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EXISTENCE OF THE STARK-WANNIER QUANTUM
RESONANCES
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ABSTRACT. In this paper we prove the existence of the Stark-Wannier quan-
tum resonances for one-dimensional Schrédinger operators with smooth peri-
odic potential and small external homogeneous electric field. Such a result
extends the existence result previously obtained in the case of periodic poten-
tials with a finite number of open gaps.

Ams classification (MSC 2010): 81Qxx, 81Q15.

Keywords: Quantum resonances, Stark-Wannier resonances, regular per-
turbation theory.

1. INTRODUCTION

Existence of quantum resonances for the one-dimensional Schrodinger operator
with a periodic potential and an external homogeneous electric field has been a
largely debated question among the solid state community since the seminal papers
by Wannier [24] 25]. These resonances, named Stark-Wannier resonances, are
strictly connected with the time behavior of the Bloch oscillators [10], which electron
wave function ¥(z,t) is the solution of the time-dependent Schrodinger equation

zh%—f = Hpy
where Hp is the Stark-Wannier operator formally defined on L?(R, dz) as
h? d?
Hp :=Hp+ Fz, Hg := ~ S d? V(z),

Fx represents the Stark potential associated to the external homogeneous electric
field, Hp is the Bloch operator and V(z) represents the periodic potential of an
one-dimensional crystal; here we assume to choose the units such that 2m =1 and
h=1is fixed.

Assuming that V(x) is regular enough then the spectrum of Hp covers the whole
real axis. On the other side, if we neglect the interband coupling term then it
turns out that the spectrum of such a decoupled band approximation consists of a
sequence on infinite ladders of real eigenvalues. The crucial point is to understand
what happen to these eigenvalues when we restore the interband coupling terms.
This question has been largely debated [26] 27, 28] and at present it is expected
that these ladders of real eigenvalues will turn into quantum resonances.
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2 ANDREA SACCHETTI

Despite its apparently simplicity this problem is rather technically complicated
to study because the external potential F'x is not a bounded perturbation and so
the interband coupling term is quite hard to manage.

A first result in order to put on a rigorous ground this problem was due to Herbst
and Howland [13], who gave a rigorous definition for quantum resonances for the
Wannier-Stark operator by means of the complex translation method (in fact, this
definition applies to the case of analytic periodic potential); that is a quantum
resonance corresponds to a complex-valued eigenvalue of a non self-adjoint operator
obtained by Hr by means of the analytic translation. More precisely, quantum
resonances for the Stark-Wannier operator are defined by Herbst and Howland as
the complex eigenvalues of the analytically translated operator

d2

H =U'Hp (U°) " = —— + V(¢ +0) + Fx + Ff

where —R < $6 < 0, the periodic potential was assumed to be analytic in a set
containing the strip |3z| < R, and

U’ : L*(R,dz) — L*(R, dx)
is the translation operator defined as
U) (z) = v(z +0).
In particular, they proved that
Oess(HS) = {2z : S2=FS0} , oq(HL) C{z : FS0 < 32 <0}
and, let
R =Up : 0<—so<roa(Hp),

then the kernel of the resolvent operator [z — Hp]™! has an analytic continuation
from Sz > 0to {z : Sz > —R}\ R, and if zp € R then the kernel of the resolvent
operator [zg— Hp] ™! has a pole at this point. The points of R with strictly negative
imaginary part are called quantum resonances.

A second important result was obtained by proving that the spectrum of the
Stark-Wannier operator is purely absolutely continuous [2]

o(Hp) = 04c.(Hr) =R;

hence, embedded eigenvalues are not admissible. By means of this result we can so
exclude the possibility that the ladders of real eigenvalues for the decoupled band
approximation will turn into real embedded eigenvalues when the coupling inter-
band term is restored. In fact, this is not the case of singular periodic potentials;
in particular, when the periodic potential is given by means of a periodic sequence
of Dirac’s § pointwise interactions then we expect to observe embedded eigenval-
ues [§], as well as in the case of a periodic sequence of Dirac’s d-prime pointwise
interactions [18].

Finally, the proof of existence of ladders of quantum resonances was given in
the limit of small electric field and under a technical assumption: it had been
assumed that the number of open gaps is finite [I1]. We should recall that, in
3-dimensional crystals, the number of open gaps is usually finite; this is not the
case of 1-dimensional crystals where we have a finite number of open gaps only for
periodic potentials given by a class of elliptic functions.
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In this paper we are able to remove such a technical assumption on the periodic
potential, that is we prove the existence of quantum resonances for electric field
small enough and for any periodic potential analytic in a finite strip containing the
real axis. In our proof we develop some ideas already contained in [I1], the main
improvement is that we are able to manage here the interband coupling term (see
Theorem and Theorem, even in the case of infinitely many open gaps, by means
of precise estimates of the asymptotic behavior of the Bloch functions around the
Kohn branch points.

In our treatment we replace also the usual definition of quantum resonances,
given by Herbst and Howland, by considering the complex eigenvalues of the non
self-adjoint operator obtained by Hg in the crystal momentun representation (CMR)
by means of the analytic distortion 1&(;0) — eipez/;(p) for p large enough and 36 < 0;
where @2 represents the wave-function in the crystal momentum representation and
p is the crystal momentum variable.

We close by mentioning the fact that the problem of the existence of the Stark-
Wannier quantum resonances and the time behavior of Bloch oscillators have been
the object of a large analysis, where many different techniques have been adopted;
among all the papers we recall the works by Nenciu [19] 20] and Hévermann, Spohn
and Teufel [14], where adiabatic methods has been applied, the works by Buslaev
and Dmitrieva [5], where a WKB-type expansion has been adapted in order to
match the asymptotic behaviour of the wavefunction in a neighbourhood of the
turning points in the tilted band picture, the works by Bentosela and Grecchi [3]
and by Combes and Hislop [6], where the problem of the existence of the Stark-
Wannier resonances has been considered in the semiclassical limit 7 — 0, and finally
we mention the paper by Avron [I], where he considered the spectral problem in
the case of complex-valued F'.

The paper is organized as follows.

In §2 we state our main result.

In §3 we collect some known results about band and Bloch functions.

In §4 we give the asymptotic behavior of the Bloch functions in the high energy
limit.

In §5 we adapt the CMR to the analytic structure of the Bloch functions,
the obtained representation is named extended crystal momentum representation
(ECMR), and then we consider the Stark-Wannier operator Hr in the ECMR.

In §6 we define the analytic distortion in the ECMR.

In §7 we study the spectral properties of the decoupled band approximation of
the analytically distorted Stark-Wannier operator in the ECMR.

