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Anomalous screening in narrow-gap carbon nanotubes

Giacomo Sesti,*2 Daniele Varsano,? Elisa Molinari,’-2 and Massimo Rontani?

YFIM, Universita degli Studi di Modena e Reggio Emilia, Via Campi 213a, 41125 Modena, Italy
2CNR-NANO, Via Campi 213a, 41125 Modena, Italy

The screening of Coulomb interaction controls many-body physics in carbon nanotubes, as it tunes the range
and strength of the force that acts on charge carriers and binds electron-hole pairs into excitons. In doped
tubes, the effective Coulomb interaction drives the competition between Luttinger liquid and Wigner crystal,
whereas in undoped narrow-gap tubes it dictates the Mott or excitonic nature of the correlated insulator observed
at low temperature. Here, by computing the dielectric function of selected narrow- and zero-gap tubes from
first principles, we show that the standard effective-mass model of screening systematically underestimates the
interaction strength at long wavelength, hence missing the binding of low-energy excitons. The reason is that
the model critically lacks the full three-dimensional topology of the tube, being adapted from graphene theory.
As ab inito calculations are limited to small tubes, we develop a two-band model dielectric function based on
the plane-wave expansion of Bloch states and the exact truncated Coulomb cutoff technique. We demonstrate
that our—computationally cheap—approach provides the correct screening for narrow-gap tubes of any size
and chirality. A striking result is that the screened interaction remains long-ranged even in gapless tubes, as
an effect of the microscopic local fields generated by the electrons moving on the curved tube surface. As
an application, we show that the effective electron-electron force that is felt at distances relevant to quantum

transport experiments is super Coulombic.

I. INTRODUCTION

Carbon nanotubes (NTs) are ideal materials to study
strongly interacting electrons in one dimension."™* Due to
the reduced dimensionality, Coulomb interaction remains un-
screened at long wavelength whereas its strength reaches ex-
treme values in suspended, undoped tubes, as the electric
field lines spill over into the vacuum. Excitons—electron-
hole pairs bound by Coulomb attraction—exhibit huge bind-
ing energies®™ that remain finite even in metallic NTs.'%!! Ul-
traclean, narrow-gap NTs may be charged in a controlled and
reversible way by means of Coulomb blockade, hosting fas-
cinating many-body states of matter. These include the Lut-
tinger liquid,'?>"'° the Wigner crystal,'*?° and a correlated in-
sulator understood as either a Mott*® or an excitonic phase?’
(but Peierls insulators,®" topological phases,’! and hybrid
scenarioes>>* were proposed as well).

The focus of this work is the quantitative assessment of the
screened Coulomb interaction in narrow-gap NTs, as the ef-
fective range and strength of the electron-electron force rule
the nature of the correlated phases observed in quantum trans-
port experiments. In slightly doped tubes, the long range part
of Coulomb interaction stabilizes the Wigner localization of
electrons (or holes), its strength tuning the charge modulation
associated with crystal-like order.>>=® As screening controls
the force range, one may melt the crystal e.g. by increasing
doping or changing the dielectric environment, leaving room
to Luttinger liquid. The elementary excitations of the liquid
are plasmons, whose velocities depend on the residual, short-
range interaction.!?

Undoped NTs are always insulating, including
the armchair kind, which band theory predicts to be metallic
and protected against gap-opening perturbations.” The con-
tribution to the gap that is not accounted for by independent-
electron models is thought to have a many-body origin, whose
features—again—critically depend on the range of electron-
electron interaction. One possible conventional scenario is the

3,4,19,26,39,40

Mott insulator,”® whose gap originates from the short-range
part of Coulomb interaction. Its theory—a strong-coupling
version of the Luttinger liquid—assumes the long-wavelength
Coulomb force to be cutoff by nearby electrostatic gates in
the experimental setup.'> 141041 A second possibility, recently
proposed by some of us,” is that the residual gap is due to
the long-range part of Coulomb interaction, which binds elec-
trons and holes into excitons. If the Bohr radius is smaller
than the cutoff length, then excitons condense at thermody-
namic equilibrium—in the absence of optical excitation—
giving rise to the “excitonic insulator” phase predicted in
the sixties.* Pivotal to this prediction is the result that the
screened Coulomb interaction in momentum space, W (q), ex-
hibits a seemingly singular-like profile for ¢ — 0 in gapless
tubes, as found from first principles [see inset of Fig. 2c of
Ref. 27 and Fig. 14 for (3,3) and (5,5) armchair tubes, re-
spectively]. This finding, which motivates the present work,
is surprising, as the simple Thomas-Fermi model of a one-
dimensional metal predicts W(q) to be almost constant for
q~0.

Screening in NTs shows a complex behaviour due to its non
local character, the interband electronic polarization being ef-
fective at intermediate ranges only.*> As a result, in undoped
NTs the electron-hole interaction, once projected onto the
lowest conduction and highest valence band, is enhanced with
respect to the bare force, for carrier separation larger than the
NT radius.** Whereas the precise assessment of the dressed
interaction requires the accurate calculation of the dielectric
matrix, the computation from first principles is limited to NTs
having a small unit cell, due to the heavy computational load.
Therefore, a model dielectric function based on the effective-
mass (EM) approximation is widely used, either in its original
form by Ando>* or in simpler versions.***® These models are
able to reproduce the main nonlocal features of screening but
rule out the excitonic instability.’

Here we show from first principles that the EM model
underestimates the strength of Coulomb interaction at long



wavelength in both narrow- and zero-gap NTs—hence miss-
ing the binding of low-energy excitons. Crucially, the EM
theory neglects the actual topology of the orbitals involved
in the calculation of the polarization, as it takes Bloch states
from graphene. To overcome this problem, we introduce a
two-band, computationally cheap model of the polarization
that copes with the tube-like topology of Bloch states by ex-
panding them over a three-dimensional plane-wave basis set.
Furthermore, we apply an exact cutoff technique to Coulomb
potential,*”*® in order to avoid spurious interactions among
replicas in our supercell calculation. We eventually validate
our model through comparison with first-principles results for
zigzag and armchair NTs of different radii. As a generic
outcome, we find that the change of overlap integrals be-
tween conduction and valence Bloch states induced by tube
curvature leads to a significant enhancement of the dressed
Coulomb interaction at long wavelength, W (g ~ 0). This
effect is the signature of microscopic local fields, which are
strong as electrons actually move on a cylindrical surface and
not on a line. As a consequence, the effective attraction be-
tween electrons and holes remains long-ranged even in gap-
less tubes.

Our findings support our previous claim of excitonic
instability,”” suggesting that the long-range part of Coulomb
interaction rules many-body physics of NTs. As an applica-
tion of the proposed model dielectric function, and motivated
by a recent experiment by Shapir and coworkers at the Weiz-
mann Institute of Science,*” we compute the real-space effec-
tive Coulomb force between two electrons populating the low-
est conduction band. This observable has been measured, for
various electron-electron separations, in ultraclean suspended
NTs in a non invasive manner.*” The agreement between nu-
merical and experimental results will be shown elsewhere.
Our results confirm that the effective electron-electron inter-
action in NTs is of super Coulombic nature.

The paper is organized as follows: we explain the method-
ology in the first three sections and discuss the results in
the remainder of the manuscript. In detail, we first illus-
trate the first-principles methodology (Sec. II), then review
the effective-mass approximation (Sec. III), and eventually
detail the proposed two-band model of screening (Sec. IV).
We report results starting from the bare electron-hole in-
teraction, projected onto conduction and valence bands, in
Sec. V A. The most important findings concern the inverse
dielectric function (Sec. V B) and the dressed electron-hole
interaction (Sec. V C). We dedicate a whole subsection to the
electron-hole interaction in gapless tubes (Sec. V D), which
has profound implications for the instability of the many-body
ground state towards exciton condensation. In Sec. VE we
validate the three-dimensional structural model used through-
out the work by using refined results for zigzag and armchair
tubes as a benchmark. We finally present the calculation of
the electron-electron force in real space (Sec. V F), projected
onto the lowest conduction band, as an experimentally rele-
vant application. We draw our conclusions in Sec. VI.

