct DFPT
calculations. In particular, for BN the single layer LO
mode has a DFPT frequency of wr,0q ~ 1500 ecm™!. The
phonon linewidth 71,0 is an external parameter for our
model, that we take as a constant (~ 1 meV). We finally
get

[qu]o (¢;w) = 1+ vy () [Qd(g) + Qgh

L « 22 2 2 2
erLogD (q)eLOq =W wio, — Fwro,-

(¢, )],
(31)

)

with

th%Oq — hzw%oq y
(hw + ihnro)? — h%}foq

1 10 1
[ElL’el} @ v%(l)\I,BN(Q).

Qgh(‘L CU) =

(32)

The above expression contains all in-plane multipolar or-
ders of the charge density expansions, going beyond the
leading order from Born effective charges at ¢ — 0, an
improvement with respect to Ref??. Notice that Eq.
as well as Eq. contain the Coulomb kernel in the pro-
file basis function, instead of its ¢ — 0 form 27we?/q used
in Ref??, While asymptotically equivalent at ¢ — 0,
this has significant quantitative impacts on the atomic
response, phonon dispersions and electron-phonon cou-
plings as ¢ increases, as shown in Fig.

As a final comment, we remind that the disregard of dy-
namical effects in Eq. means that we cannot study
the out-of-plane plasmons of the heterostructures, which
we leave for future studies.

B. Measurable quantities
1. Density-density response

The density-density response function of the het-
"erostructure x defined in the previous Section can be
used to evaluate several fundamental response functions.
For example, in the transmission setup of Electronic En-
ergy Loss Spectroscopy (EELS), one is interested in the
scattering of an electron-beam with all the possible exci-
tations of the system. An electron in the beam of energy
E; = h%*¢?/2m. (with a typical order of magnitude of
~ 10 keV) is scattered by the material, that absorbs a
quantity of energy w through the excitation of internal
degrees of freedom. The Stokes EELS cross-section is
then proportional tg61¥62

d’o

A9 (g w) o ——
dQdw DY) X

(¢ +¢2)°

[1+nJF] Im{/dzdz/eiqz('z*z')x(q, z, ZI,W)}, (33)

X

where ¢. = ¢.(q,w) = ¢ — /@ — ¢* — 2mew/h, m. be-
ing the electron mass, and n2F = 7T 18 the Bose-
Einstein statistical distribution. The g-dependent pref-
actors of Eq. are not important to the aims of this
work, and we will drop them in the following. We will
also drop nBE, since it can be easily re-inserted a pos-
teriori in the evaluation of the cross-section. Then, in
the approximation where ¢, is negligible—as in typical
EELS experiments on heterostructures that are not too
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FIG. 2: Sketch of the computation of the macroscopic
xm and of the coupling between electrons and collective
modes in the VED framework. On the top, only the
monopole part of the density-density response yy is
used, since the projection of the dipole part on the
probe vanishes. On the bottom, the induced potential
response is plotted, which drives the coupling of
electrons. The plotted curves are computed with the
VED method in 2BN/Gr/2BN for relatively large
momentum at w ~ wro.

thick—the cross section is proportional to

d?o
(g, / dzdz'x(g,w, %, 7). (35)

‘M’ stands for ‘macroscopic’, since xp is the in-plane
average of the full heterostructure’s density-density re-
sponse integrated along the out-of-plane coordinates. Eq.
is rewritten, in our formalism, as

w)=> xW(gw), (36)
kl

i.e. as the response to an external potential perturbation
of the form Vexi(q,w,2) = Y, ¢%(2). Consistently with
the neglect of ¢g-dependent prefactors, in this work we
will always normalize x-related quantities at each ¢ to

their maximum, unless otherwise stated. In doing so,
the plots of —Imyy or EELS scattering cross Sections
become equivalent®.

The peaks of —Imyy in the (¢,w) plane determine the
collective modes of the system that are symmetrical with
respect to the out-of-plane centre of the heterostructure.
The antisymmetric modes instead average to zero when
integrated in the out-of-plane direction, and are therefore
dark in an EELS experiment. The antisymmetric modes
are though visible in the total spectral function of the
density-density response, defined as

Zka q,w 7 (37)

XTr q,w

Minus the imaginary part of Eq. in fact contains all
the collective excitations of the system, and it is well de-
fined even where modes cross.

More complex response functions can be defined from
the x matrix, in particular for perturbations that are
non uniform over the layers or containing finite projec-
tions on the dipole response. As an example, one could
consider evanescent waves as a way to reveal plasmons of
graphene on a substrate?1Y. We here propose a simple
modellization for such kind of measurement. We assume
that we have a tip that can both induce exponentially
suppressed potentials in the heterostructure and measure
averages of the induced potential on a given surface layer
S. In our formalism, the form of the evanescent (‘ev’)
external potential has components

Vi (g w) = / dzfi(z)em =] (38)

where zg is the central coordinate of the surface layer.
Using Eq. the average of the potential on the surface
layer, i.e. its monopolar component, is proportional to

VS ind — ZU ZvSkal qv

ijkl

pk q,w lev(q7 )

(39)

From this induced potential we can define a ‘local’
density-density response via the Coulomb kernel

Xloc (q7 w) = VSO,ind (q7 w)/vgg (Q) (40)

More realistic and complicate descriptions are possible,
but they go beyond the scope of this work. We end
this Section reminding that from x one can also derive
the sheet optical conductivity, to define figures of merit
such as the propagation quality factor, i.e. the distance
(in number of wavelength) traveled before decay, and
reflectivity 1044V,

2. Scattering rates

The electrons of the heterostructure experience scat-
tering from collective modes. Understanding and quanti-
fying those processes is essential to characterise the relax-
ation of the electron energy and momentum. In the single



layer case, the squared modulus of the electron-phonon
and/or electron-plasmon couplings describing this scat-
tering are obtained?**# via the product of the imaginary
part of the inverse total dielectric function, containing
electronic and atomic contributions, and the Coulomb
kernel, as shown in App. [A3] For the multilayer, if we
only assume that the matrix elements of (z — zj) between
Bloch states is small for every k, then the scattering rate
for an electron in the Bloch state nk reads (App. )

2 1
7'n_k1 il / dwA(w

Z<unk|¢k |Umk+aq) <umk+q|¢?|unk>glzl(q, w),
kl

1 1
Alw) = [nBE + 5 + sign(w)§ - sign(w)ngfkﬂ] ’
(41)

d(Aw + Emkt+q — Enk) X

where Ng is the number of points in the g-grid, while g7,
is

gu(q,w) = sign(w

Z *Im {vkk’ (Q)Xk/z/(% )UZ'?(Q)} .

Uk’l’
(42)

A is the area of the unit cell of the single layer, taken
equal for all the layers in this work for simplicity. Notice
that the sign(w) term is included in the definition of g2
so that it doesn’t become negative with w — —w, due
to the property Eq. Scattering times are therefore
always positive definite. Classically, the coupling g, is
the imaginary part of the potential projected on layer
k when layer [ is perturbed with a normalized charge
density perturbation, as sketched in the bottom panel of
Fig. @

The interaction of electrons of the heterostructure with
phonons, plasmons, and any hybrid collective modes is
entirely contained in the response of the system. In prac-
tice, it is mediated via every kind of collective modes con-
tained inside y. Only in certain limits, i.e. away from
plasmon-phonon hybridization, can the above coupling
be formally identified with electron-phonon or electron-
plasmon couplings, see discussion in App. [A3]

Note also that g,zcl is the interaction stripped of the Bloch
functions overlaps, while the scattering rate expression
includes the overlaps. For BN, Bloch overlaps can be ap-
proximated to unity or zero at small q. For graphene, this
would be notably wrong. Indeed, the wavefunctions over-
lap strongly depends on the angle between the momenta
of the two electrons. We will nonetheless still study the
coupling g,%l in the following, and use Eq. with the
overlap given under Eq. while studying the impact of
remote coupling on graphene’s electron scattering rates.

III. COLLECTIVE MODES

In this section, the VED formalism is used to obtain
the electrodynamic excitations of graphene and BN, and

their interplay within in the heterostructure. The more
general term ”collective mode” is also used, with the un-
derstanding that in the current context, they are the one
driven by long-range electromagnetic interactions. The
treatment of the coupling between electrons and collec-
tive modes is treated in Sec. [Vl

A. Graphene’s plasmons and BN’s phonons before
coupling

In this Section, the collective modes of multilayer BN
and graphene are considered separately, before any cou-
pling between the two, as shown in Fig. We show
that the present model reproduces the features of mul-
tilayer BN and doped graphene, at the cost of a simple
DFPT calculation for a single layer of each material. Be-
fore coupling, those systems are fairly well-known, such
that the VED method can be compared to literature and
direct DFPT calculations. At the same time, it brings
new insight on certain aspects like the relative intensity
of the different modes in the EELS intensity.

1. graphene’s plasmons

Graphene is a very promising medium for
plasmonics®8  due to the strength and tunability
of the plasmons. Analytical models®%? of their dis-
persion are obtained by considering the polarizability
of doped graphene—Eq. (17) of Ref®™— and the
RPA relation to obtain the plasmon dispersion. The
dielectric environment may be taken into account by a
phenomenological background dielectric constant . In
the small momentum limit, the plasmon dispersion is
found to be

2€2€F

ﬁwpl(q) V4. (43)
Two important features of the plasmon dispersion are
shown here: the ,/q asymptotic behavior, and a disper-
sion that scales with the Fermi surface, since Awpi/er
\/q/kr, with a proportionality constant that depends
only on the dielectric environment.