In §8 we prove that the coupling term between the bands is a bounded opera-
tor and then we define quantum resonances as complex valued eigenvalues of the
analytically distorted Stark-Wannier operator in the ECMR. We then restore the
coupling term and we prove, by means of the regular perturbation theory, that
the ladders of eigenvalues of the decoupled band approximation turns into com-
plex eigenvalues of the distorted Stark-Wannier operator contained in the strip
Sz| < 3F|S6]. Furthermore, we prove that the essential spectrum of the distorted
Stark-Wannier operator lies below the line %F 36, where 36 < 0. In such a way
the existence of Stark-Wannier quantum resonances will follow.
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Notation. In the following:

we denote by E, (k) and ¢, (z, k) the band and Bloch functions where n € N
and k is the quasi-momentun (or crystal momentum) variable belonging to
the Brillouin zone B = (f%b,Jr%b}, b= 27” where a is the period of the
periodic potential;

we denote by E(p) and

p(z,p) = e u(z, p)
the multisheeted band and Bloch functions, where the quasimomentum p
belongs to the complex plane C with cuts connecting the Kohn branch
points k, = :i:%nb +ikn, kn > 0 (actually, if k,, = 0 then the gap is closed
and there is no branch point);
since we have to work with meromorphic functions f(p) defined on C then,
by construction, f(p) would have discontinuity points on R \ R, where
R = RN C; we'll denote by {4 f(p)dp, where A in an interval in R, the
integral of the meromorphic function f(p) over the set A N C;
we denote by I" the complex path such that E(p) monotonically maps I’
onto R (see Figure . We denote also by

1 1 ~ -
Fl = |:2Nb,+2Nb:| NR and F(-:R\Fl

where N is fixed and such that ky > 0; by definition fFl f(p)dp coincides
with [i. f(p)dp and, similarly, f,. f(p)dp coincides with [. f(p)dp;
We define Hp the Hilbert space of functions ¢ (p) € L2(R, dp) such that
A (—3Nb+0)  d") (3NbF0)
dp” B dp”
Hence, we may identify the vector ¢) with the vector (7,[31, 1/30) € L) ®

L?(T.) satisfying the periodic boundary conditions at the points :I:%N b,
that is

, Vr € N.

e (—;Nb + 0) =1y (—s—;Nb - o)

1 1
Ve (—2Nb - 0) =1, <+2Nb + o)

together with their derivatives. In particular, in the case N = 1 then
L?(T;) coincides with the space L?(B).

and

2. MAIN RESULT

Here we state the assumptions on the model and the main result.

Theorem 1. Let V(z) be a non constant periodic function with period a

V(iz)=V(r+a), Ve eR,

and mean value zero:

1 a
E/o V(z)dx =0. (1)
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We assume that V(x) is an analytic function in an open set containing the strip
|Sz| < R for some R > 0. Let N > 1 any fized integer number such that the
N-th gap of the Bloch operator Hp is not empty. Then there exists Fy > 0
such that for any F € (0, Fn) the Stark-Wannier operator Hp admits N ladders
of quantum resonances; that is the resolvent operator [Hp — 2]~ has an analytic
continuation from the upper half-plane Sz > 0 to the lower half-plane Sz < 0, with
poles corresponding to the quantum resonances.

Remark 1. In fact, the assumption on the mean value of V(x) is for sake of
definiteness.  Indeed, if the mean value of the potential is not zero then we can
always recover condition by means of the phase gauge ¥ — e Jo V(@)dz/ah

Remark 2. The regular perturbation theory we apply in §7 gives that the imaginary
part of the quantum resonances, which is strictly negative, is of order O(F?) in the
limit of small F. In fact, we expect that the imaginary part is exponentially small
in the limit of small F' as it has been proved in the case of periodic potential with a
finite number of gaps [12]; however, we don’t dwell here on such a problem.

3. PRELIMINARY RESULTS

Here we consider the spectral problem for Stark-Wannier operator

d2
where F' > 0 is a given parameter and where V(z) is a (not constant) smooth

periodic potential with period a:

and mean value zero.
We recall now some basic properties of the Bloch and band functions [22].

3.1. Bloch Decomposition. Let Hp be the Bloch operator formally defined on
L?(R,dx) as

d2
Its spectrum is given by bands. Let k € B be the quasi-momentum (or crystal
momentum) variable, the torus B = R/bZ = (—%b, +%b}, where b = 27”, is usually

named Brillouin zone.
Let ¢, (2, k) denote the Bloch functions associated to the band functions E,, (k);
where the Bloch functions are assumed to be normalized to 1 on the interval [0, a]:

/ Om(x, k)pn(x, k)dz = 5y, . (2)

0

The band and Bloch functions satisfy to the following eigenvalues problem
Hpp=Eyp (3)

with quasi-periodic boundary conditions (hereafter we denote ' = a%, as usual)
ola, k) = e p(0,a) and ¢ (a, k) = e**/(0,k).
The Bloch functions ¢,, may be written as
on(z, k) = e*®u, (2, k)
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where u,(z,k) is a periodic function with respect to x: w,(x + a, k) = un(z, k).
For any fixed k € B the spectral problem has a sequence of real eigenvalues

Ei(k) < Ey(k)<---<E,(k)<---,

such that lim,,_, . E, (k) = +o0.
As functions on k, both Bloch and band functions are periodic with respect to
k:

E,(k)=E,(k+b) and @,(z,k) = on(z,k+),

and they satisfy to the following properties for any real-valued k:

on(z,—k) = pnp(x, k) and E,(—k) = E,(k).
Furthermore, if V' (x) is an even potential then ¢, (—z,k) = @, (x, k), pn(x,0) are
even functions while ¢,,(z,b/2) are odd functions.

The band functions E, (k) are monotone increasing (resp. decreasing) functions
for any k € [0, 3b] if the index n is an odd (resp. even) natural number. The
spectrum of Hp is purely absolutely continuous and it is given by bands:

o(Hp) = Uyl [E,, B,

n]

where [EY,E!] = {E,(k), k€ B}.

In particular we have that

and E! =

b E,(0) for odd n
" | En(b/2) for evenn "

n

E.(b/2) for odd n
E,(0) for even n

The intervals (E!, E% ) are named gaps; a gap (EY, EY_ ) may be empty, that is

Eb 1= E!, or not. It is well known that, in the case of one-dimensional crystals,
all the gaps are empty if, and only if, the periodic potential is a constant function.
Because we assume that the periodic potential is not a constant function then one
gap, at least, is not empty.

From the Bloch decomposition formula it follows that any vector 1 € L? can be

written as [21]
1 A
= — n(x, k), (k)dk .
e ;N%/Bso (2, K)o (R)

The family of functions {t,(k)}n is called the crystal momentum representation
(hereafter CMR) of the wave vector associated to ¢ and it is defined as

(k) = / on(E () e

By construction any function 1/3n(k) is a periodic function and the transformation
¢ € L*(R,dz) — Utp = ¢ := {9, }32, € H == @52, L*(B, dk) (4)

is unitary:

12 <.
190172 R, d0) = H¢HH = Z [n 125,48 -
n=1
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3.2. Analytic properties of the band and Bloch functions. The band func-
tions are analytic functions with respect to k& € C; more precisely, they are the
branches of a single multisheeted function that has no singularities other that the
square root branch points (hereafter named Kohn branch points) k,, = %nb + ik,
n==41,42,...,, for some K, = k_, > 0 [16]. In fact, the Kohn branch points only
occur in correspondence of open gaps. If the n—th gap is open (that is E? ,; > E')
then k£, > 0. On the other side, if the n—th gap is empty (that is E?,; = E! )then
the Kohn branch points 4k, don’t occur; actually, in such a case we have that
kn = 0 and the two branch points k,, and k,, coincide and then the multisheeted
band and Bloch functions are regular at this point.

Let 7, be the straight lines connecting the branch points k, and &, let C =
C — Up=t1,42.. £y. Then there exists an analytic multisheeted function E(p)
(hereafter named multisheeted band function) such that

Eli(n—1b+k] if n isodd 1
E,(k) = ke {0, 2b} . (5)
E [%nb — k} if n is even

Furthermore, the multisheeted band function is such that E(p) = E(p).

Let us denote by I the complex path defined as in Figure[T] then the multisheeted
band function E(p) monotically maps I onto R [9]. In particular E(p) maps the
real intervals [”7_1 b, %b} onto the interval band [E?, E], and it maps the clockwise
path surrounding the cut ¢, associated to the Kohn branch point k, to the gap
(E'fw EZ-H)'

Similarly, the Bloch functions ¢, (z, k) are the branches of a single multisheeted
Bloch function ¢(x,p) (hereafter named multisheeted Bloch function) that has no

singularities other than the Kohn branch points. As before, we may write

o(x,p) = e u(x,p)

where u(z,p) = u(x + a,p) is a periodic function.
Then the multisheeted band function and the multisheeted Bloch function are
defined for any p € C and, in particular, on the set R = C N R, are such that

1 1 1 1
E (znb:t 0) =F <2nb:FO> and ¢ (z,an:I: 0) =0 (z, 2nb:|20) (6)

together with their derivatives, for any n such that the n* gap is open. In partic-

ular, we have that
1 1 ’

1 1
E(—an—o> :E<2nb+0> =E,,.