II. CALCULATIONS FROM FIRST PRINCIPLES

Calculations from first principles proved to be very reliable
to study electronic properties of physical systems.’*>! In this
work, we use ab-initio results as a benchmark to investigate
screening properties of selected carbon NTs. The systems
considered are the (3,3) and (5,5) armchair NTs as well as the
(9,0) and the (12,0) zigzag NTs. Our calculations from first
principles are performed in two steps. In first instance, we
perform density functional theory (DFT) computations of the
NTs. On top of the DFT computation, we then compute the
dielectric function and the screened potential. The real-space
screened potential is reconstructed by performing an expan-
sion over the reciprocal lattice basis:
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where e&%c, (g,w) is the momentum- and frequency-
dependent inverse dielectric matrix, v(q) = 4me*Q~1 /¢?
the bare Coulomb potential, G is the reciprocal lattice vector,
and €2 is the system volume. We treat the screening within the
random phase approximation (RPA):
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with I ¢/ (g, w) being the irreducible polarisation:
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The f(F) are the occupation factors, the overlap integrals are
defined as p,, ./ (k, q, G) = (nk|e!(G+D |’k + q), and 1 is
a positive infinitesimal. The indexes n, n’ run over the elec-
tronic bands. The energies, Ey, k, )s
we employ in Eq. (3) are those determined by the DFT com-
putations. As we mainly look at the long-range potential of
carbon NTs, only the static polarisation Il ¢~ (g, 0) is neces-
sary in our work.

Density functional theory calculations were performed us-
ing the QUANTUM ESPRESSO package,’>>* where wave
functions are expanded in plane waves and pseudopoten-
tials are used to account for the electron-ion interaction.
We used the local density approximation (LDA) for the
exchange-correlation potential, according to the Perdew-
Zunger parametrization,™* and norm conserving pseudopoten-
tials. The kinetic energy cutoff to represent the Kohn-Sham
wavefunction was set to 70 Ry and an amount of vacuum of
38 Bohr in the direction perpendicular to the nanotube axis
was considered to avoid replica interactions. The screened
potential and the dielectric function were calculated using the
Yambo code,>>¢ where we considered 80, 120, 300, and 600
bands in the summation of Eq.3 for the (3,3), (5,5), (9 0), and
(12,0) NTs, respectively. A cutoff of 4 Ry in the eG ¢ matrix
dimension was considered for all NTs. The Brillouin zone was
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sampled using a one dimensional grid of respectively 1973
and 205 k-points for armchair and zigzag NTs.

III. EFFECTIVE-MASS THEORY
A. Envelope function

Within the effective mass (EM) and envelope function ap-
proximations, a single-wall carbon NT is treated as a rolled
graphene sheet,">>7 as illustrated in Fig. 1. In the limit of
large radius, the Bloch states, v, (r), that multiply the en-
velopes coincide with the 7 tight-binding states of graphene
located at 7 = K,K’ corners of the hexagonal Brillouin zone,
the charge neutrality points where Dirac cones touch. For each
valley 7, the NT orbital wave functions are

Uork(r) = FLR(r) ¥ra(r) + FI2(r) ¥ep(r), (4

where A and B label the two inequivalent sublattices span-
ning the graphene honeycomb lattice. The envelope function
sublattice components, F74(r) and F7B(r), are just plane
waves, provided the projection of the wave vector onto the
direction perpendicular to the NT axis, ¢, is properly quan-
tized (Fig. 1). This procedure, which corresponds to ex-
tract from the two-dimensional bands of graphene many one-
dimensional sub-bands «, leads to a graphene-like Dirac equa-
tion for the two-component envelope vector, F,,,

0 k; — itk - -
<”Yk7+i7fyk ! 0 ! > ok = Bar(k) Foy, (5)

where £ is the quantized, transverse wave vector component,
k is the wave vector along the NT axis, and 7 = 1 for K,
7 = —1 for K’ valleys. As we are interested in the long-
range screening properties of narrow-gap NTs, out of all sub-
bands o we consider only the top valence («« = ¢) and bot-
tom conduction (o« = v) bands closest to Dirac apexes. As
shown below, this choice is validated a posteriori by compar-
ing the dielectric function obtained from first principles with
that obtained within the EM approximation as well as within
the model of Sec. IV. The dispersion of bands c and v is Dirac-
like:

E. (k) = say

Here ~ is graphene band parameter, s, = 1 and s, = —1 for
c and v bands, respectively.

The solution of Dirac equation (5) provides the phase rela-
tion between the two plane wave components of the envelope:

k2 + k2. (6)
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where R is the NT radius, ¢ the azimuthal angle, and y is the
coordinate parallel to the NT axis, as shown in Fig. 2.

The gap 27k, we consider here is narrow,>® usually rang-
ing between 0 and 100 meV and hence smaller than the typi-
cal value characteristic of semiconducting NTs, of the order

FIG. 1. Pictorial illustration of the folding of a graphene sheet. Here
o and y are, respectively, the direction of folding and of the nanotube
axis, whereas a and b are the basis vectors of the graphene lattice.
The chiral angle 0 spans the region between ¢ and a.

of 1 eV. This narrow gap originates from the curvature of
the nanotube®® and may be tuned by an axial magnetic field
through the Aharonov-Bohm effect,”’ the two contributions
to the gap adding in one valley and cancelling out in the other

one. At zero field, the quantized wave vector k, is estimated
2,58
as”

0.625 eV
-

k. =
YR?

cos(30), (8)

FIG. 2. Pictorial representation of a nanotube with an armchair chi-
rality. Here y, ¢, and p are the directions of the nanotube axis, the
direction on the circumference along which the folding has been per-
formed, and the radial direction, respectively. The tube surface has
radial coordinate p = R.



with v = 0.658 eV nm. Here 0 is the chiral angle identifying
the direction along which the graphene is rolled, the zigzag
and armchair orientations corresponding to § = 0 and 6 =
7 /6, respectively (see Fig. 1).

B. Dielectric function

The EM dielectric function is built starting from the form
that Coulomb interaction takes on a cylindrical surface:?

e2

\/4R251n (</>230 ) + (y—y/)z'

This potential may be expanded over azimuthal quantum num-
ber, m, and axial wave vector, g, components as
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Here A is the nanotube length, while I,,,(x) and K,,(x) are
the modified Bessel functions of first and second kind, respec-
tively. The RPA dielectric function, whose generic expression
is given by Eq. (2), may then be recasted in terms of angular
momenta m rather than G vectors:

2
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The polarisation Ilgy, which provides the independent-
particle response, is written in terms of the wave functions
of Eq.(4):

He(m.q) =23 3 S (arkle e la's'k +q)
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where the ket |aTk) is the NT orbital state ¥, in Dirac
notation.’
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A few simplifications are now in order. At zero temperature
the difference between the Fermi-Dirac factors, f(E), selects
virtual electron-hole excitations from filled valence to empty
conduction band states only, hence the only relevant overlap
integrals are (& = ¢,0/ = v) and (@ = v,/ = ¢). We
ignore intervalley scatterings terms (7 # 7'), as they require
large momentum transfer and are therefore negligible within
the EM approximation. Whereas in principle the sum over
k extends through the whole Brillouin zone, we truncate it
through a cut-off k,, as done in Ref.> We choose the cut-off to
include only those k-points providing the bands with a Dirac-
like shape, consistently with our previous work.?” Eventually,

by converting the sum over k into an integral, one obtains

cem(m.) = 1= 21, (4R) K (aB) ) / dk
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Importantly, the overlap integrals have the same form as
those of graphene, the curved topology of the nanotube enter-
ing only through the quantized wave vector k:

(akle™ e~ ™|k + q) =

1 k(k+ q) + k2 —iqk,
VE2+ k2 (k+q)2 + k2

+ (250(,0/ — 1)) 5m,0-
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Since only the m = 0 angular momentum component is rel-
evant within the two-band approximation, the dielectric func-
tion reduces to

eem(q) =1+ iejfo(qR)Ko(qR) > l

T
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which, in the limit of large cut-off k,,, simplifies to:
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IV. TWO-BAND MODEL OF SCREENING

In this section we improve the EM dielectric function by
fully taking into account the three-dimensional topology of
Bloch states 1, 4/ p (r) that occur in the expression (4) for NT
wave functions, while keeping the envelopes F' unchanged.
The three-dimensional modelization of the Bloch states is il-
lustrated in subsection IV A. We introduce (subsection IV B)
a large cylindrical supercell that contains the NT and then ex-
pand the states i over the vectors G of the supercell three-
dimensional reciprocal lattice. Here we avoid spurious inter-
actions among supercell replicas by using the exact Coulomb



cutoff technique of Refs. 47 and 48. The expressions for the
dielectric function and dressed Coulomb interaction we ob-
tain in subsection IV C exhibit an explicit dependence on re-
ciprocal lattice vectors perpendicular to the NT axis, which
accounts for the effect of tube curvature on wave functions.