The left panel of Fig. shows —Im [xm(q,w)] for
isolated graphene with a Fermi level of ep = 0.2 eV
and at room temperature. The only chosen parame-
ter is the plasmon linewidth, fixed at n, = 5 meV,
consistent in order of magnitude with theoretical™™
and experimental 3 investigations. The maxima of
—Im [xm(q,w)] agree well with the asymptotic expres-
sion Eq. as represented by the blue continuous line
for k = 1, at least up to ¢/kg ~ 0.2. The same results
(in units of hw/ep and q/kp) are obtained for different
Fermi levels. The main features of the dispersion are thus
recovered. Other spectral properties are also consistent
with the literature. Notably, the spectral weight scales
with €F67

~Y
q—0 K
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FIG. 3: (Left) graphene’s plasmonic excitation compared to the analytical model of Eq. [43| with £ = 1 (blue curve).
The colourmap represents —Imyyr, normalized by the global maximum of the intensity. The dashed red curve is the
extrapolated maximum of —Imyy;. The black dashed lines separate the following zones. I: no electron-hole
transition and undamped/dispersed plasmon, II: interband electron-hole continuum, III: intraband electron-hole
continuum, IV: no electron-hole transition. (Middle) Polar LO phonon modes of 5-BN from the resonances of the
full spectral function —ImyT,, normalized at each momentum. The relative signs of the layer components of the
phonon polarizations (corresponding to the sign of Imp}!, defined in the text) are as follows, from highest to lowest
energy mode: (+++++), (——=0++), (—+++—-), (+ -0+ —), (+ — + — +). Red crosses are phonon
frequencies computed in DFPT. (Right) Imxy of 5-BN, normalized at each momentum. The highest LO mode is by
far the most intense. Increasing the signal by a factor 100 in the inset reveals that two other modes are active,

although much weaker.

In the left panel of Fig. [3] different zones are delineated
with dashed lines, corresponding to the boundaries of the
intra- and interband particle-hole continua. In practice,
energy and momentum conservation allow intra- and in-
terband electronic transitions only in zones III and II,
respectively. Note that those boundaries are only strict
at zero temperature. Otherwise they are smeared by the
Fermi-Dirac occupation function.

2. BN'’s polar-optical phonons

Multilayer BN is ubiquitous in 2d devices™. It is of-
ten used as an encapsulator, to protect the active layer
from the environment and thus get closer to ideal intrin-
sic properties. By itself, it is a very promising platform
for various photonics applications™. In particular, BN’s
phonon-polaritons!?20 4 haye attracted a lot of inter-
est based on their ability to shape and control light in
matter. In 2d , phonon-polaritons are simply the polar-
optical phonons of the system®, and near-field microscopy
techniques developed to probe polaritons in 2d materials
are one of the best ways to probe BN’s phonon disper-
sions, e.g. versus number of layers?®™, In addition to

a detailed microscopic understanding, the VED model
provides valuable insights to interpret and predict the re-
sults of such experiments. In particular, it clarifies which
modes are active and their relative intensities.

The middle panel of Fig. shows the total spec-
tral function —ImTrx for 5-layers BN (5-BN). This is
computed in the VED model, using inputs from single-
layer BN DFPT calculations. The only input parameter
is the BN’s phonon linewidth no = 0.6 meV, chosen
fairly small here in order to obtain separate peaks. Only
phonon excitations are present, and the red crosses in-
dicate phonon frequencies computed directly in DFPT.
We observe a fairly good agreement. The error likely
comes from modelling approximations, as discussed in
App. [B} also, in DFPT calculation each BN single layer
does not possess anymore mirror symmetry as instead it
is enforced in our vdWH.

Many interesting characteristics of polar phonons in
2d materials are recovered. The highest branch displays
the dimensionality signature of the LO-TO splitting 8,
i.e. the non-analytic and vanishing splitting at ¢ — 0,
marked by the linear increase of the dispersion at small
but finite momentum. The total number of LO modes
is equal to the number of layers. The highest mode cor-



responds to in-phase contributions from all the layers,
while the lower energy modes corresponds to various out-
of-phase combinations. The slopes of the latter vanish at
qg— 0.

The right panel of Fig. [8|shows —Imyy for 5-layers BN
(5-BN). As already mentioned, among all the LO modes,
only the symmetric ones appear in —Imyy;. Indeed, the
perturbation and probe are symmetric in z, implying that
the anti-symmetric modes are inactive. The symmetry of
the modes is obtained via the relative sign of the imagi-
nary part of the density response pa/[ = El x%? to a uni-
form external perturbation at the different resonances,
and it is indicated in the caption of Fig. The relative
amplitude of the layers’ density response decreases from
the center to the outside of the stack, consistent with the
relative amplitude of phonon displacement obtained in
DFPT. The VED framework provides solid grounds to
explain or predict the relative intensity of the modes in,
e.g., EELS experiments. In the case of uniform pertur-
bation and probe, note that the intensity of the peaks
decreases with energy, and the highest one dominates
largely.

B. Interplay of plasmons and phonons

Beyond the interest of graphene and BN taken individ-
ually, it is essential to investigate their interactions. Since
BN is often used as an encapsulator to protect graphene
and other 2d materials, it is important to understand ex-
actly how it can interact and modify the intrinsic proper-
ties of the encapsulated layer. The coupling between the
two can also be exploited to tailor the polaritons22l
thus opening new pathways for electromagnetic waves
manipulation; or to better control the energy and mo-
mentum relaxation of graphene’s electrons™?. For BN-
capped graphene, the main tuning parameters are the
Fermi level of graphene and the number of BN layers.
We study the interplay of graphene’s plasmons and BN’s
LO phonons by focusing on two aspects: their disper-
sion, discussed here, and their scattering of graphene’s
electrons, discussed in Sec. [[V] On top of previous an-
alytical works on plasmon-phonon interactiong226271
we bring the quantitative and predictive insight of mi-
croscopic ab initio simulations.

Fig. @ shows —Imyy for the prototypical system made
of graphene with a Fermi level of ep = 0.2 eV encapsu-
lated by 10-BN on each side. The plasmon and phonon
linewidths are set to np = 5 meV, o = 1 meV (for
numerical efficiency and plotting purposes, within exper-
imental order of magnitude). We clearly observe an anti-
crossing that indicates the plasmon-LO phonon coupling.
Let us already name (g,w) regions of interest outside of
the anti-crossing, as annotated in Fig. [4} (1) the plasmon
region covers the plasmon dispersion away from the typ-
ical LO phonon frequency, w # wro; (2) the phonon re-
gion follows the phonon dispersion at large momenta, to
the right of the plasmon dispersion q/kr > hwro/eF ; (3)

10
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FIG. 4: (Top) Macroscopic —Imy for
10-BN/Gr@0.2¢V/10-BN, normalized at each
momentum. Blue and red dashed lines are the
uncoupled excitations: LO dispersion of 20 BN layers
and plasmon of free-standing graphene, respectively.

the plasmon-phonon hybrid region covers the small mo-
menta g — 0 around the LO phonon frequency w ~ wi,o.

In the plasmon region (1), the plasmon is screened
by the presence of BN, pushing its dispersion towards
the Aiw/er = g¢/kp dashed line, as expected from ex-
ternal screening in Eq. Along their dispersion,
the LO phonons experience different screening regimes
from graphene. In the phonon region (2), they expe-
rience metallic screening, suppressing the LO-TO split-
ting and pushing the dispersion downward. Indeed, in
the presence of static metallic screening, the slope of the
highest mode dispersion at small momenta would vanish.
Here, however, in the polariton region (3) the free-carrier
screening from graphene is inefficient and we recover the
finite slope one would obtain in BN alone for ¢ — 0 and
w ~ w0, and a stiffening of the slope at small but finite
momenta.

Those results are developed in the following. First,
the nature of the excitations is carefully studied, in order
to disentangle, when possible, phonons and plasmons.
Second, we consider the case of a surface probing setup
to access other collective modes. Third, the effect of the
number of BN layers is analysed looking at 1, 10, and 30
BN layers on each side. Finally, the effect of graphene’s
Fermi level is considered, with two other representative
doping: ep = 0.1 and 0.3 eV.

1. Nature of the excitations and layer contributions

Here, we look at the layers from which the response
originates to unravel the nature of the excitations. This
procedure provides valuable insights into the interplay of
phonons and plasmons, showing which mode drives the
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excitation, and how electrons screen it.

In Fig. a unit potential perturbation is applied to
all layers and the response coming from either graphene
or BN are separated as follows

(44)
(45)

XM = XBN *+ XGr;

XGr = Z Xg(l)'

k=Gr,l

XBN = Z xi?,

k=BN,!

Notice that the sum over BN runs over all the BN layers.
Fig. [f] shows —Imypn and —Imxg,. It clearly reveals 3
types of excitations, clarifying the nomenclature of the
3 regions of (q,w) space defined in the previous section.
First, in the phonon region (2), we observe a positive
contribution from BN layers and a negative one from
graphene. Note that the sum of the two is always posi-
tive, so that here | —Imypn| > | —Imxq;|. Therefore, the
excitation is driven by BN’s polar phonons, and graphene
is simply responding with (static) free-carrier screening.
Second, in the plasmon region (1), we observe instead a
positive contribution from graphene, and a negative one
from BN layers. Thus, the plasmon is driving the excita-
tion, and BN’s electrons respond by screening it. Third,
in the plasmon-phonon hybrid region (3) we observe pos-
itive contributions from both graphene and BN. This is
a true hybrid polariton, driven by both plasmonic and
phononic responses. The insets zoom in on this plasmon-
phonon hybrid. The dispersions of the modes before the
coupling are also plotted, i.e. graphene’s plasmon with-
out BN and the highest LO phonon mode corresponding
to the total number of BN layers in absence of graphene.
The slope of the hybrid excitation dispersion (i.e. the

group velocity of the polariton) approaches that of the
isolated 20-BN system when ¢ — 0. In that limit, the
polariton gradually becomes pure LO phonon, and con-
textually —Imyq, vanishes. At small but finite ¢, how-
ever, the slope remains fairly high, rather than flattening
like that of the intrinsic BN’s phonons. This is thanks
to a gradual shift of the plasmon-phonon hybrid from
phonon to plasmon, as —Imypgy decreases with increas-
ing ¢ (eventually changing sign) while —Imy g, increases.
Eventually, following this branch, we fall back on the
plasmon-driven excitation. We thus have a clear inter-
pretation of all the excitations and the role played by the
electrons, phonons, and plasmons.

2. Probing other modes

The macroscopic response function xp only probes
symmetric modes because perturbation and probe are
uniform over the layers. This is not the case of sur-
face spectroscopic techniques, like scattering-type Scan-
ning Near-field Optical Microscopy?? (sSNOM) or 2d
High-resolution electron energy loss spectroscopy™ (2d -
HREELS). A quantitatively accurate simulation of those
experimental setups is out of scope here. However, it is
informative to consider a setup where perturbation and
probe are localised on the surface, and qualitatively as-
sess the consequences on the activity and relative inten-
sity of the collective modes. Using the model explained
in Sec. we expect the physical observables to be
proportional to xiec(g, w), plotted in Fig. @
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FIG. 6: —Imy)o. normalized at each ¢ in
10-BN/Gr@0.2¢V /10-BN, representing the results of a
probe measurement at the surface, with the model
explained in Sec. [IB1] The inset zooms in on the
anti-crossing region, and shows the spectral function
—Imyry.