4. ASYMPTOTIC BEHAVIOR OF THE MULTISHEETED BLOCH AND BAND
FUNCTIONS

and

We consider the differential equation

—¢"(x) + V(x)p(z) = Ep(x) (7)
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Rp k

FIGURE 1. In the left panel we plot the path I' in the quasimo-
mentum complex plane where ki, ko and k3 are the first 3 Kohn’s
branch points. In the right panel we plot the first 4 band functions
and the multisheeted function E(p) which maps I' onto the whole
real axis (bold line). When p is real valued then E(p) takes values
in the spectrum of Hpg; when p belongs to the imaginary axes then
the energy E(p) lies below the spectrum of Hp; and finally, when
p belongs the part of I' surrounding the complex cuts ¢, then the
energy E(p) belongs to the gaps. In this picture we have the sit-
uation where the gap between the 2"* and 3" band is empty, this
means that the two square root Kohn’s branch points ks and ko
coincides and then the multisheeted function E(p) is regular at this
points, in fact. We should remark that the periodic band function
E5(k) and E3(k), and the associated Bloch functions, are singular
at the point £ = 0; this ”artificial” singularity is a consequence of
the periodicity of the band functions and from the fact that the
gap between the 27 and the 3"¢ band is empty.

where V(z) = V(2 + a) is a smooth periodic function. We denote by ¢1(z, E) and
¢2(x, E) two independent solutions of this equation with initial conditions

¢1(0, E) =1, ¢1(0,E) =0 and ¢2(0,E) =0, ¢5(0,E) = 1. (8)
The general solution of equation @ may be written as
¢ = p(x, E) = api(z, E) + Bea(z, E) (9)

where the parameters « and 3 are chosen in order to normalize to one the solution
©:

/Oa (o, B)2dz = 1. (10)

Let p € R and let

A\ = e,
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If we look for solutions satisfying the boundary conditions
ola, E) = Mp(a, E) and ¢'(a, E) = X' (a, E) (11)
then A should satisfies the equation
N —2u(E)A+1=0
where p(E) = 1 [¢1(a, E) 4+ ¢4(a, E)]. In conclusion, p may be written as function
of E (and viceversa) by means of the relation
cos(pa) = p(E), that is % ()\ + 1\) = u(E).

The solution E = E(p) of the equation above is the multisheeted band function,
and the associated wave-function ¢ = ¢(x,p) = @[z, E(p)] is the multisheeted Bloch
function.

Remark 3. In the case of symmetric potentials V(x) = V(—x) then it follows that
¢1(a, E) = ¢h(a, E) (see, e.g., §1.3 [I7]) and we have that

w(E) = ¢1(a, E).
We prove now that

Lemma 1. Let ¢1(z, E) and ¢o(z, E) be the solutions of Eq. (1) satisfying the
initial condition @ Let o(x, E) be the normalized solution of Eq. @ satisfying

the boundary conditions . Then
1
\/7 +O(E~3/%)
a

for large E. The above asymptotic behavior can be derived with respect to E term
by term.

#(2.B) = C(E) 61w, B) + iVEbs(w, B)| . C(B) = (12)

Proof. Hereafter, we drop out the dependence on F when this does not cause mis-
understanding. As a first step we prove that the equation has non-trivial
solutions with ¢2(a) = 0 (or ¢} (a) = 0) only for values of E such that A = +1.
Indeed, the quasiperiodic boundary conditions implies that

{ [P1(a) = Ala+ ¢2(a)8 = 0
Pr(a)a+ [@h(a) —A]B = 0
that is

(Lo -

Sla)at+z[z-A]B = 0

If we assume that A # £1 then ¢2(a) # 0 and ¢/ (a) # 0. Indeed, if, for instance,
¢2(a) = 0 then o = 0 and finally even /3 should be equal to zero, that is we only
have a trivial solution.

Thus, assuming that A # +1 the wave function @ may be written in the form
[16] (adapted to the normalization condition (10]))

o(z) = $2(a)gr1(x) + 5 (5 — ) $2(2) _ 92(a)¢1(x) +isin(pa)ds(x)
—2(;52(@)% —2¢2(a)%

where we observe that § (3 — A) = isin(pa). At A = +1 the solution ¢(z) follows

from by means of a continuity argument.

(13)
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Recalling that the non trivial solutions ¢; » satisfy the following integral equation
(see Lemma 1.7 [23]):

61w B) = cos(VEr) + / sin [VE( — )| V)i (v By (14)
ba(w.B) = —sin(VEa) + / sin [VE(z )] V()oaly, E)y (15)
from which follows the asymptotic behavior for large E:

61(z,B) = cos(@x)+o<1),

\/E

where the asymptotic behavior is uniform for any z € [0, a] and where the asymp-
totic behavior can be derived with respect to x and E term by term; e.g.:

% = —VEsin(WEz)+0(1),

w = —:vsin(\/Ex)-i-O(\/lE)’
and

W _ COS(\/E:C)+O<\/1E),

In order to have an asymptotic expression with more terms we iterate equations
and obtaining the following asymptotic behavior for large E, which are
uniform for any x € [0, a

$1(x) = cos(VEx)+ \/» sin(VEz)Q(x) + 41E [V(x) — V(0)] cos (\/Ex) +g1(z, E)
s1n(\/>x) 1 ) 1 .

bol) = T o cos(VER)Q(z) + 17z V(a) — V(O] sin (VEx) + g B)

where Q(z) = [; V(y)dy and where

g1(z,B) = 7& Ox cos [VE(z — 29)] V/(y)dy + % V(@) (= B)dz x

x [ [ coslVB(+ 2 = 2V )y — coslV Bl — Q) - Q(xn}

ne.B) = g [ s [VEG@ - )] Viindy +

e | Ve Byie

1
2E3/2
< | [ conlVEB @+ 2~ 2V iy — coslVE(e - 2)[Q() - Qo)
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are such that

_ 0g1(x, E) _ 991 (z, E) -
~ ET3/2 ) gl 2N ) p3/2
g1(z,E) ~ E , p E~ and 5E E
o Oga(x, E) _ dga(z, E) _
E)~ E2 222307 p=3/2 227 g2
g2(z, E) ~ E7=, o E and 5E E

by integrating by part. In particular, recalling that Q(a) = [;' V(z)dz = 0, we
have that

wE) = cos(VEa)+ sin2(\/\/§a) /Oa V(y)dy + O(E~1)
= cos(VEa)+O(E™Y)
a) = LSin a —3/2
$2(a) 75 (VEa) +0(E~*?)
dp = —Lsin a -2
iE = ovE (VEa) + O(E~?)

and thus p = VE + O(E~'), sin(pa) = sin(vEa) + O(E~') and

¢a(a, E) sin(pa)
cp(x,E) = - (,25 ($,E)+ ¢ (va)
2% 200, )3

\/z+ O(E~3/?)

proving the asymptotic behavior .

We have only to discuss the case of non symmetric periodic potentials. In the
case of non symmetric potential the expression ot the wavefunction ¢ given by
must be replaced by (see Appendix |A))

_ $2(a)da(z) — (d1(a) — A) da()

(612, B) + iVEs(a, )

o() ) (16)

—2¢2(a) g
and even in such a case the asymptotic arguments as above may be applied. The
Lemma [1} is thus completely proved. (Il

Now, we are ready to prove the estimate of u(z, F) for any complex value x
belonging to the box

L={zeC : Rze[0,a], Sz € [-R,0]}.