A. Three-dimensional Bloch states

The 1. 4/ p(r) tight-binding Bloch states of Eq. (4) are lo-
calised on the atomic sites of the curved NT surface, whereas
the EM model treats the lattice as two-dimensional. The posi-
tion of these atoms depends in turn on the NT chirality, which
may lead to a complex structure. For the sake of simplicity,
we consider the exact atom location in two exemplar cases
only, i.e., armchair and zigzag NTs, which are detailed, re-
spectively, in Appendixes B and C. Importantly, the forms of
dielectric function and screened Coulomb potential that we
obtain turn out to be identical to those derived from a sim-
pler structural three-dimensional model** that applies to all
NT chiralities. Therefore, in this section we present only the
model, which is validated in subsection V E through compar-
ison with the results for the true lattice.

The model treats the NT structure as a series of N rings
over which the charge is spread homogeneously. As illustrated
in Fig. 3, the rings are perpendicular to the NT axis and their
radius is equal to the tube radius, R. There are two species of
rings, one for each sublattice. The ring positions along the y
axis, R* = R{*j or R? = RP7, are given by:

RM=N+yg o
{RlB:)\l—i—y{? with [=1,...,N. a7

Here, A = acos (/6 — 0) is the supercell length where a =
0.246 nm is graphene lattice constant. The rings are localised
and equally spaced along the NT axis, hence their y coordi-
nate may be thought of as an average over the positions of all
atoms within a stripe of width A (shadowed area in Fig. 3).
Therefore, as the simplest possible approximation, we take
the ring location at the origin to be the same for the two sub-
lattices, i.e., yé“ = y& = 0. The corresponding Bloch states
are:
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where K, is either K or K/, and ¢x4 = 0, ¢xra = 0,
¢xp = —5 + 0, ¢ = 0 (see Ref. 36). The g are func-
tions localized on the tube surface, modeled as a homoge-
neous cylinder, whose square moduli behave as Dirac func-
tions and which are defined as follows:

[eiK"'RFg r— RZB)} , (18)

g (r—R}) Q(T_RZI//) = 0p o1 6(p—R)0(y—R}), (19)

FIG. 3. Pictorial illustration of the method used to build the homo-
geneous charge rings. C and y are, respectively, the chiral vector
and the nanotube axis. The dashed line on the right hand side sig-
nals where the cut of the graphene sheet is performed. We divide the
nanotube surface into equally spaced stripes. Each stripe contains
a unique closed chain of atoms (indicated in red in the highlighted
stripe). The chains of atoms are replaced with two homogeneous
charge rings, one for each sublattice. The rings are placed at the
centre of the stripe.

with p being the radial coordinate. As the states of Eq. (18)
are achiral, NT orbitals U, (7) depend on chirality solely
through the curvature wave vector k. that enters the envelopes

.,_
ak:*

B. Supercell calculation

In this subsection we mimic the approach from first princi-
ples by building replicas of the tube along the directions per-
pendicular to the axis, as illustrated in Fig. 4. As the whole
system is now periodic, we may compute the polarisation
Hg\g, (q) as in Eq. (3) through the three-dimensional plane-

wave expansion, the reciprocal lattice vectors G depending on

O
O

O
(3

2R

Q)
O

FIG. 4. Sketch of the supercell structure in the non-periodic direc-
tions. Cylindrical supercells of radius R are replicated and arranged
on a square lattice. Each supercell contains a tube section, modeled
as a ring of homogeneous charge, of radius R.



the size of the supercell containing a tube replica. Throughout
we use the acronym CNT to discriminate relevant quantities
obtained in this section from the corresponding first-principles
and EM results.

Here we use a cylindrical supercell to contain the single
NT unit (Fig. 4). As the tube model structure is a sequence of
rings along the axis, we identify a single ring as the building
unit of the tube and hence allocate each ring of given axial
coordinate y in a different supercell. Thus, the length of the
supercell \ along the axis is equal to the distance between two
subsequent rings, and the total length of the nanotube A just
amounts to A = N\, where N is the number of repetitions
of the supercell along the axis. We work with a discretized
set of axial wave vectors ¢ — g¢;, where ¢; = 2mj/A with
j = —N/2,..,N/2. In the directions perpendicular to the
nanotube axis we arrange the cylindrical supercells in a square
superlattice with side equal to twice the radius of the supercell,
R. We take R to be much larger than R to avoid quantum
mechanical interactions among replicas. Since the quantities
of interest are obtained by sums over reciprocal lattice vectors,
it is convenient to derive both axial and trasverse components,
respectively G| and G _, in Cartesian form, from the periodic
boundary conditions for the square superlattice:

T . . 2r
G, = R (ma+n3z), G| = 20 (20)

where n; = 0,£1,+2,...,and ¢ = 1,2, 3. The set of vectors
over which we sum is determined through both a radial and
an axial cutoff of the vector modulus, respectively |G| <
G | max and G” <G Imax the error with respect to the usage of
cylindrical coordinates being small in the limit of a dense set.

In order to describe an isolated tube and hence avoid spu-
rious Coulomb interactions among replicas of the system,
which are due to the long range of the potential, we follow
Ref. 47 and employ a form of the interaction that is truncated
along the transverse directions:

v(q+G) =vai(g+G)|1 +
+ mGljl(%Gl)Ko(%|q+G”|) +
- 9%|q+GH|J0(SRGL)K1(SR\q+G”\)] 1)

Here vgyy is the standard, bare three-dimensional Coulomb po-
tential,
4¢?

vran(q + G) = ma (22)
Jo(z), J1(z) are Bessel functions of first kind, Ko(z), K1 (x)
are modified Bessel functions of second kind, and q = ¢g.
In the case of armchair tubes only, which are gapless, we use
vrp instead of v as the full dressed interaction is cut-off in
reciprocal space, and hence harmless.

The truncated potential v oscillates in reciprocal space and
is less divergent than vgy at long wavelength, as Bessel func-
tions Jy(z), J1 () occurring in Eq. (21) vanish with the argu-
ment z. As v decreases quadratically with the magnitude of
reciprocal lattice vectors, it is sufficient to include a limited

number of G to reconstruct the Coulomb potential, either in
real space [Eq. (1) for the dressed potential W] or projected
onto NT orbitals. Since the smallest G|;’s have magnitudes
much larger than the first G ’s, the most relevant Fourier
components are those with G, = 0 and G| finite and small.
In order to achieve convergence, both the supercell radius R
and the cutoffs G | . and G”max must be carefully chosen,
differing for the bare and screened Coulomb potential. The re-
construction of the bare potential requires large supercells and
many G vectors, whereas the screened potential converges
faster. For the dressed potential W, we take R = 7R and
—15 < ny,ng < 15, including only the smallest finite axial
vector G.