The relative intensities of the modes is very different
with respect to the plots of —Imyy;, with the out-of-
phase LO modes more visible. Interestingly, the most
intense phonon-like mode is not the highest LO mode,
but the mode corresponding to the BN layers moving
in-phase with respect to layers on the same side of the
graphene layer, but out-of-phase with respect to the BN
layers on the other side of graphene. This mode is unaf-
fected by screening from graphene, since any electric field
from phonons on one side of graphene would be equal and
opposite to the field from the other side. Thus, the net
potential from phonons felt by graphene vanishes, and it
does not respond. This mode actually crosses the disper-
sion of the in-phase LO mode, becoming higher in energy
when the latter is strongly screened by graphene. This
raises the question of which mode is actually most seen
in surface-probing experiments. Near field spectroscopy
would probe the vicinity of the light cone, dominated
by the plasmon-phonon hybrid at vanishing momentum.
Techniques probing larger momenta like 2d -HREELS™,
however, might very well be dominated by this anti-
symmetric mode.

3. Effects of number of BN layers

The number of BN layers may vary significantly in dif-
ferent realisation of similar devices. Whether it is a pa-
rameter one can control precisely to tailor the properties
of the system, or a fluctuating number depending on the
experimental realization of the sample, it is important
to understand its impact on the collective modes of BN-

12

capped systems. Beyond the fairly obvious increase of
the plasmon-phonon coupling, the VED framework en-
ables the quantification and a detailed interpretation of
the changes in the collective modes dispersions.
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FIG. 7: —Imxy for 1-BN/Gr@0.2eV/1-BN (top) and
30BN/Gr@0.2/30BN (bottom) normalized at each q.

The blue curve and dashed red line are the uncoupled
modes (LO dispersion of total number of BN layers in
blue, isolated graphene’s plasmon in red)

Fig. [7] shows —Imx for graphene at ep = 0.2 €V en-
capsulated by 1 or 30 layers of BN on each side, on the
top and bottom panels respectively. This complements
the dispersion of Fig. ] with 10-BN on each side. As
the number of BN layers increases, the features already
noted in the previous Sections are enhanced. Due to over-
all stronger phonon responses, the plasmon-phonon cou-
pling and the size of the anti-crossing increase. Also, the
stronger electronic screening from BN pushes the plas-
monic dispersion closer to the fiw/ep = ¢/kp line. The
slope of the polariton at ¢ — 0 and w ~ wr,o increases,



following that of the intrinsic LO phonon, as the polar
contributions from all the layers add up*®.

We remind that, as discussed after Eq. our frame-
work can be applied until the slope of the longitudinal
phonon is not so steep to enter in the light-cone region,
an event that happens for a certain limiting width of the
layer (way beyond what is considered here). Increasing
the width further causes relativistic retardation effects
to become important and we therefore enter the realm of
three-dimensional phonon-polaritonics. Notice that this
gives a rigorous criteria to distinguish between a slab and
a proper three-dimensional materials from the polariton-
ics point of view.

4. Effects of graphene’s Fermi level

Fermi
ROHRZ

Graphene’s level is  often  tuned
electrostatically Within a field-effect transis-
tor geometry, free carriers are accumulated in graphene,
typically up to the order of 10'3 cm~2. This corresponds
to Fermi levels of a few hundreds of meV. Thus, in
the following, three Fermi levels ep = 0.1,0.2,0.3 eV
are considered and the consequences on the collective
modes of the BN-encapsulated graphene are studied.
Since the effect of doping on the plasmon are relatively
well-known, we focus on the rich and yet unresolved
discussion around the dynamical screening of phonons
and their coupling to electrons.

Fig. shows —Imyy for graphene encapsulated by
10 BN, at Fermi levels ep = 0.1 €V and e = 0.3 eV,
in addition to the ey = 0.2 eV case from Fig. [l In
all cases, some trends persist. The plasmon-phonon hy-
brid follows the intrinsic LO phonon dispersion in the
g — 0 limit, while the LO-TO splitting is reduced due
to free-carrier screening from graphene in the intraband
electron-hole continuum, that is for ¢ > h‘;%kp = %
The behavior between those two regimes (¢ — 0 and
q > %), however, is quite sensitive to the Fermi level. In
the case of ep = 0.2 eV, where phonon energy and Fermi
level are similar, the plasmon-phonon anti-crossing hap-
pens around the middle of the triangular region I. For
er = 0.3 eV, this is shifted towards smaller momenta,
and so is the region where we can observe the intrinsic
LO phonon dispersion. Indeed, assuming the plasmon
dispersion to be of the form Eq. the momentum g
where the plasmon and phonon cross is proportional to
kr. For both ep = 0.2 eV and eg = 0.3 eV, we observe the
intrinsic and screened LO dispersion on the left and right
of the anti-crossing, respectively. The qualitative behav-
ior starts to change significantly when hwpo > e, and
the crossing of plasmon and phonon dispersions fall into
the interband electron-hole continuum. There is no clear
anti-crossing then. Instead, a collective mode emerges
that roughly follows the intrinsic LO phonon dispersion.
A clear free carrier screening only starts in the intra-
band continuum. Qualitatively, the difference between
interband and intraband comes from the possibility in
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FIG. 8: —Imyy for 10-BN/Gr@0.1eV/10-BN (top) and
10-BN/Gr@0.3¢V/10-BN (bottom), normalized at each
q, in the plotted w window. See also Fig. [4] for the case
of ep = 0.2 eV. Dashed black lines indicate intra- and
inter-band electron-holes continuum. The dashed red
line corresponds to the plasmon dispersion in isolated
graphene. The blue line indicates the phonon dispersion
of the highest LO mode in 20-BN without graphene.

the latter case to have Lindhard/Thomas-Fermi type of
screening®™3  yltimately coming down to the non van-
ishing Bloch overlaps in the ¢ — 0 limit9.

IV. ELECTRON SCATTERING

The VED model provides the coupling between elec-
trons and the various collective modes, to be included in
the calculations of scattering times. Above, the study of
quantities like xyr or xTv informed us about the disper-
sion and nature of the modes. In this Section we inves-



tigate how those modes may scatter the electrons of the
heterostructure.

A. Validation in multilayer BN
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FIG. 9: Total coupling, for a 5-BN heterostructure,
compared to DFPT calculations performed as described
in App. [C} The coupling is entirely due to the
interaction between electrons and phonons, statically
screened by the BN’s dielectric function.

We first validate the method by comparing the VED
results on multilayer BN to the DFPT ones, obtained as
described in App. [C] Indeed, since multilayer BN is a
large gap semiconductor, all electronic contributions to
the response are treated in the static limit within the
VED model in that case. This corresponds to the adi-
abatic Born-Oppenheimer approximation of DFPT, and
the results should thus differ only due to the approxima-
tions of the VED model (see App. .

Fig. [9]shows the electron-phonon coupling with the LO
modes in 5-BN. Practically, using Eq. we compute

1
QQ(qvw) = m Zg%l(q,w)v (46)
Ukl

which physically is the square of the electron-phonon cou-
pling since other collective modes are absent. We also
define

7(q) = /OOO 9*(q,w)dw. (47)

In the following, the bar sign will be used consistently on
all other ¢? quantity to signify integration over w from
zero to infinity. Notice that the sums run on all the
BN layers. In fact, in the vdW approximation the Bloch
electronic state of the full heterostructure layers are de-
generate so that electrons are delocalized over the full
structure. The agreement with DFPT is excellent, with
the remaining error likely due to aforementioned mod-
elling approximations.
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Note that we do not force any phonon perturbation sin-
gularly in the VED method. The external perturbation
itself excites all the possible phonons modes. Therefore,
we get the sum of the couplings with all phonon modes,
so we compare with the sum of the (squared) couplings
over DFPT modes. Nevertheless, as seen in DFPT and
expected in VED, the highest mode largely dominates the
coupling. This result also validates the spectral weights
of the peaks in the VED method as a function of momen-
tum, which is a significant progress with respect to other
ab-initio works2,

B. Scattering from coupled plasmon and phonons

We now continue with the prototypical system consist-
ing of graphene sandwiched by n layers of BN on each
side. Here we consider the coupling with graphene’s elec-
trons, i.e. we compute

-1
gér(qvw) = Z Tﬁ

ikl

I o8 (X0 (0.0)01 % ()]
(48)

The above equation can be interpreted as using normal-
ized charge densities as perturbation and probes of the
system, as sketched in Fig. The coupling of Eq.
contains contributions from phonons and plasmons. We
plot it in the central column of Fig. in the full (¢,w)
plane, normalized at each ¢, for different n (1,10 and 30
BN per side) at a doping level of ep = 0.2eV. The left
and right panels of Fig. show g4, (w) and its run-
ning integral [ g&, (w')dw’ ¢ = 1.5kp and ¢ = 3.8kp.
In both cases, the number peaks around the phonon en-
ergy increases with the number of BN layers. Clearly,
graphene’s electrons couple to several LO modes with
different polarizations. This implies that considering a
single surface-optical phonon for the remote coupling be-
tween electrons and phonons, as routinely done for bulk
substrates like Si05%4, is not valid for BN encapsulation
and vdWH in general. At ¢ = 3.8kp, up to fw/ep ~ 1.75,
no electron-hole excitation is possible, and the coupling
is totally determined by the electron-phonon interaction.
For ¢ = 1.5kp, however, g&,(w) contains significant con-
tributions from the low-energy spectrum of the intraband
electron-hole continuum for fiw/ep < 1, from the differ-
ent phononic branches of BN around Aw/er ~ 1, and
finally from the dispersed plasmon dispersion in the in-
terband region for fiw/ep > 1.5.