In fact, the solution of equation may be extended to complex values x in the
strip |Sz| < R because the potential V' is an analityc function on such a strip.

Theorem 2. The multisheeted Bloch function ¢(x, E) = eP®u(x, E) is such that

*LfiQ(x) - where x) =
uw B) = 2= —i- 52+ 0 () wh Q()[m,x‘/(y)dy’ (17)

as B — oo uniformly with respect to x € L, and 7o . is any complex path contained
in the box L and connecting the complex points 0 and x. The asymptotic behavior
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can be derived with respect to x and E term by term; in particular,

ou(z, E) . Qz)

—2
95 _Z4E3/2\/5+O(E )

and
Ou(z, E) _ .3 Q(x)
dEZ 'SES2a

Proof. From it follows that
p(@, B) = C(E)p(x, E), ¢z, E) := ¢1(z, E) +iVE¢s(x, E)
where, recalling and , it follows that

+O(E™?).

Ola, B) = VP 4 sin | VE(x — y)| V()(y, E)dy.

1
\/E Yo,z

If we choose the path 7y, such that Sz < Qy for any y € v 4, and if we set
o(z, E) = V0 (z, )

then v(z, E) satisfyies to the following integral equation

1 .
vz, E) = 14— sin |[VE(z —vy) e*“/E(I*y)V(y)v(y,E)dy
VE Jry. [ }
1 .
= 14— in [VE(z —y)| e VECIV (y)dy + r(z, E
75 s [VEEe -] )y + (2, )
where

r(z, E) = ! / sin [\/E(x - y)} e_i@(x_y)V(y) X
X / sin [\/E(y - z)] e‘iﬁ(y—z)V(z)v(z, E)dzdy
and

—2iVE(z—
Sin [\/E(x — y):| e_i\/E(m_y) — 1_62—(y)
1

is such that

’e—zi\/ﬁ(w—y) = 2VE(S=3Y) < | forany y € Y0,z -
Hence
L
vz, E)=1—1 + e BVECY (y)dy + r(x, B
( ) 2\/E 2\/E 0,2 (y) ! ( )
If we set

V(E) = sup |o(z, E)
xEeL

then from the equation above it turns out that

C C
1/§1+—1+—2V

JVE E
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for some positive constants C'y and C3. From this fact, it follows that v < C for
some positive constant C' uniformly with respect to E. Hence we can conclude
that

Q(x)
2VE

vz, EB)=1—1i +O(E™h)

in the limit of large F. Finally
w(x, E) = e” Pz, E) = e P C(E)¢(x, E) = C(E)e P eVEry (2, E)
from which follows for any x € L. We close by underlining that, by construc-

tion, the asymptotic behavior can be derived term by term. [

5. STARK-WANNIER OPERATOR IN THE EXTENDED CRYSTAL MOMENTUM
REPRESENTATION

The CMR of the Stark-Wannier operator is usually defined on H = ®;7> L%(B, dk)
as (see [])

b (k)
ok

UHRUTY| (k) =iF o B (k)b (k) + F Y X (Kb (k)
m neN
where U is defined by and the interband coupling terms are defined as

Xy (k) = é /O ’ um(x,k)wdx. (18)

This usual approach is not suitable in order to apply analytic distortion tech-
niques; hence, as a preliminary step, by making use of the analytic properties of
the multisheeted band and Bloch functions E(p) and ¢(x,p), we define the Bloch
decomposition formula and the CMR in an equivalent form which will be useful in
the sequel (it will be called extended crystal momentum representation, or simply
ECMR).

The transformation U can be rewritten as 77[3 = Ugy where
i) = [ Fw s pe k.
R
The inverse transformation is defined as

(v'0) (0) = 5= [ wlen)borap.

Lemma 2. Let ¢(x) be a rapidly decreasing function: that is for any «,8 € N
there exists a positive constant C' = C, g such that

d"(z)
dx”

<C, VxeR.

:EOC

Then 1& = Ugv is a rapidly decreasing function, too. And vice versa.

Proof. Let

Then, by integrating by parts
n —ipx. . N, Ve —ipx aa NYNAY
P00 = [ st pee)ds = (- [ e T i) de
R R T
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is bounded because u(z, p) is s smooth periodic function with respect to x and ()
is a rapidly decreasing function. For the same reason it follows that

7 P e’i”zm
wig) [P TED)

converges. Finally, the estimates are uniformly with respect to p because of The-
orem [2| Similarly, the vice versa follows. O

Theorem 3. If we define
]ZIF = UEHFUgl
then it acts as

[Hﬂ/?] () = E@)p)+ iF&g;p) +F (Xw) (»), pER, (19)

where X represents the interband coupling term.:

(X¢) @) = Db —ib).

jEL
where

i [ ou(x,p — bj
S R

Proof. Indeed, let ¥ be a test function (e.g. 1& is a rapidly decreasing function)
[H rUg ¢ / Hpp(x,p)Y(p)dp

where

Hrp(z,p) = Hpp(z,p) + Frp(z,p) = E(p)p(z,p) + Frp(z,p)

and where

7 ipx p — e’ 7
[ et ity = [ s utep)iw =i [ 2o u(e i)y

- {w(m,pm(p)}a@+i/ﬂéeip””(w«ﬁ(p)dp+i/@w(aﬁ,p)&gf)dp

because p(z,p) and 1/3(;0) have the same values, together with their derivatives, at
the boundary points of R (see Eq. @ Hence | ) follows where

(X)) = o [ [P iohagar. e
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In particular, a formal calculation lead us to the following result

N ) [ [ ——— ipa O ) ' i /
(X))o = o [ | e@mer=2 i) i5)ar (1)
- 5[ /R u(ap)e“p’mfa“g;p)dx} D0/ )y
= & /Za 0 r )2 g | G (of
o i\P; P p)ap
L JEZ
= ZZ/% (p, ") (p")o(p" — p + bj)dp’ (22)
JEZ
= G- )
JEZ

because u(z,p) M

where we set

1 ¢ —1 $76U €L, ! 27
Oéj(p,p’)=5/0 e u(m,p)(app)da:, b=—,

is a periodic function with respect to x with period a and

and

. G .
C0) = o —0) = = [ el U= g
a Jo dp
In fact, we only have to justify the exchange of integration from ) to and
the exchange of the operation of sum, with respect to Js and mtegratlon from
to To this end we make use of the fact that i is a rapidly decreasing
functlon from a standard mollifier argument and from the following technical result
concerning the deceasing behavior of C;(p) with respect of j and p.

Lemma 3. Let the periodic potential regular enough, that is V-.€ C" for some
r > 0, then there exists a positive constant C := C, independent of j and p such
that

Cip)| < Cllpl + 17251 +1]7", Yp€R and jE€Z.