C. Dielectric function and dressed Coulomb potential

The derivation of the polarisation IIENG, (q) requires the

knowledge of the overlap integrals p., between c and v states
that occur in Eq. (3). We compute these integrals by ex-
panding the Bloch states Eq. (18) over the basis of three-
dimensional plane waves with wave vector G + g, as detailed
in Appendix A. Explicitly, one has:

24 ko
@Lla) = bao— Zla+ @ XN [

a, ! T
<a7k\67’-(c+q)"‘\o/rk + @) {7k + q|6i(G'+q)'T' laTk)

f(Earr(k+q)) = f(Ear(k))
Eyri(k+q) = Ear(k)

(23)
with the overlap integrals being given by
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(24)

Note that the overlap integral is similar to its EM counterpart
Eq. (14) except for the presence of the Bessel function J of
argument RG . This factor, absent in the EM expression,
provides ¢“NT with the explicit dependence on tube curvature.
After integration over k and in the limit k, — oo , the dielec-
tric function reads:

2A
52}2‘/(‘1) =da,gr + p v(g+ G) Jo(RG1) Jo(RG'")

q> + 4k2 q)

2k2
X 1+ ——log| YA~
Zl av/q* + 4k3 g<\/q2+4k3+q

(25)

In this work we focus on the matrix elements of the
screened Coulomb interaction that bind electrons and holes
together, mainly at small momentum transfer, q. Due to sym-



metry, electron-hole and electron-electron interaction have the
same magnitude. The interaction matrix element, W7 (k, k +
q), is obtained by projecting the screened potential (1) over
the electron-hole pair states (¢, 7, k) (v, 7, k+¢) and (¢, T, k+
q)(v, T, k) within the same valley 7:

Z Z crk|eﬂ(G +a)r’ leTk + q)

G G’
(v7k + qle" GtV uTk) (ecier(q))”

T(k,k+q) =

g+ G"). (26)

Since the corresponding first-principles quantity is evaluated
on the grid (k;, k;+¢q;), itis convenient to integrate W7 (k, k+
q) over the reciprocal-space mesh 27 /A. After inserting ex-
pressions (25) and (24) into (26), one obtains:

q+m/A
Wenr(kj, kj+a) =
An
q— 7T/A G G
kj(k; +q) + k2

VK k2 (kj + q)? + k2

CNT

e (@] Mv(g+G") [ 1+

@7

Note that integration regularizes the logarithmic singularity of
Coulomb potential of Eq. (21) forg — 0, as v(q + G ) ~
—log(fRq|) for all allowed G ’s. For reference, the corre-
sponding EM matrix element is:

2 [atw/A
Wanlhs by +a) = - [ da cali) boah) Kolah)
Q-7

) 2
" ki(k; +q) + k2 08)

,/k2+k2\/ i+ q)?* + k2

V. RESULTS
A. Bare electron-hole interaction

The key improvement of the two-band model of Sec. IV
with respect to the effective-mass theory of Sec. III shows up
even in the absence of screening, when projecting the bare
electron-hole interaction onto c and v Bloch states. This quan-
tity, V' (g), is the matrix element W7 (k;, k; + ;) of equations
(27) and (28) evaluated for vanishing electronic polarisation,
IT = 0, thatis V7 (q;) = [W7(0, q)] -

We compare in Fig. 5 the two-band-model and EM matrix
elements, respectively VZy(¢;) and Vi, (q;), for different NT
radii R. Recall that the numerical discretization of momen-
tum space regularizes the logarithmic singularity expected for
g — 0. The two-band-model bare electron-hole interaction
systematically exceeds its EM counterpart, as only the former
is sensitive to the curved tube topology. The enhancement of
the interaction originates from the the form factors of the kind
Jo(RG ) that modify graphene overlap integrals. The mis-
match between Vent and Vg is stronger for smaller R and

dg Y Jo(RG) Jo(RG L)

softens as the tube curvature becomes negligible.

Note that Venr and Vi build on different expression of the
full, non-projected Coulomb potential, depending respectively
on G vectors and azimuthal quantum numbers m. However,
the two potential forms, once evaluated on the same cylindri-
cal surface of radius R, are identical at long wavelength in the
macroscopic limit, v ~ 2¢?/Alog(A/R), as we show explic-
itly in Appendix D.

B. Dielectric function

Large-gap semiconducting carbon nanotubes are known to
poorly screen charge carriers at electron-electron separations
that are either large or small with respect to the NT radius,
as an effect of the low dimensionality.**** Our calculations
from first principles for narrow-gap NTs show a qualitatively
similar behaviour, provided one replaces the crossover length
R with |k, |

Figure 6 (a) reports the dependence of the inverse “macro-
scopic” dielectric function €, ;(q) on the wave vector g for
the (9,0) zigzag NT (red curvé), whose calculated gap is 110
meV. For both small and large g the inverse dielectric constant
is close to one, the crossover occurring close to ¢ ~ |k,| =
6 x 1073 27 /a. The trend of ¢! of is qualitatively similar
to that of large-gap NTs, like the (8,0) tube shown in Fig. 1a
of Deslippe et al.,** except for the different crossover loca-
tion. The rationale is that, for large-gap semiconducting NTs,
the “secondary” contribution to the gap, due to curvature and
proportional to |k,| as defined in Eq. (8), is negligible with
respect to the “primary gap” proportional to 1/ R, whereas in
narrow-gap NTs the primary gap is absent.? The gapless limit
of armchair tubes is regained for k. — 0, which allows for
metallic screening at long wavelength, i.e., €, olg=0) =0.
This is shown for the (3,3) tube by the red curve of Fig. 6 (b),
which exactly reproduces Fig. 2 of Spataru et al.>® This result,
which builds on the full bare potential vy, is cell-independent

400 CNT EM
== === R=0.35nm

350 R=2.0 nm

R=3.88 nm

0
0.00 0.01 0.02 0.03 0.04
q (units of 2n/a)

FIG. 5. Bare electron-hole interaction V7 (g) vs ¢ computed from
effective-mass theory (EM) and two-band model (CNT) for three
zigzag tubes of different radii R. The selected zigzag tubes are with
increasing radii (9,0), (51,0) and (99,0).
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FIG. 6. Macroscopic dielectric function €, é(q) vs q computed from first principles (ab initio), effective-mass theory (EM), and two-band
model (CNT). Panels (a) and (b) show data for zigzag (9,0) and armchair (3,3) nanotubes, respectively.
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FIG. 7. Diagonal, 6&1, c, (@), and wing term, €, éh (), of the inverse dielectric matrix vs momentum q for the smallest vector G| with
n1 = 1, no = n3z = 0. Panel (a): Two-band-model results for the (9,0) zigzag nanotube. Panel (b): first-principles (ab initio) and two-band-

model (CNT) results for the (3,3) armchair nanotube.

and hence may be used a benchmark for model approaches,
whereas €, é(q) of panel (a) depends on the supercell size.

The two-band model calculation of €, o (blue curves in
Fig. 6, CNT) reproduces quantitatively the inverse dielectric
constant of the armchair tube from first principles, the differ-
ence between ab-initio and CNT curves remaining small in the
whole ¢ range. On the other hand, a direct comparison with
the zigzag tube is not possible, due to the size mismatch be-
tween first-principles and model supercells, which affects the
magnitude of the macroscopic bare truncated potential v and
hence ¢, . The systematic enhancement of the model result
with res;;ect to first-principles data is likely due to the neglect
of higher-energy virtual electron-hole excitations, which are
responsible for the screening effect.

Contrary to the model prediction, the EM calculation of the
inverse dielectric constant performs poorly for the armchair
tube [dashed curve in Fig. 6(b)], even failing to reproduce the

correct curvature of ¢, é(q) at ¢ =~ 0 and grossly missing its
magnitude. Regardlesé of chirality, the EM theory overesti-
mates substantially the electronic polarization with respect to
the two-band model.