While it contributes to electronic lifetimes detected e.g.
via ARPES, the scattering of graphene’s electrons com-
ing from graphene’s own electronic excitations (plasmon
and electron-hole excitations) does not necessarily con-
tribute to the momentum relaxation responsible for re-
sistivity (depending on the magnitude and origin of plas-
mon dampening). Indeed, momentum is exchanged with
essentially the same entity, i.e. graphene’s electrons29.
Electron-phonon scattering, on the other hand, does. It
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FIG. 10: (Central) g2, (g,w), normalized at each g, for an heterostructure of n-BN/Gr@0.2eV /n-BN, with
n=1,10,30. The blue and orange vertical lines represent the ¢ values for which g&, (w), and its running integral, are
represented in the (left) and (right) panels. In the left panel, the contributions to g&, (w) come from the intraband
electron-hole continuum (fiw/ep < 1), from the electron-phonon coupling fiw/er ~ 1, and from the coupling with the
dispersed plasmon in the interband region hw/er > 1.5. In the right panel, up to hw/er > 1.75 only electron-phonon
is present. Notice that the electron-phonon coupling gets contribution from many different modes, contrary to the
picture of one single surface phonon responsible for all the interaction.

is then desirable to separate the different couplings aris-
ing from the interaction with different collective modes.

1. Separation of the coupling with different modes

In Section we separated the contributions from
graphene and BN to gain insight on the nature of the
excitations. Fig. shows the results of a similar proce-
dure applied to interaction between electrons and collec-
tive mode interactions. We separate the contributions as

follows

2,BN 2,G
gGr = gGr + Gr r’ (49)
2, BN 0,
9ar (Gw Z Zvci pIm {Xkl} v] ,Gr?
k BN djl
2,G
gGr r q,w Z ZUGr kIm |:Xkl:| vl ,Gr* (50)
k Gr 45l

Note that even though each of the above terms may be
negative, gér is always positive.
We observe similar trends as for the macroscopic —Imyas

of Fig. [5] Three types of coupling emerge: one driven by
BN’s phonons and screened by graphene when gé? N>o

< 0 in region (2); one drlven by graphene’s

"> 0and géBN <

and gGr
plasmon and screened by BN when gG
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FIG. 11: Contributions to the coupling of graphene’s electrons in 10BN/Gr@0.2¢V /10BN, i.e. gé’FN(q, w) and

gé’g (g, w) as described by Eq. , normalized at each ¢ point. We also represent the phonon contribution to the

coupling, i.e. gé’PN of Eq.

0 in region (1); and one corresponding to a true plasmon-
phonon hybrid, when both g&N > 0 and gérG "> 0in
region (3).

Using the information contained within this separa-
tion of the contributions, one may define a dynamically
screened remote electron-phonon interaction correspond-
ing to the scattering of graphene’s electrons by BN’s
phonons. The phonon-driven contribution to scattering
can be systematically extracted, with exact asymptotic
limits, as

2,BN

0 if gg, <0,
géfhz gé’?N ifgé’?N>Oandgé’§r>O . (51)
g&, if gZPN > 0 and gé’rGr < 0.

The above procedure of extracting an electron-phonon
coupling is arbitrary, but it assures the coupling to be
a positive definite quantity. Disentangling plasmon and
phonon scattering as such is useful when considering mo-
mentum scattering for electronic transport. Despite pro-
viding the main contribution, the current procedure does
not necessarily provide a full description of the momen-
tum relaxation process. To do so, one could for example
consider a system of coupled Boltzmann equations for
electrons and collective modes®? for dynamical couplings,
and carefully extract a momentum relaxation time. We
leave this for future studies.

2. Plasmon and phonon contributions

Fig. [I2|shows the coupling of graphene’s electrons with
the collective modes for different setups. In the upper

panel we plot the total dynamical coupling g&, (black
dashed line), compared to electron-phonon part of the
coupling géf’ h (blue line), and to gér with QghBN =
0 (red line), which represents the plasmon coupling
screened by BN’s electrons.

The lower panel of Fig. shows the expected asymp-
totic behaviors for the electron-phonon contribution. At
large momenta, gé’f " coincides with g&, computed with
graphene’s static electronic response QY q.(w = 0).
Here, the dynamical nature of the plasmon is not felt,
and graphene’s free carriers screen the LO phonon stat-
ically. We thus recover the static, Born-Oppenheimer
approximation of DFPT (see App. [C| for a direct com-
parison of VED and DFPT electron-phonon couplings
in a BN/Graphene system in this regime). In the small
momentum limit, the total coupling between electrons
and collective modes can be qualitatively divided into
two contributions. The dominant part to the total cou-
pling is due to the plasmon (g&, with Qgh,BN =0). The
phonon contribution, gé’f h, is seen to approach gZ, with
@} o = 0, which represents the electron-phonon cou-
pliﬁg obtained by completely suppressing the response
from graphene but keeping the static electronic screen-
ing from BN. In other words, the phonon is too fast for
graphene’s electrons to respond. We will refer to the
coupling in this region as ‘intrinsic BN’.

We remind that, following the discussion of App. [A3]
only in these asymptotic regimes the electron-phonon in-
teraction deduced in this work may be rigorously sep-
arated from the electron-plasmon scattering and used
inside a Fermi golden rule approach to compute elec-
tronic scattering rates due to phonons. In between the
asymptotic regimes, following our description there is a
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FIG. 12: Coupling between graphene’s electrons and
collective modes, integrated over positive frequencies,
for different setups. (Upper) g&, : in presence of both
dynamical phononic and dynamical plasmonic
contributions. g%, with Qgh’BN = (: in the absence of
the dynamical phonon contribution from BN, but
including the BN’s static electronic response. This
corresponds to electron-plasmon interaction screened by
BN environment. gé’f I. the contribution to the total
coupling due to electron-phonon when the responses are
all dynamical. (Lower) g&, with le,Gr (w=0) : in the
absence of the dynamical contribution from Gr, i.e. by
using the static screening from graphene’s electrons.
This corresponds to remote electron-phonon coupling
screened from graphene in the Born-Oppenheimer
approximation, as in DFPT calculations. g%, with

Q! q; = 0 : the response of graphene layer is set to
zeré, i.e. it does not respond to any perturbation. This
corresponds to remote electron-phonon coupling
screened only by BN’s dielectric function. The vertical
dashed line indicates the passage from the region where
no electron-hole excitation is possible, to the intraband
region.

region where there is no clear phonon-driven coupling
(gé’i3 N < 0), which explains the dip in the the electron-
phonon coupling curve. Nevertheless, the full coupling

with the hybrid plasmon-phonon mode could induce some

17

momentum relaxation, which we leave for future studies.
Now that we discussed the division of the couplings, we
can study the effect of the number of layers and of the
Fermi level on the electron-phonon coupling.

8. Effects of number of BN layers
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FIG. 13: Evolution of the electron-phonon coupling as a
function of the number of BN layers.

Fig. shows the evolution of the electron-phonon
coupling as a function of the number of layers. The ‘in-
trinsic BN’ ¢ — 0 limit of the electron-phonon coupling
increases as % = /n, where n is the number of BN lay-
ers. This numerator comes from the sum of the dipole
fields over the layers, while the denominator accounts for
the the highest LO phonon eigenvector normalization™®.
The coupling decreases with the number of layers at large
g. This can be traced back to the intrinsic screening from
BN, of the form € ~ 1+ Nag + o(¢?). There is a satura-
tion in this decrease of the coupling at large ¢. Indeed,
the reach of the interlayer Coulomb interactions goes as
e~ where d is the distance between two given layers.
At a given ¢, graphene only feels BN layers at distance
such that gd ~ 1. At large ¢, the threshold d decreases
and BN layers added beyond that won’t interact with
graphene’s electrons.

For the system with only 1 BN on each side and at
small q, the coupling can actually be stronger than the
‘intrinsic BN’ coupling, just before reaching it in the ¢ —
0 limit. The phonon part of the plasmon-phonon hybrid
is thus stronger than the intrinsic phonon itself. One
may consider that the plasmon is driving the phonon
part beyond the normal self-sustained phonon excitation.
This is likely due to the relative strength of the plasmon
with respect to the phonons.
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FIG. 14: (Upper) Evolution of the electron-phonon
coupling as a function of doping. The vertical dash-dot
lines represents the limit of the electron-hole continuum.
For transport, only the momenta larger than this limit
mater (not a hard limit, modulated by temperature).
(Lower) Asymptotic limits of the electron-phonon
coupling, as in Fig. but for ep = 0.1eV. The vertical
dashed lines indicate the passage from the region where
no electron-hole excitation is possible, to the interband
and then intraband regions.

4. Effects of graphene’s Fermi level

We verified that the plasmon part of the coupling,

which is dominant in the ¢ — 0 limit, reaches a maximum
value independent of ex. Also, removing the atomic con-
tribution to the screening, the electron-plasmon coupling
was checked to be mostly independent of the Fermi level
in units of ¢/kp. Thus, differences in the total coupling
at different doping levels are mostly due to the phonon
contribution, which we study here.
The upper panel Fig. [[4] shows the electron-phonon cou-
pling as a function of the Fermi level in graphene. The
VED framework offers an interesting opportunity to elu-
cidate how the electron-phonon interaction is screened by
free-carriers as a function of doping. As discussed further
in Section [V D] this is a non-trivial question in the case
of doped 2d semiconductors.
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Neglecting screening from graphene is only valid in the
g — 0 limit, where the electron-phonon coupling tends
to the intrinsic LO phonon coupling (see lower panels of
Figs. and . The vertical dashed lines in Fig.
show the momenta at which the electron-hole continuum
is entered. For ep = 0.2 and 0.3 eV, this coincides with
the onset of strong metallic screening as obtained in the
static limit of graphene’s response. Only in the case of
er = 0.1 eV does the coupling maintain a large value for
a considerable interval of wavevectors when entering the
electron-hole continuum.

The reason can be traced back to the crossing the in-
terband region II of the electron-hole continuum. In
fact, for ep = 0.1 eV (lower panel of Fig. region
I is encountered when 0 < g/krp < 0.4, region IT when
0.4 < g/kr < 2 and region IIT when ¢/kr > 2. Instead,
for ep = 0.2 (lower panel of Fig. we have that re-
gion II is not encountered, and the phonons directly cross
from region I to III at ¢/kr ~ 0.9. At large momenta, for
all the Fermi energies the coupling is statically screened
by graphene’s free carriers. The difference between the
curves of Fig. at g > 2kp is due to ¢/kp scale, since
graphene’s screening is constant and the coupling is in-
dependent of kg.