Proof. First of all we remark that from the results obtained in Theorem [2it follows
that (let us denote u(x, E) = u [z, E(p)] instead of u(z, p) where this does not cause
misunderstanding)

i [ _ipie———0u(z,p—bj
Ci(p) = a/ e U(»"U’p)(é;j)dx
0
_ E/a —ibjx (:Z? E) 3U(JZ,E) dE(pib])d.Z‘
a Jo E=E(p) OF E=E(p—bj) dp

is uniformly bounded for any j and any p:
ICi(p)| < C, Vj€Z, VpeR,
for some positive constant C' > 0. Furthermore, equation can be rewritten as
1

a ) 1 a___ N —ibiz
0 = 5/ p(z,p)p(z,p — bj)de = 5/ u(z, pyu(w, p — bj)e”"" dz
0 0
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then it follows that

VI L Ou(x, —_—
G =+ ["e a0 ae — -0 (2

Then, we estimate the terms C;(p + bj) by making use of the asymptotic estimate
for j and p large. To this end let £ = E(p) and E; = E(p + bj); then, from
Theorem [2| recalling that E(p) ~ p? and integrating by parts 7 times it follows
that

C](p + bj) _ 2/;a e_ibjzu(TEj)au(-r E) dEd
el

oF dp
2117/ o—iibe
a? Jo 2\/E;
~ 0% [14+ OB )] [1+0(E77%)]
provided that V € C". O

1—

[1+0(E; )] 4%(3/)2 [1+0( ~1%)| 2VEdx

Thus Theorem [3]is completely proved since the set of rapidly decreasing functions
is a dense set in L?(R, dp). O

Remark 4. From it turns out
Co(p) = Co(p)

is real valued. In particular, if the periodic potential is a symmetric function, then
u(x,p) = u(—z,p) and we have that

i [Te/? ou(z,p) i [Te/? ou(—zx,p)
Colp) = a/_a/2 U(—m»p)Tpde— a/_a/2 U($7P)Td$
i [rel? ou(z,p) i /+a/28u(x D)
= — ux’—————d = —— u\xr, ——i—dx:—c
P /_ ” (z,p) op a) (z,p) op o(p)

Hence Cy(p) = 0 is the case of symmetric periodic potentials.
Now, we have the following property

Theorem 4. Let V € C2. Then the linear operator X from L?(R, dp) to L*(R, dp)
is bounded.

Proof. Let us fix a real and positive number M > 0 large enough and let us compute
the norm of X4:

2 2
IIXwIILQ(de = /ZC Y(p —bj) dp—/ZC (p+bj)d(p)| dp
R JEZL JEL
2
< [|Sicw+umi] ok
R JEZL
2 2
< 2 |Siciwrul| BwPd+z [ LI
R j*
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where > .. is the sum for all j € Z such that |p + bj| > M and [j| > M; },.. is
the sum for all j € Z such that [p+ bj| < M or |j| < M. The second integral is
simply estimated as follow

2

L1650+ 0001|156y < C2M 6 -
j**

since from Lemma [3]it follows that |C;(p + bj)| < C for some positive constant C.
Concerning the first integral we estimate the terms C;(p+bj) by making use again
of Lemma [3] obtaining that

2 2

L|Zicorenl] Wora < [ |\l if 02| ek

IN

A\

2
— Cllwan(I}’dp)
provided that » > 2. Thus, the boundedness of the linear operator X follows. [

Remark 5. In fact, the boundedness of the interband operator has been previously
proved for potentials such that the associated Bloch operator has spectrum with only
a finite number of open gaps [I1] or, in the opposite situation, for potentials such
that all the gaps are open and with width bigger than a positive constant C, for some
C > 0 fized (see [18] in the case of periodic potential given by a periodic sequence
of ¢ distributions). With Theorem we eventually fill that gap between these two
opposite situations.

6. ANALYTIC DISTORTION OF THE STARK-WANNIER OPERATOR IN THE ECMR

Since translation in the z—space corresponds, by means of the Fourier transfor-
mation, to multiply by and exponential function in the momentum representation
then we adopt the following strategy: we consider the Stark-Wannier operator Hp
in the ECMR and its analytic deformation consists by multiplying the vector 1[) by
e?_ for p outside a given interval.

Let N > 1 be fixed and such that the gap between the N-th band and the
(N 4 1)-th band is not empty: E%_, —EY >0. Let I'y = (—3Nb, +35Nb) NR and
r.=R \T';. Then we define

Definition 1. Let Hg be the space of vectors 1[1 € Lz(R) satisfying the periodic
boundary conditions at :I:%Nb; that is

A (~3Nb+£0)  d" (+iNbF0)

dp” N dp”
Hence, Hp can be identified with L>(Ty) ® L2(T'.) and ¢ with a couple of vec-
tors (¥1,%.) such that 1y (—%Nb+ 0) = 1 (+%Nb — O) and (—%Nb — O) =
Ve (—i—%Nb + 0) together with their derivatives. The vector (1/31, 1&0) = Ugy will be

denoted the EMCR of 1 and the unitary transformation from L*(R,dz) to Hg acts
as

, Vr € N. (24)

du(p) = / P @ Pb(@)dz,p €T, hulp) = / P@ b (@)dz,p e T,
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with inverse

1

v = oo [ elepi o+ o [ ot ).

We define now the analytic distortion.

Definition 2. Let 0 € C be fired and such that —R < 30 < 0, we define the
analytic deformation

O = (4, 90) = U = Uy, U :=U'Up
as follows
{ 1/:’?(17) = 1/3_1 (p)
Ip) = ePe(p)
where 1&1 and 1&6 are defined in Definition |1}, with inverse
1

ve) = 5o [ eenH@d+ o [ el i),
™ I, ™ T.

U? is an unitary transformation for real 6.
We define the analytic distortion of the Stark-Wannier operator in the ECMR
as follows

HY = USHp (US) . (25)

Now, we are going to give an explicit expression of H%. Let ¢’ be a test
function such that e_ipeiﬂf(p) is a rapidly decreasing function (where the set of
such functions is dense in Hg), then

)@ = 5
1
27 Jr,

[E(p)p(z,p) + Fap(z, p)] ¥ (p)dp +

+ [E(p)p(z,p) + Frp(z,p)] e~ P98 (p)dp.

In particular, we have that

/ 2o(2, p)e P00 (p)dp = / 2P u(z, p)e P8 (p)dp =
.

re

a _ i ipT ) R
=/F (;Z)U(:E,p)e_”’%f(p)dp

B , He— P00 b o
= [fw(x,p>e*w%f(p)}m+¢/F e'rT [u(m,p) © ;;}C(p) + ug)’p)eﬂp%f(p) dp

) 867@61/;0.(])) / i OU(T, D) _ip 5
=1 T, p)————dp+1i | ePT——Ze Pl (p)d
| eten gy i [ e Sy

o Y 81/32(2?) —i6 . ipe OU(T,D) g 29
_z/Fc [ Zch(p)—i—iap 16 P¢(x,p)dp+zACeP 73}) e~ P90 (p)dp

because both functions e~?4)¢ (p) and ¢(z, p) have the same value at the boundary
points of T', (and e~"%4)¢ (p) goes to zero as p goes to infinity). Similarly, we treat
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the integral over the set I';. Hence,

~ 7.6
(1207 () = E(p)d) (p) +iF 222 + FI(p) L if pel
! E(p)d0(p) + iF 250 + FRO(p) + FOY? , if peT,

where
0 _ L iqx du(,q) -9 / iqx du(z, q) —igh,76
hi(p) 5 /R w(w,p){ /F le g ¥1(q)dg + Fce —aq © Ye(q)dq p dz,
and
je'?’ i OU(T, ) g2 U Q) _igo
h? _ e / x, {/ el ! 9(q)d —|—/ el e~ 1a99% (¢)d }dx.
(p) o Rso( ) N 94 Y1 (q)dq . 94 Ye(q)dq

By making use of the same arguments as in Theorem [3| then we can exchange the
integration sets obtaining that

W(p) = / Y(pyq)d?f(fndq+/ Y (p,q)e"%9¢ (q)dq, p e T,
Iy c
W(p) = e’ / Y (p, 9)9(q)dg + / Y (p,q)e' =990 (q)dg, p € T.
Iy I
where
— K —i(p—q)w du(z, q)
Y(p,q) 27T/Re u(z, p) 94 dz .

Remark 6. We should point out that Y (p,q) is well defined because the N-th gap
is open; if not the periodic boundary conditions of the band and Bloch functions
at the points :t%Nb would imply an artificial singularity for the Bloch function at

q= :F%Nb +0 and thus Y (p,q) and %ﬁ’q) are not well defined in these points.