We have checked that the non-local terms of the inverse
dielectric matrix €'/ (g) that have finite transverse vectors
G strongly affect the dressed electron-hole interaction W.
The most relevant terms turn out to be the diagonal matrix

. —1 [ i3
elements of kind €5 &, (q) and the “wing” terms of type

e&lbo(q) [or ea)ch(q)]. For the sake of illustration, Fig. 7
shows the dependence of the first diagonal and wing matrix
elements of e~! on momentum ¢ for selected tubes. The
shown trend is generic for all vectors G, the model and
first-principles results being almost identical. The diagonal
elements are close to unity and thus enhance the dressed in-
teraction, whereas the wing terms are small and negative, thus
increasing the screening effect. As clear from Eq. (27), as the
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FIG. 8. Screened electron-hole interaction W (q) vs ¢ for the

zigzag (9,0) nanotube derived from first-principles (ab-initio), effec-
tive mass (EM) and and two-band model (CNT) approaches.

magnitude of G increases the weight of its contribution to
W decreases approximately as |G| >

At long wavelength, gapped and gapless tubes behave dif-
ferently. As shown for the gapped zigzag (9,0) tube in panel
(a), both diagonal and wing terms of the inverse dielectric con-
stant exhibit a minimum close to ¢ ~ |k,|, like the macro-
scopic term €, (1) of Fig. 6(a), corresponding to a maximum
of the polarisaﬁon II. For ¢ — 0 the polarisation vanishes
quadratically, as apparent from the analytical behaviour of the
model polarisation (only valid in the presence of the gap),

2A

2

NGe (g ~0) = -

Therefore, the diagonal (wing) term tends to unity (zero). For
gapless tubes, like the (3,3) armchair tube of Fig. 7(b), the
maximum of II moves to ¢ = 0 together with the mimimum
of wing terms, whereas the diagonal terms weakly depend on

q.

C. Screened electron-hole interaction

The key quantity we focus on is the screened, momentum-
dependent electron-hole interaction, W (q), projected on ¢ and
v bands. This matrix element provides the Bethe-Salpeter
equation of motion for excitons with the non-trivial informa-
tion about screening. Furthermore, the dressed interaction
obtained from the two-band and EM approaches, W(q) =
WT(0, q) as defined in equations (27) and (28), may be di-
rectly compared with the matrix element obtained from first
principles, for given sampling of momentum space. In this
subsection we discuss gapped NTs and postpone the gapless
case to subsection V D, as the latter case requires special han-
dling in view of its singular behaviour in the limit ¢ — 0,
k; — 0.

As illustrated by Fig. 8, the two-band-model calculation
of Wenr (blue curve) agrees very well with first-principles
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FIG. 9. Macroscopic and microscopic contribution to the model
dressed electron-hole interaction, W (q) vs g, for the zigzag (9,0)
nanotube. In the sum over terms depending on e(_;li o, (q), the
macroscopic term (Wpqero) corresponds to (G 1, G’ ) = (0, 0) and
the microscopic term (WeonT — Winaero) is the remainder.

data (red curve) for the zigzag (9,0) tube. On the contrary,
EM theory (dashed curve) substantially overestimates screen-
ing at small momentum transfer, and hence invariably under-
estimates exciton binding energies. The key to the perfect
matching of first-principles and model approaches is the full
inclusion of local-field effects, as illustrated by the model cal-
culation of Fig. 9. Here we separate the “macroscopic” and
“microscopic” contributions to W (q) of equation (27) in the
sum over terms proportional to e(_;lL e (q), where the for-

mer is term (G, G’ ) = (0,0) and the latter is the remain-
der of the sum. The macroscopic term provides W with the
gross contibution, but local-field terms are essential to regain
the actual potential. Whereas diagonal terms (G, ,G ) in-
crease the interaction strength and are most effective at ¢ =~ 0,
the wing terms (G , 0) enhance screening and are most rele-
vant for ¢ > | k|, where the microscopic contribution (labeled
WonTt — Winaero) becomes negative.

The model calculation allows to derive the screened
electron-hole interaction for tubes of any radius, R, and gap
size, Eg, the latter being fixed by the combination of R and
0 given in equation (8). This is illustrated for selected sets of
(R, Ey,) values by Figs. 10 and 11 (here we treat R, E,, and ¢
as continuous parameters). We fix either the radius (R = 1 nm
in Fig. 10) or the gap size (E; = 20 meV in Fig. 11) and plot
the dressed interaction W (q) as a function of the renormalized
momentum ¢/ |k,|. All plots of W exhibit an almost identi-
cal dependence on ¢/ | k|, which demonstrates that the most
relevant length scale is |kT|_1, whereas the absolute magni-
tude of W at long wavelength, W (¢ = 0), depends in a non-
trivial way on both R and |k,|~". In particular, W (q = 0) de-
creases weakly with R for given energy gap (Fig. 11), whereas
the bare interaction V(¢ = 0) substantially depends on R
(Fig. 5). Thus, screening tends to weaken the dependence
of the dressed potential on R and to enhance that on \kT|71.
A key result is that, for ¢ < |k;|, EM and two-band-model




=== CNT EM
20{ | E,=125meV 20{ | E,=10.11meV
— I - I
S15 I S 15 i
v I v I
Eofy | Enly |
2 5] A 2 51\
'Ir\‘~‘§- AN AN A 0 '!\'-‘--\i ¥ oy e
0 1 2 3 4 0 1 2 3 4
a/|k+| a/|Kk+|
204 Eg=5.08 meV 204 Ey=2.6 meV
~ | ~ |
S 15 | S 15 i
v I v I
Ewofy ! Ewf\ !
2 5] N\ 2 51\
I ol b
0 1 2 3 4 0 1 2 3 4
a/|k+| q/|K+|

FIG. 10. Screened electron-hole interaction potential, W (q), vs
renormalized momentum, ¢/ |k,|, from model and effective-mass
calculations, for different gap values, EYy. The nanotube radius
is fixed, R = 1 nm, and the vertical dashed line corresponds to
q = |kr|.

H R=0.68 nm
1
1
1
1
1
1
1
1
B ‘f\l'\«v,.uuv;,.,v conoeeepenony
1 2 3 4
a/[k+|
1 R=0.56 nm R=0.26 nm
1
20 " 20
215 i 315
§ 10 : é 10
2 5 : 3 5
R e e e 0+ . S a—
2 4 0 1 2 3 4
a/lk<| a/[k+|
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predictions systematically depart, the EM approximation sub-
stantially overestimating screening.

10
D. Armchair tubes and excitonic instability

As the gap vanishes, as in armchair NTs, screening acquires
a metallic character, becoming effective even at long wave-
length. As a consequence, the electronic polarization 11 ex-
hibits a non-analytic behaviour in the limit ¢ — 0, k; — 0.
This is illustrated by the quadratic expansion of II (Eq. 29) for
small g values, which tends to zero or infinity depending on
the order of the limits lim,_,¢ and limy,__,.
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FIG. 12.  Macroscopic and microscopic contribution to the model
dressed electron-hole interaction, W (q) vs g, for the armchair (5,5)
. -1
nanotube. In the sum over terms depending on G, .a, (q), the

macroscopic term (Wpqero) corresponds to (G, G’ ) = (0,0) and
the microscopic term (WeonT — Winacero) 1s the remainder.

A counterpart to the singularity of II is the enhanced role
of microscopic local fields in the building of the dressed
electron-hole interaction, as shown in Fig. 12 for the arm-
chair (5,5) tube. Here the microscopic contribution (Wo N1 —
Winaero) to W is large and negative for ¢ — 0, due to domi-
nance of wing terms (G, 0) in the sum over (G, G’ ), sen-
sitive to the magnitude of II. This enhancement leads to a ma-
jor cancellation of the macroscopic term (G|, G’ ) = (0,0),
which has opposite sign and comparable magnitude (W,,,4¢r0
in Fig. 12), and hence requires careful numerical handling.