We conclude that within the electron-hole contin-
uum, the screening of the electron-phonon interaction by
graphene’s free carriers is always well approximated by
its static limit in the intraband continuum. Only when
the phonon dispersion crosses the interband continuum
does it significantly weakens. In that situation, as shown
in Fig. [8] the anti-crossing disappears to be replaced by
a collective mode which mostly follows the intrinsic LO
phonon dispersion. Note that the case of semi-metallic
graphene is peculiar, since interband transitions are eas-
ily accessible, as discussed in Sec. [[VD]in details.

C. Remote versus intrinsic scattering of graphene’s
electrons

As a final demonstration of the insight brought by the
VED framework, we compare the remote scattering from
BN’s phonons to the intrinsic scattering from graphene’s
optical phonons. We focus here on momentum scatter-
ing, which contributes to the resistivity of graphene. Fol-
lowing Ref®8 in graphene, one may define an isotropic
and energy-dependent transport scattering time 71* from
which the resistivity may be expressed as:

1 e? [ . onkP
;:W/ dele7™ (2) (— " ) (52)

In general, 71" (¢) is obtained by solving the full Boltz-
mann transport equations, i.e. a set of coupled equa-
tions relating 71 at different energies®®. All phonons
contribute to each of the coupled equations, and it is
not straightforward to separate their respective contri-
butions to 71 (e) . However, within the relaxation time




approximation (71 (g) weakly dependent on energy), the
equations decouple and the scattering rate 77571(g) (i.e.
the inverse of the scattering time) is trivially expressed as
a sum over phonon modes. The quantitative impact on
the intrinsic resistivity is negligible at room temperature
and in the range of Fermi levels studied here (see Fig.6
of Ref”®). Within this approximation, it is thus rea-
sonable to compute and compare scattering rates from
each type of phonons. 77~! then differs from the self-
energy /ARPES scattering rates 71 (Eq. by an ad-
ditional (1 — cosf) term inside the angular integration,
where 6 is the scattering angle between k and k + q.
That term gives more importance to the back-scattering
transitions®® (f = 7). Finally, notice that those approx-
imations preserve the electron-hole symmetry of scatter-
ing rates.

For intrinsic scattering mechanisms in graphene, we
use results from App. B of Ref®®., We focus on the
scattering rates coming from LO and TO phonons at zone
center (¢ ~ T') with frequency wpor = wror = wo ~
0.2eV, and A; phonons at zone border (¢ ~ K) with
frequency wgi ~ 0.15eV. Keeping only phonon-dependent
quantities, the transport scattering rate from the sum of
LO and TO phonons is proportional to

r— h32
o) = g

1 1
Wallo2) = (w25 + 3% 3 ) »

e & hwo| b
W—@D)(l — Nehug)» (54)

Wi(hu}o,&‘), (53)

where the summation over both the + terms is intended
(‘4 stands for absorption and ‘-’ for emission). So is the
strength of the optical electron-phonon coupling, with

27/’?5?0 =0.11 eV? as obtained from GW calculations. M

is the mass of carbon atoms, and nB® and n¥P are taken
at room temperature here. The scattering rate for the
zone-border phonon at K reads

-1,y DB% / do
v (e) = M Wy (hwk, €) %(1 SK cos&)x
_ hBR 1
(1 —cosf) = Mo Wy (hwk, ) (1 + sKi),

(55)

where s = sign(e)sign(e £ Awk) is positive (negative)
2
T = 0.18
eV? as obtained from GW calculations at large doping®®.
The calculation of the correct value for Bk, in partic-
ular at small doping, is still matter of active theoret-
ical and experimental research**8887  The value used
here is a lower limit, such that the scattering from those
phonons is likely much stronger in practice. The first fac-
tor in the integral comes from the angular dependence of
the wavefunctions bracketing the electron-phonon inter-
action, with a different sign of the cosine for intraband

for intraband (interband) transitions, and
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er (eV) | n [riy T(er)/mo (er) i (er) /T (eR)
1 2.24 0.20
0.1 10 2.80 0.25
30 2.23 0.20
1 0.87 0.052
0.2 10 0.92 0.055
30 0.92 0.055
1 0.67 0.04
0.3 10 0.67 0.04
30 0.78 0.05

TABLE I: Ratio of remote transport scattering rates
tr,—1 . P tr,—1

g (er) and the intrinsic zone-center 75" " (ep) or

zone-boundary 71~ (er) ones, for a temperature of

T = 300K.

and interband transitions. The second is the usual an-
gular term in transport giving more importance to the
back-scattering transitions.

For remote scattering from BN’s phonons, we compute
the scattering time as explained in App. [A4] In particu-
lar, we start from Eq. [41{ and insert the (1 — cos8) term.
Then, as for the intrinsic scattering, we assume that the
relevant BN’s phonons are dispersionless phonons of fre-
quency ~ wpn = 0.18eV. We then consider only con-
tributions coming from electron-phonon scattering, i.e.
we consider only the coupling gé’f h, which is isotropic
in momentum space to a very good approximation. En-
ergy conservation is imposed, and the sum over q points
transform in an angular integral. Since energy conserva-
tion changes from emission to absorption, we define the
admitted scattering wavevectors, at a given 6, as qét (see
Fig. . As detailed in App. we obtain that the
remote phonon scattering rate is proportional to

1+ sgNcosf
—_— X
2
(1 —cos?),
(56)

r— do _
oy () = Wi(thNag)/%géfh(QQi)

where sgny = sign(e)sign(e £ fwpn). The value of
gé’fh(q;t) is taken from Fig. Note that the sign of
the cosine in the first term of in the angular integral
of Eq. still depending on whether the transition is
intra- or interband, is reversed with respect to Eq.
This is easily understood noting that the zone border
phonon at K leads to an intervalley transition, while
BN’s phonons scatter within the same K valley.

We evaluate the transport scattering rates for ¢ =
erp = 0.1,0.2,0.3 eV for heterostructures with n-BN
layers on each side, n=1,10,30, at room temperature
(300K). The results are presented is Tab. [l For ep =
0.2,0.3 eV, we find that 73 " (er) /785 (er) < 1 while
v Her) /T (er) < 1. For these doping levels e >
hwpn, therefore the admitted scattering is intraband.
The remote coupling with BN’s LO phonon is always
screened by graphene. To understand why in this case



remote scattering is smaller than the intrinsic zone center
optical scattering, we remark that the electron-phonon
coupling for graphene’s intrinsic LO and TO phonons is
21’?55’ = 0.11 eV?, independent of the scattering anglé®®.
Fig. shows coupling strengths around the same value
for BN’s polar phonons. However, the scattering rates
also include graphene’s electronic wavefunction overlap.
Since for intraband transitions this factor vanishes in
back-scattering geometry (sgny = 1), i.e. the most im-
portant for transport, one obtains a contribution smaller
than graphene’s zone center optical phonons in trans-
port, themselves scattering much less than zone border
A; phonons. This holds also for large number of BN lay-
ers, since the coupling is essentially independent of the
number of layers for large enough momenta, see Fig.
Increasing doping further only weakens the relative con-
tribution from BN’s phonons.

For e = 0.1 eV, the situation is different.
We find that 7y '(er)/79 '(er) > 1, but still
o Ner) /T (er) < 1. To understand why now re-
mote phonons are more important than intrinsic zone-
center phonons, we notice that at small doping the pos-
sibility of unscreened interband transitions increases the
scattering rate due to a strong coupling, as shown in
Fig. [[4 Further, for interband process the overlap of
graphene’s wavefunctions now reaches a maximum in the
back-scattering geometry (sgpy = —1). The contribu-
tion of BN’s LO phonons to graphene’s resistivity is thus
larger and comparable to the intrinsic contribution from
graphene’s LO and TO phonons. However, we find that
the scattering from BN’s phonons remains smaller than
the contribution of intrinsic optical A; phonons at K at
room temperature, despite the overall larger coupling.
This is due to the strong reduction of the remote phonon
scattering at small 0, and therefore small ¢, due to the
(1 — cos)? angular factor, and to the role played by
phonon occupation factors at room temperature. For
the intraband contribution (related to phonon absorp-
tion), the final electronic states are at e = 0.3 €V, and
the norm of the corresponding momenta go from 2kg to
4kg, where the remote coupling is screened. Let us un-
derscore the use of a conservative estimate for coupling
to the optical A; phonons at K, such that they would
scatter at least 4 times more than remote BN phonons.

In conclusion, remote electron-phonon coupling with
BN’s LO phonons does not seem to explain the dis-
crepancies seen between ab initio simulations of intrin-
sic phonon-limited transport in graphene and experi-
ments in BN-capped graphene at room temperature and
higher2888589  However, while we don’t expect the dom-
inance of the A; phonons at K to be challenged, a
more accurate assessment of BN’s remote contributions
to graphene’s resistivity is left for future investigations.
Indeed, BN’s out-of-plane ZO phonons would also par-
ticipate to electron scattering and, as mentioned before,
the definition of electron-phonon coupling proposed here
does not describe the full momentum relaxation process
from the plasmon-phonon excitation.
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D. Discussion: screening of electron-phonon
interactions in doped 2d semiconductors

In this work we specifically quantify the remote scat-

tering of graphene’s electrons from BN’s phonons. More
generally, qualitative conclusions can be drawn on the
scattering from long-range polar phonons in doped 2d
semiconductors. In particular, the VED framework sheds
some light on the screening of those phonons from the free
carriers added by doping.
Without computing the full dynamical response as done
here, there are two easily accessible limits used in the
literature: static screening or no screening. It is gen-
eral knowledge that static screening should be used at
high doping when the plasma frequency (which increases
with free carrier density) is expected to be well above
the phonon frequency, i.e. phonons are much slower than
free carriers. In the opposite small doping limit, one may
neglect free-carrier screening if the plasma frequency is
much smaller than the phonon, i.e. phonons are much
faster than free carriers. In the case of 2d materials, the
universal square root behavior of the plasmon dispersion
wpl X /q (as opposed to a constant in 3D) somewhat
complicates the picture, as there is no single plasma fre-
quency to compare to. The systems studied in this work
are then an instructive example for the 2d case.

We only consider scattering rates that involve real
states, i.e. within the electron-hole continua. Since the
scattering mechanisms sensitive to screening mostly come
from polar-optical phonons, we can assume the existence
of a constant typical phonon frequency wpp, despite the
presence of a linear dispersion at small momenta. If wyy
is lower than the onset of the interband electron-hole con-
tinuum Winger, i.e. if wpn < Winter, then the screening of
scattering from polar phonons by free carriers is always
effective, as in the case of the lower panel of Fig. In-
deed, in this case the phonon dispersion only crosses the
electron-hole continuum in the intraband Landau damp-
ing region. When wpn > winger, the situation is simi-
lar to the lower panel of Fig. While screening re-
mains effective in the intraband continuum, the phonon
also crosses the interband continuum, where free-carrier
screening vanishes or at least is weaker.