Lemma 4. If the periodic potential V(x) is an analytic function in a set containing

the strip |Sx| < R then the Fourier series of the periodic function u(x,p)%ﬁm
—Ou(z,q iiba
) ) S 0 gy (26)
q X
JEZL
has coefficients
L [*——=0u(z,q) _j
. B ijba g
aj(p.a) = — /0 u(ﬂf,p)iaq e x
satisfying the following estimates
da;(p.q)| |9a;(p,q) i
; : | < Ce IR, 27
|a](paQ)|7 ap ’ aq — € ( )

for some positive constant independent of j, p and q.

Proof. Let us assume for a moment j > 0. Then, from the Cauchy Theorem it
follows that
1

“ ou(x,q) _iips
aj(p,q) = 5/0 u(fv,p)éqq)e 0% e

el (¢ Ou(x — iR y
e_jbe/ u(w_ZR, _p) ’u’(‘r6 v 7Q) e—l]bwdx
a Jo q
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Y - Ou(z—iR,q) _ Ou(z—iR,E) dE
where u(z — iR, —p) and T = o 7

Theorem 2l That is it follows that

are uniformly bounded since

| (p, q)| < C(p, q)e VIR
where
= 3u(x, Q)
C(p,q) = _max_ u(m,P)Tq . (28)

In fact, from the asymptotic behavior in Theorem [2| then it follows that %Z’q) =

du(z,B
%%, where )%’ < Clg| and

constant C' such that

% = O(q™3); hence, there exists a positive

C(p,q) <C

for any p and ¢. In the case j = —|j| < 0 then we estimate its complex conjugate

1/ ou(T, —q) _iiiba
a;(p,q) = */0 U(w,p)%e 1% doy

a q

by means of the same arguments.
In a similar way we get the estimates of the derivatives of ;. With more details,
the estimate of the derivative

daj(p.q) _ 1 /“ Ou(@,p) Ou(,4) —ijoa y,
0 dp dq

Op a
immediately follows by means of the same arguments as above. In order to get the
estimate of the derivative

doy(p,q) }/“ Pu(®,q) e
—o. " a u(x,p)iaq2 e dx

we have to control the second derivative, with respect to ¢, of u(z, q); it comes by
deriving both sides of the asymptotic behavior given in Theorem |2| obtaining

O*u(x,q) dE ? 9%u(z, E) _3
02 \dg OE? ¢
The Lemma thus follows. O

From this fact and recalling that the Fourier transform of e¢?®/® is the Dirac’s &
distribution §(xz — jb) the it follows that

Y(p,g) = a;(p,q)5(p — g — jb)
JEZL

where the coefficients «;(p, ¢) satisfy the above estimates. Collecting all these facts
and remembering that Cy(p) is a real valued function as discussed in Remark [4] we
can conclude that

Lemma 5. We have that the analytically distorted ECMR of the Stark-Wannier
operator 18 given by H?’,n forn =F, where Hf;’n is formally defined on 1y € HE
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as
iF i+ E(p)} di(p) + F (K11z/31) (»)+n (K?l/J) (p) ,pely
(A8.,0) 0) =3 [iIF + E() + FCop)] delp) + Foe(n)+
(K& ) (o) +n (K&e) () . per.
where K11 is the intraband interaction among the first N bands defined as
(Kud) ) = > ap—bi)hip—ti). peTs,  (29)

JEZ : p—bjeTr,
Ki. and K. are the interband term between the first N bands and the remainder
bands defined as

(Kfczﬁc> (p) = > e —bj)e P (p—bj), peTy
JEZ : p—bjeTl,
(Khi) ) = 3 ap—bi)e™dip—bj), peT.

JEZ : p—bjel,
and finally where K°, is defined as

(Kle) @) = > - bi)e M hup— b)), pET..
JEZ\{0} : p—bjel.

In conclusion, we are able to obtain the explicit expression of the analytically
distorted ECMR of the Stark-Wannier operator preparing the ground in order to
apply the regular perturbation theory. In fact, by construction it turns out that
]EI%O is the decoupled band approximation where the coupling term between the
first N bands and the other bands is neglected.

7. SPECTRAL ANALYSIS OF THE UNPERTURBED OPERATOR HY

Hereafter, let us fix N =1 for the sake of simplicity. We introduce a change of
notation: in the case of N = 1 then I'y simply coincides with the Brillouin zone B.
The vectors 1) € Hp can be written as 1) = (¢ (k), ¥(p)) where v (k) satisfies the
periodic boundary conditions on the Brillouin zone B and where ¢, (p) is such that
&c(—%b —-0) = @c(%b +0) together with its derivatives. The integral operator K1q
defined in simply reduces to the multiplication operator X~1?1 defined in .

The unperturbed operator H%O can be written on Hp as H; ® H?, where H;
and H? are formally defined on L?(B,dk) and L*(T.,dp) as

. )

Hy = iFo-+ Ei(k) + FX1,(k)

. )

H = iFa—p + E(p) + FCo(p) + F6

and its spectrum is given by the union of the spectrum of the operators H, and
e,
Lemma 6. The resolvent of Hy on a vector ¢; € L?(B, dk) is given by

~ _ . k i e —+ [ Qu(s)ds d
({H1 — Z} 1¢1> (k) = _L {/_b/2 e F i Ql(s)d5¢1(q)dq _ fBe $1(q) Q} (30)

F 1 — erb(z—£€1,0)
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where we set Q1 (k) = By (k) + FX11(k) — 2. The spectrum of the operator Hy on
L?(B,dk) is purely discrete and it consists of a ladder of simple eigenvalues

1
&5 = Z/B [E1(k)+ FX11(k)]dk+ jFa, j€Z. (31)

Proof. Indeed, formula for the resolvent directly comes by means of a simple
calculation, and the eigenvalue equation has normalized eigenvector

~ 1 i [k
(k) = e F f_b/Q[El(Q)""FXl,l,(Q)_E]dq 32
1/}17]( ) \/B ( )
where E = £, ; in order to have ¢, ;j(—b/2) = ¢y j(+b/2). O

Lemma 7. The spectrum of the operator f[f s purely essential and it coincides
with the line Sz = F'30.

Proof. Now, we look for the resolvent of H?, let ¢ € L?*(T'.,dp) and we consider
the solution of the equation (see, e.g., [16])

{iFai) + E(p) + FCy(p) + FO — z} be = ¢

for p € I'. and with the condition
. 1 - 1
i <—2b— 0) . (+2b+0) .