In order to achieve high numerical accuracy, we correct the
model polarization II through a multiplicative factor, ¢- and 8-
dependent, which very slightly differs from unity. We derive
this factor by fitting the macroscopic, first diagonal, and first
wing terms of II to first-principles data, according to

Ig& (@) = lge(a)
x  {5cos[2.7(w/6 — ) Rq + 3.806 [R/(1 nm)]"*°} .

(30)

Here the numerical coefficients fit the first-principles matrix
elements of armchair tubes (3,3), (4,4), (5,5), and zigzag
tubes (9,0), (12,0). As this correction is immaterial for zigzag
tubes, we employ the corrected form I1°°™*! throughout the
paper. For the sake of illustration, we compare the corrected
and uncorrected terms of e~ ! for the (3,3) armchair tube in
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FIG. 14. Screened electron-hole interaction W (q) vs ¢ for the arm-
chair (5,5) nanotube derived from first-principles (ab-initio), effec-
tive mass (EM) and and two-band model (CNT) approaches.

Fig. 13, the discrepancies being small and only relevant at
short wavelength. The correction of II allows for an excel-
lent matching between model and first-principles predictions
of the dressed electron-hole interaction in armchair tubes, as
shown in Fig. 14.

Figure 14 illustrates the key findings of this paper. The
EM theory (orange curve) predicts that the dressed electron-
hole attraction depends weakly on the transferred momentum
q in gapless tubes, hence corresponding to a short-range force.
The force range is given by the expression (15) of IIgy for
k. — 0, ie., Igm(q) = —4A/7y, with 4A/7v being the
density of states. This is just the Thomas-Fermi result for
an effectively one-dimensional metal. On the contrary, both
first-principles (red dots) and two-band-model calculations
(blue curve) predict that W has a singular-like profile at long
wavelength—roughly logarithmic?’—signaling that the force
binding electrons and holes is actually long-ranged. This is a
substantial effect of microscopic local fields, which emerges

11

Triplet Singlet
Ab initio (Ref. 27) -7.91meV -6.10 meV
CNT correct -7.07 meV -5.22 meV
CNT, tiny gap -5.79meV -4.87meV
CNT, gapless -2.00 meV -1.13 meV

TABLE I. Excitation energy of the lowest lying triplet and singlet
exciton in the (3,3) armchair carbon nanotube from first-principles
(ab intio) and two-band-model (CNT) approaches.

as electrons effectively move on a cylindrical surface and not
on aline. As a consequence, gapless tubes are unstable against
the spontaneous condensation of excitons,?’ whereas the EM
theory® predicts the exciton binding energy to vanish with the
gap.

We will use the results of the present work to treat excitonic
effects in narrow-gap NTs elsewhere. In order to complete our
discussion of gapless tubes, here we reconsider the calculation
of exciton properties from first principles reported in Ref. 27.
In the calculation by Varsano et al.’’ for the (3,3) armchair
tube, the system was actually gapped by a tiny quantity, 1.08
meV, arising from the numerical discretization of the recipro-
cal space. In the following we show that this artefact does not
harm the claim of excitonic instability.

First, the tiny gap does not affect the calculation of e*
reported in Figs. 6(b) and 7(b) in any way, since: (i) the
reciprocal-space mesh in energy units, ydg = 1.5 meV, is
obviously larger than the gap (ii) the computed macroscopic
inverse dielectric constant, €, (l)(q), already vanishes at small
momenta ¢ > dg, as apparent from Fig. 6(b).

Furthermore, we checked the effect of the artificial gap on
the exciton energy, by numerically solving the Bethe-Salpeter
equation within the two-band model for the screened interac-
tion presented in this paper. The resulting excitation energies
of the lowest singlet and triplet excitons are reported in Table
I (CNT correct) for the gap being exactly zero, and compared
with the first-principles results (ab initio). The discrepancies
are minor, smaller than 1 meV and of the order of magnitude
of the artificial gap. One might also wonder whether the two-
band-model calculation performed without applying the cor-
rective factor to II, which fits first-principles data, were still
able to predict the excitonic instability. The results of such
calculation, respectively in the presence of the tiny gap (CNT,
tiny gap) and in the gapless case (CNT, gapless), are reported
in the last two rows of Table I. In all events the excitation
energy of the exciton remains negative, which points to the
tendency of excitons to spontaneously form.

E. Validation of the structural model through comparison
with results for armchair and zigzag lattices

Throughout this work we model the carbon nanotube struc-
ture as a cylindrical surface over which the electrons occu-
pying the Bloch states v (7), which multiply the envelopes in
Eq. (4), are spread homogeneously according to the ansatz
of Eq. (18) (see Subsec. IV A). In this subsection we vali-
date this model by comparing both the dielectric function and
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FIG. 15. Macroscopic inverse dielectric function, €, o(q) (panel a and c), and screened electron-hole interaction, W (g) (panel b and d), vs
momentum, g, computed from different model approaches for selected zigzag (a and b) and armchair (c and d) nanotubes, respectively. Data
are derived by considering either the lattice structure (triangles) or by spreading homogeneously the electronic charge (solid curves) over the
cylindrical tube surface. The selected zigzag tubes in panel a and b have chiral indeces (6,0), (9,0), and (12,0). The armchair tubes, in panel ¢

and d, have chiral indeces (3,3), (5,5), and (8,8).

the screened electron-hole interaction with those computed by
considering the actual location of atoms in the curved honey-
comb lattice. To this aim, we replace the “jellium” of Eq. (18)
with orbitals localized on either the zigzag or the armchair
lattice, as detailed in Appendixes B and C, respectively. This
change affects the overlap integrals that enter the expressions
of the dielectric function (Eq. 23) and screened electron-hole
interaction (Eq. 26). As we show below, the discrepancies are
minor.

1. Zigzag lattice

Zigzag carbon nanotubes (n,0) have a chiral vector C =
na stretching over n units cells of graphene (the vectors a
and b are shown in Fig. 1). Whereas in the simpler structural
model the n units cells are represented as two rings and the
electron charges are spread into a “jellium”, here we consider
all n cells and all 2n atom positions per sublattice. The over-

lap integrals, derived in Appendix B, are:

(ak|e™HCFDT |0/ |+ ¢) =
1] k(k+q) + k2 —igk,
2 VR R+ 2
X [Jo(RG1) +2(=1)"J2n(RGL)], (31)

+ (204,00 — 1)

with Js,, being the Bessel function of first kind of order 2n.
This overlap integral is similar to the “jellium” expression (24)
except for the correction due to the higher order Bessel func-
tion, the order being linked to the number of atoms in the cell.



Similarly, the dielectric function is:

zigza 24
e (@)= daar+ p v(g + G)

x  [Jo(RGL) +2(—1)"Jon(RG 1))
x [Jo(RG) +2(=1)" Jan (RG]
ok2 T
X T lo -
ZT: 0V/q? + 4k2 g<\/m+q>
(32)

The inverse macroscopic dielectric function derived above,
(€00 ]~ (q), as well as the screened electron-hole interac-
tion, WZe2¢(q), are reported for selected zigzag tubes in
Figs. 15(a) and (b), respectively (triangles, CNT lattice). The
results are essentially identical to those derived from the sim-
pler structural model used throughout the paper (solid curves,

CNT).

2.  Armchair lattice

Armchair carbon nanotubes (n, n) have a chiral vector C =
2na + nb corresponding to the chiral angle § = /6. The
vector C extends over 2n units cells of graphene. The overlap
integrals of armchair nanotubes, derived in Appendix C, take
into account the locations of the atoms occupying these 2n
units cells:

(ak|eﬂ'(c+q>'r\a'k +q) =
- (signlk(k 4 0)] + (20000 — ) HBGY) +
("

e 2Slgl‘1[/€(k‘ + Q)] - (26a,a’ - 1) J2n(RGJ_) (33)

This overlap integral differs from the “jellium” expression
(24) in the addition of an extra term, originating by the Bessel
function of order equal to the number of unit cells. This in
turn changes the dielectric function, through the occurrence
of an extra, cut-off dependent term:

(2 Jo(RGL) +

N A
EEM (q) = da,ar + ;v(q +G)

(=1)"Jan(RGL)) (2Jo(RG) + (=1)"J2n(RG')) - +

9 ) Ak2
§J2n(RGJ_)J2n(RGJ_) log q2 -1 . (34)

The extra-term ensures that the dielectric function diverges for
q — 0, the expected behaviour in gapless tubes.