Graphene being gapless, winter can be made very small
with respect to wpn by lowering the doping. Typical high-
mobility doped semiconductors, however, have a well-
isolated transport band??, and winter remains finite even
at vanishing doping. Further, other bands are far enough
that wph < Winter, in Which case the strong screening from
free carriers is effective. Of course, the assessment of a re-
alistic situations is more complex, with multiple phonon
frequencies and multiple onsets of interband transitions
to be considered.

Nevertheless, given the above arguments, we conclude
that simply neglecting free-carrier screening in 2d doped
semiconductors is not valid, even in the low doping limit.
Yet, this approximation is often done in state-of-the-art
first-principles electronic transport calculations® @9 In-



stead, without access to the full dynamical screening,
using the static free-carrier screening might be a more
reasonable and robust approximationt*6U0I00A102]

V. CONCLUSIONS

In summary, we have developed an ab initio computa-
tional technique capable of describing plasmons, phonons
and their mixing in Van der Waals heterostructures. We
avoid the computational effort of simulating the full het-
erostructure. Instead, single layer response functions are
computed and inserted in a system of equations that
takes into account the electrodynamic interactions be-
tween different layers. Despite the reduced computa-
tional cost, our method is able to reproduce the results
obtained by full ab initio calculations in the static limit
of electronic responses, and extends to the dynamical
case. Those developments are applied to BN-capped
graphene, where we study the features of the collective
excitations and their evolution when changing the num-
ber of BN layers and the doping level. In particular, we
show that the phonon and plasmon mode mixing gener-
ates interesting observable results, such as the stiffening
of the plasmon-phonon-polariton group velocity due to
both vanishing remote screening of BN’s phonons from
graphene and the interplay with the plasmon. We also
obtain the coupling of the collective modes with elec-
trons of the heterostructure. In particular, we investi-
gate the role played by the plasmon in screening the re-
mote electron-phonon coupling between graphene’s elec-
trons and BN’s LO phonons. We quantitatively describe
the crossover between the regions where the coupling is
screened by graphene’s free carriers (intraband region),
to the one where it is not (interband region). This implies
a contribution to graphene’s low doping resistivity from
remote BN’s LO phonons that is similar to graphene’s
zone-center optical phonons, but it is still negligible with
respect to the scattering from intrinsic zone-border opti-
cal phonons. Thus, it is not sufficient to explain the large
discrepancy between experiments and state-of-the-art ab-
initio simulations?3888%L03 - For a general heterostruc-
ture, one expects the interplay between plasmons and
phonons to increase in complexity. This may be due to a
complex band structure of the metallic layer presenting
e.g. subbands!¥ intersubband or multi-valleyt%? plas-
mons, or to an increased importance of cross-talks be-
tween in-plane and out-of-plane electrostatics®®. Both of
these cases are exciting perspectives for this work.
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Appendix A: Theoretical aspects of dispersions,
couplings and scattering rates

1. Basic definitions

In these Sections we restore the possible anisotropy of
the system using the vectori symbols (as e.g. q and r)
for momentum and space related quantities. We define a
generic retarded response as

7 A A
FRrx' ) = =2 0()([Alr,1), A(r)])
where () indicates the average over the ground state (or

the thermal average), 0 is the Heaviside function and A
is a generic operator. Its Fourier transform satisfies the
property

(A1)

a,w) = [Aa,-w)]

The retarded density-density response function in the
random phase approximation (RPA) is expressed as a
function of the irreducible independent-particle density-
density response x& as in Eq. The non-interacting
retarded Green function for a phonon of branch p at zero
temperature may be written as a function of the har-
monic oscillator ladder operators a, a' in real time as

(A2)

Dyi(a,1) = ~if(t) (d},q(1)aq + au—a(t)a),_q),  (A3)
and in the frequency space as
2hw
Dy} = - = A4
n (@) (hw + ihn)? — W22, (A4)
1 1 (A5)

- — + -
hw + hwuq +thn — hw — hw,q + ihn

As shown later, the expression of the total inverse di-
electric function contains the density-density response
and the phonon propagator, both in the retarded flavour.
We drop the retarded apex everywhere in the text, so
that any Green/response function is to be intended as
retarded. We also remind that to deduce the finite tem-
perature expression of the retarded Green/response func-
tions, one computes their time ordered expression in the
Matsubara formalism and then performs the substitution
ihw, — hw +ihn %4 As a consequence of using retarded
Green functions, all the computed quantities will be an-
alytical and will therefore respect the Kramers-Kronig
relations00.,

2. Long-range atomic-mediated inverse dielectric
function/screened Coulomb

The goal of this Section is to justify the form of Eq.
for a wide gap semiconductor such as BN. There-
fore, we here perform the derivation of the long-range
atomic-mediated inverse dielectric function and the re-
lated screened Coulomb interaction. We start from the
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derivation for the 3d case. In this case, following Ref107
we use the RPA approximation for the electronic response
and obtain that the atomic-mediated inverse dielectric
function can be expressed in terms of effective charges.
We then use the conclusions and procedures of RefS! to
extend the results to the case of a 2d single layer of small
width.

a. 3d expression for the inverse dielectric function

The screened electronic interaction is defined as®

me?
=T (a9
w(41) = /dr"e*1(4,r’/,t1)v(r” —ry), (A7)

where the compact notation 1 = (ry,¢;) has been intro-
duced. The total inverse dielectric function—and con-
sequently the Coulomb potential—is usually split into
‘electronic’ (clamped-ion) and ‘phononic’ (total minus
clamped-ion) contributions as

-1 -1 -1
€ =€y +eph, W = We] + Wph-

(A8)

Such separation bring great simplification if vertex cor-
rections that couple the systems are small®#, as assumed
here. The phononic part of the screened Coulomb inter-
action may be written, following Refs U810 a5

Gl(12)= 3 [ A6 03) (Vr), Vales — ) »

1!
s'a’'p

vz ,
Doy (tta) 2560 (42) (Vi) Vo (4 — ).

(A9)

where D is the dressed phonon propagator. uf = R, + 7
are the atomic equilibrium positions, which in reciprocal
space representation read as

ud =) gy,

p

(A10)

Vs indicates, in the all-electron formalism, the ion-
electron interaction due to the ion at site s, and its
Fourier transform is

1
Via(a+ G) = —v(a+ G)pii (a+ G),

Zse

|4

(A11)

PN A+ G) = —i= [(ga + Ga)e "9™],  (Al12)

where Z, are the ionic charges. We assume to be look-
ing at times large enough that all the response functions
depend only on relative time, the retardation condition

restoring the causality at the end. We express the phonon
propagator as



Dsa s’a’p’ = T
) = i3 |

where eq are eigenvectors of the dynamical matrix and
wuq its eigenvalues. Notice that we have written the
phonon propagator in the ‘clean limit’, i.e. we assume a
delta-like spectral function. In BN (bulk or single layer)
the clean limit is respected. Notice also that the dynam-
ical frequencies coincide with the adiabatic ones, since
it is a large gap semiconductor. We now introduce the
in-plane screened and unscreened charge densities, and
related effective charges, in the RPA approximation for
¢y "OOHOTIIHI - Thege read as

Y(q, w)psalg,w), (Al14)

- \%4
Zsa(q= ) - 7’

psa(q,w) = €,

psa(q, w). (A15)

1

Viz
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)

2,42 ’
hw#«q

q-(Rp+7s) ez’(;x’ * efiq- (Rp/ +7

(hw + ihm)? —

s 0
dq €.q¢

(A13)

(

An explicit expression for the effective charges is found
as

Zsa(Qa w) =

S

() "

' (a,9+ G,w)

- + Go)v(q+ G)e "G (A16)
€el (q’w)

>

G

(4o

where G are reciprocal lattice vectors. Using all the
above expressions, and Fourier transforming Eq. [A9] we
find, for the atomic-mediated macroscopic component of
the Coulomb interaction

S

20 )e35) (Do Zoror (—a, )6

wph(qaw) = V

v

) -
q2 [wel(q7 (U)] \/ﬁ -
(Z e sl @)eis) (Soar poar(—a,w)ese

(hw + ihn)? — w2,

9 1
z A17
e2 [wel(q,w)] VMM, zﬁ: (hw + ihn)? — h2wzq ) ( )
[
where g, one can rewrite Eq. as
ezfg; — ef:cl;/*' (A18) wpn(q, w) = 1 Z [wer(q)]? 1 "
saf,s'al B’ MsMs’
For an isolant such as BN, for frequencies much smaller (Zsaﬁ Zsaﬁdeiﬁ) (Zs,a,ﬁ, Z a,B,qﬁlezg *)
than the band gap, we have Z (heo & ih)? — hQO‘)ﬁq ,
%
. . _ _ (A20)
6el (qvw) ~ 6el (q)v Z(qv U‘)) ~ Z(q) (Alg)

The unscreened effective charges have an expansion of
the form@H07

48 7 X lgq
Zsa(q) = ;ﬁZsaB - 57(]7@5&67 3 fquEOsa,B'yé

+0(q”),
where the various orders of the expansion are the Born

effective charges, dynamical quadrupoles and octupoles,
as so on. With the above expansion, at leading order in

which is consistent with the form obtained in Ref.
Eq. [A20] includes only the leading order Frolich
coupling™?™ 1 whereas Eq. include quadrupoles
and higher multipolar order expansions??20421  Using
the form of Eq. (28) of Ref:°Y one can rewrite the equiv-
alent of Eq. for the inverse dielectric matrix in the
static case as a function of the long-range component of
the dynamical matrix:

(d)eq
— R2w2

epn (A, W) (A21)

@3¢ e
" (hw + ihn)?