. 1 1 -
I's =RnN [Qb, +oo) and I'_ = (—oo,—Qb} NR

If we denote by

then, by means of a direct calculation it turns out that (hereafter f, denotes the
integral of a meromorphic function on the set AC)

duls) = —E £ e WO (g)dg it 9= FO) >0
’ Lfp, eT I Qb gq)dg + O et hrz @D (- Fo) <0 t
and
12) (p) _ % fpfb/2 B%f; QC(S)ds(b(q)dq + C_e%ffb/2 Qc(q)dq if %(2’ . FQ) >0 et
— 4 f7 T I g(g)dg it $(z—FO)<0

where we set here

Qc(p) = E(p) + FO + FCo(p) — z.
Now, we have to require that th.(—b/2 — 0) = th.(4+b/2 + 0), which implies that

7 —b/2 i fa
Cp = —5f o FFeeOhg)d

FJ_

LT 4, Qu(s)ds
o= g f Ry

F Jo/2

Then it follows that the spectrum of HY coincides with the line R +iF36 and thus
it is purely essential. [
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In conclusion
0'(];[2“,0) = Ud(ﬁ%o) U Uess(ffgto)
where
0i(Hpo) = o(H)={&, jEZ}
rueslfily) = o(fI%) =R+ iF30
Now, let us fix 30 < 0 and let v; = 0€2; where

1 1 1 1
Qj = 51,j — §Fa,51,j + 2Fa:| X 1 |:2F%07—2F%9:|

The following estimates for the resolvent operators of Hy and H, 9 for z € 7v; hold
true

Lemma 8. There exists a positive constant C' > 0 independent of F' and j such
that

- _ C
I =271 < 50 Veeny (33)
and
776 1y ©
IHHe =277l < 7, ¥z €. (34)

Proof. First of all we remark that the Stark-Wannier spectral problem is invariant
with respect the translation £ — F + Fa, then the above estimates, if hold true,
are independent of j and thus we can assume, for argument’s sake, j = 0. The
proof of the estimate directly comes from formula and from the following
estimate

min |1 — e#?=810)| > ¢ > 0
FASe )

for some positive constant C' independent of F. In order to prove estimate (34
we observe that S(z — F0) > 0 for any z € 7p; then from the proof of Lemma
it follows that the resolvent v = [H? — z]~'¢, where ¢ € L?(T'.,dp) is a rapidly
decreasing test function, is given by

— g eI A g(g)dg if pel.

i —b i [p -(s)ds
Do) = &4, "7t 1Ot (g)dg+ . (39)
—%6% 17y Qe(@)dq J[;/_QOO e*% foa QC(S)ds¢(q)dq if peT_

For p € T} we have that

1

D e c(p—q) o
BOIS R f b, c= 3G FO) 2 a (36)

for some a > 0 independent of F since z € vg. Then, it turns out that

. 1 too C
500 < plolime [ 00 < Glolimie,



24 ANDREA SACCHETTI

for some C' > 0. Furthermore

400 . 1 400 “+o00 ’
Folole < oo Cdpf el
b b/2 P

/2
1 [T P
*][ \¢(q)ldQ/ P~ dp
F Jy)2 b/2
1

“+o0
- - 1 — —clg—b/2)
seF L, [ 6(a)ldg
C

< f||¢||L1(r+)

IN

for some C > 0. Then, we have that
- C - C
9] Loeryy < f||¢||L°°(r+) and  |[llLyr,) < F||¢||L1(F+)
for some C' > 0. From this fact and from the Riesz-Thorin interpolation theorem
it follows that

- C
IVl L2y < FH¢||L2(F+)-
Similarly, we have the same result for p € I'_; that is:
0Ny f Il e f et ot ag ¢ pet
P b/2

where the first integral can be estimated as in the case p € '}, while the second
integral is simply estimated as follows

+oo Feo
/) el b2 (g)dg < Clf e g
b/2 L2(T'_) b/2
—c(q—b/2)
< C’He a ’L2(F+7dq)||¢(Q)||L2(F+,dq)
<

C H¢(Q)||L2(F+,dq)

for some C > 0. Hence, we can conclude that
1oz = 22w,y + 1907200y

C C 2
< ﬁ”ff)HQLZ(m) t 7 [l L2y + 1ol L2r.))

C
< = [I6la.) + 1813

C
= ﬁ”?f)HQL?(FC)
Then, the Lemma follows because the set of rapidly decreasing functions belonging
to L%(T.,dp) is dense in L?(T., dp). O
8. PERTURBATION RESULTS AND PROOF OF THEOREM [1]

8.1. Norm estimate of the perturbation. We then denote by K¢ the pertur-
bation defined on Hp as

Kg’([} = (KfcqﬁC) Kgﬂ&l + KS@@C)
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where KY,, K¢ and K?, are defined in Lemmals} and thus
Hp, = Hpo+nK°.
Lemma 9. Let V(x) be an analytic function in an open set containing the strip

IS0 < R.  Then, the linear operator K is bounded for any 0 € C such that
0< |90 < R:

1K’ < Cy
for some C1 independent of F.

Proof. The proof basically mimic the proof of Theorem |4 where, in the case of
analytic potential V(x), the exponential term e~%*? in K¢, (and similarly the other
exponential terms in K¢, and K?) are supported by the exponential estimate
since we choose |36| < R. O

From this fact and since
- —1
[~ 2]

then it follows that the perturbative series
. -1 X -1 . —1\7
[H;n - z} =S {H;{O - z} (—nK9 [H%O - z} )
§j=0

converges for any 7 such that || < CF for some C' > 0. In fact, we don’t have an
estimate of such a constant C' and thus, in order to get results about the spectrum
of f{f;, r we need to improve the result of Lemma |§| and obtain the convergence of
the perturbation series for n = F. To this end we set

K%(z) = [f[%o - z} o nk?* [ﬁ[?o — z} o .

and the perturbation series takes the form

o0

[f{gn - z]_l - ([ﬁgo - z] KOz > > (nK°K?(2) (37)
Jj=0
We prove that

Theorem 5. Let 0 be in a given box [—A,+A] X i[—R,0] for some A > 0 fized.
Then, for F small enough

IK? (2)|| < ConF =32, (38)
for any z € v and for some Cs independent of F' and 6.
Proof. The vector k%) may be written as (K‘l’cvj}c, ICglv,ZA)l + ICSCJ)C) where

Kie = nlHy— 2] 'KY [ — 2]
K& = nlH? =27 KL [Hy = 2]
Ko = nlH] 2 "KZ ] — 27

In order to estimate these terms we consider at first ICgcz/A}C. Let assume for a
moment that p € I';, then by it follows that:

i w=-F f ek £ (KIS~ 47 (e = 01 0) + 90

p
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where by

Ui oo L fP Q.(s)d i 0 (1770 1,7
gi(p) = _ZF][ er e e o Y(Q7s>62(q_8) ([Hc - Z]_ ’(/)c) (S)dS dq
p S

We consider, at first, the integral over I'; obtaining that (see Lemma [5))
N LT L Qus)ds araiih T Qude
9+() = *ﬁ][ er s > a;j(g,q — jb)e” ][ CeF e RSBy (C)dC dg
P JEZN{0} + q—jbeTy a-ib

As a first step we should remark that we can exchange integration and sum opera-
tions because

eF fq Qe()ds| _ | =% £ SQc(s)ds| _ c(p—q)
F 177" Qe(s)ds | _ ‘67% 77" SQe(s)ds | _ pe(q—ib—0)

for some positive constant ¢ > 0 defined in (36 and where p < ¢ and ¢ — jb < { in
the domain of integration, and (see and ([28))

(g, q — jb)| < Ce VIR=S0) " g < R

uniformly with respect to q.
Hence g4 (p) may be written as

.. +DOA
9+() = —o5 2 e[ Q) x

J€Z\{0} b

CHib 1 i PO (s)dst i 17 O (s)ds
) [/ xX(g = jb=5b)aj(g,q - jbe” £ Qelo)dort i 4 Qe(9)ds g
p

= > e ][ Qs Y (1 C)ho(C)dC (39)
jb

JGZ\{O}

where x(z) is the Heaviside function (i.e. x(z) = 1 for any x > 0 and x(z) = 0
elsewhere), and

CHib 1 i ra—jb
Vilp. = i phlos(ag e F 6y
By means of a stationary phase argument we obtain the following estimate.
Lemma 10. We have that
Vi(p. )l < CF'2|¢ + b — ple™ <0~
for some positive constants ¢,C > 0 independent of j and F (c is defined in @)
Proof. The function V;(p,{) can be written in the following form

g2 i fa—3 Nl ;fa—j . .
Vj(p, C) :f vj(q)dq, vj(q) = aj(q,q ,jb)e—f’ s "’E(s)dse—zfq b[Co(s)+0—z/F)ds (40)

q1
where we set ¢ = (+ jb and ¢; = max [ , (j + %) b], and where z ~ F since z € .