The inverse macroscopic dielectric function derived above,
[ed5ehT] 1 (q) [triangles, CNT lattice in Fig. 15(c)] differs
only slightly from that derived from the simpler structural
model (solid curves, CNT), and only for ¢ > 0.01(27)/a and
small radii. Importantly, these small discrepancies are irrele-
vant for the computation of the screened electron-hole inter-
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FIG. 16. Effective electron-electron force along the nanotube axis vs
electron separation, z, in tubes having different energy gaps, E4. The
tube radius is R = 1 nm. The solid and dashed curves are respec-
tively the two-band-model calculation (CNT) and the effective-mass
(EM) prediction. The red curve is the standard three-dimensional
Coulomb force.

15y CNT EM
W — === R=1.12 nm
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\\\ m— === R=0.79 nM
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250

FIG. 17. Effective electron-electron force along the nanotube axis
vs electron separation, x, in tubes of different radii, R. The energy
gap is Eyg= 20 meV. The solid and dashed curves are respectively
the two-band-model calculation (CNT) and the effective-mass (EM)
prediction. The red curve is the standard three-dimensional Coulomb
force.

action, as apparent from Fig. 15(d).

F. Super Coulombic interaction

Direct measurements of electron-electron interaction in ma-
terials are generally hard to perform, due to the interference
between the measured system and the probe. Recently, the
group of S. Ilani at Weizmann Institute of Science developed
a new sensing technique to minimize such interference,”
by means of using a suspended carbon nanotube as a scan-
ning tool to probe, with minimal invasiveness, few-electron
states within another nanotube. A new experiment, which fo-



cused on the case of just two electrons populating the ¢ band
of a narrow-gap nanotube, was able to directly measure the
Coulomb force repelling the two charges in real space.*

Therefore, we have computed the screened electron-
electron interaction, projected onto the ¢ band and Fourier-
transformed in real space. Figures 16 and 17 show the
force dependence on the electron separation in the range
of hundreds of nm, which is relevant to the experiment of
Ref. 49, and compare it to the standard, three-dimensional
bare Coulomb force (red curve). Both effective-mass (EM)
and two-band-model (CNT) calculations predict that the ef-
fective force is stronger than the bare Coulomb force, regard-
less of the gap (Fig. 16) or radius (Fig. 17) size, as a conse-
quence of the non-local character of screening in nanotubes.**
However, only the inclusion into the model of microscopic lo-
cal fields, induced by the motion of electrons on the curved
tube surface, leads to a major enhancement of the effective
force, as seen by contrasting CNT and EM curves for given
tube.

VI. CONCLUSIONS

In this work we have developed a simplified approach to
compute the dielectric function of narrow-gap carbon nan-
otubes of any size and chirality, which has the same accuracy
of first-principles calculations but is computationally cheaper.
A detailed analysis shows a giant enhancement of the screened
Coulomb interaction at long wavelength with respect to the
one expected for an effectively one-dimensional system. We
find that this is caused by the strong, microscopic local fields
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generated by the electron motion on the curved tube surface.
The paradoxical consequence is that the screened electron-
hole interaction, once projected onto the lowest conduction
and highest valence band, remains long-ranged even in the
presence of Fermi points (armchair tubes).

Our findings provide a deeper insight into our previous
claim?’ that undoped narrow-gap carbon nanotubes are ex-
citonic and not Mott insulators. Furthermore, the calculated
electron-electron interaction in real space shows that the force
is super Coulombic beyond expectations. We anticipate our
theory lays the quantitative basis for future studies of many-
body physics in carbon nanotubes, where the long-range char-
acter of interaction leads to novel phenomena.
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Appendix A: Overlap integrals within the model of the
nanotube as a series of rings

In this Appendix we compute the overlap integrals, p.,, be-
tween conduction and valence band states, by modelling the
carbon nanotube as a series of rings over which the electronic
charge is spread homogeneously.

We recall that the orbital wave function of NT states is:
Waﬂ@("‘) = F;I? ("“) Yra (1") + F(;—kB (T) 1/’73("“)'

Here the envelope functions, F, take the form (7), and the
Bloch states, t-,,(r), are spread homogeneously over rings
placed along the y axis:

(A1)

1 ei(f)—rA N iK-,--RlA A
$ral) = 75 o 2o 5Bl g~ RY|, (a2)
1 e N K. RE
er(r):\/Nm;{e T lg(r_Rl )}a (A3)

the phases being ¢4 = 0, ¢4 = 0, OB = 7% + 6 and
oxp = 0. The functions g are localised along the y axis and
orthogonal, according to:

g(r—R)) g(r — R}) = 6,010
X d(p—R)é(y — R}). (A4)

There are N charge rings for given sublattice and the rings
within the sublattice are uniformly spaced along the NT axis,
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at distance A = acos (¥ — 6):

6
R}
Ry

with yg' = y& = 0.

with 1=0,...,N—1, (AS)

IN+yd) 9
IN+yB) g

The overlap integrals of interest within each valley 7, p.,,
are:

Paar (K7, q9, G) = (arkle ™ CTDT o'tk +q),  (A6)

where the ket |a7k) indicates the NT orbital wave function
W,rk. To proceed we make the expression (Al) explict and
insert it into the definition of p,,, using cylindrical coordi-
nates as well as the orthogonality of ¢’s :

Paa’ = <O[Tk|€7i(c+q).r|0/7'k —+ q> =

B oo 27
1
F" )*F", dp [dy [ d A8
27TRNT7_ZA( o) mk*q/o p/y/o v A
N

—1
X pd(p—R)S(y—1IN) o—i(Gly+pGLcos @)
1=0

(AT)

The delta function of p argument constrains integration over
the nanotube surface:

B .
1 *
Paar = m Z(F:ozk) F‘:]a’k—i-q /dy/ d(p (A9)
n=A 0
N-1
x 5 (y — ) e~ H(Cry+RGLcos )
=0

We then integrate over y and recall the expression (20) of G|,
obtaining:

B
Paa’ = 27TLN Z (F:ak)*Fga’k—ﬁ-q (AlO)
n=A
N-1 2
% 67i27rn2l/ dﬂp efiRGLcos(go). (A11)
1=0 0

The indices no and [ are both integers, then the exponential is
always equal to 1. Furthermore, the integral over ¢ is equal to
27 Jo(RG1). In conclusion, the overlap integral is:

(akle T CHDT| k4 q) =
[(Fian) Frariaq + (Fiaw) Flurig)] Jo(RGL).  (A12)

T TQ T

The possible combinations of « and o are as follows. The
intraband overlap integrals have either « = ¢ and o/ = c or
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a=vand o =v:

(ckle™ "7k + q) = (vk|e~ G+ vk 4 g) =

1( k(k+q) + K —igk,
VE2 + k2 (k+q)2 + k2

+ 1) Jo(RG1). (Al3)

The interband overlap integrals, with @« = ¢ and o/ = v or
viceversa, exhibit a negative sign instead:

(ck|e " CFDT |k + ¢) =

1( k(k+q) + K —igk,
VE2 + k2 (k+q)2 + k2

- 1) Jo(RGL). (Ald)

Appendix B: Overlap integrals of zigzag carbon nanotubes

In this Appendix and in the next one we compute the over-
lap integrals p., for zigzag and armchair carbon nanotubes,
respectively, by accounting for the actual location of atoms
on the curved honeycomb lattice. To this aim, we replace the
Bloch states (18) with orbitals localised along the tube cir-
cumference, whose positions depend on the azimuthal angle
. The derivation of p., proceeds analogously to what done
in Appendix A until one performs the integration over ¢. As
n atoms per sublattice are now localised along (, one has to
sum over their positions, the overlap integrals being:

1
2n

M

(E?