b. 2d case for a single BN single layer

As in the rest of this work, for a BN single layer we only
consider in-plane displacements of atoms, and suppose
that there are no cross-talks between in-plane and out-of-
plane components of the response functions. The error of
this assumption, since our single layers always present in-
plane mirror symmetry, is of order O(g?2?). As explained
in Ref%Y if one also assume that the material thickness
is much smaller than the wavelength of the perturbation
(thin limit), one can then forget about the out-of-plane
direction of the electrostatic problem and, for the formu-
lae of App. replace the three-dimensional Coulomb
kernel with its two dimensional counterpart, and volume-
intensive quantities with the area-intensive ones. In this
work, we extend the validity of 2d formulae beyond the
thin limit by using Eq. to describe the 2d Coulomb
interaction. We finally obtain for the LO phonon, assum-
ing a small finite lifetime

0 0 eLoqD"(a)ef
. [ q LOq
|:61L,ph} (qw) = {elL,el] (a) (hw +ihnro)? —

thfoq ’
(A22)

[Gfﬁ,el} ’ (@ =1+ U]%?\I, en ()@Y (q),
(A23)

|:€;I},ph:| 1 (q,w) = 0.
(A24)

The above equations are the one used, for the isotropic

case, in Sec. [[I A6l The explicit expression of the nu-
q

merator of Eq. 92| for the thin limit ig8®

N 2w A
erogD(@)efoq = v X
(Z psa(q)ei%q> (Z Ps'o/ eLoq> . (A25)

In the approximation of this work that the atomic profile
density is the same of the electronic one, we extend the
above expression to

L 4,00
eLoqD (Q)eLoq = Avgy pn X

(Z psa(q)ei%q> <Z ps’a' eLOq) . (A26)

s'a’

Using the Poisson equation we obtain an equivalent for-
mula

7/fBN Wio(a, 2)dz
vpN BN (
(A27)

x / SO (2)Vio (a, 2)dz

eLOqIZ)L (q)eEOq =
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In the above equation we have used the abbreviation

Vio(q, z) = Dsa f}“ﬁ%ﬁ’z) is the projection on the
LO mode of av‘éS((?’z) (and the same for non-barred po-

tential;’ KS’ indicates the Khon-Sham potential). V1o
is computed in this work as explained in Ref®Y, The
approximation of can be bettered assuming that
the difference between longitudinal and tranverse optical
phonon frequencies is all attributable to the long-range
component of the dynamical matrix—i.e. short range in-
teractions differences between LO and TO are negligible.
This amounts to writing

eLOqDL (Q)eioq = hzwﬁoq — h2wr2foq, (A28)
as it is customarily done e.g. for 3d cases. This is the
same approximation included in Eq. [30] in the isotropic
case. The difference between using Eq. and Eq.
is commented in App.
Inserting Eq. in Eq. we end up with

0 0 h2wE o, — h2w?
-1 _ 1 LOq TOq
[ElL,ph} (q7 W) - |:61L,cl} ( ) (m} + ZhnLO)

)

h’2wLOq
(A29)
which in the isotropic case directly leads to Eq. If

both the positive and negative phonon spectral functions
are very sharp, for positive frequencies we have

—Im [ 1I}ph:| (quw) ~ 7 [EILI CJO (a)x

WWLOgq
h2w? h2w?2
LOq 199 §(hw — hwrog).  (A30)
2hCULOq

In the above derivations we have always treated the
phonon system as non-interacting; this hypothesis may
be lifted by dressing the phonon propagator with the ap-
propriate self-energies. We simplified the treatment by
using for 7 a finite constant value, i.e. npo.

c. Rewriting atomic-mediated screened Coulomb as a
function of electron-phonon in the static case

In the same approximations of App. and
Eq. can be rewritten in an interesting fashion for

the static case via the Frolich electron-phonon coupling
stripped of the Bloch functions overlaps. In fact, using
Eq. (36) of Ref®% we define

. 1/2
Fr ¢ A sa h )

= — W, ZsaB€ X | ——— .
9LOq A 1(q) s§a5 4824 saB€1,0q <2Ms Loq
(A31)

Eq. then becomes

2ﬁcuLoq
hw + ih’l]Lo)z —

wph(q7 ) A|gLOq‘2( ) (A32)

2, 2
h WEog



with

7TA\QLoq| 6 (hw — MLOq)-
(A33)

—Imfwpn(q,w)]  ~

WANWLOgq

This means that the weight of the poles of wpn(q, wro) is
proportional to the squared modulus of the Frolich cou-
pling.

In the general case where the static approximation for the
electronic screening cannot be performed, the imaginary
part of the screened Coulomb interaction will contain
both electron-electron and electron-phonon contributes.
The interplay of the electronic system and the phononic
one determines the dispersion of plasmon and phonon
poles, and their coupling.

3. Scattering rates and g¢°

The scattering rate 7! of electrons relates to the re-
tarded electronic self-energy as

—Im¥,) = 27—1. (A34)

Following Refs#3 and?”, one can deduce the depopulation
rate of electrons, i.e. scattering times, using the struc-
ture factor and the fluctuation-dissipation theorem, ob-
taining an expression proportional to —Im [e_l(q)] v(q).
We generalize such 3d expressions to the 2d case. We
take into acocunt the matricial ordering of the inverse di-
electric matrix and Coulomb kernel (not relevant in the
purely 3d case) by noting that the electronic self-energy
readst%2

Sa(12) = ik / d(34)G(13)0(324)w(41").  (A35)

The scattering rate for a Bloch electron nk is then ob-
tained as

afnk 71
e nk Tnk

ksT

27T ]. > / ! 1=
=5 Aquq:/_oodw/drdzdr dz'dzx

nED (1-nfD, ) (14 nE") x
2 Ui (1, 2 ) Umicrq (T, 2) Uy o (¥, 27) %

v(q, Z, z’)] 5(

u;k(rv

hw + €mkx+q — Enk)-

(A36)

Im | —e (q, 2, Z,w)

where we have assumed that final states are represented
by non-interacting electrons. Depending on the deriva-
tion, the overlap factor comes from bringing the self-
energy in the basis of the Bloch basis functions, and
taking its diagonal components (see e.g. Eq. (157) of
Ref?22) or from the connection between the scattering
rate and the structure factor (see e.g. Eq. (5) of Ref®3).
The integral over positive frequencies will produce the
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scattering due to phonon/plasmon emission, while the
one over negative frequencies is related to absorption be-
cause 1 +nBE = —nBE where the minus sign is compen-
sated by the property - applied on the inverse dielec-
tric matrix. To connect with usual formulae, by using
the algebraic relations discussed in the Supplementary
Material of Ref®8 one finds

1 2 1

Tk = an, zq:/_oo dw/drdzdr’dz'désign(w)fl(w)x
Uy (1, 2)Unic (1, 2" )i q (T, 2) Uy o (7, 27) X

= !
Im [—6_1(q, Z,7, w)v(q,;,z)} 0(hw + Emk+q — Enk),

1. .
Alw) = [nEE + 3 + S1gn(w)§ — 51gn(w)n§£k+q .

(A37)
In the dual basis set used in this work we have
/dée‘l(q,zj,w)v(q, z,2') =
Z ¢>k vkk’ X;;/]é/ (a, w)v{/ljszﬁ{(/). (A38)
ii'j'j
kKU1

In the scattering rate expression we have pairs of cell-
periodic Bloch functions which are building blocks for the
density, which gets coherently bracketed with the basis
set of Eq. [ In fact, Eq. [A37] becomes

1 27 1 o i
T =Y fTquq: o & fini] Bl Jmicra)

VY

{umicrql 9] [uni) sign(w) A(w) x

1 i’ ¥
| — —vfi (@it (@,)0h (@)] 60w + Emicra = Snid)-
(A39)

a. BN single layer in the static case: electron-phonon

The scattering rate due to electron-phonon coupling
for a BN single layer is obtained by using that the density-
density response function is of the form of Eq. where
the atomic-mediated contribution to the response is ob-
tained from Eqgs. [A22) and [A24] Due to in-plane mirror
symmetry, the unperturbed Bloch wavefunctions are even
with respect to the layer position, so that in Eq. one
has the selection rule i = j = 0. The scattering rate may
then be written as

12
o — L2 / o] (te ) [Psign(w) A(w) X

10 Bk, (@)
Im [— [elﬁ,ph] (0, ) =25 8(h + Epierq — Enk).

(A40)



which using Egs. and becomes the standard

expression

271' 1
-1LLO _
Tk Z ‘gLOql | unk|umk+q> |2><

|: (1 + nUJLo n?’r??,k-‘rq) 6(hA‘ULOq + Emk—i—q - €nk)+
(ngiao + “sFr]rDLkJrq) d(—hwrog + Emk+q — 5nk)] .

(Ad1)

b. Heterostructures

In general, one can express the imaginary part of the
screened Coulomb as a squared modulus times a delta
(with a minus sign), i.e. as in Eq. only when one
the electronic dielectric function can be treated as static.
In the heterostructures studied in this work, this is not
always the case, due to the coupling of plasmons and
phonons. Nevertheless, there exist limits where one can
use wei(q, w) ~ wei(q,0). They correspond to the cases
where the coupling is screened statically by graphene and
BN (large |q| limit), or just by BN (small |q| limit).
Only in these asymptotic limits, decoupling the electron-
phonon and electron-plasmon contribution to the total
coupling is not ambiguous. E.g., one could determine de-
termine a screened electron-phonon coupling directly us-
ing 6;11123. The same conclusions can be obtained looking
at the electronic contribution to the screened Coulomb
kernel, for a system without atomic polarization. In that
case, one finds that the pole residue is related to the
electron-plasmon coupling'24.

The general expression Eq. can nevertheless be
simplified in some situations. Bloch overlaps are impor-
tant to understand selection rules and the localization of
the indexes k and [. If e.g. a Bloch electron is delocal-
ized in the out-of-plane direction over the whole struc-
ture, such as in the case of a purely BN heterostruc-
ture, brackets with k # [ are all relevant. If instead
we are interested in the electron-phonon coupling be-
tween graphene’s Bloch electrons, which are localized on
the graphene’s plane, then we must have k£ = [ = Gr,
since the overlap vanish for the other cases. Moreover,
as done for the single layer, we still assume the unper-
turbed Bloch wavefunctions are even with respect to the
layer position, so that in Eq. [A39)one has i = j = 0. The
result of this operation is

2 1

2r 1 0 0
Tk = 7, AN, Zq: % (Unk|Pp [ Umk+q) (Umk+q| D7 [tnik) X

kKU1
oo . 1 Oi/ ’i/jl j/O
dwsign(w)A(w)Im | — ;vkk,(q)xk,l,(q, w)vy, (a)| x

6(hw + Emk+q
(A42)

In the above expression, in the asymptotic limits where

— Enk)-
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we can decouple the electron-phonon from the electron-
electron interaction, —Imwvyv reduces to the squared
modulus of the electron-phonon coupling. Motivated by
this observation, we recast the above expression with the
following notation

_1—27T12/ dwA(w

Z (|, [Umk+q) (Umk+ql &7 [unic) g (a, @),
kl

hw + Emk+q — €nk)><
(A43)

where g7,(q,w) is given by Eq.