Hence, the stationary points are the solutions ¢ € C of the equation

E(q —jb) = E(q) -
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Recalling that F(q) is a monotone increasing function on I'" and that

E(—p) = E(p) and E(p) = E(p)

then the solution on C of the previous equation are only the Kohn branch points
k;. Hence, we could apply the stationary phase method obtaining the estimate

Vi(p, )| < CF|C + jb— ple b1l (41)

where C; < C/g; and g, is the gap between the two bands; indeed, by integration
by parts we have that has a denominator of the form E(q — jb) — E(q) where

. . 1 1.
min|E(q — jb) — E(q)| = ‘E (236i0> ~-E (—QijF())‘ =Ej, - E] =g
q€R

In order to have an estimate uniform with respect to j let us fix p € (0,1) and let

S1 = {q: q€lq, @ NR, |[E(g—jb) — E(q)| > F"}

Sy = {q : q€qn,]NR, |E(q—jb) - E(q)| < F"}

and let, with obvious meaning of notation, V;(p,¢) = fSl vj(q)dq + fsz v;(q)dq.
The integral over the set S; may be estimated by integration by parts obtaining
that
—ej d (g9 —jb) -
vlqdq’ < Flga — q1)e” 9 max |— EAXLS FH
][51 1 ( : @ |dq E(q— jb) - E(q)
CIC+ jb— pl ' rem et lies

IN

since Lemma [ In order to estimate the second integral we simply observe that
E(p) has a square branch point at the Kohn’s branch points and that E(p) ~ p?
for large p, thus we have that the measure of the set S is of order F#/j. From
this fact and from Lemma [4] again then it follows that

][ vj(Q)dq‘ < OFtecib=lilbR.
Sa
The result follows by choosing = % .

As a consequence of such a result it follows that

+oo
n —5b¥ c(p— n
R I S A A AGIES
j p—J
nF'/? _ivse [T co0) , —cjb—|j|bR |
< 0 De P+ jb—ple e (Q)d¢
F j p—jb
< CnF 7323 e
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and similarly

lg+@)lzrey) < F2Z *Jb‘“][ <P*<>\vj(p,<>\|¢c(g)|d<
G40
. ¢—jb
< e f” b\wc<<>\d<]{b OOV (3, Oldp
Jj#0 —J 3

. ¢—3b
< &Y ‘f‘“@fb Weclac [ etm00m A o - e
J 3

J#0
< CnF P |el e,
Since a similar estimate still hols true for the vector g_(p) and when p € T'_; then,
by means of the Riesz-Thorin interpolation argument already applied in the proof
of Lemma' the estimate ( - 38)) follows. Similarly we have the estimates of the other

two terms IClcwc and K9 9.
The proof of Theorem [f] is so completed. [

8.2. Proof of Theorem |1 As a result of Theorem it follows that the series
converges for any 17 such that C1Con? < F3/2. In particular, if F is small enough
then the series ) converges for n = F. We have proved that

Theorem 6. Let 6 be ﬁxed and such that —R < 30 < 0, let F' small enough, then
the spectrum of HF = HFF inside o consists of one, and only, non degenerate
eigenvalue &1 o(F)

Proof. This result holds true because, from the convergence of the perturbation
series , it turns out that v C p (ﬁ%n) for any n € [0, F]. On the other side,

ﬁl?“,n is an analytic family of operator of type (A). Hence the dimension of the
range of the projection

1 yg 1
i Yo o

is constant for any 7 € [0, F|, where dlm(Ran(Hgﬂ,O)):l. Hence, dim(Ran(Hf?,F)):l
O

Remark 7. Similarly, the perturbation argument gives that ess (lfl 1@7 ) is contained
in the strip —CF < 3z < ,%|gg|p for some C > 0. In fact, we would expect that
the essential spectrum coincides with the line Sz = —|S0|F as for the unperturbed
problem.
Remark 8. By construction it turns out that the spectrum of ﬁ%’F in the strip
|Sz] < %|%9|F is given by a ladder of simple eigenvalues

&1,;(F) = &10(F) + Fja.
Furthermore, a direct computation gives that the first perturbative term is of order
O(F?). Indeed, let 1o = (¥1.,0,%c,0) be the unperturbed eigenvector associated to
the eigenvalue &0 given in , where Y0 =0 and P10 s given in (@) Then,
the simple eigenvalue &1,0(F') is given by

(¢, HY, PO (F)ibr o)
(¢, P9 (F)i1,0)

E10(F) =

—cjb—lilbR gy,
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where ¢ is any vector such that (¢, P(’(F)1/;1,0) #0, e.g. ¢ = 1/31,0. In particular,
an straightforward calculation gives that the first perturbative term is exactly zero:
E10(F) = &0+ O(F?).

Remark 9. If N is bigger than 1 then the same arguments apply again obtaining
that

dim(Ran(Hy 5)) = N
for I small enough, i.e. 0 < F < Fy for some F > 0. In such a case the spectrum
of H%F in the strip |3z| < %\%0|F is given by N ladders of simple eigenvalues.
In fact, Fry will depend on the morm of the perturbation and on the distance of

the unperturbed eigenvalues from the boundary o, then we expect that Fy — 0 as
N — 4o0.

We are ready now to conclude the proof of Theorem[I} Let
- 1
Ri={E0(F)+Faj, jeZ} =0 (HgF) N{z€C : [32] < 5|90/F)

Furthermore, we remark that K ? is a bounded operator-valued analytic function
on |S0| < R. Hence H 19;’ 7 is an analytic family of type (A). By means of standard

arguments (see [7]) then it follows that the eigenvalues of f{%  are f-independent
(as long as the essential spectrum does not intersect these eigenvalues). Hence R
does not depends on é for F' small enough and

1
Rc{zeC : —§\$0|F<§‘sz<0}.

Indeed, it follows that I& o(F) < 0; If not then & o(F') is an eigenvalue of FI}’}’F
for any 6, even for § = 0, and then it is an eigenvalue of Hp, in contradiction
with the fact that the spectrum of Hp is purely absolutely continuous. The set
R is then the set of quantum resonances; indeed, by making use of the standard
arguments discussed in [7], it follows that the function

(b, [Hr —27'9) (42)
has an analytic continuation from Iz > 0 to the set {Sz > —JF|30|} \ R. If
zo € R then there exists an 1/3 such that has an analytic continuation to

Sz > —1F|Q6| with poles in the points of R.
APPENDIX A. DERIVATION OF (|16])

In order to derive formula we make use of the same ideas as in [16]. If the
periodic potential is not a symmetric function the we may write (see §4 in [16])

z, E
olo B) = z>v<§/2(E))

where N is a normalization factor and where

X(va) = ¢1(, E)pa(a, E) — [¢1(aﬂE) - )‘(E)} P2(z, E) .

Following the same argument by [16] we only have to estimate the integral

I::/ x(z, E)x(x, E 4+ 0E)dx
0



30

ANDREA SACCHETTI

where

(2, B) = X(2, B) = 61(5, B)oa(a, B) — | 61(0, B) — 5= | 9l B)

By making use of the quasiperiodic boundary conditions

Y(a,BE) = ME)x(0,E) X(@,E) = 5xzX(0,E)
OB _ () 2x0.n] and ¢ ox@rE) _ 1 ox(0.B)
ox Ox ox A(E) Oz
a straightforward calculation yields to
1
I=-NE)(1- 55— E)SE §E)?
(B) (1- 5aig; ) @2l BB +0 (G5
as in the case of symmetric potentials. Hence N(FE) = —2¢9 (a,E)j—]’Lﬁ holds true

even in the case of not symmetric potential too, proving .
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