'rak)* (F*:]a’k-&-q)

Paa’ =

A

n

2r n—1
% / de Z 5 (30 _ (,0;7) e—iRGJ_cos(ap)’ (B1)
0 °
j=0

where the <p;’ are the angular coordinates of the atoms. We
specialise to zigzag nanotubes in the following.

Zigzag nanotubes (n,0) may be thought of as built by
rolling the graphene sheet along the chiral vector C = na,
which stretches over n units cells of graphene. There are 2n
atoms per sublattice, whose positions on the tube surface are:

. REIG 4+ INg+ +Rp
Rij = preitng (1A+W)Q+Rﬁ
with j=0,n—1.
RTCIHD & 4 1\ 4 g+ Rp
pp, = R (0 ae) (B2)
R ”go—l—(l)\—&-fa)y—&-Rp
with j=0,n—1.

The distance between two unit cells along the axial direction
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is A = v/3a. We insert coordinates (B2) into (B1), obtaining

B
_ b ) E
Pac’ = m 'rak: Ta "k+q
n:A
1 .
[efiRGLcos( 2:‘;’

n

)JrefiRGLCOS(%) . (B3

<
|
o

We rewrite the two exponentials as a sum of Bessel functions
by using the Jacobi-Anger identity:

+2szj

e oosC — = Jo(z ) cos(m(). (B4)

Then (B3) becomes:

1 B n—1
Paa’ = % Z(Fﬁak) F‘:]a’k-&-q Z {QJO(I‘)
n=A j=0
> [ mj
+ 27; ll Im () cos( . ) (B5)
b (@) cos (”m(QZH)) 3 (B6)

We now sum over j. The first term is obvious. In the second
one, we exchange the order of the sums over j and m, and use
the identities

7=0
n ™ J, () if m is a multiple of n
{ 0 otherwise , (B7)
n—1 .
2 1

ZZme (1.) Ccos <7-Wn(j—i_)) —
. n
7=0

(—=1)%ni™J,,(z) if mis a multiple of n (BS)

0 otherwise ’

Putting everything together, the overlap integral becomes:

(ak|e™HCFDT |0/ | 4 g) =
((Frak) FA a’k+q + (F‘rak:) FB ’k:+q)

Jo(RG1)+2 ) (1) Jomn(RGL)|. (BY)
m=1

As the Bessel functions of large multiples of n decay very
rapidly, we only consider the first term in the sum over m.



The intraband and interband overlap integrals are

+1> X

(ck|e_i(G+q)'7’\ck +4q) =

1 ( k(k + q) + k2 — iqk,
VE2+Ek2\/(k + q)% + k2
(Jo(RGL) +2(—

(B10)

and

(ck|le " CHDT |k 4 ¢) =

1 k(k+q) + k2 —igk,
- -1 X
VR + k2 (k+q)2 + k2
(J()(RGJ_) + 2(—

1)"Jan(RG1)), (BI1)

respectively.

Appendix C: Overlap integrals of armchair carbon nanotubes

Armchair nanotubes (n,n) may be thought of as built by
rolling the graphene sheet along the chiral vector C = 2na +
nb, which covers 2n units cell of graphene. There are n atoms
per sublattice, with positions:

A _pTi, -1V Y 5+ Rs
R/, =R ngo+<l)\ (-1) 4)y+Rp
with j=0,2n
. 7 - a (Cl)
o A T . IRV AW .
R, =R (ngo—l—g )(p—l—(l)\ (-1) 4>y+Rp

with 7 =0,2n — 1.

The distance between two subsequent unit cells along the axial
direction is A = a. To compute the overlap integrals pyq/,
we follow the same procedure used for zigzag tubes in the
previous appendix. After integrating over ¢, we obtain:

2n—

i Z [ Tak: * Ta’k‘i’qe_lRGLCOh(Tj)
2n =

+ (FRLEE e RO oG €2
Tak Ta'k+q

Again, using the Jacobi-Anger identity (B4), we rewrite the
exponentials as a sum of Bessel functions of different orders,
Jm. We then obtain two sums over indexes 7 and m, and
evaluate the sums over j for given m, according to

2n—1 i
Z i T () cos( ]) =
n

Jj=0

(C3)

2n 0" Jp () if m is a multiple of 2n
0 otherwise
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and

2n—1

szJ

(wm3j+1>

™ Jm(x) if m is a multiple of 2n

2n cos (T i
{ 0 otherwise (€4
The resulting overlap integral is:
(ak|e™HCFTDT |0/ + ¢) =
1 .
{(FTak) F‘ra’k+q JO(RGJ- + 2 Z JQWH(RGJ-)
m=1
- 2 (C5)
+ (Fn) Flinsq Jo(RGL) + 2mZ:1 cos( T;”) X

(—1)mJ2mn(RGJ_)

}.

As before, it is sufficient to retain the first addendum of the
sum over m. The intraband and interband overlap integrals of
armchair nanotubes are

(ck|e " CFDT|ck 4 ) =

1| k(k k2 —igk,
LI _kk+a)+ ks —ig Jo(RGL) +
2 | k2 4+ k2\/k2 + (k+ q)? (C6)
—1)" k(k+ q) + k2 — igk,
(-1) (k+aq) Jon(RG 1)
2 VE2 +k2\/k2 + (k + q)?
and
(ck|e U CHDT |k 4 ) =
1| k(k k2 — igk,
(ktaq)+k —ig Jo(RGL) +
2| VR2+ k2 /K2 + (k+q)? (C7)
—1)n k(k k2 — igk,
D7, MEra)+ +1| o (RGL),
2 VEZ + k2/k2 + (k + )2

respectively.

Appendix D: Limiting form of the Coulomb potential at long
wavelength

In the main text, we have expanded the Coulomb poten-
tial through two different Fourier decompositions. The first
one is the Fourier transform (10) of the Coulomb potential
on a uniform cylindrical surface, Veyi(m, ¢). The second one
is the three-dimensional Fourier transform (21) of the trun-
cated Coulomb potential, v(q + G). Independently from the
Fourier decomposition of choice, the long-range, macroscopic
behaviour of v(q+ G) and V¢y1(m, ¢) in the limit ¢ — 0 must
be the same, as both forms derive from the same real-space
potential, €2 /r (r is the radial distance in spherical coordi-
nates). To show this, we constrain the Fourier transformation



to a finite nanotube length, A (we use the symbols ¥ and ch1
to identify the quantities obtained in this way). For v one has:

A/2
G d
(qa l) Aﬂ'm /A/Q/ / O~

zqyeigGL cos ¢

(DD
We now take the limit ¢ — 0:
A/2 G
0 G / / /d,Q zg J_COS(P’
106 = g |
(D2)
which gives
5(0,G 1) 4" [1 Jo(GL:) + G R
v - —_— —
y G A(C ) oG 1L 1L
TG LR log (4 } (D3)
1\GL 0g %)
The long-wavelength, macroscopic limit is:
e? A
0 1 1 .
9(0,0) = " [ + 2log (%>] (D4)

For V¢ one has:

AJ2

elme oiqy

27
Ve(m. ) = 2A7TR/A/2/ \/432

Sll’l

(D5)

and in the limit ¢ — 0O:

A/2 eimey
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Viyi(m, 0) = /
QAWR A/2 \/4R2 sin?

that is

Y, e .
ch1(m,0):{ , Am if m#£0

2 log (4) if m=0"

The macroscopic term amounts to:

N 2 A
Vi (0,0) = % log <R>

(D6)

(D7)

(D8)

We recall that the nanotube length A is linked to the sampling
of the Brillouin zone, A = 27/dg. As a consequence both
macroscopic potentials (D4) and (D8) exhibit an analogous
logarithmic divergence of the kind ~ — log(R dq), leading to

the same long-range behaviour.
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