4. Practical expression for the remote phonon
transport scattering rates

Eq. is the most general expression for the scat-
tering rate of a heterostructure. Neglecting the scalar
product of Bloch functions with ¢!, one obtains Eq.

€ + hawy,

FIG. 15: Scattering process for an electron with an
initial energy . Graphical representation of the
isoenergetic surface at ¢ and € + hwph, on which the
electron ends up after an absorption of a phonon of
frequency wpp. In this case, we are representing an
electron-doped Dirac cone. Several different setups of
the Fermi surface and the isoenergetic surfaces are
possible in dependence of the relative magnitude of
and wpp, and considering also the emission case.

Here, we are interested in the scattering rates where
the initial and final states are electrons of graphene,
and the scattering is mediated by remote phonons. In
the Dirac cone approximation, we take k to be a vector
around K. Without loss of generality due to isotropy, we
consider a k on the horizontal axis, as depicted in Fig.
In Fig. [15] we consider initial electrons belonging to
isosurface €. We then define the 6 angle as the scattering
angle between k and k + q, i.e. § =0(q). The transport
scattering time due to remote phonon scattering is then



obtained as

27 1 e
T:Li(’_l — T Z/ dw A(w)d (Fw + Emktq — Enk) X
h N J

Z<unk|¢2|umk+q><umk+q‘¢?|unk>gé§h((17 w) [1 — COs e(q)} )

kl
(A44)
2,ph .
where g, is defined by Eq. To have more manage-
able expressions, we now approximate the phonon fre-
. . . 2,ph .
quency to be dispersionless, i.e. we assume that gg; is
peaked at w = Fwpn and approximate

gaPM (@, w) ~ G (9)8(w £ wpn). (A45)

We remind that the above coupling is of long-range na-
ture, and it is in very good approximation isotropic, as
we used in the right hand side of the equation. Given
this coupling, if we consider the special case € = ep the
two energy conserving Dirac delta functions of Eq. [A44]
(for positive and negative frequencies, i.e. emission of ab-
sorption) imply that k 4+ q lies on the isoenergetic lines
ler &+ Fuwpn|. As presented in Fig. for an absorption
process, q and 6 are now related geometrically, i.e. we
can write gp. Since for a given 6 we have two different
values of ¢ for emission and absorption, we will call them
q(,i respectively. They respect the following relations

Go—o < Gy < Gp—rs (A46)
Qoo _ |lew & hwpn| — ler || (A7)
ke ler| ’

focs _ [rl ¥ low o P (A43)
kg leF| '

Now, the sum over q can then be transformed in just
an angular integration, keeping in mind that the volume
element gdg will bring a factor |ep & wpn|. The Bloch
overlaps of graphene can be written in the form given
below Eq. With algebraic rewriting of the statistical
occupation factors, at last we obtain Eq. if we choose
Wph = WBN-

Appendix B: Computational details

We here detail the numerical computation of the in-
gredients of the VED method, and compare our results
to previous approaches in Fig.

a. DFT calculations

DFT and DFPT calculations of ground states, di-
electric responses and phonons are carried out with
the QUANTUM ESPRESSO packagel2®120  with 2d
boundary conditions*2?, and optimized norm-conserving
Vanderbilt pseudopotentials’?® from the pseudo-DOJO
library 22,
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b. Single-layer static electronic response from DFPT

The parametrization of single layer static electronic re-
sponses is detailed inl?. In the framework of DFPT, the
layer is perturbed with a monochromatic in-plane peri-
odic function of the form V¥(q,z) = Vy¢'. The density
response p' is extracted from DFPT, renormalized by
Vo and integrated to obtain Q%(¢). Examples of plots
of Q(q) can be found in Fig. 9 of Ref'?. The profile
function is then defined as p(q, 2)/Q%(¢). A small ¢-
dependence of the profile function exists in practice, but
has a small impact on the observables.

c. In-plane contribution to atomic response

We here compare the approximation of Eq. [A27] to the
one of Eq. In Eq. the potential is computed
using a procedure similar to Ref:°“—an exact procedure
may be developed following Ref2 but we leave it for
further developments. As anticipated in the main text,
this assumes that the LO potentials are generated by a
charge density with the same profile as the electronic re-
sponse f3y. In practice that is not exactly true. We find
that the difference of implementing Eq. [A27] instead of
Eq. (which is expected to be a better approximation)
is order of 5%.

1. Neglect of out-of-plane atomic contribution

An upper limit estimation of the atomic contribution
to Eq. [24)in the long wavelength limit is given by

1 |ZJ_ |2
AM* (w +inz0)? — wig

Qpn(g,w) ~ . (Bl

where M™ is the reduced mass, we have neglected the
wavevector dependence of the phonon frequency wzo ~
800cm ™!, and |Z1| = 0.245 is the absolute value of the
Born effective charges of BN as computed from DFPT
calculations performed at ¢ = 0. With respect to the
expression for the in-plane atomic response Eq. in
Eq. we have approximated the out-of-plane dielec-
tric function to unity, thus expecting an overestimation
of Q;h(q,w), in line with what discussed in the previ-
ous Section in Fig. The smearing is taken as at
an unphysical value of nzo ~ 80cm™!, for representa-
tion aims. In Fig. [I7] we plot the real part of the ratio

Qpn(:w)/1Qa(a)l-

As seen from the plot, Eq. has a 5% influence on the
total value of Q! at w = wro (vertical red line), meaning
Eq. is a good approximation for the BN single layer.
Nevertheless, contributions may add up when adding sev-
eral layers in a vdWH, i.e. going towards the hexagonal
bulk limit. Even in this case though, the atomic contri-
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FIG. 16: (Top) Comparison of g2 in single layer BN,
obtained via the VED model and the QEH model of
Ref22 reducing to the LO phonon coupling. The
discrepancy is attributed to the different evaluation of
—Im [[;° Q%(¢q,w)dw] (Bottom). Notice that the QEH
error is up to 38% at the largest value of q with respect
to DFPT values, that are on top of the results of this
work. There main source of error is the use, in the QEH
method, of the strictly 2d Coulomb kernel 27” rather

than the more appropriate v%ﬁ)\LBN to deduce the

interacting response function Q°(g,w) from the
irreducible response functions of electrons and phonons.
Correcting this error, the QEH methodology is very
near to our results.

bution to Q;h is negligible. In fact, we can write

2 2
L, Ame* |Z7F|
) 2
V. M*w;,

(B2)

€ =c¢

where | Z##| = 0.76 and €2 = 2.729 as from DFPT calcu-
lations at zone centers, concluding that (e§* — €Z2)/eZZ ~
7%. Even in this case, the effect of the ZO degrees of free-
dom is small on the total value of the dielectric function.
Since the ZO phonon frequency is roughly equidistant
from w = 0 and wr,o, the approximation of Eq. 24 re-
mains good for the determination of LO dispersions even
when stacking multiple BN layers.
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FIG. 17: Re(Q},(q,w))/|Q4(q)| as a function of w, for
the wavevectors relevant for this work. For the ZO
mode at ~ 800cm ™! (black line), nzo ~ 80cm™! is
employed for representation purposes, the values at

w = wro (red line) not being influenced by this choice.
We notice that the estimated upper limit of the ratio
between the atomic and electronic contribution reaches
a small value of ~ 5% at w = wro.

Appendix C: Comparison of screened
electron-phonon coupling in VED and DFPT

When considering only the static limit of electronic
responses, the VED method reproduces electron-phonon
interactions obtained in DFPT calculations in the Born-
Oppenheimer approximation. The ¢ coupling is ex-
tracted from DFPT for a given mode p on layer k as

@ = | [dheVia) @)

where I_/M(q,z) =3, % . 3‘7%(?72)_

pression we can take the modulus because the coupling is
always positive. From a practical point of view, it is im-
plemented to remove the phase uncertainty of the phonon
polarization vectors coming out from first-principles cal-
culations. Notice that in DFPT the perturbation is ex-
plicitly inserted in the system via a displacement of the
atoms, therefore we cannot choose the layer on which the
external perturbation is applied. This is the reason why
Eq. presents only one layer index, that is treated as
the first index (probe index) of gZ,.

In this Section, we consider a simple system made of
BN and graphene. Ground state DFT calculations are
performed with a non-uniform grid of momenta to prop-
erly sample the small Fermi surface of graphene and be
able to use a electronic smearing corresponding to the
Fermi-Dirac distribution at room temperature. The non-
uniform grid varies from 12 x 12 to the equivalent of
196 x 196 around the Fermi surface. Graphene is doped
with an extra density of electrons n = 103 ¢cm~=2, corre-
sponding to a Fermi level ~ 0.3 eV. Phonons are simu-
lated at 5 momenta in the I'—=M direction. We then select

In the above ex-



the electron-phonon coupling coming from the (only) LO
mode of BN.

To compute the comparable quantity in the VED
method, we use the static limit of the electronic response
of graphene’s electrons, computed directly in the sin-
gle layer graphene’s system with the same parameters
as the BN/Graphene system. We then compute g&,(q)
and g3y (q) from Eq.

Fig. shows a good agreement between direct DFPT
and the VED method for the main quantity of interest in
this work g2, (¢). Along with Fig. [9] this confirms that
the VED method reproduces DFPT in the static limit
of electronic responses even when metallic screening is
present. A larger error is observed for g3y (¢) in this case,
with respect to Fig. [9]. This may be explained by the
fact that the total effective potential, i.e. the potential
generated by LO phonons and screened by electrons, dis-
plays much sharper variations in the out-of-plane direc-
tion due to the strong metallic screening from graphene.
This would enhance errors related to the approximation
of atomic profile functions with the electronic ones in the

29
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FIG. 18: Comparison of electron-phonon coupling
matrix elements in VED (g4, and g3y) and DFPT
results in BN/Gr. In the VED method, the static limit
of graphene’s electronic response is used, so that the
coupling is only of electron-phonon type.
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